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Abstract

The basic concept of Bluetooth Low Energy (BLE) is short packet transmis-
sion and transient connection. It can quickly establish a connection, send da-
ta, and quickly disconnect, so that neighbor discovery is frequent and be-
comes an important issue. In the neighbor discovery which includes adver-
tising and scanning, the BLE specification defines several important parame-
ters. The parameters on the advertiser side include advertising interval, ad-
vertising duration, etc. On the scanner side, there are scan interval, scan
window, etc. How to configure these parameters for quick neighbor discovery
has been troublesome for BLE implementers. Prior analyses on BLE discovery
process also showed some disagreements or made some incorrect assump-
tions. In this paper, we use rigorous probability-theory based derivations to
obtain different kinds of successful discovery probabilities. We clarify disa-
greements in prior works and also provide insights on how to configure pa-
rameters for maximizing discovery probability. In particular, we prove that
the discovery probabilities on each of the three channels are correlated. We
also find that, when the advertising duration is set close to some multiples of
the scan interval, an ill-fated synchronization problem will occur. To have a
high discovery probability, both scan window and scan interval should be set
at a large value, though it might not be good for energy saving.

Keywords

Bluetooth Low Energy, Advertising Interval, Advertising Duration,
Advertising Event, Scan Interval, Scan Window, Neighbor Discovery,
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1. Introduction

It has been nearly 30 years since the Bluetooth short range wireless communica-
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tion technology was proposed in the early 1990s. Over the years, Bluetooth
technology has progressed from solving the cabling issue between the host
computer and its peripheral devices to being widely used in various communica-
tion applications for personal hand-held devices. Because Bluetooth has been
used mostly in battery-powered devices, the Bluetooth SIG (Special Interest
Group) issued the Bluetooth 4.0 specification in 2010 for low power operation of
Bluetooth [1]. It has been generally referred to as BLE (Bluetooth Low Energy).

Many BLE applications are run between battery-powered portable devices.
Before any kind of connections can be set up, a pair of BLE devices need to go
through the neighbor discover process to know the existence of each other. BLE
specifications allocate three (37, 38, 39) out of the 40 total channels for discov-
ery. One device does the advertising on the three channels alternately and the
other device does the scanning also on the three channels alternately. Since the
two devices are not synchronous, they need to be in the matching roles (one ad-
vertising and the other scanning) and at the right time and the right place (on
the same channel) for the discovery to be successful. If one round of advertising
does not result in successful discovery, a random delay is introduced before the
next round so that a different advertising/scanning matching is tried. This is dif-
ferent from the infrastructure-mode WiFi (Wireless Fidelity), where an al-
ways-on access point (AP) exists and serves as a reference point for other WiFi
stations to scan and connect to. Several advertising/scanning parameters (e.g.,
advertising interval, advertising duration, scan interval, scan window) are in-
volved in the BLE discovery process. BLE specifications do not mandate each
parameter’s value but rather provide a range of possible values for each parame-
ter so that different applications can choose their appropriate ones. However,
this also causes headaches for BLE implementers as the dimension of parameter
values is too large to handle. Many rely on trial and error. It is desirable to have
some parameter-setting guidance so that an efficient BLE neighbor discovery
process can be realized and the power consumption is minimized.

There have been quite a few studies on analyzing the performance of the BLE
discovery process. The performance metrics include successful discovery proba-
bility, discovery latency, and power consumption. In [2] [3], a 1:1 (one advertis-
er and one scanner) scenario is considered. The discovery latency is analyzed but
its accuracy deteriorates when the advertising interval is larger than the scan
window in the discontinuous scanning scenario. In [4], the m1 (22 advertisers
and one scanner) scenario is considered. The authors use the classical Aloha
model to derive the discovery latency. An enhanced mechanism is also proposed
enabling BLE scanner to learn the network condition and adjust parameters ac-
cordingly. However, the analysis is still limited to the continuous scanning sce-
nario. In [5] [6], more general nz:n scenarios are considered. The successful dis-
covery probabilities on each of the three channels are first derived and then the
discovery latency is calculated. The derived successful discovery probabilities on
each of the three channels are different. The authors also assume that successful

discovery on the three channels within an advertising event are independent
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probability events. These are somewhat against the intuition. In [7], a wait-slot
scheme is proposed for the neighbor discovery process in the m:1 scenario so that
the collisions of response packets can be reduced. In the analysis, the probabili-
ties of successful advertising on each of the three channels are shown to be iden-
tical. In [8], the authors propose a method to determine an optimal value for the
BLE advertising interval to minimize the time in which all surrounding BLE ad-
vertisers are discovered by a scanner. The analysis is limited to the continuous
scanning scenario. In [9], an energy model of BLE is presented. It accounts for
all BLE parameters and all operating modes. To be able to calculate the energy
consumption in the discovery process, the discovery latency needs to be calcu-
lated first, which an algorithm based on Gaussian approximation for sum of
random delays in the advertising events is used. The latency result is compared
to that in [3] and significant discrepancy is obvious. Sudden latency jumps at
some parameter settings are observed but no satisfactory explanations are given.
In [10], different device discovery schemes in BLE networks are surveyed with
their advantages and limitations discussed.

From the above literature survey, we identified several issues worthy of more
careful investigation. First, there is disagreement on the successful discovery
probabilities on individual channels within an advertising event (to be more
thoroughly explained in the next section). Second, individual channel discove-
ries are assumed to occur independently. Third, there are some abrupt changes
in discovery probability and discovery latency at certain parameter settings,
which none of prior works can explain. There is still not much insight shed on
proper setting of discovery parameters. In this paper, we address all the above
and claim the following contributions:

1) We give a rigorous proof that the successful discovery probabilities on three
individual channels within an advertising event are the same.

2) We show that successful discovery on an individual channel is dependent
on the discovery result on the prior channel within the same advertising event.

3) We find the successful discovery probability for an advertising event (which
includes discoveries on three individual channels) and show what discovery re-
lated parameter settings are to avoid. The rest of this paper is organized as fol-
lows: In Section 2, we give a short introduction on the BLE discovery operation.
Section 3 first reviews certain prior analyses to get a feel about how they might
go wrong, and then we use rigorous probability-theory based derivations to ob-
tain different kinds of successful discovery probabilities. Section 4 shows verifi-

cation of the analysis by simulations. Section 5 is the conclusion.

2. BLE Discovery

BLE minimizes the device power consumption by allowing devices to go into the
sleep state. When devices attempt to communicate with each other, they wake
up to discover each other. Three channels (channels 37, 38, and 39) are allocated
for the discovery purpose. Consider the scenario of two BLE devices. One device

enters the advertising state and periodically sends advertising PDUs (protocol
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Advertiser

data units; or simply called packets) on the three advertising channels. The other
device enters the scanning state or the initiating state. It also takes turn scanning
on the three advertising channels. There are 4 types of packets that the advertiser
may send to start the discovery: ADV_SCAN_IND, ADV_DIRECT IND,
ADV_NONCONN_IND, and ADV_IND. ADV_SCAN_IND is for scanning
only. A device entering the scanning state (a scanner) can respond to it with a
SCAN_REQ packet to request further information. The advertiser will then reply
with a SCAN_RSP packet. ADV_DIRECT _IND is for fast connection setup. A de-
vice entering the initiating state (an initiator) can respond with CONNECT _REQ
to quickly set up a connection with the advertiser. ADV_NONCONN_IND is
for one-way advertising only. Subsequent scan or connect request is not allowed.
ADYV_IND is the general-purpose advertising packet. Scanner/initiator can reply
with a scan/connect request. The discovery process between an advertiser and a
scanner via ADV_SCAN_IND/ADV_IND - SCAN_REQ-SCAN_RSP exchange
is the most lengthy one and is usually used as the example scenario for BLE dis-
covery analysis. Our analysis in later sections also assumes this type of packet
exchange. It can be easily modified to adapt to other types of advertising packet
exchanges.

Figure 1 illustrates the timing sequence of advertising and scanning. An ad-
vertiser sends three identical ADV_IND packets sequentially over channels ch37,
ch38, and ch39. This is called an advertising event (advEvent, in short). There is
a fixed time gap between consecutive ADV_IND packets to allow for send/receive
of corresponding SCAN_ REQ and SCAN_RSP packets. We call it advertising
duration (advDuration), specified to be no larger than 10 ms. Two adjacent ad-
vEvents are separated by a fixed advertising interval (advinterval) and a random
advertising delay. advinterval can be chosen to be from 20 ms to 10.24 s, with
increment in 0.625 ms. The random advertising delay is to decouple the possible
correlation between advEvents from the same advertiser or from different adver-
tisers. Without it, advertising/scanning channel mismatch or packet collisions
may repeat over and over again. Random advertising delay is chosen uniformly
from [0, 10 ms].

AdvDelay AdvDelay
advinterval —> aavinterval —

advDuration — advDuration

>
~— — ~— —

advEvent advEvent

Scanner Ch37 ‘ I Ch38 | Ch 39

>
scanWindow scanWindow scanWindow
scaninterval scaninterval scaninterval

Figure 1. Advertising and scanning processes on three advertising channels.
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A scanner listens on channels ch37, ch38, ch39 alternately for advertising pack-
ets. It switches scanning channels at every scan interval (scaninterval). In each
scanlnterval, it listens only for a duration of the scan window (scanWindow). The
idle time in the scaninterval can save energy and reduce reply competitions
among multiple scanners, if any. When an advertiser advertises and a scanner
scans on the same channel, and the advertising packet is successfully received by
the scanner, the scanner will reply with a SCAN_REQ. The advertiser then rep-
lies with a SCAN_RSPto complete the discovery process.

For later analysis, we need a reference to the duration of a complete discovery
process. We use the ADV_IND - SCAN_REQ - SCAN_RSP exchange as an ex-
ample. The maximum lengths of ADV_IND, SCAN_REQ, SCAN_RSP packets
are 47, 22, 47 bytes, respectively. At the 1Mbps channel rate, their transmission
times are 376, 176, 376 us, respectively. There is also a 150 us IFS (inter-frame
space) between packet transmissions. Therefore, a complete discovery process
for this example takes 0.376 + 0.150 + 0.176 + 0.150 + 0.376 = 1.228 ms.

3. Analyses on Successful Discovery

To facilitate comparisons with [5], we adopt most of the mathematical symbols
used there. They are listed in Table 1. Our analysis is applicable to the one ad-

vertiser and one scanner (1:1) scenario only.

3.1. Review of Prior Works

Figure 2 shows the time sequence of a BLE device A as an advertiser, and
another BLE device S, being a scanner. In this example, 7 > 7, (disconti-
nuous scanning), and 7y > 7, . We notice that the arrival time of the first Ch37
ADYV_IND packet falls within the Ch37 scanning window of device S, but the
second Ch37 ADV_IND packet arrives when device S, is in the power-saving
state. To simplify the discussion, we temporarily assume 7, =7 (continuous
scanning). Under the assumption, device S, is always doing scanning and nev-
er enters the power-saving state. ADV_IND packets always arrive at one of the

three scanning windows (Figure 3).

Table 1. Symbols used in this paper for BLE discovery analysis.

Notation Meaning Recommended Values
[ Length of advertising duration <10 ms
Ty Length of advertising interval [20, 10, 240] ms
7, Length of scanning interval [2.5, 10, 240] ms
Tow Length of scanning window [2.5, 10, 240] ms
T, Time for discovery packets exchange <1.228 ms
Tow Length of effective scan window Ty =Tgy — I

t, Arrival time of ch37 ADV_IND packet
a,a,,a, Successful discovery probability on channel 37, 38, 39
DOI: 10.4236/jcc.2020.812020 235 Journal of Computer and Communications
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Figure 2. Advertising and scanning in a discontinuous scanning scenario.

AdvDelay

T
S S
1 f—»
Ch 37 Ch 38
1 1 1
U ly T Ty t, + 21, Tow ~ Ty

Figure 3. Advertising and scanning in a continuous scanning scenario ( 7g > 7y, ).

This is the scenario considered in Section 4.1.1 of [5]: 1:1 Network (one ad-

vertiser and one scanner. In [5], four events are defined. Among them, two are

relevant to the successful discovery in a 1:1 Network.

E,: S, is synchronous with A, meaning a channel x (x = 37, 38, or 39)

ADYV_IND packet arrives when the scanner is also scanning channel x.

E,: S, has enough time to reply to ADV_IND before the current scan win-

dow ends.

In a 1:1 Network, the necessary and sufficient condition of a successful dis-

covery is E,NE,. In continuous scanning, Pr[E,|=r7y, /37y =1/3 since we

assume 7, =7 . For E, to occur, the remaining time in the scan window
when the ADV_IND first arrives at the scanner must be greater than T, the

time required for the ADV_IND packet to be successfully received by S, and
the subsequent SCAN_REQ and SCAN_RSP exchanges between A and S, to
be completed. Let t, be the arrival time of channel 37 ADV_IND packet.
Hence, Pr[E4] = Pr[TSW -1, >Ts] = Pr[to < Tgy —Ts]z(rsw -T )/Ts|

fore, the probability that a channel 37 discovery is successful is
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oy =Pr[E,NE,]=Pr[E |Pr[E,]=1/3(zg -Ts )/TSI )

(because E, and E, are independent events), which is identical to Equation (1)
in [5] and Equation (3) in [6].

Using the same argument that E (1E, is what makes a successful discovery,
the probability that the second (on channel 38) ADV_IND results in a success-
fully discovery is
a, =Pr[E,NE, | =1/3Pr[rg, —ty —7ys > Ts | =1/3Pr[t, <7gy —7ys —Ts |, or

Qy = (TSW —Tya — T )/3TS| > (2)

which is Equation (2) in [5] and Equation (4) in [6]. Similarly, the probability
that the third (on channel 39) ADV_IND results in a successfully discovery is
ay =Pr[E,NE,|=1/3Pr[zg, —t) — 27, > Ts]
= ZI/3P|’[t0 <Tgy — 2Ty —Ts ] = (TSW =200 — T )/375, '
In the above discussion, we assume 7 > 7, . On the other hand, if we con-
sider 74 <7, , Figure 4 shows a possible scenario. ¢; remains unchanged as

1/3(rgw —Ts )/75 » but
a, =]/3Pr[t0 +Tya <Tg +Toy —TS]=1,/3PI’['[0 <Tg +Tgy — Tya —Ts], or

a, = (g +Toy —Twa —Ts )/375, ) (3)

which matches Equation (2) in [5] and Equation (4) in [6]. It however is differ-
ent from Equation (2) above. In other words, [5] [6] showed that o, and «,
not only are different from ¢, but are also dependent on the relation between
7y, and 7,,.On the other hand, [7] claimed that ¢, «,, @, areequal

It is necessary to have some explanations as to why the single-channel suc-
cessful discovery probability is dependent on the relation between 7, and 7,,
and also why there is disagreement between [7] and [5] [6]. There must be
something wrong somewhere in the derivation of the successful discovery prob-
abilities. We next show that successful discovery probabilities are independent of
the relation between 7, and 7,,, and in fact the three probabilities «;, «,,

o, are equal.

AdvDelay

tO to + T

‘ Ch 37 | Ch 38 | Ch 39 ‘ Ch 37 | Ch 38 Ch 39 | Ch 37 ’Ch38 ‘ Ch 39 j

0 Tsw ~ Ta

Figure 4. Advertising and scanning in a continuous scanning scenario (g <y, ).
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3.2. Probability of a Successful Single-Channel Discovery

We first use a simple argument to explain why successful single-channel discov-
ery probabilities «;, a,, o, are equal. The conditions that the advertiser A’s
Ch37 ADV_IND results in a successful discovery by the scanner S, are: 1)
A’s Ch37 ADV_IND is successfully received by S, and 2) the subsequent ex-
change of SCAN REQ and SCAN_RSP are also successful. We call the two con-
ditions an event E,,, occurs. E,,, occurs when the arrival time (t;,) of
Ch37 ADV_IND falls within the Ch37 scan window but at least T, time before
the scan window ends. Since the scan interval is periodically repeating at three
times of the scan interval ( 7y, ), it suffices to consider a scan cycle 7 (=37 ),
which t; might fall within. After a successful reception of the ADV_IND, the
subsequent exchange of SCAN_REQ and SCAN_RSP will always be successful
because there are no other devices to interfere with their transmission/reception.
Therefore the probability that A ’s Ch37 ADV_IND results in a successful dis-
covery by S, o =(rgy —Ts ) / Tge = (TSW —T ) / 3rg, . The argument and the re-
sult are no different from [5] [6] [7]. For ADV_IND event on Ch38, by considering
that the arrival time of Ch38 ADV_IND at S, is also randomly distributed
within 7., the probability that A ’s Ch38 ADV_IND results in a successful dis-
covery by S, is @, =(7gy —Ts) / 3t . Similarly for Ch39, o, =(7g, —Ts) / 3z, -
Though ¢, = a, = a3, their corresponding events are not independent.

What is wrong in the derivation of @, and ¢, in [5] [6] is that they assume
the prior Ch37 ADV_IND arrival time (1, ) is either in the S;’s Ch38 (Ch39)
scanning window (e.g., the second Ch38 ADV_IND in Figure 3), or in the S;’s
Ch37 scanning window (e.g., the first Ch38 ADV_IND in Figure 4). These are
probabilities under certain implied conditions. In fact, t; can be in any scan-
ning windows or even in the power-saving window for a successful Ch38 (or
Ch39) discovery.

3.3. Dependency between Adjacent Successful Discoveries

In this section, we first show that there is a dependency between adjacent suc-
cessful discovery events. We then prove with rigorous probability derivations
that successful single-channel discovery probabilities are equal. Previously we
define E,,, as the event that a Ch37 discovery succeeds. Similarly, let E .,
E.3 be the event that a Ch38, Ch39 discovery succeeds, respectively. Here
Eiar> Ecnss» Ecnge are restricted to be the three successful discovery events (in
the context of probability) in the same advertising event (advEvenf). We now
discuss the dependency of E,,; on E,,,. We do not apply any restriction to
the relationship among 7,,7q,y .75 > except that g, <7, , by system design.
Without loss of generality, let time 0 be the start time of S;’s Ch37 scanning
window which event E_ ., occurs. t; falls within (0, g, —Ts ). Thatis,

0<t,<zg —Ts (4)

Then event E ., occurs if t;+7,, falls within any one of the (iry +7g,

DOI: 10.4236/jcc.2020.812020

238 Journal of Computer and Communications


https://doi.org/10.4236/jcc.2020.812020

T.-C. Hou, K.-C. Huang

iTge +75 +7gy —Ts)> 1=0,1,2,3,---, 0r

T +7g —Tyn <ty <7 +7g +Tgy —Ts — Ty (5)

The term irg. accounts for the multiple candidate Ch38 scanning windows
after the first Ch37 scanning window. For example, consider 7/ = 0. Figure 5
shows a scenario where intervals specified by (4) and (5) overlap. Figure 5 is a
case with 7, > 7, . The blue solid interval is due to (4) and the red dashed in-
terval is due to (5) with 7= 0. We note that the two intervals specified by (4) and
(5) are of equal length. When 7, =7, the two intervals completely overlap.
When 7, <7 , the red dashed interval shifted to the right and its left edge is
greater than 0. For /> 0, overlapping intervals also exist for larger values of 7,,.

Given Equation (4) (event E,,, occurs), Equation (5) may hold (ie., event
Eqss occurs) only when the two intervals specified by (4) and (5) overlap, or in
other words, if (4)’s upper bound is greater (5)’s lower bound (expressed in Eq-
uation (6)) AND (5)’s upper bound is greater than (4)’s lower bound (expressed
in Equation (7)).

Tow —Ts > 1Tsc +Tg —Typ» OF Typ > iTsc + 75 — (g —Ts) (6)

iTge +Tg +Tgy —Ts —Twa >0, 01 Ty, <itge +7g +(7gy —Ts) (7)

In the BLE specification, 7,,, <10 ms, and the maximum possible
T, =1.228 ms . For the complete discovery procedure (ADV_IND, SCAN_REQ,
and SCAN_RSP successfully finish their transmission and reception) to have a
chance to succeed, both 7y, and 7,, mustbe greater than T. That is,
Tgy —Ts >0 and 7, —T; > 0. Define the effective scan window 7y, =74, —T;.
Then (6) and (7) can be combined into

1T +Tg —Toy: < Tya <1Tgc +Tg +Tgy (8)

Equation (8) specifies the possible intervals for 7,, such thatevent E,., may

¢ WA o WA .
Al 37 38 39
T
S1 f - Iyt Ty, L + 2TWA
N / \‘ /] 4
ch3r | chas | < chas |
y N\ L\ / -
A A A A -
0 ? Ty~ Ty Tow  Tor Vo Tyt Ty T T
le—— '
[ ]
[}
e — — —»] - <ty tr, <tgti, T
T ™ Tyy Ty~ Tpu T T~ T

Figure 5. Illustration of overlapping intervals for valid t; due to (4) and (5).
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occur. We first consider 7= 0. 7y —7g, <7y, <Tg +Tqy - There are two distinct
cases.

1) 7g —Tgy < Tya <75 : The intersection of the intervals specified by (4) and
(5)is (7g —Twa:Tow —Ts) -

Pr[Echas | Ech37]=(T5W -Ts -7y +TWA)/(TSW _Ts)‘

2) 7g <Tys STy +7gy ¢ The intersection of the intervals specified by (4) and
(5)is (0,7g +7gy —Ts — Ty ) -

Pr[Echas | Ech37]=(7’-SI +7gy — T _TWA)/(TSW _Ts)‘

We next consider / = 1. That is, E, ., may occur in the next scan cycle.
Toe +Tg — T < Twa < Tsc + 7 +Tey -
3) Ty +Tg —Tgy <Tya <Tsc +7g : The intersection of the intervals specified

by (4) and (5) is (Z'SC +Tg —Tyar Tsw — Ts )
Pr[Ech38 | Ech37] :(Tsw —Ts =75 — 7 +TWA)/(TSW _Ts)-

1) 7o +7g <Typ <Tgc +7g +(TSW —TS) : The intersection of the intervals
specified by (4) and (5) is (0,7 + 7 + 7y —Ts — Ty ) -

Pr[EchSS | Ech37] = (Tsc +Tg +Toy — T _TWA)/(TSW -Ts ) .

Continue on. We consider i=2,3,4,---. That is, E,; may occur in the
third, fourth, fifth, ... scan cycle. Following the same approach as above, it
should not be too difficult to verify that there is a general formula for the condi-
tional probability Pr[Eg |Eqs]-

2) itge +Tg — Ty <Typ <IiTgc +7g ¢

Pr[Egse | Ecnar ] = (7w —Ts —itsc = 7g +7n) /(7o = Ts) -
3) it +7Tg < Ty <iTge +7Tg +Tgy

Pr[Egss | Ecnar | = (itsc + 75 + 7 = Ts —7n )/ (Tsw = Ts)-

Figure 6 shows the conditional probability Pr[Ey |Eys; ] as a function of
Tya - Note that in the BLE specification, 7,,, <10 ms, and
Ty 2Ty > T =1.228 ms. Since the successful discovery probability for a single
channel is proportional to 7y, —T , a reasonable 7, value should be greater
than 1.5 ms. Therefore in reality iry. +75 — 7, is greater than 10 ms if 7/ > 2.
Hence the probability of E,,; occurring in the third scan cycle and after is
negligible.

Next, we consider the case that E,,, does not occur, specified by % .t

falls within (zg, —Tg, 37y ). Then E, occurs if t;+7,, falls within any one

of the intervals (itg + 74, it +7g +7gy —T5)> 1=0,1,2,3,--, 0r
Tow — Ts <ty <37y 9
iTgc +Tg —Typ <ty <iTge +7g +Tgy —Ts — Ty (10)

The condition that the two intervals specified by (9) and (10) overlap is

(i-1)7gc +7g <Tyy <iTgc +7g, 1=012,3 (11)
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The condition that the two intervals specified by (9) and (10) overlap is
(i-1)7ge +7g <Tyy <iTgec +7g, 1=012,3 (11)
We first consider 7/ = 0. Equation (11) becomes —275 <7,, <7y . But 7,, is
always positive. We then consider two distinct cases.
1) 0<g,, <75 —7g, : The intersection of the intervals specified by (9) and

(10) is (7g — Typ T —Twa + Tow — T ) -
Pr|:Ech38 |%J = (Tsw -Ts )/(3TS| —Toy +Ts )

2) Tg —Tgy <Tya < Tg : The intersection of the intervals specified by (9) and

(10) is (7gy —Ts.7g + sy —Ts — Ty ) -
Pr|:Ech38 |%J :(TSI _TWA)/(BTSI —Tsw +Ts)~

We next consider 7= 1. Equation (11) becomes 7 < 1, < 7s +7g . We con-
sider three cases.
1) 74 <Tya <Tg +7gy : The intersection of the intervals specified by (9) and

(10) is (Tsc + 7 _TWA'TSC)'
Pr[Ecms |%J = (TWA — Ty )/(379 —Tow +Ts )

2) Tq +Tgy <Typ <Tsc +Tg —Tgy : The intersection of the intervals specified

by (9) and (10) is (rsc +Tq —Tyar Tse T Tg — Twa + Tsw — s )
Pr|:Ech38 |%j| = (TSW =T )/(3TS| —Tow +Ts )

3) Ty +7Tg +Tgy <Tya < T +7g : The intersection of the intervals specified
by (9) and (10) is (TSW —Tg, 75 +7g +Tgy —Tg —TWA).

Pr[Echss | Ech37:| = (Tsc + 75 —Twa )/(3TS| —Toy +Ts ) .
Continue on. We consider i=2,3,4,---. Following the same approach as above,
the general formula for the conditional probability Pr [ Ess | Ede is:
1) (i-1)7s +7g <Tya <(i—1)7gc +7g + gy
Pr|:Ech38 | Ech37:| = (TWA — Ty _(i _1)Tsc )/(373| —Tow +Ts ) .
2) (i=1)7g +7q +Tgy <Tya <iTge +Tg —Toy::
Pr[Echss | Ech37:| = (Tsw —Ts )/(3TS| —Tgy T Ts ) .
3) iTge +7Tg —Toy <Tya <ITgc +7g ¢

Pr[Echss |%j| =(ifsc +7g _TWA)/('STSI — Ty +Ts )

Figure 7 shows the conditional probability Pr[ECh38 |%] as a function of
Tys - We observe that it is to some degree complementary with Pr[Eg | Eyy ]
in Figure 6.

We now verify that the unconditional ch38 discovery probability Pr[Es]| is
the same as the unconditional ch37 discovery probability PI‘[Ech37] , regardless of
the value of 7,,. Due to the periodicity of Pr[Eys | Eyy ] and Pr[Em8 |%J ,

shown in Figure 6 and Figure 7, we need only to consider three cases.
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Pr[Ech38 |Ech37]
T S S —
L 0 I Y AU (Y S
3z,
| | l N
0 — LA g
0 Y / Tsc Ty \ 2t t 1y T
Ts ™ Tow T T T Toe P Ty 7 T Toc T Ta T T
Figure 6. Successful channel 38 discovery probability given that channel 37 discovery is successful.
PrlE 5| E sl
A
1 __________________________________________________________________________
T T
3ty + T |
7 AR iR Sy S — — .
= T -
3z,
0 >
0 /S Tse 1y N 2ttty Tyy
Te T Ty ™ Tow Toe T Ty~ Ty

Figure 7. Successful channel 38 discovery probability given that channel 37 discovery fails.

1) 7y —Tgy S Tya STg ¢
P [Eqvas ] = Pr[Equgs | Eqnar ] P Ecnar ]+ PP Eqrag | Eurar |-Pr| By |
= (7w =Ts =75 +7wn )/ (Tsw = Ts)-(zsw = Ts ) /374
+(zg —TWA)/(STS, —Ton +T5) (37 — 7oy +Ts )/373,
=(reu —Ts5) /37y
2) Tg <Typ STg +Tgyt
Pr[Enss ] = PP Exras | Enor ] P [ Exn ]+ Pr| s | By |-Pr| Bt |
=(7g + 7w — Ts —TWA)/(TSW ~Ts)(zew —Ts )/3TS|
+(TWA -7y )/(375, —Tgw +Ts)-(3rs, —Tqy + 15 )/31'S|
=(7sw = Ts )/STSI
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PrE, UE

ch38 ch37

2z, — T)

sw_

37,

SI

Ty~ Ty
3z,

]

3) Tg Ty <Tya <Tsc +Tg —Toy::

PI [ Eunss ] = P[Ecnss | Ecior |- Pr[Ecnor ]+ Pr| Ecos | Exrr |-PT| By |
= 0~(TSW -T )/375,
+(TSW -Ts )/(32'3, — Ty 15 )~(3z's| — Ty + 15 )/375,
= (TSW -T )/32’5,

In Figure 6, we see that Pr[Eyq |Eys ]| is notequalto Pr[E,g], except for
few values of 7, . It clearly shows that event E,,; and event E,,, cannot be
treated as independent events.

As to the joint behavior of ch37 and ch38 discoveries, we expect both to com-
plement each other for maximum discovery probability. It is the probability of
Enar U Ecns -

Pr[Ech37 U Ech38] = Pr[Ech37]+ Pr|:Ech38 ﬂ%}
=Pr[Egy |+ Pr|:Ech38 |%]Pr[%J

Figure 8 plots Pr[E,; UE,;] as a function of 7,,. It shows that 7,
should be chosen to be not in (irs —7gy:, i7gc +7gy),i=0,1,2,3,--- for max-
imum discovery probability regarding the combined ch37 and ch38 discovery. In
these situations, E,,, and E,,; are disjoint events. If ch37 discover succeeds,
ch38 discovery will not, and vice versa. It achieves the maximum possible suc-

cessful discovery probability for two successive discovery events.

3.4. Dependency between Non-Adjacent Successful Discoveries

We now discuss the dependency of E,,, on E,,,. Event E,,, occurs when
t, falls within (0, 7y, —Ts ), previously specified in Equation (4). Then event
E.ge occursif ty+27,, falls within any one of the (iry. + 27,

it +275 +7gy —Tg), 1=0,1,2,3,---, 0r

iTgc + 27 — 20y, <ty <iTec + 275 +7gy —Ts — 27, 1=0,1,2,3,-- (12)
A
| | | >
B 3 ” X g
# \
0 DTy ! /,/ 2% + Ty \\ ZTSC + Ty TWA
T~ Tswr Tyt Ty Toe VT " Ty Toet Ty~ Ty

Figure 8. Probability that at least one of the two channel discoveries is successful.
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T,

T,

Similar to the derivation in Section 3.3, given Equation (4) (event E,,, oc-
curs), Equation (12) may hold (ie, event E,, occurs) only when the two in-
tervals specified by (4) and (12) overlap, or in other words, if (4)’s upper bound
is greater (12)’s lower bound (expressed in Equation (13)) and (12)’s upper
bound is greater than (4)’s lower bound (expressed in Equation (14)).

Tow > iTge +20g — 2Ty OF Ty >itg [24 7 —Tgy /2 (13)
iTse +27g +Tgy —2Typ >0 OF Ty <iTec [2+7Tg +7Tgy /2 (14)
which can be combined into

iTec [2+4Tg —Tgy [2<Typ <iTec [2+Tg +Tgy /2, 1=0,1,2,3,-- (15)

Due to the space limitation we directly give the general formulas for the con-
ditional probability Pr[EChag | Ech37] . The derivations follow the same approach
as in Section 3.3,

1) itge [247g — Ty /2 < Typ <iTsc [2+7Tg ¢

Pr[Ech39 | Ech37]: (Tsw =T —irg — 27 +ZTWA)/(TSW -Ts ) .
2) itge [24 7 <Typ <iTg [2+7Tg +Tgy [2:
Pr[Echsg | Ech37]:(ifsc +27g + 7y —Ts _ZTWA)/(TSW _Ts)'

The general formulas for the conditional probability Pr [ Echnao | Ech37:| are:
1) (itge =74 )/2 < yp <(itsc —7g) )/2+ 75y /2,1 =1,2,3,--

Pr| Evnos | Euner | = (200n + 71 —i7c )/ (35 — 70 +T5).
2) (irge —7g )2+ Tqy [2 < Ty <iTsc [2+Tg —Tgy /2, 1=0,1,2,3,---
Pr[ Eqvag | Eunar | = (row =T /(379 — 7 +Ts).
3) itee /247 —Tgy [2<Typ <iTec[2+7Tg, 1=0,1,2,3,--
Pr| Euss | oy | = (irsc + 275 —25) /(3 — 7y +T).
Figure 9 shows the conditional probabilities Pr[Eg | Eyy| and

A

1 Pr[Ech39 | Ech37]
Probability Pr E[hsg | m]

s~ L l

— g, + T
/I ”””””””””””””””” .
o Iy
3z,
0 | | | | >
0 - 2.5t 4z, 5.5z, Tz, Ty

- - - - -
T Tsw Towr Tow T

Figure 9. Successful channel 39 discovery probability given that channel 37 discovery suc-

ceeds/fails.
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Pr[Echsg |%] as a function of 7,,. They show repeating pattern at the cycle
of 1.5z . Readers can also verify that the unconditional ch39 discovery proba-
bility Pr[Ech3g] is the same as the unconditional ch37 discovery probability
Pr[Es | » regardless of the value of Ty,

Pr[EchSQ] = Pr[Ech39 | Ech37]'Pr[Ech37]+ Pr|:Ech39 |%Jpr[%]
= (Tsw -Ts )/3TS|

3.5. Probability of at Least one Successful Single-Channel
Discovery in an Advertising Interval

That the three consecutive ADV_IND packets in an advEvent are transmitted on
different channels is to maximize the probability of discovery and therefore
speed up the discovery process. This is equivalent to maximizing the probability
of a union event E,,, UE,.;;UE,, , representing that at least one sin-
gle-channel discovery succeeds in an advEvent. We call it a successful advEvent

discovery.

Pr[Ech37 UEs U Ech39]
= Pr[Ech37]+ Pr[Ecnss] + pr[EchSQ]_ Pr[Ech37 N Ech38]
—Pr[Egnsr M Enae | = Pr[ Ecnas N Ecnso |+ Pr[Ecnar N Egng N o |

We have known that Pr[Eg; | =Pr[Eygs]=Pr[Eys]|= (70 —Ts)/37s -
Pr{Ega; NEgss | = Pr[Ecas | Egusr |- Pr[Egnar | » and is plotted in Figure 7.
Pr[Egs NEgss| can be derived similar to Pr{Ey; N Eqg] -
Pr{Egar N Egas | = Pr{Ecas | Equgr |- Pr[Ecnar ] is also known because we have de-
rived Pr[Eys | Eygr |- What is unknown is Pr{Egs; MEgs NEqs]-

E.nsr N Egss NEgze occurs when Equation (4), Equation (5), and Equation
(12) hold. From earlier discussion in Section 3.3, Pr[EchSY N EchSS] is non-zero

when

ITgc +Tg —Tgyr < Typ <ITgc +7g +7Tgy> 1=0,1,2,3,---

Taking 7= 0 for example, we discuss two situations: 7 —7g, <7, <7 and
T <Twa STy +Tsn -

1) 7g —Tgy < Tya < 7g : The intersection of the intervals specified by (4) and
(5) is (z’S, — Ty Tsw —TS). For Equation (12) to also hold (Eg, occurs), t,
must be in (27 — 27y, 275 — 27y, + Tgy: ) - The intersection of these two inter-
valsis (2rg —27y,,7gy —Ts) and 7, is further restricted to be
Ts —Tgw /2 < Ty < 7y . Therefore, we have
Pr[Ech39 | Egnr 1 Ech38] =(row = Ts — 274 + 27, )/(Tsw —Ts 174 +TWA) , for
Ts —Tow /2 < Tya < Ty . Previously, we have found that

Pr[Echss N Egar ] = (Tsw —Ts =75 +Tya )/3TS| .
Therefore Pr[Eqs; N Eqge NEgag | = (Tew —Ts — 275 + 27 ) /37 » for
Ty~ Tow [2S Tya <74 -
2) 7Tg <Tya STy +7gy ¢ The intersection of the intervals specified by (4) and
(5) is (O,TS| +Tgy — g —TWA). For Equation (12) to also hold, t, must be in
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(27 — 21y, 27 — 204 + Tgy —Ts ). The intersection of these two intervals is
(0,27 — 275 +7gy —Ts) and 7y, is further restricted to be

Tg < Typ < Tg +Tgy /2 . Therefore, we have

Pr[Ech39 | Egnr 1 Ech38] =(row = Ts =274 + 27, )/(Tsw —Ts 74 +TWA) , for

Tg < Tya < T +Tgy /2 . Previously, we have found that

Pr[Echss N Egar ] = (T5| + 7oy —Ts —Ta )/STSI .

Therefore Pr[Eqy; N Eqgge N Egag | = (Tew —Ts + 27 — 27 ) /37 » for
Ty Styp STq +Tgy /2.

Using similar technique we can find other Pr[E,,; NEy;NEy] with
i =1,2,3,---. With them calculated, we can finally obtain Pr[E,; UE s UE 4]
as

1) |oya =75 —i7sc| <7y —Ts» i=0,1,2,3,---
Pr[Ech37 U Bz U Ech39] = (Tsw =Ts +2|rg +irg _TWA|)/3TSI .

2) |run 7o —i7sc /2| < (rew —Ts)/2, 1=0,1,2,3,---
Pr[Egar UEas UEqe | = (27 — 2T + 27 +iree — 27, ) /375 -
3) otherwise,
Pr[Egar UEqas UEqse | = (7ew —Ts )/

This is the main result of this paper. Figure 10 plots Pr[Egy, UEs5 UEq ],
the probability of a successful advEvent discovery, as a function of z,,. When
Tya coincides with 7y, +izg. , the probability of a successful advEvent discovery
is minimized. This is the ill-fated synchronization between advertising and
scanning. At best, only one of the three single-channel discoveries is successful.
When 7, coincides with 7 +(2i+1)74 / 2, the probability of a successful
advEvent discovery can be doubled from the minimum value. Two out of the
three single-channel discoveries may be successful. When 7, is at a suitable

distance away from the above two sets of “saddle points”, the probability of a

ch39

Pr(E,;,U L UE 5]
A

1 __________________________________________________________________________
TSW_ TS -
TSI
20y -T) N | NN NN
37,
L Vo NN _____No____
3z
ST
2TSW % ZTSW’ Tsw 2Tsw
0 | | . | | | . | | >
I ]
0 T ‘ T+ 1 ! T+ 21 T
SI ! SI sC , SI sc WA
T, + 1,/2 7, + 37,/2

Figure 10. Probability that at least one of the three channel discoveries is successful.
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successful advEvent discovery is maximized at (TSW =T )/ 75, », which is three
times of the minimum value. In this case, the three single-channel discoveries
are disjoint events. They complement one another to make the discovery most
fruitful.

Figure 11 is a 3D plot of the probability of a successful advEvent discovery vs.
advertising duration 7,, and scan interval 7z, . The scan window 7, is set
to be equal to the scan interval (continuous scanning). The surface plot shows
three sets of saddle points. They correspond to 7,, =7, 2.5, and 47,

respectively. This result is in good agreement with that in Figure 10.

4. Verification and Discussions

We wrote a python simulation program to verify the accuracy of the discovery
probability analysis. In each simulation run with certain specified 7,,, 7 ,
Tgy Values, 100,000 advEvents were generated. Successful discoveries on chan-
nels 37, 38, 39 were individually recorded. This allowed us to obtain successful
single-channel discovery probabilities Pr[ECm] , Pr[Ecm] , and Pr[EchSQ]'
They were found to be nearly identical and very close to (7g, —Ts )/31'SI

(within the simulation accuracy tolerance) for all parameter values chosen. Suc-
cessful discoveries from the advEvent point of view were also recorded. This al-
lowed us to obtain successful advEvent discovery probabilities. They are com-
pared with analytical results and one example is shown in Figure 12, where 7,

is set to 10 ms and 7, ranges from 2.5 ms to 50 ms. Simulation results (with

Successful Discovery Probability

Advp, > 6 ~ 4
Burat, 7 g EEN
On o
sw(ms)~ 10 2

Figure 11. 3D plot of probability of a successful advEvent discovery (continuous scan-
ning mode, scanning window is the same as scanning interval).
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Successful Discovery Probability (z,, = 10.0ms)

0.8
0.6
0.4
0.2
Scg,
N n
Wlndow' . 40 %ofz?
sw (ms,) 50
(a)
Successful Discovery Probability (t,,, = 10.0ms)
1.00
0.89 0.8
y 0.78
0.67
y 0.56 0.6
0.44
0.33
0.22 0.4
0.11
0.00 0.2
50
<
@fo
>

Scan 1. / N
n W’”dow 30 i 10 ¥
T 4
sw (ms) 50 S

(b)

Figure 12. Probability of a successful advEvent discovery (advDuration t,,=10ms) by

(a) analysis (scan window resolution 0.625 ms) (b) simulation (scan window resolutin

1.25 ms).

scan window resolution 1.25 ms) and analytical results (with scan window reso-
lution 0.625 ms) match well both visually and actually (the difference has a mean
value of 0.3 percent and standard deviation 0.48 percent). Again, the saddle
points in Figure 12 are around 75 =10 ms. This is also what the analysis pre-

dicted that 7, =7y ,47r5,77g, -~ are where the successful discovery probabili-
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ty is minimized. That the simulation agrees well with analysis is expected be-
cause in the analysis we did not make any simplifying assumptions.

In Section 4, we show that the maximum successful advEvent discovery prob-
ability is (rgy —Ts)/7g . Since T is a fixed value and scan window 7y, is
bounded by scan interval g, (7gy —Ts ) / 7y is maximized when 7, is
equal to 7., and both as large as possible. This agrees with what we observed in
Figure 12 that the successful advEvent discovery probability is the highest when
Tgw =Tg =50ms. Since 7,, is limited to be within 10 ms, any value of 7
greater than 20 ms has no danger of causing the ill-fated advertising/scanning
synchronization (ie, 7, =7y 47,77, --). This, however, is from the dis-
covery probability point of view. If we also consider energy saving, scan window
7gy should not be too long. A balance between quick discovery and energy

saving needs to be considered in determining the optimal parameter values.

5. Conclusion

BLE has been in use for many years. However, how to configure its parameters
for quick neighbor discovery has been troublesome for many implementers. We
use rigorous probability derivations to clarify disagreements in prior works and
also provide insights on how to configure parameters for maximizing discovery
probability. To be specific, we show that the probabilities of successful discoveries
on each of the three discovery channels are equal. But those three discovery events
are dependent events. In addition, we show that there are several parameter set-
tings that will cause low discovery probability. In particular, if the advertising du-
ration 7,, is setto equal to some multiples of scan interval ( 7y, 47,775, "),
which we call ill-fated advertising/scanning synchronization, the discovery
process will be the least efficient. For maximum discovery probability, the length
of the scan window should be large, which leads to large scan interval too. How-
ever, this is not necessarily good for energy saving. Currently, our analysis ap-
plies to the 1:1 (one advertiser and one scanner) scenario. Future works are to
extend it to multiple advertisers or multiple scanners. This study can also serve as

a base for discovery latency and energy consumption analysis.
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