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Abstract

In this paper, we have studied the topology of some classical functional spac-
es. Among these spaces, there are standard spaces, spaces that can be metriz-
able and others that cannot be metrizable. But they are all topological vector
spaces and it is in this context that we have chosen to present this work. We
are interested in the topology of its spaces and in the topologies of their dual
spaces. The first part, we presented the fundamental topological properties of
topological vector spaces. The second part, we studied Frechet spaces and
particularly the space S(R”) of functions of class C* on R" which are

as well as all their rapidly decreasing partial derivatives. We have also studied

its dual S’(R”) the space of tempered distributions. The last part aims to

define a topological structure on an increasing union of Frechet spaces called
inductive limit of Frechet spaces. We study in particular the space D(Q) of

functions of class C” with compact supports on Q as well as its dual

D'(Q) the space distributions over the open set Q.

Keywords

Linear Forms, Dual Spaces, Frechet Spaces, Partial Derivatives, Distributions,
Topological Structure, Weak Topology, Strong Topology

1. Introduction

On some diagrams, only a specific collection of nodes or edges (arcs) represent a
structure. A topology on a collection of nodes and edges of a non-directed graph
and a topology on a set of nodes and arcs of a directed graph are defined in [1].

In addition, Dr. Alqahtani. M highlighted some of the topological characteristics
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of these spaces, and we examine some of the connections between them and the
graphs. We further demonstrate that this topology meets the requirement of be-
ing Alexandrov.

In the group of pretopological spaces with p-continuous maps, we present the
Ty-reflection as arrows. Following that, we’ll look at a few of this category’s se-
paration axioms, [2] [3]. On the other hand, [4] if A is open (respectively closed)
and (respectively A\ A’ is a finite array, then the subset A of the topological
space X is known as an F-open (respectively F-closed) set. He examined the
key aspects of these definitions in the study and illustrated and F-closed
groups relate to other kinds, including regularly open, regularly closed, closed,
and open groups in topological spaces. Moreover, utilizing the ideas of F-open
and F-closed groups, [5] I will explain several topological features for the
group, including internal F, closure F, derivative F, etc. Eventually, I'll discuss
F-Continuous, F-compact, and other concepts and ideas that are relevant.

We now provide our lesson on some classical function spaces’ topology. There
are standard spaces among them, as well as areas that can be measured and some
that cannot. Yet, given that they are all topological vector spaces. We have de-
cided to display this work in this setting. Both the topology of its dual spaces and
the topology of those spaces are of interest to us. Fundamental topological fea-
tures of topological spaces comprised our first section. Part 2, He investigated
functions of class C* over R" in Frechite spaces, particularly the S (R”)
space. In addition to all of its quickly deteriorating partial derivatives, it exists.
Also, we looked at the diluted distributions’ Double S’(R") area. The final
section seeks to specify the topology. The inductive limit of Frechet spaces is
based on an increasing union of Frechet spaces. We focus on the area D(Q) of
the class C” functions on the plus D'(Q) space distributions over the open
group. In addition to all of its quickly deteriorating partial derivatives, it exists.
Also, we looked at the diluted distributions’ Double S’(R”) area.

2. Continuous Linear Forms and Dual Space
2.1. Standard Vector Spaces
Proposition 2.1. Eis a vector spaceon R or C.
1) Itis a,be E. We call the end segment a and b the subset [ab] of E defined
by
[a,b]={x=a+th,t[0,1]}.
2) Let, 2 is a subset of E. They say that,

a) Q is convex if for all a,beQ), we have [a, b] eQ.
b) Q2 is equilibrium, if for all a€Q andall A€K, then

|A|<1->laeQ.

¢) 2 is absorbent, iffor all acE | itexists a>0 such that,
VﬂeK,WSa—)laeQ.
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Remark 2.2.
* A balanced or absorbing subset necessarily contains 0.
* Vector sub-spaces are convex and balanced.
* Only E is an absorbing vector subspace.
Definition 2.3.
1) A norm on E is a map || || E —[0,+o0[ verifying,
a) VxekE, ||X||=O<:>X:0,
b) VXeE and VAEK, |ax|=|A||x,
O Vy<E, e y] <+l
2) We say that the pair (E," ||) is a norm vector space it || || isa norm on E.
(E,|| ||) is a norm vector space on K. We call an open ball with center
a€E andradius r>0 the set,

B, ={X€E,”X—a"E <r}=a+ B, (0).

Any ball of Eis convex and the balls with center 0 are balanced and absorbent.

A norm vector space admits a metric space structure. For the topology asso-
ciated with this metric the balls with center 0 form a fundamental system of
neighborhood of 0.

Two norms || ||l and || ||2 over F are said to be equivalent, if there exist two

strictly positive real numbers @ and S such that,

alx], <|x|, < B]x,. vx<E.

Two equivalent norms || ||1 ,|| ||2 on E define the same topology.
Proposition 2.4. Let (E,” ||E ) be a norm vector space.
E

ExE —

1) The map (xy) - x+y is continuous.
KxE — E

2) The map (ﬂ, x) - Is continuous.

3) Let ackE, then
a) The translation by the vector a defined by T,:X—a+X is a homeomor-
phism on E,
b) The multiplication by a scalar defined by A — AX is continued on K.
Example 2.5.
o Vx=(X, % )eK",

1
o
M, (P | pefel and [, - supl.
k=1 1<k<n

|| ||p and || ||w are two norms on K. They are both equivalent.
e For 1<p<w,

|p(K):{x:(xn)neN EKN,§|XH|" <oo}

I° (K) is a a vector space on norm by

[, =suplx,|
neN
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e On C([O,l],R), we define the following norms,
vt ec([0a)R). 1], - sup |t ().

xe[O,l]

v £ ([0 R). ], =([If (f ax)”, 1< p<ce

*  More generally

- Let (X,7,v) beameasure space and 1< p <. The spaces L"(X ,T,V)," ||p
are norm vector spaces.

- For keNuUw and (2 an open set of R", we note,

% (Q) the space of functions f:Q— C ofclass C* on .

<+ ck (Q) the space of functions f e c* (Q) shach that f and all its partial

p
derivatives up to order k are bounded on (2.

c
in 0.
< Cg (Q) the space of functions f e c* (Q) shach that f and all its partial
derivatives up to order k tend to 0 at infinity.
f(X)| is a norm on the spaces C| (Q,CCk (Q))

<+ Cf (Q) the space of functions f e c* (Q) has compact support included

The map || ||oo cf>sup,
and Cf (R" ) .
Definition 2.6. Let (E," ||) be a norm vector space and K c E . We say that

K is a compact if for any covering of K by a family of open sets of E, we can ex-

tract a finite subcovering. More precisely, let I be any set (Qa )a a family of

el
open sets of E such that K c UaeIQa , then there is o,---,a, €| such that

Ke Ulgign QOfi :
Remark 2.7. It is easy to verify that
e The finished sets are compacts.
C (3,
e [fKisacompact then K is a closed bound of E.
e IfKisacompactofEand M >0, then {AK, |/1| <M } is compact.
Definition 2.8. Let (E," ||) be a norm vector space. We say that K locally

CE convergeto acE. Then {a, neNju{a} isacompact.

compact if 0 admits a compact neighborhood.

Proposition 2.9. ( E,|| ||) is locally compact if and only if the closed unit ball
B,(0) is compact.

Definition 2.10. Let (E,” ||) be a norm vector space.

1) Let (an )
i,

be a sequence in E. We say that (an ) Is a cauchy sequence

n>0 n=0

Ve>0,3n eN, nzm2n, = |x, - x,|[<e.

2) We say that (E," ||) is complete if every cauchy sequence in E is conver-

gent. In this case, we say that E is a Bannach space.

2.2. Continuous Linear Forms and Dual Space

(E|| ||) denotes a norm vector space.
We call linear form on £ any linear application defined on £and takes its val-
ues in the body K.

DOI: 10.4236/jamp.2024.123048

781 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.123048

M. A. Elamin

Proposition 2.11. Let [ be a linear form on E. Then the following properties
are equivalent

1) /is continuous on E.

2) 1is uniformly continuous on.

3) 1is continuous in 0.

4) Le noyau de I est un sous-espace vectoriel ferme de E.

5) There is a constant M >0, such that

vxeE, |I(x)|£ M [X]
Let I be a continuous linear form on E. Then [ is bounded on the closed unit

ball of E and we set:
N(1)=sup,,

I (x)|

Remark 2.12.

1) There are linear shapes that are not continuous. For example, consider the
vector space |:E —> K be defined by | (P) = P'(l) . The map 1 is a linear form
and we have for all ne N*

||X” =n.

=1 and ‘I(X”)

So 1 is not continuous.

2) On the other hand, if E is not reduced to {0}, then there exist nonzero con-
tinuous linear forms on E. The existence of such linear forms is ensured by the
following Hahn-Banach theorem.

Theorem 2.13. Hahn-Banach theorem

Let E be a norm vector space and F a vector subspace of E not reduced to {0}.
If 1 is a continuous linear form on F, then there exists | a continuous linear
form on E such that

1 e =1,

2) N(T)=N(1),

Let a€E be nonzero. Then there exists I a continuous linear form on E
such that 1(a)=|a] er N(I)=1.

Corollary 2.14. Let E be a norm vector space and a <€ E a nonzero vector.
Then there exists I a continuous linear form on E which satisfies | (a) =1.

Proof. Let a€E be a nonzero vector. Let / be the linear form defined on

F=Ka by f(4a)=2.Sowehave:

1
| (2)]=[4] :Hll/lall-
So /is continuous on Fand N (I) :ﬁ. The Hahn-Banach theorem ensures

the existence of a continuous linear form | on £which verifies

~ ~ 1
I(a)=1and N (I ):—.
la]
Ol
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Proposition 2.15. Let E be a norm vector space. So E' Is a space vectoril on
K, the map |+ ||I||E =N(l) isanormonFE etr (E’," ||E) is a Banach space.
We note E" the dual of E' also calls the bidual space of E. The space E" en-

dowed with norm

.. = sup (1),

Me-<2

is a Banach space.
Let acE. The map J(a):E—>K defined by J(a)(l)=1(a), is a linear

form on E’ which verifies

(@)(1)] = all-

sup [J (a)(1)| = sup

M- <2 e <t

We deduce that the map J:E — E" s an isometric bijection of E in E".
In general, the map ] is not surjective and particularly it is not surjective if E is
not a Banach space. But the map ] makes it possible to prove that any norm vec-

tor space E can be injected isometrically into a Banach space. Therefore it is

dense in the Banach space J(E).
Definition 2.16. We say that E is a reflexive space if the isometric injection J
from E into E" is surjective. We are going to define a topology on E weak topol-

ogy site. Let
r={|‘1(Q),I e E'and Q open from K}

Definition 2.17. We call weak topology on E and we denote by o(E,E') the
topology on E generated by t .

Remark 2.18.

1) The topology o(E,E') is less fine than the topology of the standard space
E.

2) Let ae€E . We obtain a fundamental system of neighborhoods of a for the
topology o (E,E') by considering the open sets of the form

V(a,g,ll,---,|p)Ilgplifl(DK(Ii (a),g)),

where €¢>0, peN*, l,---1, €E".

3) We assume that E is not of finite dimension. Let V (0, el Ip) an open
neighborhood of 0 for the weak topology. There exists a nonzero vector in E,
such that

l,(a)=---=1,(a)=0.

So the line Ka is included in V (0,8,|1,~--,|p). This proves that the balls
B, (0) are not open for the weak topology.

Remark 2.19. Let E be a norm vector space. therefore

1) The topology O'(E,E') is separated.

2) The map (x,y)|—>x+y of ExE in E and the map (A,X)HAX of

Kx E in E are continuous when E is endowed with the weak topology.
Proof. Let a and b be two distinct vectors in E. By the corollary (2.14) there
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exists 1€ E’ such that I(a—b)=1. So the disks DK(I(a),%] DK(I(b),%)

are disjoint.
We deduce that I'lDK(I(a),%j and I'lDK(I(b),%) are indeed two dis-

joint open sets and which contain respectively aand 5. [

Definition 2.20. Let (X,) beasequenceinEand X€E.

1) We say that (X,) converges (strongly) to x, if the sequence (||Xn - X||)
converges to 0.

2) We say that (X,) converges weakly to x, if the sequence (X,) converges
to x for the topology 0'( E, E') .

Since the weak topology is less fine than the topology defined by the norm,
then we have the following result.

Proposition 2.21. Let (X,) bea sequenceinEand X€E.

1) The sequence (X,) converges weakly to x, if and only if forall 1€ E’ the
sequence (I(x,)) convergesto I(x).

2)If (X,) converges strongly to x, then (X,) converges weakly to x.

2.3. Finite Dimensional Vector Spaces

The characteristic properties of finite-dimensional vector spaces follow from the
following properties of R,
* R endowed with the absolute value is a complete metric space.
* The compacts of (]R," ||) are the closed bounded subsets.

Theorem 2.22. A finite dimensional norm vector space, (E," ||) . Therefore,
e Eiscompact.
e All the norms on E are equivalent.

Corollary 2.23. E a finite dimensional norm vector space.

1) If E has finite dimension n, then it is homeomorphic to K".

2) Any linear map defined on a finite-dimensional norm vector space with
values in a norm vector space is continuous.

3) Let F be a vector subspace of E. If F is of finite dimension then it is closed in
E.

Proof.

1) Let (E," ||E) be a finite dimensional vector space and let (el,---,en) be a
basis of E. We consider the map ¢:E — K" defined by

o Sne] )

The map ¢ is an isomorphism of Zon K". We endow K" with the norm
N defined by

N (%) = [ 20 Xge;

1<j<n

E

Thus the application ¢ verifies, for any vector U€E,
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N (#(u))=[ull-

We deduce that ¢ is a surjective isometry between the spaces (E,” ||E) and
(K,N) and therefore it is a homeomorphism.

2) Let (E," ||E), (F,” ||F) be two norm vector spacesa, and let L:E —>F
be a linear map. We assume that £ is finite dimensional and let (el,u-,en) be a
basis of £. We consider on Ethe norm || ||3O defined by

D x;g =max xj|.
1<j<n " I<j<n
Let
M = X“L e H
Z ( 1) F’
1<j<n
therefore

VueE, ||L(u)|. :K%ij”‘L(ej )”F <M Jul, -

3) If Fis a finite dimensional vector subspace, then Fendowed with the norm
of Eis complete. So it is firm in £ []

Proposition 2.24. Let E be a finite dimensional vector space n, then

1) E’ be a finite dimensional vector space n.

2) The o(E,E") topology coincides with the usual topology.

Proof.

1) Let (e,,--,e,) be a basis of £. We consider the linear forms (el*,---,en*)
defined on E'by

L=k
ej(ek)_a'_{o if jk

J

It is easy to check that if /is a linear form on Z then

1= > 1(e;)e;.

1<j<n

So (el*,---,en*) is a basis of E, called dual basis of (e,,---,€,), and hence £
has dimension 2.

2) To show this result, it suffices to prove that for all >0, the ball B (0) is
a neighborhood of 0 for the topology o (E,E’). Let (e,,---,€,) be a basis of Z
satisfying ||e1|| == ||en|| =1. We denote (el*,-u,e;) its dual basis. For all

X € E, we have

x=e (x)e +--+e (X)e

n*

If xeW (0,¢,-+,€;,r/n) then
M=

which implies x e B (a, I’) , SO
V(O,r/n,el*,---,e;)c B (0,r).

r
* ]
e (x)|<nn r,

O
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2.4. Hilbert Space

Let Hbe a vector space over K.

Definition 2.25.

1) We call sesquilinear form on H any map b:H xH — K satistying for all
X,Y,2eH and 1€K,

b(x+A4y,z)=b(x,z)+Ab(y,z) and b(x+y+Az)=b(xy)+ib(x2).

2) A Hermitian form b on H is a ferifying sesquilinear form

VX, yeH, b(x,y)=b(y,x).

3) A Hermitian form b on H is said to be positive if for all Xe H we have,
b(x,x)=>0.

4) A Hermitian form b on H is said to be positive define, if it is positive and if
forall xXeH we have,

b(x,x)=0=x=0.

In this case, we say that b is a scalar product (or hermitian product) on H.
Such a product is generally denoted by (X/y) instead of b(X,y). When
K =R, a sesquilinear form is a bilinear form and a Hermitian form is a symme-
tric bilinear form.

Theorem 2.26. Let b be a positive Hermitian form on H Then for all X,y € H
we have,

b)) |b(x, y)| <\Jb(x,x)\/b(y,y) (Schwarz’s inequality). If moreover b is posi-
tive definite, then the equality holds if and only if x and y are collinear.

2) Minkowski’s Inequality,

\/b(x+ Yy, X+Y) s\/b(x,x) +\/b(y, y).

3) If moreover b is positive definite,

X = X[ = /b(x,x),

is a norm on H.

Definition 2.27. A pre-Hilbertian space is a vector space H over K en-
dowed with a scalar product (./.). It is implied standard by ||.| = \/m :

A Hilbert space is a complete pre-Hilbert space.

Definition 2.28. Let (Hl,(./.)l) and (Hz,(./.)z) be two Hilbert spaces.
They are said to be isomorphic if there exists an isomorphism of vector spaces

u:H, - H, which satisfies
VX, y e H,, (u(x)|u(y))2 =(xly),.

Example 2.29
e Thespace C" isa Hilbert space for the Hermitian product

(Xl y):ZXka,
k=1

defined for all X=(X1,---,Xn) and y=(y1,-~-,yn) in C".
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* Every finite-dimensional pre-Hilbert space is a Hilbert space.

o Theset | (]K) is a Hilbert space for the Hermitian product

(Xl y)zzxkykx
k=0

defined for all X=(X,) . and y=(Y,) , in 1*(K).
e et (X \ Ty v) be a measure space. The vector space L (X Ty V) is a Hilbert
space for the scalar product ( | ) defined for all f,q9 by

(fFlg)=] f(x)a(x)du(x).

1) The space 1’ (K) is a special case for X =N, M =p(N) and u the
measure of the cardinal.

2) Let 2 be an open set of R" and ® a positive measurable function on 2
for the Lebesgue measure dx. Then L (Q, a)(x) dX) into a Hilbert space.

Let H be a Hilbert space. For all fixed a in H, the map from Hto K

l,:x—>(x|a),

is a continuous linear form because |(X | a)| < ||x||||a|| and we thus obtain all the
continuous linear forms on H.

Theorem 2.30. (Riesz representation theorem)

1) Let I be a continuous linear form on a Hilbert space H. Then there exists a
unique element a€H such that |(x)=(x|a) forall XxeH and we have

M. ==\

2) The map ¢ of Hin H which has each a in H associates |, 1is bijective an-
tilinear. In particular (H " || ||) is a Hilbert space and ¢ is an ant-isopmorphism

of Hilbert space. So the canonical injection J of H into its bidual H” given by
J(a)(l,)=1,(a)=(alb),VabeH.

Is surjective and verifies

|9 (a)||H,, =|al. va,b e H.

So H" is a Hilbert space and the injection ] is an isomorphism of Hilbert spac-
es, we deduce the following result.
Corollary 2.31 Hilbert spaces are reflexive spaces.

2.5. Bannach Spaces

Banach spaces are complete vector spaces.
Example 2.32.
* Finite dimensional spaces and Hilbert spaces are Bannach spaces.
e For 1< p<w, the spaces (I P (K)," ||p) are Bannach spaces.
*  More generally, it (X,7,v) ameasure space and 1< p<co, then the spaces
(I P(X rv)" ||p) are Bannach spaces.
e Let keN, Q bean open setof R", and feCk(Q). We set

I = S 1],
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where o €N* is a multi-index of length |a| and 0“f Is the partial deriva-

tive of f of order « . Then the map f — " f ||0O . 1sanorm on (o (Q) and we

have '

- C (Q)," f "m‘k is Bannach space.

- C(Q)|f "oo,k is a norm vector subspace of Cy(Q),|f],, . We denote
Cs (Q) its adherence which is a Bannach space.

- The space C{ (R”) corresponds to the spaces of functions fof class C* on
R" which tend to 0 a I ‘infinity as well as their derivatives of order a such
as |a| <k.

e [fE is a norm vector space, then E’ and E” are Bannach spaces. If E is dense
without a Bannach space F, then E'=F' (we restrict the elements of F’ to
E).

Corollary 2.33. Let E be a Bannach space. If (In)
that, for all XeE, the sequence (In(x))

and

is a sequence in E such
n=0

o converges to I(x), then |eE

[te. < timinf |t .

In general, a Bannach space is not necessarily reductive as shown by the fol-
lowing proposition.
Proposition 2.34. We consider the Bannach spaces (I°°,|| ||w) , (Il," ”1) and

¢ ={x=(%),0 €1” (K),lim, x, =0} . Sowe have (I*) =17, ¢;=I, (1) #I"
Proof. We will start by showing that (I1 )’ =1".
We consider, for all meN, the sequence S, = (O’nvm )m>0 where o, =~ de-
notes the symbol by Kroneker. So S, 1is the sequence of which all the terms are

zero except the term of order M+1 which is worth 1. Let a=(a, )HZO el”. We
denote by |, thelinear formon I' defined by

L(X)=>a,%, Vx=(x,)_,€l”

n=0

Then |, isa continuous linear form on I' and it is easy to show that
[y =1l

Conversely, let | e(ll)’. Then the sequence a=(|(Sn ))nzo is bounded and
we have |, =1 on C_ the space of sequences which are zero from a certain
rank. But C_ is dense in I' which implies that I, =1 and ||Ia||(l1), :"a"w. So
themap a— 1, isaone-to-oneisometry from | to (Il)'

Let’s show that ¢} =1".

Let a=(a,) ,€l" and I, be thelinear formon ¢, defined by

I, (x) :Zoanxn, Vx=(%,),.0 €Co-
n=i

So Ia(X)S||a||l||X|LO and hence |, is a continuous linear form on ¢, and

[l <l
To show that ||, ||C0, =||a||;, we consider the sequence (Xk )kzO defined for
k>0 by X, :(Xk‘n )nzO or
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% ifn<k,a, %0
ka = |aﬂ|

0 if n>k

Then the sequence (Xk )kzO belongs to ¢, and verifies

IX[. =1 and 1,(X,)= 3 [aj]

1legj<k

which implies by passing to the limit that "Ia"cg, = ||a||1 Sothemap a— 1, isan
isommetry of |1(K) in c;. For surjectivity, we consider, for all meN, the
sequence S :(5 ) ,- Let lec;. We consider the sequence b=(b, )kzo de-

nm Jm>

fined by b =I(S,) and (In)nzo
a,= Y 1(8;)8; =(loy.by,++,b,,0,0,-),

the sequence in ¢; definedby |, =1, or

0<j<n
therefore
n
[l =lal, =21
Let X= (Xk )kzo €C,. We consider the sequence (Xn )HZO in ¢, defined by
X, :OZ %S = (X, Xg, %, 0,++).
>j>n
So we have

[Xo =] =sup|x].
k>n

therefore the sequence (X,) convergesto xin ¢,.On the other hand, we have
1L (x)=1(X,) . So
lim 1, (x)=lim I(X,)=1(x).

n—>+o0 n—>+o%

So the series Zj:objxj

fices to show that the sequence bel'. We consider the sequence (Bk )kzo de-
fined for k>0 for B, :(bk'n) , Where

nz

is convergent and equals 1(x). To conclude, it suf-

b, if n<k,a, =0
bkm = |bn|
0 if n>k

The sequence (Bk)

(bkv” )nzO or

o isin ¢, and |b | <1. So, if m>0, then we have

§|bj|= 1L(B,)

We deduce that bel' and |, =1.
Let us show that (lw) £,

We consider E'the space of convergent sequences in K. So £1is a vector sub-

:|I(Bn)

<Iles

space of | which contains c;. Let /be the linear form on £ defined by

I((xn )nzo): limx,

n—oo

Then /is continuous and |||||E =1.

DOI: 10.4236/jamp.2024.123048

789 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.123048

M. A. Elamin

According to the Hahn-Banach theorem (2.13), there exists a linear form
I ec, iszero. Thereisno ael suchthat 1 =1,. OJ
Theorem 2.35. Let E be a Banach space. So we have,
* Eis reflexive if and only if the closed unit ball is compact for the weak topol-
ogy o(E,E).
* FEisreflexive if and only if F is reflexive.
We deduce from this theorem that the closed subspaces of a reflexive Banach

space are reflexive.

2.6. Dual of L» Spaces

The triple (X,T,,u) denotes a measurable space and p,q e[l,oo] two conju-
gate exponents.
Definition 2.36.
* [ issaid to be a finite measure if y( X ) <o,
* U Is said to be a o -finite measure if there exists a sequence (Xn) in

n>0
7 such that

X =UnZOXn and p(X,)<o,vn=0.

* We say that j is a semi-finite measure if for all Aet with u(A)=+wo,
then there exists Bet included in A and such that 0< p(B)<co. For
geL’(X), wedenote |, the linear form on L*(X) defined by,

l,: f — [ fgdu.

Lemma 2.37. Suppose that p and q are two conjugate exponents and
1<g<w.

If gel®(X), then

ol :sup{|lg (f)| fel?(X)and|f] :1}.

Moreover, if [ is semi-finite then the previous equality is true for =

We deduce that the linear map g — |, is an isometry of L' in (Lp )l .
More precisely, we have the following theorem,

Theorem 2.38. Suppose p and q are two conjugate exponents if 1<1<oo.
then the linear map g — |, is an isometric isomorphism from LY ro ( L’ )' .
the result remains trueif p=1 and u is o -finite.

Corollary 2.39. If 1< p<o then L° isa reflexive Banach space.

For the case p=, themap g — |, may not be surjective.

In this case the spaces |* and L” are not reductive.

2.7. Dual of Space C,(Q)

Let (X,7) a space measures a signed measure on (X,r) is a mapping
vz —[-0,40[ or |-0,+] such that

1) v(®)=0

2) V(Xn)nzoer the series ano

v(X, )| is convergent and
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v(UnZOXn):Zv(Xn).

n>0

If v is a signed measure, then there is a unique pair (VJ',V’) of positive
measures such that v=v*—v~. We call total variation of v the positive

measure |V| =v" +v~ and we define the spaces,
Lp(X,T,V): Lp(X,z’,W)m LP<X,T,V’): LP(X,T,|V|).

If v isa complex measure, then its real part v, and its imaginary part v,

are two signed measures and v =v, +iv; and we define the spaces,

L"(X,z,v)=L"(X,z,v, )N Lp(X,z',vi): Lp(X,z',|v|).

where |v| is a positive measure, called the total change of v and it is defined
by

V() =sup{[f, fav|=|J, fdv,|+i[] fav], |f]<1f.

In the following, we move to the case (X T)= (Q, B(Q)) where Q is an open
setof R! and B(Q) is the Borelian tribe.

A (borelian) measure signed v on B(Q) is said to be of Radon if it is finite
on compact sets. Let v be a complex (borelian) measure on B, then v, and
v; are Radon measures. Similarly, its total variation |v| is a positive Radon
measure.

We denote by M (Q) the set of complex measures on B(Q), and we define
for veM(Q) the map

M= (<).
Proposition 2.40. M (Q) is a vector space over K and the map
v=lvl
isanorm over M (Q).
Co(Q) designates the complete for the norm || ||w of the space of conti-
nuous functions with compact support in Q. The space C, (Rd) is the set of
continuous functions which tend to 0 at infinity.

Theorem 2.41. (Riesz representation theorem) Let Q be an open set of R".
For veM(Q) and f eCy(Q), let

I, ()=]fdv.

Then the application

v,

Is an isometric isomorphism from M (Q) to (C0 (Q))/
Corollary 2.42. If K is a compact of R®, then (C(K)), is isometrically
isomorphic to M (K).

3. Introduction to Topological Vector Spaces

Definition 3.1. A topological vector space (EVT) E is a vector space over K
endowed with a topology © such as the maps
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ExE — E

(xy) = x+y,
and

KxE — E

(Ay) = 4x

are continues.

Proposition 3.2. Let (E,z) be a topological vector space, ac€E and
A €K nonzero, then

1) The translation by the vector a defined by

t,iX—>X+a,

is a homeomorphism from E to E.
2) The A ratio scaling defined by

h, 1 x> Ax,

is a continuous isomorphism on E as well as its inverse.
Proof. The maps |, and h, are invertible and their inverses are given by

t*=t, and g;'=g¢

a —a

1 - The continuity of the map and the multiplication by a
7
scalar imply respectively the continuity of t, and h, and likewise the conti-
nuity of their inverses.

From this proposition, we deduce that the topology 7 is inveriant under
translation. More precisely, if Ac E is an open set, then its translates a+ A,
with a€E are open sets of E. Consequently, the topology z is completely
determined by the given basis of neighborhoods of any point of E, in particular
at 0. Thus in a topological vector space (E,z) the term neighborhood base al-
ways means a neighborhood base of 0.

Proposition 3.3. Let E be a topological vector space and U an open neigh-
borhood of 0 in E

1) The open set U is an absorbing subset of E.

2) There exists V cU an equilibrium open neighborhood of 0. Moreover,
forall 121 wehave V CtV .

Proof. Let Ube an open neighborhood of 0 in . Let & >0 be a real number.
We denote

DK(O,a)z{ﬂeK,|/1|<a}.
1) Let acE. The map f,:K—>E defined by f,(1)=4a is continuous.

So the reciprocal image of U by f, is an open neighborhood of 0 in K. So
there exists o, >0 such that

Dy (0, )= f,1(U),

so f,(Dg(0,@,))=U which proves that
vVieK|i<a, = f,(1)=1aeU,

therefore Uis absorbent.
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2)Let F:KxE —E be the map defined, for all (ﬂ, X) e KxE, by
F(4,x)=Ax.

By definition of the topological vector space, the map F is continuous so
F*(U) is an open neighborhood of (0,0) in KxE. Therefore, there is
>0 and Wan open neighborhood of 0 in £ such that

Dy (0,a)xW c F*(U).

Therefore

V =F(Dg (0,a)xW ) =Dy (0,0)W ={ AW

AeDg (0,

is an open neighborhood of 0 included in U and it is equilibrium. Let XeV
and t>1 be a real. Since V is balanced then %X €V and since X:t(%xj

then XetV .or VctV.

Definition 3.4. A topological space is said to be separate if for all distinct
points x and y of E there exists a neighborhood U, of x and a neighborhood
V, ofysuchthat U, "V, =@

Proposition 3.5. A topological vector space is separate if and only if the sin-
gleton {0} is closed.

Proof. Let Ebe a topological vector space.

If Eis separated then it is easy to see that E — {O} is an open and therefore {0}
is closed. Conversely, suppose that {0} is closed.

Let Qz{(x,y)eExE,X;ty} and f:ExE—>E defined by
f(x,y)=x-y, VxyekE.

The map fis continuous and we have ™ =Q°. So Q is an open set of E. Let
a,beE be distinct, hence (a,b)eQ. Since Q is an open, then there exists V,
an open neighborhood of a and V| an open neighborhood of b such that
V, xV, c Q. This implies that V, "V, =@ and that Eis a separate topological
vector space. [

In the following, all topological vector spaces will be assumed to be sepa-
rate

Definition 3.6. Let E be a topological vector space.

1) Let Ac E. We say that A is bounded, if for every neighborhood V of 0,
there exists o >0 such that

VB>a, AcpV.

be a sequence in E. We say that (Xn ) is a Cauchy sequence

2) Let (Xn )nzo n=0
iffor every (2 a neighborhood of 0 in E, there exists an integer n, such that

m>n>n,=(x,—X,)eQ.

3) We say that E is complete if any cauchy sequence in E converges in E.

Example 3.7.

1) Any finite union of bounded sets of topological vector spaces TVS is
bounded.
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2) Any finite subset of a topological vector space is bounded.

3) Any Cauchy sequence is bounded.

Proof.

1) Let £ be a TVS and A,-:-,A,c E bound subsets. Let U be an open
neighborhood of 0. Then, for all 1<j<n, there exists o;>0 such that
B>a; impliesthat A c pU.Let a=max,,,;.SO

VﬁZa, UlgjgnAi CﬁU,

A, isbounded.
2) According to the proposition 3.3, any neighborhood of 0 is absorbing. so

this proves that [ J

1<j<n

every singleton is bounded. We conclude with item 1. of 3.3.
3) Let (Xn)

By proposition 3.3, there exists V cU an equilibrium open neighborhood of 0

s Dea Cauchy sequence in E. Let Ube a neighborhood of 0 in £.
which satisfies V ctV for all t>1. There exists an integer n, such that for
any integer n=n,, wehave X, eXx, +V . Since the singleton {xno} is bounded,
then there exists & >0 such that X, €AV, for all f=a. This implies that
the whole

{x;,n=ng} = (1+ V.

We deduce that {x,,n>0} is bounded because it is a union finish of ensem-
bleornes. [l

Definition 3.8. Let E be a TVS and K c E. We say that K is said to be a
compact if from any cover of K by open sets we can extract a finite subcover.

Proposition 3.9. Let E be a TVS and K c E. We say that K is said to be a
compact if from any cover of K by open sets we can extract a finite subcover.

Proof. Let Kbe a compact of a TVS E. To begin, we will show that K'is firm.

Let ye Q=K. Then for all XeK, since F is separated, there exists V,,
open neighborhood of x in £and U, an open neighborhood of yin £ such
that V, "U, =@. So KcU,V,, since K is compact, then there exists
X, X, € K such that

K c Uin:lei .

The set U = ﬂln V, , isan open neighborhood of ywhich verifies,

=1 %Y

(UnK)cUnULVY, cUL((V, nU,,)=2.

The open set Uis included in Q and contains yso () is an open set and there-
fore Kis a closed set. Show that K'is bounded, let Ube an open neighborhood of
0 in E. By proposition 3.3, there exists V cU an equilibrium open neighbor-
hood of 0 which satisfies V ctV forall t>1. Therefore, for any integer N>1
NV is an open and balanced neighborhood of 0. Moreover the sequence

(nv )nzl is increasing and it satisfies

Kel,,nv=E.

O
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So there exists an integer n,>1 such that K cn\V and consequently, for

all t=n, wehave
KcnV c:ninov =tV ctU.
0

which shows the result.

Definition 3.10. Let E be a TVC. We say that,

1) E is locally convex if E admits a basis of convex neighborhoods.

2) Eis locally bounded if 0 admits a bounded neighborhood.

3) E is locally compact if 0 admits a compact neighborhood.

4) E is metrisable if there is a distance on CE which defines the topology of E.

Example 3.11.

1) Norm vector spaces are topological vector spaces. Moreover, they are E is
metrisable if there is a distance on E which defines the topology of E.

a) locally convex if E admits a basis of convex neighborhoods.

b) E is locally convex, because the balls are convex.

¢) locally bounded, because B, (0) is a bounded neighborhood of 0.

d) E is locally compact only when they are of finite dimension.

e) metrizable .

2) The norm vector spaces endowed with the weak topology o(E,E') are
topological vector spaces.

Topology Defined by a Family of Semi-Norms

Definition 3.12. Let E be a vector space. A semi-norm on E is a map
p:E—[0,+0 verifying

1) p(x+y)<p(x)+p(y), ¥x,yeE.

2) p(Ax)<|A|p(x), Vxe€E and 1€K.

In the following E denotes a vector space over K. Let pbe a semi-norm on
E aeE and r>0.

We call p-ball with center a and radius r; the set,
B,(a,r)={xeE, p(x-a)<r}.

More generally, let P = ( p; )J_ , be a family of semi-norms on E.

It is said to be separant if it verifies,
vxeE—-{0},3jeJ,p;(x)=0.

Let aeE . We call P-ball with center aany set of the form,

w (a’ ph’dOtS’ pjk ! r) :mlgisk Bpji (a’ r)’

where j,--+,j, €J and >0 areal number. We denote by T, the topology

on E generated by the P-balls. The topology T, is inveriant under translation

and the P-balls with center 0 form a fundamental system of neighborhood of 0.
Proposition 3.13. Let P= ( P, )jEJ be a family of separating semi-norms on

E. Then E endowed with the topology T, is a locally convex and separate to-
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pological vector species. also for a sequence (Xn ) converges to x in E, if and

n=0

only iffor all je€J , we have,
lim p;(x-x,)=0.

n—+o00

Proof. Let ¢: (X, y) — X+ Y defined over ExE and has values in £and Q
a neighborhood of 0 in £. Then thereis W (O, P Py s r) c Q. inclusion,

W (0, Py, Py, o 1/2) W (0, pyeoe, Py o 1/2) =W (0, oo, Py T €,

Let gofl(Q) is a neighborhood of (0,0) IN ExE and hence ¢ is con-
tinuous.

Let ¢: (/1, X) — AX defined over KxE and has values in £and Q a neigh-
borhood of 0 in E. Then there is W (O, P P, s r) c Q. inclusion,

D, (O,]_)XW(O, Pirs pjk,l’)c¢’1(Q),

implies that ¢ (Q) is a neighborhood of (0,0) in KxE and therefore ¢
is continuous. The continuity of the maps @ and ¢ implies that (E,T,) isa
topological vector space.

To show that this topology is separated, it suffices to show that {0} is a closed
one. Let a€E be nonzero, then there exists p ; € P asemi-norm which satis-
fies p; (a) #0. The P- ball W (a, JE r) = Bpj (a, I‘) is a neighborhood of a
which does not contain 0, so {0} is firm and the topological vector space E,T,
is separate. Finally, (E,T,) islocally convex because the P-balls are convex. [

Proposition 3.14. Let (E,T,) be a topological vector space defined by a
family of semi-norms.

1) Balls with center 0 are balanced sets.

2) Aset Ac E isbounded if and only if

Vjeld, supp;(x)<ee.

xeA

E denotes a topological vector space.
Proposition 3.15. Let / be a nonzero linear form on E. Then we have the fol-
lowing equivalences,
e /iscontinued on E.
* [is bounded on a neighborhood of 0.
e [is continuous at 0.
* The core of ] is firm.
e The kernel of ] is not dense in E.
Definition 3.16. E is the set of continuous linear forms on E, E is a vector
space on K, called dual (topological) space of E.
Example 3.17. Let (X,u,7) be a measure space. Let 0< p<1 and L°(X)

be the space of classes of functions measurable on X such that,
p
A (F)=] | du<oo.
The application A, verifies

A, (T+9)<a,(f)+4,(9),
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which implies that L° (X ) is a vector space over K and the map
dp(f.9)=24,(f-09).

defines a translation invariant distance on LP(X). Then LP(X) endowed
with this distance is a locally bounded topological vector space and does not
contain any nontrivial convex open set. Moreover, on L° (X) the only conti-
nuous linear form is the zero linear form, so (Lp (X ))' = {O} .

The following Hahn-Banach theorem ensures that LE'#{0}, if £ is locally
convex not reduced to {0}.

Theorem 3.18. (Hahn-Banach) Let E be a locally convex topological vector
space. Then, for all nonzero acE , there exists | € E' satisfying 1(a)=1.

We are provided with two topologies defined by semi-norms,

Strong topology on £, 7,

Let J, be the set of bounded subsets of E. For all B e J,, we consider the
semi-norm ¢, defined by

Qs () =sup|f (x)].

xeB

We denote by 7, the topology on E' defined by the family of semi-norms
(9g )s. 5 The space E' endowed with the topology 7, is a topological vector
space.

Weak topology on £, 7,

Forall XeE, we consider the semi-norm p, defined by,

. (F)=[f (x)]

We denote by z the topology on E' defined by the family of semi-norms
(px)er. The space £’ endowed with the topology 7z, is a topological vector
space.

It is clear that the topology 7, isless fine than the topology 1, .

Proposition 3.19. The topological vector spaces (E’,rf) and (E',Tb) are
locally convex and separate.

Proof. Tt suffices to show that the families of semi-norms (px )er and

(9g)s. ,, areseparating.

4. Frechet Space
4.1. Definition and Properties of Frechet Spaces
Proposition 4.1. Let E be a vector space and ( P, )nzo a sequence of separat-

ing semi-norms on E. So we have,

* The application

1 pn (X - y)
d(x,y)= —
(X y) §2n+11+ pn(x_y)
is a distance on E.
* Forall neN, themap p,:(E,d)—[0,00] iscontinuous.
* The topology on E defined by the family of semi-norms ( pn) coincides

n=0
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with the metric topology (E,d).
Proof.
¢ The continuity of a semi-norm p, follows from the inequality
2n+1 d (X, y)

_y)<_—“\™JJ
pn(x y)_1_2n+ld(x,y)

1
valid forall X,yeE suchthat d(X,y) <o

* Let x,€E and Q be a neighborhood of X, in (E,d). Then there exists
r>0 such that

Bd(xo,r)z{Xe E,d(x,x0)<r}cQ.

r
let p= 3 and m a natural integer satisfying

therefore
420 < x
n;ml 23+1 1fnp(n (X_OX)O) <p, VxeE.
Then if
Xe ﬂ::onn (X9:2),
we have

LI pn(X—XO) <i 1

2" 1+ p, (X=X%,) nzoﬁp<p.

so d(X,%)<r.Asaresult. )
hood of X, for the topology defined by the semi-norms. The reciprocal is de-

ocnem Bp, © €2 This proves that Q is a neighbor-
duced from the continuity of the p, .

Definition 4.2. See [6].

A Frechet space is a complete topological vector space whose topology is de-
fined by a sequence of separate semi-norms.

Example 4.3. (Examples of Frechet spaces)
* Finite dimensional vector spaces, Hilbert spaces and Bannach spaces are

Frechet spaces.

« C* (Q) he space of functions of class C* on an open set of R". Let 2 be

an open set of R" and keNuU {oo}. We consider (Kn) an increasing

n=0

sequence of compact sets such that

VnZO, KnCK;Jrl and Q:UnzoK”'

We denote by p, the family of semi-norms in c* (Q) defined by,

(O“f)(x)‘,

P.(f)=sup

XeKn,‘a‘Sk

itk is finite, else
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(aaf)(x)\.

P, (f)= sup

xeKp, |e<n

The space C* (Q) equipped with the topology © defined by the sequence
of semi-norms ( pn) is a Frechet space. Moreover, this topology does not de-
pend on the choice of the sequence of compacts (Kn )nZO .

A sequence (f,) convergent to £ in ok (Q) if and only if; for any mul-
ti-index a such that |a|£ k, the sequences (6“ fn) converges uniformly on
any compact from Q to 0°f .

. C,'é (Q) the subspace of ok (Q) of functions with support included in a

compact K.

Let 2 be an open set of R and K = Q a compact. We consider the space
Ci (Q)={f eC*(Q), f(x)=0in K°}.

The space Cy(Q) endowed with the induced topology is closed in C*(Q)
and it is therefore a Frechet space. Indeed, let a€Q and |,:f — f(a) be a
linear form on C* (Q) There exists | =0 such that aK;. So

la ()< pi(F)
this proves that |, is continuous, so its kernel is a farm and we have,
C (@)=, Ker (L),
If k# o0, then (C(Q),[||,) is 2 Banach space or
I, =sup|o”f L,'

o<k
When k =oo, we also denote D, (Q) the space Cy (Q).
o LP.(Q ) the space of functions locally L°.

Let 2 be an open set of RY and (Q,S(Q),dx) the measure space where
3(Q) s the tribe of Lebesgue and dx is the Lebesgue measure.

Let pe(l,+]. A function f measurable on (2 is said locally " if for any
compact KcQ the function f eL’(K). We denote by L) (Q) the set of
these functions. We consider (K )n -
tistying the properties (1). For all >0, let p, be the semi-norm in L{ (Q)

defined by

an IIICI'EHSIHg sequence OfCOIdeCfS sa-

f):”flKn

or 1y designates the characteristic function of K. By considering this se-
quence of semi-norms we endow L (Q) with a Frechet space structure.
e S (Rd ) is the Schwartz space. A function f:R® — C is said to have rapid

decrease if for all a eN°  the function
X — x“f (x),
is bounded on R°. We denote by S (Rd ) the space of functions f of class C”

such that for B eN", the function 0”f is fast decreasing over R®. This space

is also called Schwartz space.
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We endow S (Rd ) with a sequence of semi-norms ( pk'n) defined by,

Pen(f)=supsup [(1+ IXf )" ‘(aa f )(x)”

la|<k xR

k>0,n>0

Proposition 4.4. The space S (Rd ) endowed with the sequence of semi-norms
( Pen ) is a Frechet space.

Proof. Let (f,) be a cauchy sequence in S (Rd ) . So, for all aeN’,
(6“ fm) converges uniformly on R" to a function 8“g with gis of class C”.
It remains to show that the functions 0“g are rapidly decreasing and that the
sequence (f) converges to g for the topology of S (Rd ) Let £¢>0 and
k,neN. There exists m, €N such that

pzm=m,=p, (f,-f,)<e
then, VxeR’, YaeN"/|a|<k we have
(1) [(07 7, ) ()= £ (3] < e
We fix xand let p tend to infinity, then we get,
(t+IXF) [(2"0) ()2 £ (x) <
Therefore
(1414 ) (27 0) 00| = (1414 ) [(2 £, ) (0] 2

So 0”g israpidly decreasing and verified,

m>m, = p,,(9-f,)<e

This then proves that the Cauchy sequence (f,) is convergent in S(Rd)
and therefore S (Rd ) is a Frechet space.

Proposition 4.5.

1) The space S(Rd) is a subspace of the following topological spaces
(Lp(Rd),dx) , (L&C(Rd),dx) and Ck(Rd) . Moreover, the injection of
S (Rd ) into each of the preceding spaces is continued.

2) Let K be a compact of R®. The canonical injection of Dy (Rd) into

S (Rd ) is continuous.

4.2. Continuous Linear Forms and Dual Space (See [7])

Proposition 4.6. Let E be a Frechet space. Then its dual E' is complete for the
strong topology T, .

Definition 4.7. Let E be a Frechet space. The strong bidual E' of E is the
strong dual of the strong dual E of E. We say that E is reflexive if the canonical
Iinjection of E into E' is an isomorphism of E onto E'.

Theorem 4.8. Let E be a Frechet space. For E' to be reflexive, it suffices that
every weakly closed and bounded set in E be weakly compact.

In particular, if the bounded firm sets of a Frechet space Eare compact, then £

is reflexive. In this case, we say that E'is a Montel space. So the only norm vector
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spaces that are Montel spaces are the finite dimensional spaces.

Theorem 4.9. Let K be a compact of R®. In Dy (]Rd ) , any closed and
bounded subset is a compact set. So Dy (Rd ) is a Montel space.

The most notable example of a Frechet space is the space S (]Rd ) .

Proposition 4.10. 7he space S (Rd ) Is a reflexive Frechet space.

Definition 4.11. We call tempered distribution the linear forms belonging to
S'(R?) the dual of S(R").

Let 7be a linear form on S (Rd ) Then 7'is a tempered distribution if there
exists C>0 and a pair of positive integers (k,n) such that for all
f eS(Rd),wehave

[T(F)=)(T, )| <Cp,. (F)= supsup{(l+||x|| '@ f)(x)”.

lalsk

Since S (Rd ) is metrisable, a linear form 7'is a tempered distribution if it is
sequentially continuous. So 7 is continuous if for any sequence f, —0 in
S (Rd ) , the sequence

|T(f

)=k 1)

Let g be a measurable function on R" such that for all f e S(Rd), the
function fg belongs to Ll(Rd).We denote by T, the linear form on S(Rd),
defined by

T, (F)=(T,. f)=] (%)
We then have,

Proposition 4.12. If pe[l,+x], then the map g —T, is a continuous in-
Jjection of (Lp (Rd )," ||p) in S’(Rd ) endowed with its weak topology.

5. Inductive Limit Spaces of Frechet Spaces (See [7])

Definition 5.1. Let E be a vector space over K . We suppose that there exists

a strictly increasing sequence ( E, ) of vector subspaces of E satistying

neN
e Forall neN, E, isa Frechet space.
* For all neN, the restriction of the topology of E,,, to its subspace E,
coincides with the initial topology of E, .

c E=UE.

Under these conditions, we endow E with a topology © as follows

Let Qc E. We say that ( is an open set of E, if and only if; for all neN,
QNE, isan open set of E,. We thus define a topology on E, called inductive
limit of Frechet spaces and we denote the space L.F

Proposition 5.2. Let E= U

spaces. So we have,

wsoEn  be an inductive limiting space of Frechet

1) E is a separate topological vector space.

2) For a set Ac E to be bounded, it is necessary and sufficient that there
exists an integer n such that Ac E, and that A is boundedin E, .

3) A sequence (Xm)
teger n such that (X, )

o 18 convergent in E, if and only if there exists an in-

o 18 aconvergent sequence in E, .
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4) E is complete but it is not metrisable.

Example 5.3. Let Q) be an open set of R® and ke NuU{oo}.

The space C! (Q) is the set of functions f:Q— C which are of class C*
and have compact support.

We consider ( K ) an increasing sequence of compact sets such that

>0
vn20, K, cK:, and Q=[]

n>0
The spaces Cll;n (Q) are Frechet spaces and we have,
C: (2)=U,..Cx, (2).

We thus provide Cck (Q) with an inductive limit space structure of Frechet
spaces which does not depend on the choice of the sequence of compact sets
(K,). When k=, wedenote D(Q) The space C (Q)

5.1. Continuous Linear Forms and Dual Space

Theorem 5.4. Let E={]
1) Let T be a linear form on E. Then T is continuous, if and only if the restric-

woEn beaspace LF.
tionof Tto E, iscontinuous forall neN .

2) Let T be a linear form on E. Then T is continuous, if and only if it is se-
quentially continuous.

Proposition 5.5. Let E be a space L.F. Then its dual E' is complete for the
strong topology T, .

Definition 5.6. Let E be a space L.F . The strong bidual E' of E is the strong
dual of the strong dual E' of E. We say that E is reflexive if the canonical injec-
tion of E into E' is an isomorphism of E onto E'.

Theorem 5.7. If E is a space L.F , for E to be reflexive, it is necessary and suf-
ficient that every weakly closed and bounded set in E be weakly compact.

We deduce that, if E= Un>0 . 1s a space L.F such that, for all neN,

E, isreflexive, then E is reflexive.

5.2. The Space of Distributions D’(Q) See [8]

Definition 5.8. Let Q be an open set of R. A distribution T on Q) is a conti-
nuous linear form on D(Q). Wenote D'(Q) the dual of D(Q).

Let T be a linear form on D(Q). Then T is a distribution if and only if; for
any compact K the sequence of compacts satistying the property (1)

Therefore, for any compact KcQ, there exists C>0 and an integer
N20 such that, forany f €D, (Q), we have,

p,(f)<Csup|o”f

le<k

|ao

Let gbe a measurable function on Q such that for all f € D(Q), the function
fg belongs to Ll(Q). We denote by T, the linear form on D(Q) defined

by,
T (1)=(T. f)=[,9()
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Then we have,
Proposition 5.9.
1)If pe[l,+o], thenthemap g—T, isa continuous injection of

(lec (Q)," ||p) daNS D'(Q) endowed with its weak topology.

2) S’(Rd ) c D'(]Rd ) and this injection is continuous.
Definition 5.10. Ler T € D'(Q).
1) Let F be a farm of (2). We say that the support of T is included in F if for all
f eD(Q) the condition support(f)NF =@ implies (T, f range=0.
2) We say that T has compact support if its support is included in a compact.
We denote by f'(Q) the space of distributions T € D’(Q) which have com-
pact support.
3) We say that T is of finite order if there exists an integer k>0 such that
for every compact K cQ, there exists a constant C >0 such that, for every
f € D, (Q0, we have,
.

If T is of finite order, we call order of T the smallest integer k which satisfies

o f

P, (f)<Csup

la|<k

the preceding inequality. We denote D" (Q) the subspace of distributions of
order less than or equal to k.
If T is not of finite order, we say that it is of infinite order.
Example 5.11. Let Q be an open set of R® and aeQ.
o Let aeN", then the map f — <0;“), f>: (6“ f )(a) Is a distribution with
support {a}. Moreover, ol

a

* Let TeD'(R) bedefined by
(T 1)=2 (o, 1) =3 £ (),
n=0 n=0

Then, T is a distribution of infinite order and inclusive support N.

Is of finite order equal to |a| .

6. Conclusions

This work examines the topology of classical functional spaces, such as standard
spaces, metrizable spaces, and those that cannot be metrizable. It presents the
fundamental topological properties of topological vector spaces, as well as the
space S (R”) of functions of class C” on R" and its rapidly decreasing par-
tial derivatives. It also defines a topological structure on an increasing union of
Frechet spaces, called the inductive limit of Frechet spaces, and studies the space
D(Q) of functions of class C”* with compact supports on Q.

Let TeD'(Q),let TeD'(Q) be a distribution with support included in a
compact K. Let K, be a compact satisfying K <K/ cK, cQ and ¢eD(Q)
such that go(X) =1 forall xeK,.Then,forall fe D(Q) , we have,

(T.1)=(T.of),

this is what gives that any distribution with compact support is of finite order.
Let keN and Q be an open set of R®. Then the dual of C (Q) is D* (Q)
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the space of distributions of order less than or equal to &

Let Kk GNU{OO} and an open set Q) an open set of R®. Then the dual of
C¥(Q) is D*(Q)N¢'(Q), the space of distributions of order less than or
equal to & and has compact support. Finally, for £ the space of continuous and
rapidly decreasing functions f:R® — C. The space E endowed with the family

of semi-norms (see [9] [10])
o (1)= (L)

is a Frechet space. Its dual £ is equal to S'(Rd ) D" (Rd ) , the space of tem-

pered distributions of order 0. We say that these distributions are temperate

o

measures.

Conflicts of Interest
The author declares no conflicts of interest regarding the publication of this pa-

per.

References

[1] Alqahtani, M.H. (2023) New Topologies on a Graph. Advances and Applications in
Discrete Mathematics, 37, 77-93. https://doi.org/10.17654/0974165823013

[2] Mhemdi, A., Lazaar, S. and Abbassi, M. (2018) 7;-Reflection and Some Seporation
Axioms in PRETOP. Filomat, 32, 3289-3296. https://doi.org/10.2298/FIL1809289M

[3] Alshehria, M.G., Lazaarb, S., Mhemdic, A. and Zidani, N. (2023) Some Separation
Axioms for Partially Ordered Sets. Filomat, 37, 2173-2182.
https://doi.org/10.2298/FIL2307173A

[4] Alqgahtani, M.H. (2023) F-Open and F-Close Sets in Topological Space. European
Journal of Pure and Applied Mathematics, 16, 819-832.

[5] Mhemdi, A., Lazaar, S. and Dourari, K. (2022) On Some Properties of Whyburn
Spaces Hindawi. Computational Intelligence and Neuroscience, 2022, Article ID:
7113360. https://doi.org/10.1155/2022/7113360

[6] Garnir, H.G., de Wilde, M. and Schmets, J. (1968) Schmets Analyse Analyse Fonc-
tionnelle. Theorie contructive des espaces lineaires Aa  semi-normes. Brkauser Ver-
lag, Béle.

[7] Dieudonne, J. and Schartz, L. (1949) The Duality in the Spaces Fand L.F. Annals of
the Fourier Institute, 1, 61-101.

[8] Garsoux, J. (1979) Espaces Vectoriels Topologiques et Distributions. Dunod, Paris.

[9] Carlier, G. (2010) Analyse fonctionnelle. Notes de cours ENS, 2009-2010.
https://www.ceremade.dauphine.fr/~carlier/poly.pdf

[10] Rudin, W. (1995) Analyse Fonctionnelle. University of Wisconsin-Madison, Paris.

DOI: 10.4236/jamp.2024.123048

804 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.123048
https://doi.org/10.17654/0974165823013
https://doi.org/10.2298/FIL1809289M
https://doi.org/10.2298/FIL2307173A
https://doi.org/10.1155/2022/7113360
https://www.ceremade.dauphine.fr/%7Ecarlier/poly.pdf

	Space Topologies and Their Dual Space Topologies for Conventional Functional Space Topologies
	Abstract
	Keywords
	1. Introduction
	2. Continuous Linear Forms and Dual Space
	2.1. Standard Vector Spaces
	2.2. Continuous Linear Forms and Dual Space
	2.3. Finite Dimensional Vector Spaces
	2.4. Hilbert Space
	2.5. Bannach Spaces
	2.6. Dual of Lp Spaces
	2.7. Dual of Space 

	3. Introduction to Topological Vector Spaces
	Topology Defined by a Family of Semi-Norms

	4. Frechet Space
	4.1. Definition and Properties of Frechet Spaces
	4.2. Continuous Linear Forms and Dual Space (See [7])

	5. Inductive Limit Spaces of Frechet Spaces (See [7]) 
	5.1. Continuous Linear Forms and Dual Space
	5.2. The Space of Distributions  See [8] 

	6. Conclusions
	Conflicts of Interest
	References

