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Abstract 
Outlier detection techniques play a vital role in exploring unusual data of ex-
treme events that have a critical effect considerably in the modeling and fore-
casting of functional data. The functional methods have an effective way of 
identifying outliers graphically, which might not be visible through the origi-
nal data plot in classical analysis. This study’s main objective is to detect the 
extreme rainfall events using functional outliers detection methods depend-
ing on the depth and density functions. In order to identify the unusual 
events of rainfall variation over long time intervals, this work conducts based 
on the average monthly rainfall of the Taiz region from 1998 to 2019. Data 
were extracted from the Tropical Rainfall Measuring Mission and the analysis 
has been processed by R software. The approaches applied in this study in-
volve rainbow plots, functional highest density region box-plot as well as 
functional bag-plot. According to the current results, the functional density 
box-plot method has proven effective in detecting outlier compared to the 
functional depth bag-plot method. In conclusion, the results of the current 
study showed that the rainfall over the Taiz region during the last two dec-
ades was influenced by the extreme events of years 1999, 2004, 2005, and 
2009. 
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1. Introduction 

Outlier detection approaches help in identifying characteristics that might have 
been neglected when using classical statistics and mathematical models. This 
area of study has much attention when analyzing data in a functional context. 
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[1] introduced the theoretical foundations and methodologies about functional 
data analysis with many applications besides [1] explained the characteristics of 
a functional form of a continuous variable over age or time. Also, many studies 
of several non-/parametric methods for the functional data analysis were ex-
tended by [2]. In the state-of-the-art literature on outlier detection in high di-
mensional data and functional data, various methods were presented by [3] [4] 
[5].  

Mostly, in the functional setting of outlier detection methods, [6] introduced 
useful graphical tools for visualizing univariate cases of functional data and de-
tecting functional outliers. These proposed graphical methods, including func-
tional bagplot and functional highest density region (HDR) plots, are presented 
to detect outlier functional data graphically. The enhanced functional boxplot 
was proposed by [7]. This tool can identify outliers graphically, which might not 
be visible through the original data plot and visualizing functional data. Moreo-
ver, [8] demonstrated some methods for visualizing large amounts of functional 
time series data and detecting outliers for functional data.  

Therefore, several functional methods of outlier detection have been success-
fully carried out in many different applications. For instance, in the depth-based 
approach, [9] [10] identified abnormal nitrogen oxides levels of the set of curves 
based on functional depth measures. Besides [11] applied the functional depth 
method to the detection of outliers in gas emissions from urban areas. In depth 
and density approaches, [12] used functional outlier detection techniques such 
as rainbow plots and the functional bag-plot and box-plot for examining the 
outliers of the daily flood-flow series. In recent, [13] applied different functional 
methods such as rainbow plots to visualize large amounts of hydrological data 
and the functional/bivariate bag-plot and box-plot for the detection of outliers 
graphically. In the density-based approach, [14] employed the functional highest 
density region box-plot to identify functional outliers in streamflow hydrograph 
of flood data. 

Above all, our interest in the current work will focus on applying the func-
tional outlier detection methods, which have been proposed by [6] [8]. These 
approaches have high-speed computing in revealing functional outliers as well as 
their ability to visualize the behavior of unusual observations. 

In the analysis of rainfall data, the outlier detection techniques play a critical 
role in examining data, and detecting the extreme points that may affect the ac-
curacy of the results. The functional framework could be seen as an appropriate 
method to obtain additional insight compared to classical analyses. Moreover, it 
enables the comprehensive analysis of rainfall data by performing one analysis of 
the entire data graphics rather than the several analyses. Rainfall is a critical cli-
matological scale and needs to be precisely analyzed. The rainfall rate change is 
one of the critical weather matters that effect on Taiz region in Yemen. There-
fore, it is crucial to conduct this study due to the urgent need to introduce a 
suitable statistical approach by functional techniques to study the entire rainfall 
graphics. The present paper may help researchers in conducting future studies. 
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The results could also make a significant contribution to the effective planning 
of water resources management.  

The primary objective of this study is to detect the extreme events of rainfall 
data over the Taiz region from 1998 to 2018 using the functional (HDR) 
box-plot and functional bag-plot. Besides, this study adapts rainbow plots for 
visualizing the temporal rainfall patterns based on the depth and density order-
ings.  

The current study is organized into four main sections. In the first section, the 
introduction and literature review are stated. In the second section, methods and 
materials are described. Results and discussion are presented in the third section. 
Conclusions are reported in the last section. 

2. Methods and Materials  

This section gives brief information about the rainbow approach used to visua-
lizing data graphically. This section mainly provides the methodology used to 
detect outliers, particularly functional bagplot, and functional boxplot that will 
be conducted in the current study.  

2.1. Rainbow Approach  

The rainbow approach is a visual representation of all the functional data. The 
only additional features are a rainbow color palette depending on a time-default 
order of the data. 

2.1.1. Depth Functions 
In the procedure of depth functions, data can be ordered according to Tokay’s 
half-space location depth, and the bivariate principal component score depth is 
defined by:  

( ) { }2, , , 1, ,i i jOT D s S S s j N= = ∈ =                (1) 

where ( ).,.D  is the half-space depth function; this depth function is given as 
the smallest number of data points involved in a closed half-space containing on 
its border. Then, the curves are ordered decreasingly based on their depth values, 
and the first ordered curve represents the median curve. In contrast, the last 
curve in a sample of curves can be considered the external curve.  

2.1.2. Density Functions 
In the procedure of density functions, the observations can also be ordered by 
highest density regions, and the kernel density estimate at the bivariate principal 
component scores is given by: 

( )
1

1 1ˆ , , 1, ,
N

i j
i i

j j j

s s
OD f s K i j i N

n b b=

 −
= = ≠ =  

 
∑           (2) 

where jb  is the bandwidth for the jth bivariate score points { }js  and K is the 
kernel function. The functional data ( )iy t  are ordered in decreasing order 
with respect to iOD . Therefore, the modal curve is represented by the first or-
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dered curve with the highest OD. In contrast, the last ordered curves can be con-
sidered the most unusual curves with the lowest OD. The curves are drawn with 
colors based on the values of iOT  and iOD , so that the most outlying curves 
are violet while the curves that close to the center are red. 

2.2. Functional Outlier Detection Methods  

Examining extreme values is an essential step in analyzing data before modeling 
and forecasting. The outliers may affect the accuracy of results. Functional out-
lier detection techniques facilitate the investigation and identification of specific 
outliers’ specific properties that may not be apparent with summary statistics or 
classical approaches. [6] proposed two graphical approaches, which firstly visua-
lizing functional data by the rainbow plots, after that identifying functional out-
liers through the functional bag-plot and the functional highest-density region 
(HDR) box-plot. The robust functional principal component analysis is used to 
decompose functional data into the first two functional principal components 
and their scores ( ),1 ,2,i i iS s s= ; the first functional principal component scores 
are given as: 

( ) ( ) ( )1 1 di is t x t x t tξ= −  ∫                    (3) 

And the second functional principal component scores are given as:  

( ) ( ) ( )2 2 di is t x t x t tξ= −  ∫                    (4) 

where ( )x t  is the mean function of a sample of curves ( )ix t . The ( )1 tξ  and 
( )2 tξ  are the first two functional principal components, respectively. The func-

tional bag-plot and bag-plot approaches are computationally faster and more 
able to detect outliers, as explained in the next sections.  

2.2.1. Functional Bag-Plot Method  
According to Tukey’s half-space location depth, the bivariate principal compo-
nent scores are ordered and plotted in a simple two-dimensional graph as given 
in formula (1). Therefore, the functional bag-plot is considered as a map of the 
bivariate bag-plot of the first and second principal component scores to the 
functional curves. It displays the inner and outer regions and the median curve 
of Tukey’s. The inner region is assigned as the region bordered by all curves 
corresponding to the points in the bivariate bag and includes 50% of the ob-
served curves. The outer region is achieved by distention the inner region by a 
factor α  that could take the values 1.96 or 2.58 in order to cover either 95% or 
99% of the curves, respectively. The colors of detected bivariate outliers are 
matched to the same colors of the functional outliers, where all the points out-
side the outer region are identified as outliers. 

2.2.2. Functional Highest Density Region (HDR) Box-Plot Method  
The highest density regions order the bivariate principal component scores. 
These scores are the construct of a two-dimensional kernel density estimate, 
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where the bandwidths are chosen by a technique based on [15]. The bivariate 
HDR boxplot is constructed using the bivariate kernel density estimates ( )ˆ

if s  
which are given in formula (2). The highest density region (HDR) is defined as  

( ){ }ˆ: iR s f s fα α= ≥                       (5) 

where fα  is such, ( )ˆ d 1iR
f s s

α
α= −∫ , that is the region with coverage proba-

bility (1 α− ); all points within the covered region have a higher density estimate 
than any of the points outside the highest density region. In consideration of the 
bivariate density with an expanding coverage as α  decreases, the highest den-
sity regions can be represented as contours. The bivariate HDR boxplot displays 
the 50% inner and 99% or 95% outer highest density regions, and the mode 
highest density point defined as 

( )ˆmax if s                           (6) 

Then all points excluded from the outer HDR are identified as outliers. The 
functional Highest Density Region (HDR) boxplot is a map of the bivariate HDR 
boxplot of the first and second robust principal component scores to the func-
tional curves. It displays the inner and outer regions, and the highest density 
modal curve. The inner region is determined as the region bordered by all curves 
corresponding to points inside the 50% bivariate HDR; therefore, 50% of curves 
are in the inner region. The outer region is bounded by entire curves corres-
ponding to the points within the outer bivariate HDR, almost 95% or 99% of the 
curves are in the outer region. The colors of bivariate outliers match the same 
colors of functional outliers, where curves outside the outer functional HDR re-
gion are considered outliers. 

2.3. An Application to Rainfall Data 

The study area is the Taiz region, which is considered one of the largest cities 
located in the southwest of Yemen at the geographical coordinates of 13˚34'46''N 
44˚01'15''E [16]. Its average height from sea level is about 1311 m. The mean 
annual rainfall is approximately between 800 - 1200 mm, while the mean 
monthly evaporation is almost 140 mm. The primary data source of average 
monthly rainfall over the Taiz region, Yemen, during the period from January 
1998 to December 2018 were obtained as satellite data from Tropical Rainfall 
Measuring Mission, https://giovanni.gsfc.nasa.gov. In the present dataset, we 
have N = 21 discrete measurements ( )i jy t , [ ]1,12jt ∈ , 1, , 21i =  , the dis-
crete observation ( ) , 1, ,12i jy t j =   denotes rainfall records for the ith year 
and the jth month. In this study, rainfall data will be processed by using the R 
software rainbow package for visualizing functional time series data and detect-
ing outliers [8] besides the rainbow package developed by [17]. 

3. Results and Discussion 

This section is divided into three main sections. Rainbow plots for visualizing 
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rainfall data will be displayed in the first section. Detecting outliers using func-
tional and bivariate bag-plots will be demonstrated in the second section. The 
third section will discuss the results of detecting outliers using the functional and 
bivariate HDR box-plots. 

3.1. Visualizing Rainfall Data by Rainbow Plots 

The rainbow plot represents the points of all the data in a single plot having a 
distinct feature of color palette following the order of rainbow colors. By default, 
time order is followed by the lines of rainbow plot in a way which line of the re-
cent past appears in violet. In contrast, the line belongs to the remote past is ap-
pear in red. Figure 1 displays the rainbow plot of rainfall data for all years from 
1998 to 2018, which are ordered by time. The curves from the distant past years 
are shown in red (1998); the curves from the middle years are shown in green 
(2008); while the most recent years are shown in violet (2018).  

In Figure 2, rainbow plots of rainfall data are drawn based on the depth and 
density order indexes in addition to the colors following the order of the rain-
bow that is reflecting the ordering. In the depth order, as shown in Figure 2 (top 
panel), the red lines show the curves with a higher depth closer to the center of 
the data. In contrast, the outlying curves with the lower depth are represented by 
the violet lines. The black line describes the median curve. Regarding the density 
ordering, the isolated and outlying curves have a lower density. Then these 
curves are distinguished in the violet lines as given in Figure 2 (bottom panel).  

On the contrary, the higher density curves are distinguished in the red lines, 
and the black line describes the modal curve. The red curves are mostly ambi-
guous, while the violet curves are clearly visualized. However, the majority of the 
data are superimposed over curves. Results show that both methods lead to a 
different ordering, particularly for the years associated with high or low ordering 
such as 1999, 2004, 2005, and 2014, as drawn in Figure 2. 

 

 
Figure 1. Rainbow plot with time ordering for years 1998-2018. 
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Figure 2. Rainbow plots with depth ordering (top panel) and 
density ordering (bottom panel). 

3.2. Detecting Outliers by Functional (Bivariate) Bag-Plot 

In Figure 3, the principal components scores of bivariate bag-plot and the func-
tional bag-plot with 95% of probability coverage are drawn graphically. Figure 
3(a) displays the bivariate bag-plot scores of the rainfall data, with 95% proba-
bility coverage. We can see the dark and light gray regions that exhibit the bag 
and fence regions of the bivariate bag-plot. The bag is specified as the smallest 
depth region, including at least 50% of the observations. The bag-plot’s outer re-
gion is the convex hull of the region obtained by inflating the bag using a factor 
α = 1.96 that cover 95% of probability of estimated curves. Distinctly, the red as-
terisk is the Tukey median. All the individual points outside the fence regions 
are defined as outliers.  
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(a) 

 
(b) 

Figure 3. The bivariate bag-plot (a), and the functional 
bag-plot (b), with 95% of probability coverage. 

 
Figure 3(b) displays the corresponding functional bag-plot with 95% proba-

bility coverage. The dark and light gray regions show the bag and fence regions 
of the functional bag-plot, respectively. The black line is the median curve, 
which is surrounded by 95% point-wise confidence intervals, as shown in blue, 
and the curves outside the fence regions are defined as outliers. In Figure 3(a), 
the point corresponding to 2005 is located outside the outer bivariate bag-plot 
region. It corresponds to the red curve in the associated functional bag-plot in 
Figure 3(b). Then this year is detected as an outlier according to Tukey’s depth.  

The rainfall rates were the greatest during the end of the summer season in 
the Taiz region, especially in August. The outlier curve corresponding to 2005 is 
discriminated by a very high peak that seems to correspond to a heavy rainfall 
event. 
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3.3. Detecting Outliers by Functional (Bivariate) HDR Box-Plot 

The depth method has failed to recognize outliers of the rainfall data; it means 
that insufficiently distant from the median curve. However, the HDR box-plot 
method correctly identifies outliers of the curves with the highest density from 
the modal curve. The functional bag-plot may be a convenient technique to 
detect outliers when outliers are at a considerable distance from the median 
curve. Therefore, the depth method is unable to identify outliers accurately when 
outliers are near the median. In this situation, the functional HDR box plot is 
more suitable and gives better results. In Figure 4 and Figure 5, the bivariate 
and functional HDR box-plots for rainfall data with 95% probability coverage 
according to two stages are presented.  
 

 
(a) 

 
(b) 

Figure 4. The bivariate HDR box-plots in first stage (a) and 
in second stage (b), with 95% of probability coverage. 
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(a) 

 
(b) 

Figure 5. The functional HDR box-plots in the first stage (a) 
and in the second stage (b), with 95% of probability coverage. 

 
Figure 4 displays the bivariate box-plot scores with 95% probability coverage; 

the light and dark gray parts present the fence and box regions, respectively. The 
red asterisk is the mode, and the points outside the fence regions are identified 
as outliers. Figure 5 displays the corresponding functional HDR box-plot with 
95% probability coverage; the light and dark gray parts present the fence and box 
regions, respectively. The modal curve is drawn in the black line. The curves 
outside the fence regions are detected as functional outliers.  

In Figure 4(a), the point corresponding to the years 2005 and 2004 are out-
side the outer bivariate HDR bag-plot regions that correspond to the red and 
green curves in the associated functional HDR bag-plot as drawn in Figure 5(a). 
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Hence, these years are considered outliers according to the highest density re-
gions. Besides, in Figure 4(b), the points corresponding to the years 2009 and 
1999 are outside the outer bivariate HDR bag-plot region. They match the red 
and green curves in the associated functional HDR bag-plot, respectively, as 
drawn in Figure 5(b). Hence, these years are considered outliers according to 
the highest density regions.  

Apparently, in the first stage, the detected outliers are 2005 and 2004, outside 
the HDR box-plot outer region. In the second stage, after excluding the outliers 
detected in the first stage, the detected outliers are 2009 and 1999 outside the 
HDR box-plot outer region. From Figure 5, it is concluded that the notable 
curves of 2005 and 2009 are significantly different from the general shape of 
curves and the location curves. Actually, on the basis of the rainfall rate, the 
curves of 2005 and 2009 are distinctive by a very high peak and different sizes 
that seem to correspond to rainy years since the rainfall amount was the greatest 
over the Taiz region in June and August during the summer season. 

In comparison with previous studies specifically with similar works, this study 
differs slightly from previous studies in terms of using the functional highest 
density region (HDR) box-plot method based on a two-stage procedure, as 
shown in Figure 4 and Figure 5. Unlike the previous studies, the presented ap-
proaches in the current study have been adapted to detect outliers for rainfall 
data.  

Generally, the results of the present study are thoroughly consistent with pre-
vious studies that applied the same methodology in different types of data. Table 
1 summarizes the procedures and methods used in the current study and com-
pare it with previous related studies.  

 
Table 1. Comparison of the procedures used in the current study with the previous studies. 

Applications Visualization tool 
Methods 

Ref. 
Depth-based Density-based 

Rainfall data 
Rainbow plots with depth and 
density ordering 

Functional bag-plot method 
Functional (HDR) box-plot 
method with a two-stage 

current 

Flood data - - 
Functional (HDR) box-plot 
method 

[14] 

Hydrological data 
Rainbow plots with depth and 
density ordering 

Functional bag-plot method 
Functional (HDR) box-plot 
method 

[13] 

Hydrograph streamflow 
Rainbow plots by depth and 
density estimates 

Functional bag-plot method 
Functional (HDR) box-plot 
method 

[12] 

Fertility rates & Sea surface 
temperature 

Rainbow plots with depth and 
density ordering 

Functional bag-plot method 
Functional (HDR) box-plot 
method 

[8] 

Mortality rates & Sea surface 
temperature 

Rainbow plots with depth and 
density ordering 

Functional bag-plot method 
Functional (HDR) box-plot 
method 

[6] 

Gas emissions - Functional depth - [11] 

Nitrogen oxides emissions - Functional depth - [10] 
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In short, the functional outlier detection methods performed in this study, 
particularly functional (HDR) box-plot, made it easier to identify the extreme 
events of rainfall over the Taiz region and effectively detect unusual curves. 
Moreover, these approaches have demonstrated the temporal rainfall patterns in 
the Taiz region during the past two decades, influenced by many different outlier 
events due to the monsoonal effects. 

4. Conclusions 

In this study, rainfall data analyzed using functional outliers detection approach 
through a case study based on 21 years recorded during the period from January 
1989 to December 2018 over the Taiz region in Yemen. The practical methods 
included rainbow plots according to time order, depth and density functions, 
outlier detection by functional highest density region box-plot, and functional 
bag-plot. The study demonstrated significant results for extreme rainfall events 
over the region during the last two decades. The functional procedures of outlier 
detection can be more effective and preferable than classical ones; moreover, 
these methods are sophisticated and adaptable in climate studies such as rainfall 
change. Besides, the approaches employed in this study have a fast computation 
in detecting outliers and graphical representing the actual phenomena that per-
formed a great variety of structure of rainfall data.  

Based on the current results, the functional density box-plot method is more 
reliable and more effective in detecting outlier than the functional depth 
bag-plot method. The functional detected outliers, such as years in 1999, 2004, 
2005, and 2009 were identified as real observations and had different shapes and 
magnitudes compared to the other observed curves. Therefore, the detected out-
liers events were the most significant rainfall over Taiz region due to the convec-
tive storms of high intensity, and the monsoonal effects. Visibly the years 2005 
and 2009, were the most outliers above the mean curve; the years 2004 and 1999 
were the most oscillated under the mean curve.  

In addition, the functional results gave more information concerning the 
rainfall regime over the Taiz region by adding continuous temporal aspects. 
The entirely functional results showed that there are significant variations 
around rainfall rates. Overall, the variability was very high during the summer 
season, high in spring, moderate in autumn, and less or none in winter. May 
and September were the most rainfall rates due to the monsoonal affections. In 
future perspectives, it is recommended to apply the most advanced functional 
approaches to outlier detection. Furthermore, the appropriate functional me-
thods should be used in modeling and forecasting rainfall with other climatic 
variables.  
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