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Abstract 
The optical WGM resonator plays an important role in modern physics due 
to its ultra-high quality factor and small volume mode. In optics, SPPs modes 
can effectively confine electromagnetic waves at the interface between metal 
and dielectric, providing extremely high sensitivity. New interesting WGM 
phenomena will emerge when the WGM is combined with the SPPs. In this 
paper, a cogwheel resonator based on spoof SPPs was designed, which can 
generate multi-order WGM modes. The transmission coefficients, dispersion 
relations and resonance modes of the WGM resonator were analyzed. The 
proposed resonator extends the WGM mode from optical band to microwave 
band, providing a new perspective for the applications of WGM mode at mi-
crowave band. 
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1. Introduction 

In the past two decades, the development of Whispering-Gallery-Mode (WGM) 
technology has made great progress in basic science and technology such as opt-
ical mechanics, physics, communications, high-performance sensors, and cavity 
quantum electrodynamics (QED) [1]. The capability of WGM micro-resonator 
to capture light can significantly enhance the interactions between light and 
matter, and achieve high-power energy accumulation in the resonator. The size 
of the resonant cavity and the refractive index of the materials will change the 
resonant frequency and mode distribution of WGM resonators, making WGMs 
widely used in the fields of biochemical sensing, optical mechanics, and nonli-
near photonics. The WGM phenomenon was first discovered in the field of 
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acoustics. In 1910, the British physicist Rayleigh discovered and studied the 
WGM phenomenon for the first time while investigating sound waves [2]. In 
1969, Marcatili of Bell Laboratory extended this concept to the field of optics and 
proposed a ring-shaped WGM optical micro-cavity [3]. According to the differ-
ent structures, WGM optical micro-cavities can be divided into many categories, 
including micro-sphere, micro-ring, micro-disk, micro-ring core, micro-column, 
micro-tubule, micro-bottle and micro-bubble, etc. Light was transmitted in the 
form of total reflection at the boundary of the micro-cavity, and its Q value can 
be as high as 1011 [4]. With the improvement of micro-machining technology, 
micro-scale dielectric cavities with smooth surfaces can be manufactured, and 
the WGM phenomenon can be widely used in the optical waveband. There are 
three main types of common optical resonators: traditional Fabry-Perot resona-
tors, photonic crystal micro-cavities and WGM resonators. Their differences are 
mainly in structure and light field distribution. Due to the limitation of the 
forging process of the mirror, the quality factor Q value of the FP micro-cavity is 
difficult to be very high. 

The working principle of photonic crystal micro-cavity is based on the tiny 
defects in photonic crystal. Through the photonic crystal micro-cavity, the re-
quired resonant frequency and mode volume can be flexibly customized and ap-
plied in many fields, such as laser [5] [6] [7], sensor [8] [9], coupler [10] and 
other photonic devices. However, due to the limitation of precision and struc-
ture of micro-machining technology, the Q value of photonic crystal mi-
cro-cavity is difficult to be very high, and it also faces the problem of large 
coupling loss in integration. WGM micro-cavity is one of the most widely used 
micro-cavities at optical frequency band. Typical examples include micro-cavity 
disc [11] [12] [13], ring cavity [14] [15] [16], microsphere cavity [17] and mi-
cro-core cavity. The WGM optical micro-cavity has the characteristics of ex-
tremely high Q value (up to 109), smaller mode volume, and simpler manufac-
turing method. It is widely used in many fields such as biomolecule detection 
[18] [19], extremely narrow line-width laser [20] and modulator [21] [22]. 

Since the discovery of WGM phenomenon, many theories have been pro-
posed to describe the resonance of the WGM. In the early days, geometric optics 
and Green’s function were used to investigate WGM resonance [23] [24]. Later, 
the Lorentz-Mie theory was developed based on the scattering phenomenon of 
plane electromagnetic waves on spheres and cylinders of uniform media. In 
1999, Gorodetsky et al. [25] proposed a semi-analytical method to describe the 
near-field coupling between high intrinsic Q value with WGM and optical wa-
veguides. Brent E et al. [26] theoretically studied the coupling between tapered 
fiber and microsphere cavity, and obtained the relationship between the Q value 
of the system and the coupling loss. Combined with Lorentz-Mie theory and 
first-order perturbation theory, in 2003, Arnold et al. [27] presented the formula 
for calculating the resonant wavelength offset caused by the slight change in the 
refractive index of the external medium. In the same year, Smith D et al. [28] 
theoretically demonstrated that when multiple resonators were cascaded, the 
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phenomenon of electromagnetic induced transparency will be generated by 
mode coupling through the spectral lines. In 2009, Pu et al. [29] realized two 
types of WGM laser radiation with different wavelength ranges in the same fiber, 
and proposed a new dual-band WGM fiber laser. In 2020, Zhang et al. [30] pro-
posed an OAM tunable vortex micro-laser capable of supporting two degenerate 
WGM modes, clockwise and counterclockwise. 

Optical WGM resonance is a special phenomenon formed when light propa-
gates in a ring dielectric cavity, which requires the refractive index of the dielec-
tric cavity to be greater than that of the external environment. The light wave 
coupled into the micro-cavity through the waveguide is confined in the cavity. If 
the phase matching condition is satisfied, a steady-state WGM resonance mode 
will be formed at the boundary and bounded to the equatorial plane. The WGM 
mode coupling phenomenon had been widely investigated at the optical band, 
and had been explained from the perspective of quantum optics. Unfortunately, 
electromagnetic wave cannot propagate on the surface of a smooth conductor at 
the microwave band, which greatly limits the applications of the WGM mode. At 
the same time, how to optimize the structure of the resonant cavity or change 
the mode excitation to make the coupling of WGM mode becomes easier at the 
microwave band is the direction of future development. 

2. Two-Dimensional Model 

A cogwheel WGM resonator based on spoof SPPs was presented and the geome-
tric dimensions were shown in Figure 1. The materials located in the center and 
circumferential cogwheel shape is the ideal conductor PEC. The number of 
cogwheels is N and the period length is 2 /d R Nπ= . The entire structure of 
the model is surrounded by air. 

The resonance conditions of the wheeled WGM resonator can be analyzed 
numerically. The magnetic field distributions outside the tooth groove can be 
characterized as: 

( )(1)
0

out in
z n n

n
H A H k e ϕρ

∞

=−∞

= ∑                    (1) 

 

 

Figure 1. Structure diagram of wheeled WGM resonator. 
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where nA  is a constant, (1)
nH  is the first Hankel function of n order, 0k  is the 

wave vector in the free space, and ( ),ρ ϕ  denotes the cylindrical coordinate 
system. The geometric dimensions of the cogwheel should be in the sub-wavelength 
range, which satisfies 0 dλ >  ( 0λ  is the wavelength of the incident wave). 
Therefore, when the electromagnetic modes in the groove are expanded, only 
the basic radiation waveguide mode needs to be considered, namely: 

( ) ( )(1) (2)
0 0 0 0

g
z g gH B H k n B H k nρ ρ+ −= +               (2) 

where B+  and B−  are the coefficients of the outward radiation mode and the 
inward propagation mode. The phenomenon with WGM resonance can occur 
for any n order in Equations (1) and (2) when zH  satisfies boundary condi-
tions. Therefore, the following equations can be obtained: 

( )
( )

(1)
02

(1)
0

n
n g

n

H k R fS n
gH k R
=

′
                       (3) 

( ) ( ) ( ) ( )1 0 1 0 1 0 1 0g g g gf J k n r Y k n R J k n R Y k n r= −             (4) 

( ) ( ) ( ) ( )0 0 1 0 1 0 1 0g g g gg J k n R Y k n r J k n r Y k n R= −             (5) 

where 0J  and 1J  are the zero-order and first-order Bessel functions with the 
first kind, 0Y  and 1Y  are the zero-order and first-order Bessel functions with 
the second kind, n is the number of lobe modes ( 1n =  stands for two lobes). 

nS  denotes the overlap integral between the N-th order plane wave and the ba-
sic TE mode, which can be expressed as ( )/ arcsin / 2nS a d na R= . Since all 
the dimensions of the groove unit on the circumference are included in the cal-
culation of nS , and nS  is approximated as /nS a d≈ . 

According to the theory of electromagnetic metamaterials, the corrugated 
metal structure in sub-wavelength range can be equivalent to a metamaterial 
with a thickness of h at the optical band. As well as at microwave band, our 
group [31] had proposed a dielectric disc to generate multi-order WGM modes, 
and the disk was excited by aluminum ( 10ε = ) as a waveguide. When the di-
electric disk was close to the aluminum waveguide, spoof SPP wave was gener-
ated on the corrugated surface of the disk due to resonance, forming multi-order 
WGM modes. The radius of the resonant disk satisfied [32]: 

0.89 / aR cπ ω=                        (6) 

where c is the speed of light in vacuum; aω  is the plasmon-like frequency de-
pending on the size of the wheeled resonator. When 10mmR = , aω  can be 
calculated as 108.3881 10 rad/maω = × , and then 13.35GHzf = . In Figure 1, 
the material of the wheeled disc is PEC, and the permittivity satisfies dispersion 
relationship of Drude model 2 2( ) 1 /p pε ω ω ω= − , and 2p aω ω=  is the plas-
mon frequency. With the variation of incident wave frequency, ω  will be 
changed, and so does the pε  of wheeled resonator.  

By placing a rectangular metal strip under the cogwheel (shown in Figure 1), 
a WGM resonator with spoof SPPs is designed. The dimensions of the resonator 
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are as bellow: outer radius 10mmR = , inner radius 5mmr = , number of 
cogwheel 20N = , and distance between resonator and micro-strip 1.5mmg = . 
For comparison, we simulated the magnetic field distributions zH  of two 
structures, resonator with spoof SPPs and metamaterial resonator disk (both of 
infinite thickness) in COMSOL Multiphysics software, as shown in Figure 2. 

It can be seen from Figure 2 that the wheeled resonator with spoof SPPs, as 
the metamaterial disk, can generate 5th and 6th order WGM modes at the inter-
face between the two dielectrics. The frequencies of the 5th and the 6th order 
WGM modes generated by wheeled resonator are 13.14 GHz and 13.89 GHz, 
while the corresponding WGM modes generated by the metamaterial disk are 
12.77 GHz and 13.09 GHz. In addition, the same magnetic field distributions 
appear at the interface of the two dielectrics in these two structures. It shows that 
the wheeled resonator composed of corrugated grooves can be equivalent to a 
metamaterial disk, and both of them can generate multi-order WGM modes. 
Moreover, a maximum of 9-order WGM modes can occur near the frequency 

13.35GHzf =  for the proposed geometric size. 

3. Three-Dimensional Model 

The wheeled resonator with spoof SPPs discussed above was a 2D planar struc-
ture in COMSOL Multiphysics software, which can be equivalent to the infinite 
transverse thickness of the model. As a practical device, the resonator has a cer-
tain size and thickness. Therefore, we proposed a 3D WGM resonator here with 
a thickness of 0.035 mm in CST software, as shown in Figure 3(a). The entire  
 

 

Figure 2. zH  Distributions of 5th and 6th order WGM modes of two structures. 
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Figure 3. Structure of WGM resonator with spoof SPPs. 
 
structure of the resonator is divided into five layers. The structure is composed 
of WGM resonator, dielectric substrate, excitation micro-strip, dielectric sub-
strate and metal ground in order from top to bottom, as shown in Figure 3(b). 
The excitation signal is input from the left port of the rectangle micro-strip (the 
third layer) and output from the right port. The dimensions of the resonator are 
as follows: the thickness of metal layer 0.035mmt = , the width of micro-strip 

2.28mmw = , the thickness of substrate 1mmH = .The length and width of the 
dielectric substrate are both 30 mm. The surface wheeled structure on the 
first-layer of WGM resonator is shown in Figure 3(c). The dimensions are as 
bellows: 5mmr = , 10mmR = , 3.14mmd = , / 2 1.57mma d= = , 5mmh =  
and 20n = . 

The EM wave radiates to the outside space when it propagates through the 
metal micros-trip (the third layer). The EM wave is coupled through the dielec-
tric substrate into the WGM resonator and propagating on the surface. Since the 
cavity of resonator is a periodic corrugated structure, the wheeled resonator will 
generate a WGM mode when the resonance condition is satisfied. The S21 
transmission response of the presented WGM resonator is calculated in the CST 
software, as shown in Figure 4(a). In the range of 0 - 10 GHz, a total of 8 re-
sonance peaks is appeared (marked in Figure 4(a)), which means that there are 
8 resonance frequencies in the WGM resonator. To represent the WGM modes 
more intuitively, electric field distributions ( zE ) at a distance of 0.1 mm above 
the resonator are plotted, corresponding to the 8 resonance peaks of S21, as 
shown in Figures 4(b)-(i). It can be seen that 1 - 8 orders WGM resonance 
modes are generated at these 8 resonance frequency points. The resonator gene-
rates dipole (Mode 1), quadrupole (Mode 2), hexapole (Mode 3), octopole 
(Mode 4), decapole (Mode 5), dodecapole (Mode 6), fourteen-pole (Mode 7), 
and sixteen-pole (Mode 8) WGM resonance modes respectively. 
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Figure 4. (a) S21 transmission response of the WGM resonator; ((b)-(i)) surface electric 
field distributions. 
 

The Q value of the resonator represents the resonant energy of the WGM 
mode at the resonance point. The Q factor is calculated through  

0 0 2 1/ / ( )Q f f f f f= ∆ = − . Here, 0f  and f∆  are the center frequency and 
3dB bandwidth of the spectrum. The Q values for 8 resonance frequencies (Fig-
ure 4(a)) of this WGM resonator are calculated, as listed in Table 1. It is seen 
from Table 1 that the Q factor of Mode 8 reaches the maximum value of 521, 
where the peak of the waveform is the sharpest. The Q value of Mode 3 is in the 
second place, with a value of 444, and its resonance peak is also sharper. Mode 5 
has the maximum attenuation in S21 transmission response, whose S21 value is 
34.45 dB and Q value is 254. Although the Q value of the 5th order WGM mode 
is not the maximum, the S21 value is the minimum. Furthermore, among all 
modes, the 5th order has the most EM waves that coupled into WGM resonator. 
In the electric field distributions, the 5th order WGM mode in Figure 4(f) is also 
the clearest, which is consistent with the S21 result. 

Using Eigen Solver, the dispersion relations of proposed resonator were si-
mulated and calculated, as shown in Figure 5. The inset shows a corrugated unit 
structure of the resonator, whose dimension parameters are the same as those in  
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Figure 5. Dispersion relations of a unit cell with various depths of h. 
 
Table 1. Q values corresponding to the multi-order WGM resonance modes. 

number of modes 1 2 3 4 5 6 7 8 

Frequencies (GHz) 3.84 5.81 6.48 7.42 7.98 8.21 8.58 8.76 

Q values 16 135 444 12 254 229 236 521 

 
Figure 3. According to the dispersion theory, the asymptotic frequency will be 
changed with the variation of the groove depth. As can be seen from Figure 5, 
the resonant frequency gradually decreases from 27.11 GHz to 5.19 GHz when 
the depth of the groove is in the range of 1 - 9 mm. The results indicate that the 
deeper the grooves, the smaller the asymptotic frequency. It means that the SPP 
wave will become more confined on the surface of WGM resonator. The 
asymptotic frequency is 8.69 GHz at h = 5 mm, which is consistent with the 
maximum value of 8.76 GHz corresponding to the 8th order WGM mode in 
Figure 4. It indicates that EM waves with frequencies above 8.76 GHz will be cut 
off, that is, there is no resonant mode higher than 8th order in the WGM reso-
nator. 

4. Conclusion 

In summary, a WGM resonator with spoof SPPs is designed and demonstrated. 
The proposed resonator is composed of a 5-layer structure, and the characteris-
tics of the WGM mode are discussed. Simulation results show that strongly con-
fined SPP wave can be supported and 1 - 8 orders WGM modes can be generated 
by the proposed resonator with wheeled structure. Furthermore, the electro-
magnetic response can be flexibly engineered by choosing the depth and radius 
of the resonator. Finally, the dispersion relation is calculated to illustrate the 
principle of the WGM resonator. Excellent resonant performance indicates that 
the WGM resonator can be used as sensors in the mid-IR, THz, and microwave 
regimes with many potential applications. 
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