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Abstract 
In this paper, we investigate a 1D pressureless Euler-alignment system with a 
non-local alignment term, describing a kind of self-organizing problem for 
flocking. As a result, by the transport equation theory and Lagrange coordi-
nate transformation, the local well-posedness of the solutions for the 1D 

pressureless Euler-alignment in Besov spaces 
1 11

,1 ,1
p p

p pB B
+
×  with 1 p≤ < ∞  is 

established. Next, the ill-posedness of the solutions for this model in Besov 

spaces 1
, ,

s s
p pB B+
∞ ∞×  with 1 p≤ ≤ ∞  and 1 1max ,

2
s

p
 

>  
 

 is also deduced. 

Finally, the precise blow-up criteria of the solutions for this system is pre-

sented in Besov spaces 
1 11

,1 ,1
p p

p pB B
+
×  with 1 p≤ < ∞ . 
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1. Introduction 

The Cucker-Smale Model. The flocking behaviors are widespread in biological 
systems, such as the swimming of fish, the movement of wildebeest groups and 
the migration of birds called as self-organization biological behaviors, which 
have attracted much attention in [1] [2] [3] [4] [5]. Understanding the popula-
tion properties of interacting systems, and how individual components function, 
are important questions. In biology, studying the collective behaviors of animals 
can better understand the structure of ecosystems and provide guidance for eco-
system management and conservation. In medicine, such as cancer cells, there is 
a collective arrangement of patterns in the human body, and studying this col-

How to cite this paper: Yang, Y.J. (2024) 
On the Cauchy Problem for a 1D Eu-
ler-Alignment System in Besov Spaces. 
Journal of Applied Mathematics and Phys-
ics, 12, 603-631. 
https://doi.org/10.4236/jamp.2024.122040 
 
Received: January 24, 2024 
Accepted: February 26, 2024 
Published: February 29, 2024 
 
Copyright © 2024 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2024.122040
https://www.scirp.org/
https://doi.org/10.4236/jamp.2024.122040
http://creativecommons.org/licenses/by/4.0/


Y. J. Yang 
 

 

DOI: 10.4236/jamp.2024.122040 604 Journal of Applied Mathematics and Physics 
 

lective pattern of destructive cells can more effectively affect them and promote 
the understanding of disease. The flocking behavior refers to the motion of a 
cluster of finite particles in which the velocity of each particle is consistent with 
the weighted average of the velocities of its neighbors. The discrete Vicsek model 
in time and two-dimensional spaces is usually used to describe the flocking be-
haviors in [6]: the velocity angle ( )j tθ  of j-th particle satisfies 

( )
( ) ( )

( )11 .
j

j j
i tj

t i
t

θ θ η θ
∈

+ = + ∆∑


                 (1) 

Here, ( ) ( ) ( ){ }:j i jt i x t x t r= − ≤  ( 0r > ), a random variable θ∆  is un-
iformly distributed in [ ]1,1− , and a parameter 0η >  is used to measure the 
intensity of the noise. Furthermore, a generalization of the Vicsek model was 
proposed by Cucker and Smale in [7]: 

( )( )
1

d ,
d
d 1 ,
d

i
i

N
i

i j j i
j

x v
t
v x x v v
t N

φ
=

 =

 = − −


∑
                   (2) 

where { },i i i
x v

∈  refers to the position and velocity of the agents i, and N is the 
total number of two groups. The nonnegative and decreased communication 
weight function φ  measures the strength of the interaction between two par-
ticles, since the distance of the particles increases, the interaction usually be-
comes smaller. The Cucker-Smale model can be used to analyze the flocking be-
haviors based on the decay properties of the kernel ( )rφ , that is to say, if ( )rφ  
decays weaker than 1r−  as r →+∞ , the velocities ( )iv t  of the agents con-
verge to a limit velocity ( )v t , and the relative positions ( ) ( )i jx t x t−  also 
converge to a limit position ijx  as r →+∞ . This is what we would call the 
flocking behavior: all particles move with nearly identical velocities. 

A Kinetic Cucker-Smale Model. When the number of particles is large, to 
make it easier to simulate the movement of each particle, kinetic models are of-
ten used to describe the behaviors of global flocking by the density function 
( ), ,f t x v  with dx∈ , dv∈ . Furthermore, about the kinetic limit of the 

Cucker-Smale model (2), Ha and Tadmor established a nonlinear and non-local 
kinetic equation in [8]: 

[ ]( ) 0,t x vf v f Q f f∂ + ⋅∇ +∇ ⋅ =                   (3) 

there [ ]Q f  is the velocity alignment force field given by 

[ ]( ) ( )( ) ( )2, , , , d d .dQ f t x v x y w v f t y w w yφ= − −∫�           (4) 

Here, (3)-(4) is a nonlinear and non-local kinetic version of the Cucker-Smale 
model. When ( )rφ  decays weaker than 1r−  as r →+∞ , the solutions of Eq-
uations (3)-(4) show that the global flocking behaviors in [9], where the size 
( )S t  of the support in x is uniformly bounded: 

( ) ( ) ( ) ( )( ){ }sup : , , , supp , , , ,S t x y x v y v f t′= − ∈ ⋅ ⋅  
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and the size ( )V t  of the support in v remains decreasing: 

( ) ( ) ( ) ( )( ){ }sup : , , , supp , , , 0 as .V t v v x v y v f t t′ ′= − ∈ ⋅ ⋅ → → +∞  

A 1D Euler-alignment Model. In order to deduce the standard form of the 
hydrodynamic limit for nonlinear kinetic equations, one can consider the 
mono-kinetic ansatz of the form in (3)-(4) 

( ) ( ) ( ),, , , .v u t xf t x v t xρ δ −                     (5) 

In this case, the model becomes a local alignment model which is different from 
the global alignment model, the particles travel locally at a single speed in which 
the velocities of the particles are different in space. Under the one-dimensional 
pressureless condition, the flocking behaviors are known as a 1D pressureless 
Euler-alignment system with a non-local alignment term. Submitting (5) into 
(3)-(4), we arrive at the pressureless one-dimensional Euler-alignment system 
which consists of the mass conservation equation 

( ) 0,t x uρ ρ∂ + ∂ =                        (6) 

and the momentum conservation equation 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )2 , , , , d ,t xu u x y u t y u t x t y t x yρ ρ φ ρ ρ∂ + ∂ = − −∫     (7) 

where the right side of (7) is the non-local alignment term, owing to the pres-
ence of the density ρ , the density is higher, the alignment effect between the 
agents becomes stronger. The 1D pressureless Euler-alignment system with a 
non-local alignment term simulates the population movement from irregular 
movement to regular movement with constant relative distance and relative ve-
locity in one-dimensional space. 

Furthermore, by submitting (6) into (7), one can get the following 1D Eu-
ler-alignment system: 

( ) ( )
( )

( ) ( ) ( ) ( )0 0

, 0, ,
0, 0, ,

0, , 0, , 0, .

t x

t x

u u u u u t x
u t x

u x u x x x t x

φ ρ φ ρ
ρ ρ

ρ ρ

∂ + ∂ = ∗ − ∗ > ∈

∂ + ∂ = > ∈
 = = = ∈

�

�

�

             (8) 

Many researchers showed that the characteristic of communication weight φ  
plays an important role in the regularity of the solutions for system (8): when 
communication weight is symmetric and uniformly bounded, Carrillo showed 
that system (8) exists a critical threshold of initial data in [10]: if the initial data 
lies above the subcritical region in the sense that 0 0xu φ ρ∂ ≥ − ∗  for all x∈ , 
there has a global classical solution for 1D Euler-alignment system (8) if the ini-
tial data lies above the supercritical region in the sense that 0 0xu φ ρ∂ < − ∗  for 
all x∈ , the solutions can blow up in a finite time for the 1D Euler-alignment 
system (8). 

In [11], let xG u φ ρ= ∂ + ∗ , Tan rewrote model (8) as the following equiva-
lent equations: 
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( ) ( )

( ) ( ) ( ) ( )0 0

, 0, ,
, 0, ,
, 0, ,

, 0, ,
0, , 0, , 0, ,

t x

t x x

t x x

x

u u u u u t x
u u t x

G u G uG t x
u G t x

x x u x u x t x

φ ρ φ ρ
ρ ρ ρ

φ ρ
ρ ρ

∂ + ∂ = ∗ − ∗ > ∈

∂ + ∂ = −∂ > ∈
∂ + ∂ = −∂ > ∈
∂ = − ∗ > ∈
 = = = ∈

�

�

�

�

�

            (9) 

where communication weight is integrable, so communication weight can be ei-
ther regular or weakly singular (see [12]). If communication weight is weakly 
singular, that is to say, it has an integrable singularity at the origin, Tan showed 
that system (8) exists a critical threshold of initial data: if the initial data lies  
above the subcritical region in the sense that ( )0inf 0

x
G x >  for all x∈ , then 

there exists a globally regular solution for 1D Euler-alignment system (8), if the 
initial data lies above the supercritical region in the sense that ( )0inf 0

x
G x <  for 

all x∈ , then the solutions blow up in a finite time for the 1D Euler-alignment 
system (8) in [11]. 

If communication weight ( )1Lφ ∈  , Tan established the local well-posedness 

in Sobelov spaces 1s sH H+ ×  with 
1
2

s >  on the whole real line or the periodic 

domain in [11]. One natural question is: whether or not the system (8) is local 

well-posedness in 1s sH H+ ×  for 
1
2

s = . The Lagrange coordinate transforma-  

tion does not change the dynamic nature of the system and can make the equa-
tion easier to solve. Indeed, if there exists a small enough time 0T > , based on 
that the characteristic ( ),y t ξ  is a homeomorphism in a small time interval 
[ ]0,T , we will obtain the uniqueness of the solutions. Note that 2,1

sB ↪ 2,2
s sB H≈ , 

by compactness theory and coordinate transformation, we want to explore the 
local well-posedness of the Cauchy problem for the 1D Euler-alignment system  

(8) in Besov spaces 
1 11

,1 ,1
p p

p pB B
+

×  with 1 p≤ < ∞  (in the rest of this paper 

( )1Lφ ∈   unless otherwise noted). 

2. Main Results 

Theorem 2.1. Suppose that [ )1,p∈ ∞  and the initial data  

( )
31

0 0 0 ,1, , p
pu G Bρ

 
∈  
 

. Then there exists a time 0T >  such that Equation (9) has 

a unique solution ( ), ,u Gρ  in ( )3p
TE  and  

[ ] [ ]
1 1 1

1
,1 ,10, ; 0, ;p p p

T p pE T B T B
−   

= ∩      
   
  . Moreover, the solutions depend conti-

nuously on the initial data.  

Recall that 1
, ,

s s
p r p rB B+ × ↪

1 11

,1 ,1
p p

p pB B
+

×  (1 ,p r≤ ≤ ∞ ) is locally compact (see  

Proposition 1.3.5 in [13]), using the same argument of the proof in Theorem 2.1, 
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we can easily get the following local well-posedness of the solutions for Equation 
(8) in the Besov spaces 1

, ,
s s
p r p rB B+ × : 

Assume that 1 p≤ , r ≤ +∞ , 1 1max ,
2

s
p

 
>  

 
 and the initial data  

( ) 1
0 0 , ,, s s

p r p ru B Bρ +∈ × . Then there exists a time 0T >  such that the Cauchy prob-
lem (8) has a unique solution ( ) 1

, ,, s s
p r p ru B Bρ +∈ × , and the map ( ) ( )0 0, ,u uρ ρ→  

is continuous from a neighborhood of ( )0 0,u ρ  in 1
, ,

s s
p r p rB B+ ×  into 

[ ]( ) [ ]( ) [ ]( ) [ ]( )1 1 1 1
, , , ,0, ; 0, ; 0, ; 0, ; ,s s s s

p r p r p r p rT B T B T B T B′ ′ ′ ′+ −∩ × ∩     

s s′ <  when r = +∞  whereas s s′ =  when r < +∞ . 
Now, another natural question is raised: whether or not the data-to-solution 

map of the system (8) continues in 1
, ,

s s
p r p rB B′ ′+ ×  for s s′ =  and r = +∞ . In the 

following theorem, we deduce that this data-to-solution map is in ill-posedness 
in 1

, ,
s s
p pB B+
∞ ∞× . 

Theorem 2.2. Suppose that 1 p≤ ≤ ∞  and 1 1max ,
2

s
p

 
>  

 
, then the system  

(9) is ill-posedness in Besov spaces ( )3

,
s
pB ∞ . More precisely, there exists 

( ) ( )3

0 0 0 ,, , s
pu G Bρ ∞∈  and a positive constant δ  such that the Cauchy problem  

for system (9) has a unique solution ( ) [ ] ( )( )3

,, , 0, ; s
pu G L T Bρ ∞
∞∈  for some 

( ), , ,0 0 0, ,s s s
p p pB B BT T u Gρ
∞ ∞ ∞

= , while 

( ), , ,0 0 00
liminf .s s s

p p pB B Bt
u u G G Cρ ρ δ

∞ ∞ ∞→
− + − + − ≥  

Theorem 1.3 in [11] shows that the solutions admit a finite time blow up for 
the 1D Euler-alignment system (8), in the sense of ( )0inf 0

x
G x <  for all x∈ , 

if and only if ( )lim ,
t T

G t
−→

⋅ = −∞ . Theorem 2.1 in [11] shows that the solutions of  

the system (8) stay smooth up to time T, in the sense of  
( ) [ ]( ) [ ]( )1, 0, ; 0, ;s sG T H L T Hρ +∈ ∩ ×  , if and only if  

( ) ( )( )0
, , d

T

L L
t G t tρ ∞ ∞⋅ + ⋅ < +∞∫ . Next, we show that the solutions of the sys-

tem (8) stay smooth only depending on the slope of u but not involving the 
components of G and ρ  in the following theorem. 

Theorem 2.3. Suppose that ( ) [ ]
31

,1, , 0, ; p
pu G T Bρ

  
 ∈      
  is the solution of 

the Cauchy problem (9) with the initial data ( )
31

0 0 0 ,1, , p
pu G Bρ

 
∈  
 

. Let T is the  

maximal existence time of the solutions ( ), ,u Gρ  to Equation (9). Then the 
solutions blow up in finite time if and only if 

( )lim inf , .xxt T
u t

− ∈→
⋅ = −∞

�
 

The paper is organized as follows. In Section 2, we introduce several impor-
tant results on the Littlewood-Paley decomposition, the nonhomogeneous Besov 

https://doi.org/10.4236/jamp.2024.122040


Y. J. Yang 
 

 

DOI: 10.4236/jamp.2024.122040 608 Journal of Applied Mathematics and Physics 
 

spaces and their useful properties. In Section 3, we establish the local well-po- 
sedness result in Besov spaces of the solutions for Equation (9). Moreover, we 
prove the blow-up criteria of the solutions to the problem (9) in Section 4. Fi-
nally, the ill-posedness result of the solutions for Equation (9) is presented in 
Section 5. Note that we denote a general constant 0C >  only depending on s 
and 1Lφ , since all function spaces in the following sections are over  , for 
simplicity, we drop   in the notation of function spaces if there is no ambiguity. 

3. Preliminaries  

In this section, for the convenience of readers, we introduce some facts on the 
Littlewood-Paley theory, which is frequently used in the following arguments. 
Then we introduce some properties of nonhomogeneous Besov spaces which 
will play a key role in proving the local well-posedness and other properties of 
the system (9). One may refer to [13] [14] for more details. 

Proposition 3.1. (See Proposition 2.10 in [13]) Let 
4,
3

dξ ξ ∈ ≤ 
 
� �  and 

4 8,
3 3

dξ ξ ∈ ≤ ≤ 
 

� � � . There exists two radial functions ( )cχ ∞∈   and 

( )cϕ ∞∈   such that 

( ) ( )
0

2 1, for all ,q d

q
χ ξ ϕ ξ ξ−

≥

+ = ∈∑   

( ) ( )2 Supp 2 Supp 2 ,q qq q ϕ ϕ ′− −′− ≥ ⇒ ⋅ ∩ ⋅ =∅  

( ) ( )1 Supp Supp 2 ,qq χ ϕ ′−≥ ⇒ ⋅ ∩ ⋅ =∅  

( ) ( )22

0

1 2 1, for all .
3

q d

q
χ ξ ϕ ξ ξ−

≥

≤ + ≤ ∈∑   

Moreover, let 1h ϕ−�   and 1h χ−� �  . Then for all ( )df ′∈  , the dyadic 
operators q∆  and qS  can be defined as follows 

( ) ( ) ( )2 2 2 d , for 0,d
q qd q

q f D f h y f x y y qϕ −∆ = − ≥∫�


 

( ) ( ) ( )2 2 2 d ,d
q qd q

qS f D f h y f x y yχ − = −∫� ��  

1 0 and 0 for 2,qf S f f q−∆ ∆ ≤ −� �  

where 
0

q
q

f f
≥

= ∆∑  in ( )d′  , and the right-hand side is called the nonho-
mogeneous Littlewood-Paley decomposition of f . 

Definition 3.2. (See Definition 2.68 in [13]) Let s∈ , 1 p≤ , r ≤ ∞ . The 
nonhomogenous Besov space ( ),

s d
p rB   is defined by 

( ){ },, ; ,s
p r

s d
p r BB f f′∈ < ∞� �  

where 

,

1

2 , for ,

sup2 , for .

p
s
p r

p

rrqsr
q L

qB
qs

q Lq

f r
f

f r

∈

∈


  ∆ < ∞ 
 
 ∆ = ∞

∑
�

�

�  
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If s = ∞ , , ,
s

p r p r
s

B B∞

∈�

� ∩ . 

Proposition 3.3. (See Corollary 2.86 in [13]) For any positive real number s 
and any ( ),p r  in [ ]21,∞ , the space ( ) ( ),

d s d
p rL B∞ ∩   is an algebra and a 

constant C exists such that 

( ) ( ) ( ) ( ) ( ), , ,
.s d d s d s d d

p r p r p rB L B B Luv C u v u v∞ ∞
 ≤ + 
       

If 
ds
p

>  or 
ds
p

= , 1r = , then we have 

( ) ( ) ( ), , ,
.s d s d s d

p r p r p rB B Buv C u v≤
� � �

 

Proposition 3.4. Suppose that s∈ , 1 , , ,i ip r p r≤ ≤ ∞  ( )1,2i = . We have 
1) (See Proposition 1.3.5 in [14]) Topological properties: ,

s
p rB  is a Banach 

space which is continuously embedded in ′ . 
2) (See Proposition 1.3.5 in [14]) Density: c

∞  is dense in ,
s
p rB ⇔

1 ,p r≤ < ∞ . 

3) (See Proposition 1.3.5 in [14]) Embedding: 
1 1,

s
p rB ↪ 1 2

2 2

1 1

,

s n
p p

p rB
 

− − 
  , if 1 2p p≤  

and 1 2r r≤ . 2
2,

s
p rB ↪ 1

1,
s
p rB  is locally compact, if 1 2s s< . 

4) (See Proposition 1.4.3 in [14]) Algebraic properties: for all 0s > , 

,
s
p rB L∞∩  is an algebra. Moreover, ,

s
p rB  is an algebra ⇔ ,

s
p rB ↪ L∞ ⇔

ns
p

>  

(or 
ns
p

=  and 1r = ). 

5) (See Proposition 1.3.5 in [14]) Complex interpolation: 

( )11 2 1 2, , ,

1 ,s s s s
p r p r p rB B Bu C u uθ θ

θ θ
+ −

−≤  

for all 1 2
, ,

s s
p r p ru B B∈ ∩  and [ ]0,1θ ∈ . 

6) (See Proposition 1.3.5 in [14]) Fatou lemma: If ( )n n
u

∈  is bounded in 

,
s
p rB  and nu u→  in ′ , then ,

s
p ru B∈  and a subsequence ( )kn k

u
∈

 exists 
such that 

, ,
liminf .s skp r p r

nB Bk
u u

→∞
≤  

Lemma 3.5. (See Lemma 4.1 in [15]) The transport equation is one of the 
fundamental partial differential equations and appears in many mathematical 
problems. By virtue of the uniqueness of the transport equation, one obtains the  

estimates of the source term f . Let 
1

0 ,1
p
py B∈  with 1 p≤ < ∞  and  

[ ]
1

1
,10, ; p

pf L T B
 

∈   
 

. Define ∞= ∪  , for n∈ , denote by  

[ ]
1

,10, ; p
n py T B

 
∈   

 
  the solutions of 
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( )
( ) ( )00

, ,
, .

t n n x n

n t

y A u y f x
y t x y x

=

∂ + ∂ = ∈
 =

�
 

Assume for some ( ) [ ]( )1 0,t L Tα ∈ , ( ) ( )11

,1

sup
p

p

n
n B

A u tα
+∈

≤
�

. If ( )nA u  con-

verges in ( )A u∞  in [ ]
1

1
,10, ; p

pL T B
 
  
 

, then the sequence ( )n n
y

∈  converges in 

[ ]
1

,10, ; p
pT B

 
  
 
 . 

Lemma 3.6. (See Lemma 2.8 in [16]) Suppose that ( ) [ ]2, 1,p r ∈ +∞  and 

1 1min ,1s
p p

 
> − − 

 
. Assume 0 ,

s
p rf B∈ , [ ]( )1

,0, ; s
p rF L T B∈  and 

[ ]( )

[ ]( )

[ ]

1 1
,

1
,

1
1

,

1 10, ; , if 1 1 , 1 ,

10, ; , if 1 , 1,

10, ; , if 1 .

s
x p r

s
x p r

p
x p

v L T B s s r
p p

v L T B s r
p

v L T B L s
p

−

∞
∞

  
∂ ∈ > + = + =  

 
∂ ∈ = + >

  
∂ ∈ ∩ < +    

 

If [ ]( ) [ ]( ),0, ; 0, ;s
p rf L T B T∞ ′∈ ∩   solves 

00

, 0, ,
.

t x

t

f v f F t x
f f

=

∂ + ⋅ ∂ = > ∈
 =

�
 

1) Then there exists a constant C such that the following statements 

( ) ( ) ( ) ( )( ),, ,
0 0

e e d ,ss s
p rp r p r

tCV t CV
BB B

f t f Fτ τ τ−≤ + ∫  

where 

( )

1

,

11
,

1
,

0

0

0

1d , if 1 ,

1d , if 1 , 1,

1 1d , if 1 or 1 , 1 .

p
p r

p
p r

s
p r

t
x

B L

t
x

B

t
x B

v s
p

V t v s r
p

v s s r
p p

τ

τ

τ

∞

+

−


∂ < +



= ∂ = + >



  ∂ > + = + =   

∫

∫

∫

∩

 

2) If f v= , then for all 0s > , (1) holds with ( )
0

d
t

x LV t v τ∞= ∂∫ . 
3) If r < ∞ , then [ ]( ),0, ; s

p rf T B∈ . If r = ∞ , then [ ]( ),10, ; s
pf T B ′∈  for 

all s s′ < . 
Lemma 3.7. (See Corollary 2.86 in [13]) Assume that 1 p≤ , r ≤ ∞ , for 

1
1s
p

≤ , 2
1s
p

> , ( 2
1s
p

≥  if 1r = ) and 1 2 0s s+ > , the following estimates 

holds 

1 1 2, , ,
,s s s

p r p r p rB B Bfg C f g≤  
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where the constant C is independent of f and g. 
Lemma 3.8. (See Theorem 2.100 in [13]) Let 0s > , 1 r≤ ≤ ∞  and  

11 p p≤ ≤ ≤ ∞ . Let v be a vector field over d . Define ,j jR v f = ⋅∇ ∆  . There 
exists a constant C such that 

( ) 12, ,1
2 ,ps sp d p r p r

r

js
j L B L BL

j l

R C v f f v∞ −
   ≤ ∇ + ∇ ∇     

 

where 
2 1

1 1 1
p p p

= − . Furthermore, if 1s <  then 

( ) ,
2 .sp d p r

r

js
j L BL

j l

R C v f∞
  ≤ ∇ 
 

 

4. Local Well-Posedness  

From the relationship xu G φ ρ∂ = − ∗ , we can claim that 

1 1
, ,,

, .s ss
p r p rp rx xL L L L B BL Bu G u Gφ ρ φ ρ∞ ∞∞∂ ≤ + ∂ ≤ +       (1) 

Firstly, Young inequality results in 1x L L L L LLu G Gφ ρ φ ρ∞ ∞ ∞ ∞∞∂ ≤ ∗ + ≤ + . 
On the other hand, according to the definition of Besov spaces, we can get 

( ) ( )( )( )

( ) ( ) ( )
( ) ( ) ( )

2 2 d

2 2 d d

2 2 d d

.

j j
j

j j

j j

j

h y x y y

h y z x y z z y

z h y x y z z y

φ ρ φ ρ

φ ρ

φ ρ

φ ρ

∆ ∗ = ∗ −

= − −

= − −

= ∗∆

∫
∫ ∫

∫ ∫

�

� �

� �

 

Applying j∆  to xu G φ ρ∂ = − ∗  and taking pL -norm to the above relation-
ship yields 

1 .p p p p pj x j j j jLL L L L L
u G Gρ φ φ ρ∆ ∂ ≤ ∆ ∗ + ∆ ≤ ∆ + ∆        (2) 

By the definition of Besov spaces and Minkowski’s inequality, for r < ∞ , we can 
obtain 

( )

,

1

1

1
, ,

1

1

1 1

2

2 2

2 2

.

s
p r p

p p

p p

s s
p r p r

rrjsr
x j xB L

j

rr
js js

j jL L L
j

r rr rjsr jsr
j jL L L

j j

L B B

u u

G

G

G

φ ρ

φ ρ

φ ρ

∈

∈

∈ ∈

 
∂ = ∆ ∂ 

 

 
≤ ∆ + ∆ 
 

   
≤ ∆ + ∆   

   
= +

∑

∑

∑ ∑

�

�

� �

 

The case r = ∞  can be easily treated as above, this completes the proof of the 
claim (3.1). 

Moreover, by Bernstein-Type Lemmas (see Lemma 2.1 in [13]), one can get 

1
, , , , , , ,,

.s s s s s s ss
p r p r p r p r p r p r p rp rxB B B B B B BBu u u u Gρ ρ ρ+ + ≅ + ∂ + ≅ + +  
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Proof. In order to prove Theorem 2.1, we proceed as the following steps. 
Step 1: Existence 
Firstly, we aim to construct approximate solutions to smooth solutions of 

some linear equations. Let ( ) ( ), , ,n n n nz t G uρ⋅ = , for ( ) ( )0 0 0 0, , 0,0,0z G uρ= � , 
we can define the induction sequence ( )n n

z
∈  by solving the following linear 

transport equations 

( ) ( )
( ) ( )

1 1

1 1

1 1

0 0
1 1 1 1

,
,

,

0 , 0 .

t n n x n x n n

t n n x n x n n

t n n x n n n n n

n n n n

u u
G u G u G
u u u u u

S u S u

ρ ρ ρ

φ ρ φ ρ

ρ ρ

+ +

+ +

+ +

+ + + +

∂ + ∂ = −∂
∂ + ∂ = −∂
∂ + ∂ = ∗ − ∗
 = =

             (3) 

By induction, we firstly assume that [ ]
31

,10, ; p
n pz L T B∞

  
 ∈      

 for all 0T > . 

Owing to 
1s
p

> , it implies that ,
s
p rB  is an algebra. Combining Lemma 3.6 and 

(3), we deduce that there exists a global solution ( )3

1
p

n Tz E+ ∈  and  

[ ] [ ]
1 1 1

1
,1 ,10, ; 0, ;p p p

T p pE T B T B
−   

= ∩      
   
  . Making use of Lemma 3.6, we can ob-

tain the following inequality 

( )1 1 1

,1 ,1 ,1

1 1

,1 ,1

1 10

0 0

exp d 0

exp d d ,

p p p
p p p

p p
p p

t
n x n n

B B L B

t t
x n n x n

B L B

C u t

C u t u t

ρ ρ

ρ

∞

∞

+ +

′

∩

  ′≤ ∂   
   ′′ ′+ − ∂ ∂     

∫

∫ ∫

∩

       (4) 

because 
1

,1
p
pB  is an algebra and 

1

,1
p
pB ↪ L∞ , according to (1), we can obtain 

1 1 1 1 1

,1 ,1 ,1 ,1 ,1

2 2 ,
p p p p p
p p p p p

n x n n x n n n
B B B B B

u u C Gρ ρ ρ
 
 ∂ ≤ ∂ ≤ +
 
 

 

1 1 1 1

,1 ,1 ,1 ,1

,
p p p p
p p p p

x n x n n n
B L B B B

u u C Gρ
∞

 
 ∂ ≤ ∂ ≤ +
 
 ∩

 

then submittting the above inequalities into (4), we can conclude 

( )1 1 1 1

,1 ,1 ,1 ,1

1 1 1 1

,1 ,1 ,1 ,1

1 10

2 2

0 0

exp d 0

exp d d .

p p p p
p p p p

p p p p
p p p p

t
n n n n

B B B B

t t
n n n n

B B B B

C G t

C C G t G t

ρ ρ ρ

ρ ρ

+ +

′

      ′≤ +       
          ′′ ′+ − + +            

∫

∫ ∫

 (5) 

By a similar argument as above to the component G, we have 
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( )1 1 1 1

,1 ,1 ,1 ,1

1 1 1 1

,1 ,1 ,1 ,1

1 10

2 2

0 0

exp d 0

exp d d ,

p p p p
p p p p

p p p p
p p p p

t
n n n n

B B B B

t t
n n n n

B B B B

G C G t G

C C G t G t

ρ

ρ ρ

+ +

′

      ′≤ +       
          ′′ ′+ − + +           

∫

∫ ∫

 (6) 

and 

( )

( ) ( )

1 1 1

,1 ,1 ,1

1 1

,1 ,1

1 10

0 0

exp d 0

exp d d ,

p p p
p p p

p p
p p

t
n x n n

B B L B

t t
x n n n n n

B L B

u C u t u

C u t u u tφ ρ φ ρ

∞

∞

+ +

′

  ′≤ ∂   
   ′′ ′+ − ∂ ∗ − ∗     

∫

∫ ∫

∩

∩

 (7) 

we can see that 

( ) ( ) 1 1 1

,1 ,1 ,1

2 2 ,
p p p
p p p

n n n n n n
B B B

u u C uφ ρ φ ρ ρ
 
 ∗ − ∗ ≤ +
 
 

 

then submitting the inequality into (7), we can get 

( )1 1 1 1 1

,1 ,1 ,1 ,1 ,1

1 1 1 1

,1 ,1 ,1 ,1

1

,1

1 10

2

0 0

2

exp d 0

exp d

d .

p p p p p
p p p p p

p p p p
p p p p

p
p

t
n n n n n

B B B B B

t t
n n n n

B B B B

n
B

u C G u t u

C C G u t u

t

ρ

ρ

ρ

+ +

′

      ′≤ + +       
      ′′+ − + +       


 ′+   

∫

∫ ∫    (8) 

Let ( ) ( ) ( ) ( )1 1 1

,1 ,1 ,1

, , ,
p p p
p p p

n n n n
B B B

Z t t G t u tρ= ⋅ + ⋅ + ⋅ , combining inequalities (5), 

(6), and (8), we can obtain 

( ) { } { }0 2
1 0 0

exp d exp d d ,
t t t

n n n nZ t C Z t Z C Z C Z t t
τ

′

+ ′ ′′ ′≤ +∫ ∫ ∫         (9) 

where 1 1 1

,1 ,1 ,1

0 0 0 0

p p p
p p pB B B

Z G uρ= + + . For fixed * 0T >  such that *
02 1Cz T <  

and suppose that 

( )
0

*
00, , .

1 2n
Zt T Z t
CZ t

 ∀ ∈ ≤  −
 

In fact, we assume that the inequality for all n∈  is valid, then for  
*

0
10

2
t T

CZ
τ≤ < < < , we can have 

( )
1

0 0 2

0 0
1 2exp d exp d ,

1 2 1 2
t t

n
CZ CZC Z t t

CZ t CZ tτ τ

τ   −′ ′≤ =   ′− −   
∫ ∫  
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applying the above inequalities into (9), we can get 

( )
( ) ( )

( ) ( )

( )
( )

120 0 20

100 20 0 2

20
0

300
0 2

0 0

0 0
0

0

0

1 2
d

1 2 1 2 1 2

1 d
1 2 1 2

1 1

1 2 1 2

.
1 2

t
n

t

t

C Z CZZZ t
CZ t CZ CZ t

C Z
Z

CZ t CZ

Z Z
CZ t CZ

Z
CZ t

τ
τ

τ

τ
τ

τ

−
≤ +

− − −

 
 

= + 
−  − 

 
 = +
 − − 

=
−

∫

∫  

The above derivation implies that ( )n n
z

∈  is uniformly bounded in  

[ ]
31

,10, ; p
pL T B∞

  
      

. Based on this, we can get that ( )t n n
z

∈
∂   is uniformly 

bounded in [ ]
31 1

,10, ; p
pL T B
−

∞
  
      

. Therefore, ( )n n
z

∈  is uniformly bounded in 

[ ] [ ]
31 11 1

2
,1 ,10, ; 0, ;p p

p pT B T B
−    

 ∩           
  . 

In order to obtain a solution z of Equation (9), we make use of the compactness 
theory for the approximating sequence ( )n n

z
∈ . We take a sequence ( )j j

ϕ
∈

 
of smooth functions with values in [ ]0,1 , supported in ( )0, 1B j +  and equals 
to 1 on ( )0,B j . It is easy to find that the map n j nz zϕ�  is compact from  

31

,1
p
pB

 
  
 

 to 
31 1

,1
p
pB
− 

  
 

 by the virtue of Theorem 2.94 in [13]. Taking advantage of  

Ascoli’s theorem, there exists some function jz  such that the sequence 
( )j n j

zϕ
∈

 converges to jz  for any j∈ . At the same time, according to the 
Cantor diagonal process, there exists a subsequence of ( )j j

z
∈

 such that j nzϕ   

converges to jz  in [ ]
31 1

,10, ; p
pT B
−  

      
  for any j∈ . Owing to 1j j jϕ ϕ ϕ+ = , 

we can get 1j j jz zϕ += . Hence, there exists some function z such that the se-

quence ( ) 1n n
zϕ

≥
 tends to zϕ  in [ ]

31 1

,10, ; p
pT B
−  

      
  for any ϕ∈ . Then on 

the basis of uniform boundeness of ( ) 1j n
z

≥
 and the Fatou property, we can ob-

tain that z is bounded in [ ]
31

,10, ; p
pL T B∞

  
      

. Taking advantage of the Fatou 

property yields that nzϕ  tends to zϕ  in [ ]
31

,10, ; p
pT B

ε−  
      
  for any 0ε >  
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small enough. 

Furthermore, set any 
11

,
p

pBψ
−

′ ∞∈  and combining with the duality for ψ , as 
n →∞ , we can obtain 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

, ,

, 0.
t n t n x n x

n n n n

u u u u u u

u u u u

ϕ ϕ ψ ϕ ϕ ϕ ϕ ψ

φ ϕ ϕρ φ ϕρ ϕ φ ϕ ϕρ φ ϕρ ϕ ψ

∂ − ∂ − ∂ − ∂

− ∗ − ∗ − ∗ − ∗ →
 

The main problem is the third term, for the sake of convenience, we treat only 
the term of ( ) ( ) ( ) ( ) ,n n n nu u u uφ ϕ ϕρ φ ϕρ ϕ φ ϕ ϕρ φ ϕρ ϕ ψ∗ − ∗ − ∗ − ∗ . There-
fore, we can have 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

,

, , .

n n n n

n n n n

u u u u

u u u u

φ ϕ ϕρ φ ϕρ ϕ φ ϕ ϕρ φ ϕρ ϕ ψ

φ ϕ ϕρ φ ϕ ϕρ ψ φ ϕρ ϕ φ ϕρ ϕ ψ

∗ − ∗ − ∗ − ∗

≤ ∗ − ∗ + ∗ − ∗
  (10) 

Firstly, we can estimate the first term of the inequality (10) 

( ) ( )

( ) ( ) 1 11 1

,1 ,

1 11

,1 ,

1 1

,1 ,1

1 1 11

,1 ,1 ,

,

.

p p
p p

p p
p p

p p
p p

p p p
p p p

n n

n n
B B

n n
B B

n n n nL L
B B

n nL L
B B B

u u

u u

C u u

C u u

u u u u

ε

ε ε

ε ε

φ ϕ ϕρ φ ϕ ϕρ ψ

φ ϕ ϕρ φ ϕ ϕρ ψ

ϕ ϕρ ϕ ϕρ ψ

ϕ ϕρ ϕρ ϕ ϕρ ϕρ

ϕρ ϕ ϕ ϕρ ϕ ϕ ψ

− −

′ ∞

− −

′ ∞

∞ ∞
− −

∞ ∞
− − −

′ ∞

∗ − ∗

≤ ∗ − ∗

≤ −


≤ − + −




+ − + −



      (11) 

For the second term of the inequality (10), taking the same approach. We have 

Proven that nz zϕ ϕ→  in [ ]
31

,10, ; p
pT B

ε−  
      
 , and nzϕ  is bounded in 

31

,1
p

T pL B∞
  
      

, then we can get that (11) tends to 0 uniformly on [ ]0,T  as 

n →∞ . So (11) tends to 0 when n →∞ . Applying the similar argument, the 
second term of the inequality (10) also tends to 0 as n →∞ , then 

( ) [ ]
31 1

,10, ; p
t pz T Bϕ

−  
 ∂ ∈      
 . Hence, we deduce that z is the solution of the Equ-

ation (9), and belongs to ( )3p
TE . 

Step 2: Uniqueness 
In this step, taking advantage of the Lagrangian coordinate, we will prove the 

uniqueness of the smooth solution z. Introducing a new variable ξ ∈ , and we 
define ( ),y t ξ  as 

( ) ( )( )
( )

0

, , , , 0, ,

, .
t

t

y t u t y t t x

y t

ξ ξ

ξ ξ
=

∂ = > ∈


=

�
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Next, Define the new variables ( ) ( )( ), , ,U t u t y tξ ξ=  and ( ) ( )( ), , ,V t t y tξ ρ ξ= , 
then we can obtain ( ) ( )( ) ( )( ), , , , ,xU t u t y t y t y tξ ξξ ξ ξ∂ = ∂ ∂  and  

( ) ( )( ) ( )( ), , , , ,xV t t y t y t y tξ ξξ ρ ξ ξ∂ = ∂ ∂ . At the same time, the function ( ),U t ξ  
is a solution of 

( ) ( )( ) ( )( ) ( ) ( ), , , , , , , ,t t x tU t u t y t u t y t y t Q tξ ξ ξ ξ ξ∂ = ∂ + ∂ ∂ �      (12) 

where 

( ) ( )( ) ( )( )( ) ( )( )( ) ( )( ), , , , , , , , , .Q t u t y t t y t t y t u t y tξ φ ξ ρ ξ φ ρ ξ ξ= ∗ − ∗  

Moreover, ( ),V t ξ  is a solution of 

( ) ( )( ) ( )( ) ( )
( )( ) ( )( )

, , , , , ,

, , , , .
t t x t

x

V t t y t t y t y t

t y t u t y t

ξ ρ ξ ρ ξ ξ

ρ ξ ξ

∂ = ∂ + ∂ ∂

= − ∂
          (13) 

Taking the derivative of the Equation (12) with respect to variable ξ , we can 
have 

( ) ( )
( ) ( ) ( ) ( )

, ,

.
t U t Q t

U U U U
ξ ξ

ξ ξ ξ ξ

ξ ξ

φ ρ φ ρ φ ρ φ ρ

∂ = ∂

= ∗ ∂ + ∗ ∂ − ∗ ∂ − ∗∂
 

Similarly, we can infer that 

( ) ( )( ) ( ), , , , ,t y t u t y t U tξ ξ ξξ ξ ξ∂ = ∂ = ∂  

and 

( ) ( )
0

, , d ,
t

y t U tξ ξ ξ τ= + ∫  

and 

( ) ( )
0

, 1 , d .
t

y t U tξ ξξ ξ τ∂ = + ∂∫  

Since the fact that ( ),u ρ  is 
1 1

,1 ,1
p p

T p T pB B
   

×      
   

   and the embedding 
1

,1
p
pB ↪ 

1, 1,pW W ∞∩ , we can deduce that ( ),u ρ  is uniformly bounded in  

( ) ( )1, 1, 1, 1,p p
T TW W W W∞ ∞∩ × ∩   easily. In addition, we can prove that yξ∂  

is uniformly bounded in ( )TL L∞ ∞ . Moreover, based on the above discussion, for  

sufficiently small 0T > , we have 
0

1
2 uy Cξ≤ ∂ ≤ . By the continuous method and  

the boundedness of ( ),u ρ  in ( ) ( )1, 1, 1, 1,p p
T TW W W W∞ ∞∩ × ∩  , let t is small 

enough, we can get 

( ) ( )( ) 1 1, , , d 2 ,p p
p

pp p p
L LL R

L

U t u t y t y u u C
y yξ ξ

ξ ξ
∞

= ≤ ≤ ≤∫  

( )
0

1 1, ,p p
p

p pp pp
x u xL LLL

U t u y C u Cξξ
ξ ∞

− −≤ ≤ ≤  

( ) ( )( ) 1 1, , , d 2 ,p p
p

pp p p
L LL R

L

V t t y t y C
y yξ ξ

ξ ρ ξ ρ ρ
∞

= ≤ ≤ ≤∫  

( ) ( )( ) 1 1
, , , d .p

p

p p p pp
x x LR LL

V t t y t y y Cξ ξξξ ρ ξ ξ ρ ∞

− −
= ≤ ≤∫  
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Through the above inequalities, for any [ ]0,t T∈ , we have  
( ) ( )1, 1,, p

TU t L W Wξ ∞ ∞∈ ∩ , ( ) ( )1, 1,, p
TV t L W Wξ ∞ ∞∈ ∩ ,  

( ) ( )1, 1,, p
Ty t L W Wξ ξ ∞ ∞− ∈ ∩  and 

0

1
2 uy Cξ≤ ∂ ≤  satisfying (12) and (13). 

Set 1 2,z z  is two solutions in ( )3p
TE  of Equation (9) with the same initial 

data, for 1,2i = , the function ( ) ( )( ), , ,j j jU t u t y tξ ξ=  is a solution of 

( ) ( ) ( ) ( ) ( ), , , .tj jt j jx j jt j j j j jU t u t y u t y y u u Qξ φ ρ φ ρ= + = ∗ − ∗ =  

Obviously, we also have ( )( ) ( ) ( )1, 1,, , , , p
j j j TU t y t y t L W Wξ ξ ξ ∞ ∞− ∈ ∩ , and 

0

1
2 j uy Cξ≤ ∂ ≤  for sufficiently small 0T > . 

Next, we will establish the estimate ( ) ( ) 1, 1,1 2, , pW W
U t U tξ ξ ∞∩

− , the key step 
is to estimate ( ) ( ) 1, 1,1 2, , pW W

Q t Q tξ ξ ∞∩
− . For ( )1 ,Q t ξ  and ( )2 ,Q t ξ , we can 

get 

( ) ( ) ( ) ( ) ( )1 2 1 1 2 2 1 1 2 2, , .Q t Q t U V U V V U V Uξ ξ φ φ φ− = ∗ − − ∗ + ∗  

By Young inequality and Hölder inequality, then we shall get an estimate of 
pL L∞∩ -the norm 

( ) ( )
( ) ( ) ( )

( ) ( )( )
( )( ) ( )( )

1 2

1 1 2 2 1 1 2 2

1 2 1 1 2 2

1 1 2 1 2 2

, , p

p p

p p

p p

L L

L L L L

L L L L

L L L L

Q t Q t

U V U V V U V U

C U U V V V U

V U U V V U

ξ ξ

φ φ φ

φ φ

∞

∞ ∞

∞ ∞

∞ ∞

∩

∩ ∩

∩ ∩

∩ ∩

−

≤ ∗ − + ∗ − ∗

≤ − + −

+ ∗ − + ∗ −

 

( )
( )

( )

1 2 1 1 2 2

1 2 1 1 2 2

1 2 1 2 .

p p

p p

p p

L L L L L L

L L L LL L

L L L L

C U U V V V U

U U V V V U

C V V U U

φ φ

∞ ∞ ∞ ∞

∞ ∞ ∞∞

∞ ∞

∩ ∩

∩ ∩

∩ ∩

≤ − + −

+ − ∗ + ∗ −

≤ − + −

 

Similarly, we can have 

( ) ( ) ( ) ( ) ( )( )
( ) ( )( )

1 2 1 1 2 2 1 1 2 2

1 1 2 2

, ,

,

Q t Q t u u u u

u u

ξ ξ ξ ξ ξ

ξ ξ

ξ ξ φ ρ ρ φ ρ φ ρ

φ ρ φ ρ

− = ∗ − − ∗ − ∗

− ∗ − ∗
 

then we shall get an estimate about pL L∞∩ -norm 

( ) ( )

( ) ( ) ( )

( ) ( )

( )
( )1, 1,

1 2

1 1 2 2 1 1 2 2

1 1 2 2

1 2 1 2 1 2 1 2

1 2 1 2

, ,

.

p

p p

p

p pp p

p p

L L

L L L L

L L

L L L LL L L L

L L W W

Q t Q t

C u u u u

u u

C V V V V U U U U

C V V U U

ξ ξ

ξ ξ ξ

ξ ξ

ξ ξ ξ ξ

ξ ξ

ρ ρ φ ρ φ ρ

φ ρ φ ρ

∞

∞ ∞

∞

∞ ∞∞ ∞

∞ ∞

∩

∩ ∩

∩

∩ ∩∩ ∩

∩ ∩

−

≤ − + ∗ − ∗

+ ∗ − ∗

≤ − + − + − + −

≤ − + −

 

Similarly, applying this routine process to prove, we can also get 

( )1, 1,1 21 1 2 2 1 2 1 2 .p ppx x L L W WL L
u u C V V U Uρ ρ ∞ ∞∞ ∩ ∩∩

∂ − ∂ ≤ − + −  

Moreover, 
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( ) ( ) ( ) ( )

( ) ( )

1, 1, 1, 1,

1, 1, 1, 1,

1, 1,

1, 1, 1 2

1 2 1 2 1 2

1 2 1 2

1 2 1 20

1 2 1 1 2 2

0 0 0 0

0 0

d

p p p

p p

pp

p p

W W W W L L

W W W W
T

W WL L

x xW W L L

U U y y V V

U U y y

V V C Q Q

y y u u tρ ρ

∞ ∞ ∞

∞ ∞

∞∞

∞ ∞

∩ ∩ ∩

∩ ∩

∩∩

∩ ∩

− + − + −

≤ − + −

+ − + −

+ − + ∂ − ∂

∫
 

( ) ( ) ( ) ( )

( ) ( )

1, 1, 1, 1,

1, 1,

1, 1,

1 2 1 2

1 2 1 20

1 2 1 2

0 0 0 0

0 0

d .

p p

pp

p p

W W W W
T

W WL L

W W L L

U U y y

V V C U U

y y V V t

∞ ∞

∞∞

∞ ∞

∩ ∩

∩∩

∩ ∩

≤ − + −

+ − + −

+ − + −

∫  
 

Using the Growall inequality yields 

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

1, 1, 1, 1,

1, 1, 1, 1,

1, 1,

1 1

,1 ,1

1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2

1 2 1 2

e 0 0 0 0 0 0

e 0 0 0 0

e 0 0 0 0 ,

p p p

p p p

p p

p p
p p

W W W W L L

CT
W W W W L L

CT
W W L L

CT

B B

U U y y V V

U U y y V V

U U V V

u u ρ ρ

∞ ∞ ∞

∞ ∞ ∞

∞ ∞

∩ ∩ ∩

∩ ∩ ∩

∩ ∩

− + − + −

≤ − + − + −

≤ − + −

 
 ≤ − + −
 
 

 

where owing to ( ) ( )1 20 0y y ξ= = , it follows that 

( ) ( )

1 1

1

1 1

1

,1

1 2 1 1 2 1

1 1 2 2 2 2 2 1

1 2 2 1 2

1 20 0 .

p p

p

p p

p
p

L L

L

xL LL

B

u u C u y u y

C u y u y u y u y

C U U C u y y

C u u

− −

−

− −∞

− ≤ −

≤ − + −

≤ − + −

≤ −

� �

� � � �

 

Using similar estimate, we can obtain ( ) ( )1 1

,1

1 2 1 20 0 .p
p
p

L
B

Cρ ρ ρ ρ−− ≤ −  

Based on the embedding 1pL − ↪ 0
1,pB − ∞ , we can deduce 

( ) ( )

( ) ( )

0 1 1
1,

,1

0 1 1
1,

,1

1 2 1 2 1 2

1 2 1 2 1 2

0 0 ,

0 0 .

p
p

p
p

p
p

p
p

B L
B

B L
B

u u C u u C u u

C Cρ ρ ρ ρ ρ ρ

−
− ∞

−
− ∞

− ≤ − ≤ −

− ≤ − ≤ −
 

Therefore, if ( ) ( )1 20 0u u=  and ( ) ( )1 20 0ρ ρ= , the uniqueness of the solutions 
is deduced. By a similar argument as above to the component G, we can con-
clude that z is the unique solution of the Equation (9). 

Step 3: The continuous dependence 
Let ( ),n nu ρ , ( ),u ρ∞ ∞  is the solution with the initial data ( )0 0,n nu ρ , 

( )0 0,u ρ∞ ∞ , and the initial data ( )0 0,n nu ρ ↪ ( )0 0,u ρ∞ ∞  in 
1 1

,1 ,1
p p
p pB B× . Combin-

ing Step 1 and Step 2, we can obtain that ( ),n nu ρ , ( ),u ρ∞ ∞  are uniformly 

bounded in 
1 1

,1 ,1
p p

T p T pL B L B∞ ∞
   

×      
   

, and 
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0 1
1,

,1

0 1
1,

,1

0 0

0 0

,

.

p
p
p

p
p
p

n nB
B

n nB
B

u u C u u

Cρ ρ ρ ρ

− ∞

− ∞

∞ ∞

∞ ∞

− ≤ −

− ≤ −
               (14) 

This means that ( ),n nu ρ  tends to ( ),u ρ∞ ∞  in  
[ ]( ) [ ]( )0 0

1, 1,0, , 0, ,p pT B T B− ∞ − ∞×  . Under the theorem of interpolation, for any  

0ε > , we can see that ( ) ( ), ,n nu uρ ρ∞ ∞→  in [ ] [ ]
1 1

,1 ,10, , 0, ,p p
p pT B T B

ε ε− −   
×      

   
  . 

If 1ε = , we will have ( ) ( ), ,n nu uρ ρ∞ ∞→  in [ ] [ ]
1 11 1

,1 ,10, , 0, ,p p
p pT B T B
− −   

×      
   
  . 

Combining (14) and the above relationship, we just need to prove that 

( ) ( ), ,x n x n x xu uρ ρ∞ ∞∂ ∂ → ∂ ∂  in [ ] [ ]
1 11 1

,1 ,10, , 0, ,p p
p pT B T B
− −   

×      
   
  . Set 1n x nv u= ∂ ,  

2n x nv ρ= ∂ , we split 1 1 1n n nv z w= +  and 2 2 2n n nv z w= +  with ( )1 1,n nz w , 
( )2 2,n nz w  satisfying the following equations 

( )
( )

2
1 1

2 2

1 0 2 00 0

,

,

, ,

t n n x n x x

t n n x n x x x x

n x n xt t

z u z Q u

z u z u u

z u z

ρ ρ

ρ

∞ ∞

∞ ∞ ∞ ∞

∞ ∞= =

∂ + ∂ = ∂ − ∂
∂ + ∂ = −∂ ∂ − ∂ ∂
 = ∂ = ∂

 

and 

( ) ( )
( )

2 2
1 1

2 2

1 0 0 2 0 00 0

,

,

, .

t n n x n x n x x n x

t n n x n x n x n x x n x n x x

n x n x n x n xt t

w u w Q Q u u

w u w u u u u

w u u z

ρ ρ ρ ρ

ρ ρ

∞ ∞

∞ ∞ ∞ ∞

∞ ∞= =

∂ + ∂ = ∂ − ∂ − ∂ + ∂
∂ + ∂ = −∂ ∂ − ∂ − ∂ ∂ + ∂ ∂
 = ∂ − ∂ = ∂ − ∂

 

Taking advantage of the fact that ( ),n nu ρ , ( ),u ρ∞ ∞  are uniformly bounded in 
1 1

,1 ,1
p p

T p T pL B L B∞ ∞
   

×      
   

, we can have 

( ) ( ) ( )

1 1

,1

1

,1

1 1

,1 ,1

1 1 11 1 1

,1 ,1 ,1

1 1

,1

,

p
p

p
p

p p
p p

p p p
p p p

p
p

x n x
B

n n n n
B

n n
B B

n x n x n
B B B

x n x
B

Q Q

u u u u

C u u

C u u u u

φ ρ ρ φ ρ φ ρ

ρ ρ

ρ ρ

ρ ρ

−

− − −

−

∞

∞ ∞ ∞ ∞

∞ ∞

∞ ∞ ∞

∞

∂ − ∂

≤ ∗ − − ∗ + ∗

 
 ≤ − + −
 
 

≤ − + ∂ − ∂ + −




+ ∂ − ∂
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and 

( ) 1 1

,1

1 1

,1 ,1

1 1 11 1 1

,1 ,1 ,1

1 1

,1

.

p
p

p p
p p

p p p
p p p

p
p

x n x n x
B

n x n x
B B

n x n x n
B B B

x n x
B

u u

C u u

C u u

u u

ρ ρ

ρ ρ

ρ ρ ρ ρ

−

− − −

−

∞ ∞

∞ ∞

∞ ∞ ∞

∞

∂ ∂ − ∂

 
 ≤ − + ∂ − ∂
 
 

≤ − + ∂ − ∂ + −




+ ∂ − ∂



 

Here, owing to xG u φ ρ= ∂ + ∗  and [ ]
1

,10, , p
pG C T B

 
∈   

 
, we can get  

1

,1
p
p

x
B

u C∂ ≤ . In addition, applying Lemma 3.7, let 1
1 1s
p

= −  and 2
1s
p

= , we 

can get 

( ) ( ) 1 1

,1

1 11

,1 ,1

1 1

,1

2 2

.

p
p

p p
p p

p
p

x n x
B

x n x x n x
B B

x n x
B

u u

C u u u u

C u u

−

−

−

∞

∞ ∞

∞

∂ − ∂

≤ ∂ − ∂ ∂ + ∂

≤ ∂ − ∂

 

Then for all n∈ , using the above inequalities, we can have 

1 11 1

,1 ,1

1 1 1 11 1 1 1

,1 ,1 ,1 ,1

1 1 11 1 1

,1 ,1 ,1

1 1 11 1 1

,1 ,1 ,1

1 2

1 1

1 1 2 2 2 2

p p
p p

p p p p
p p p p

p p p
p p p

p p p
p p p

t n t n
B B

n x n x n x n x
B B B B

n n n
B B B

n n n
B B B

w w

C u u u u

C u u w w

z z w w z z

ρ ρ ρ ρ

ρ ρ

− −

− − − −

− − −

− − −

∞ ∞ ∞ ∞

∞ ∞ ∞

∞ ∞ ∞

∂ + ∂

 
 ≤ − + ∂ − ∂ + − + ∂ − ∂
 
 

≤ − + − + −




+ − + − + −


1 1 1 11 1 1 1

,1 ,1 ,1 ,1

1 11 1

,1 ,1

1 1 1

2 2 2 ,

p p p p
p p p p

p p
p p

n n n n
B B B B

n n
B B

C u u w z z

w z z

ρ ρ
− − − −

− −

∞ ∞ ∞

∞




≤ − + − + + −




+ + −



 

from which it follows 
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( ) ( ) ( ) ( )

1 11 1

,1 ,1

1 11 1

,1 ,1

1 1 11 1 1

,1 ,1 ,1

1 1 11 1 1

,1 ,1 ,1

1 2

1 1 2 2

10

1 1 2 2 2

e 0 0 0 0

e

d .

p p
p p

p p
p p

p p p
p p p

p p p
p p p

n n
B B

Ct
n n

B B

t Ct
n n n

B B B

n n n
B B B

w w

C v v v v

u u w

z z w z z t

ρ ρ

− −

− −

− − −

− − −

∞ ∞

′−
∞ ∞

∞ ∞

+


≤ − + −




+ − + − +




 ′+ − + + −   

∫
 

Since we prove that ( ) ( )1 10 0nv v ∞→  and ( ) ( )2 20 0nv v ∞→  in 
1 1

,1
p
pB
−

, 

( ) ( ), ,n nu uρ ρ∞ ∞→  in [ ] [ ]
1 11 1

,1 ,10, ; 0, ;p p
p pT B T B
− −   

×      
   
  , and according to 

Lemma 3.5, we can deduce that ( ) ( )1 1nz t z t∞→  in [ ]
1 1

,10, ; p
pT B
− 

  
 
 , 

( ) ( )2 2nz t z t∞→  in [ ]
1 1

,10, ; p
pT B
− 

  
 
 . Furthermore, we obtain that 1 0nw →  in 

[ ]
1 1

,10, ; p
pT B
− 

  
 
  and 2 0nw →  in [ ]

1 1

,10, ; p
pT B
− 

  
 
 . Then according to Lemma 

3.6 and 1 2 0w w∞ ∞= = , we can get that 1 1nw w ∞→  in [ ]
1 1

,10, ; p
pT B
− 

  
 
 , and 

2 2nw w ∞→  in [ ]
1 1

,10, ; p
pT B
− 

  
 
 . 

Finally, we can deduce 

1 11 1

,1 ,1

1 1 1 11 1 1 1

,1 ,1 ,1 ,1

1 1

,1

1 1 2 2

1 1 1 1 2 2 2 2

1 1

p p
T Tp p

p p p p
T T T Tp p p p

p
T p

n n
L B L B

n n n n
L B L B L B L B

n
L B

v v v v

z z w w z z w w

z z

− −
∞ ∞

− − − −
∞ ∞ ∞ ∞

−
∞

∞ ∞   
   
   
   
   

∞ ∞ ∞ ∞       
       
       
       
       

∞  
 


 

− + −

≤ − + − + − + −

≤ − 1 1 11 1 1

,1 ,1 ,1

1 2 2 2 ,
p p p

T T Tp p p

n n n
L B L B L B

w z z w
− − −

∞ ∞ ∞
∞     

     
      
      

     

+ + − +

 

which indicates that ( ) ( ), ,x n x n x xu uρ ρ∞ ∞∂ ∂ → ∂ ∂  in  

[ ] [ ]
1 11 1

,1 ,10, , 0, ,p p
p pT B T B
− −   

×      
   
  . By a similar argument as above to the compo-

nent G, we can have x n xz z∞∂ → ∂  in [ ]
31 1

,10, , p
pT B
−  

      
 . Combining Step 1 to 

Step 3, we complete the proof of Theorem 2.1.                        □ 
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5. Ill-Posedness 

In this section, we shall explore that the solutions of the Equation (9) are  

ill-posedness in Besov spaces ( )3

,
s
p rB  with the index 1 1max ,

2
s

p
 

>  
 

 and  

r = ∞ . To localize the frequency region, we have to introduce smooth radial 
cut-off functions. Set 0ˆ iψ ∞∈ , 1,2,3i =  is an non-negative, even and 
real-valued function on   satisfying 

( )
11, if ,
4ˆ
10, if .
2

i

ξ
ψ ξ

ξ

 ≤= 
 ≥


 

Define the initial data 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0 1 1
0

0 2 2
0

0 3 3
0

2 cos 2 ,

2 cos 2 ,

2 cos 2 ,

ns n

n

ns n

n

ns n

n

u x x x

x x x

G x x x

ψ λ

ρ ψ λ

ψ λ

∞
−

=

∞
−

=

∞
−

=

 =



=



=


∑

∑

∑

                (15) 

there 
67 69,
48 48iλ
 ∈  

 and 1,2,3i = . Then we can have 

( ) ( )( ) ( ) ( )cos 2 , if ,
cos 2

0, if .

n
i in

j i i

x x j n
x x

j n

ψ λ
ψ λ

 =∆ = 
≠

 

So we can get 

( )

( ) ( )

( ) ( )( )
( ) ( )( )

,0 0

1 1
0

1 1

1 1

2

2 2 cos 2

2 2 cos 2

cos 2

.

s pp

p

p

p

js
jB L j l

js ns n
j

n L j l

js js j

L j l

j

L j l

u u

x x

x x

x x

C

ψ λ

ψ λ

ψ λ

∞ ∞

∞

∞

∞

∈

∞
−

= ∈

−

∈

∈

= ∆

 
= ∆ 
 

=

≤

≤

∑

�

�

�

�

 

At the same time, we can obtain 

, ,0 0, .s s
p pB BC G Cρ
∞ ∞
≤ ≤  

On the basis of definition of Besov spaces, we can make an estimate 

1
, ,

sup2 sup2 ,s sp pp p

qs qs
q qB L BL Lq q

u u u C uφ φ φ
∞ ∞∈ ∈

∗ = ∆ ∗ ≤ ∆ ≤
� �

 

where C is some positive constant. 
Lemma 5.1. For the above constructed initial data ( )0 0 0, ,u Gρ , if some n 

large enough, we can obtain 
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( )

( )

( )

1
0 0

1
0 0

1
0 0

2 ,

2 ,

2 .

p

p

p

n s
n x L

n s
n x L

n s
n x L

u u C

u C

u G C

ρ

− −

− −

− −

∆ ∂ ≥

∆ ∂ ≥

∆ ∂ ≥

                    (16) 

Proof. According to the definition of (15), we can get 

( ) ( )( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0 0 0 1 1

0 1 1 1 1 1

1
0 1 1 1 0 1 1

2 cos 2

2 cos 2 2 sin 2

2 cos 2 2 sin 2 .

ns n
n x x

ns n n n
x

n sns n n
x

u u u x x

u x x x x

u x u x x

ψ λ

ψ λ λ ψ λ

ψ λ λ ψ λ

−

−

− −−

∆ ∂ = ∂

 = ∂ − 

= −

 

Because ( )0u x  is a real-valued continuous function on  , there exists 1 0λ >  
such that for any ( )

1
0x Bλ∈  

( ) ( ) ( ) ( )1
1

0 0 1
0

2 01 10 2 0 ,
2 2 2 1

s
ns

s
n

u x u
ψ

ψ
−∞

−

=

≥ = =
−∑            (17) 

by applying (17), we can obtain 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )

1
0 0 0 1 1 1 0 1 1

1
0 1 1 0 1 1

1

2 cos 2 2 sin 2

2 sin 2 2 cos 2

2 2 ,

p p

pp

n sns n n
n x xL L

n s n ns n
x LL

n ns

u u u x u x x

C u x x u x

C C

ψ λ λ ψ λ

ψ λ ψ λ

− −−

− − −

−

∆ ∂ = −

≥ −

≥ −

 

taking a large enough n  such that 1
1 2nC C −≤ , then we obtain (16).       □ 

Lemma 5.2. For the above constructed initial data ( ) ( )3

0 0 0 ,, , s
p ru G Bρ ∈ , there 

exists ( ), , ,0 0 0, ,s s s
p p pB B BT u Gρ
∞ ∞ ∞

 for 0 t T≤ ≤ , we can obtain 

( ) ( ) ( )1 1 1
, , ,

0 0 0, , .s s s
p p pB B B

u t u Ct t Ct G t G Ctρ ρ− − −
∞ ∞ ∞

− ≤ − ≤ − ≤       (18) 

Proof. Owing to ( ) ( )3

0 0 0 ,, , s
pu G Bρ ∞∈ , the system (9) has a unique solution 

( ) [ ] ( )( )3

,, , 0, ; s
pu G L T Bρ ∞
∞∈ , and 

( ) ( ) ( )( )
( )

, , ,

, , ,

0

0 0 0

sup

.

s s s
p p p

s s s
p p p

B B Bt T

B B B

u t t G t

C u G

ρ

ρ

∞ ∞ ∞

∞ ∞ ∞

≤ ≤
+ +

≤ + +
               (19) 

Applying the differential mean value theorem, Lemma 3.7 and (19) [ ]0,t T∈ , 
we can obtain 

( ) ( )

1 1
, ,

1 1
, ,

1 11
, , , ,,

1
, , , , ,

0 0

0

0

2

0

d

d

d

d

,

s s
p p

s s
p p

s s s ss
p p p pp

s s s s s
p p p p p

t

B B

t
x B B

t
xB B B BB

t

B B B B B

u u u

u u u u

C u u u u

C u u u

Ct

τ τ

φ ρ φ ρ τ

ρ φ ρ τ

ρ ρ τ

− −
∞ ∞

− −
∞ ∞

− −−
∞ ∞ ∞ ∞∞

−
∞ ∞ ∞ ∞ ∞

− ≤ ∂

≤ ∂ + ∗ − ∗

≤ + + ∗

≤ + +

≤

∫

∫

∫

∫

 

and 
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1 1 1 1
, , , ,

1 1
, , , ,

, , , ,

0 0 0

0

0

d d

d

d

.

s s s s
p p p p

s s s s
p p p p

s s s s
p p p p

t t
x xB B B B

t
x xB B B B

t

B B B B

u u

u u

C u u

Ct

τρ ρ ρ τ ρ ρ τ

ρ ρ τ

ρ ρ τ

− − − −
∞ ∞ ∞ ∞

− −
∞ ∞ ∞ ∞

∞ ∞ ∞ ∞

− ≤ ∂ ≤ −∂ + − ∂

≤ ∂ + ∂

≤ +

≤

∫ ∫

∫

∫
 

By a similar argument as above to the component G, ( ) 1
,

0 s
pB

G t G Ct−
∞

− ≤ . 
Therefore, we complete the proof of Lemma 5.2.                        □ 

Lemma 5.3. According to the assumption of Theorem 2.2 for the 
above-constructed initial data ( )0 0 0, ,u Gρ , 0 t T≤ ≤ , there  

( ), , ,0 0 0, ,s s s
p p pB B BT u Gρ
∞ ∞ ∞

, we can obtain 

( ) ( )
( ) ( )
( ) ( )

2
,

2
,

2
,

2
0 0

2
0 0

2
0 0

,

,

,

s
p

s
p

s
p

B

B

B

u t u tw C t t

t tv C t t

G t G tm C t t

ρ ρ

−
∞

−
∞

−
∞

− − ≤ +

− − ≤ +

− − ≤ +

               (20) 

there ( ) ( )0 0 0 0 0 0 0xw u u u uφ ρ φ ρ= − ∂ + ∗ − ∗ , 0 0 0 0 0x xv u uρ ρ= − ∂ − ∂ , and  

0 0 0 0 0x xm u G u G= − ∂ − ∂ . 
Proof. Define 

( ) ( ) ( )0 0 0 0 0 0, , .u u t u tw t tv G G t G tmρ ρ ρ= − − = − − = − −���  

Applying the differential mean value theorem, [ ]0,t T∈ , we can obtain 

2 2
, ,

2 2
, ,

00

0 0 0 00 0

d

d d ,

s s
p p

s s
p p

t

B B

t t
x x x xB B

v

u u u u

τρ ρ τ

ρ ρ τ ρ ρ τ

− −
∞ ∞

− −
∞ ∞

≤ ∂ −

≤ ∂ − ∂ + ∂ − ∂

∫

∫ ∫

�
     (21) 

and 

( ) ( )

( ) ( )

2 2
, ,

2 2
, ,

2
,

00

0 0 0 00 0

0 0

d

d

d .

s s
p p

s s
p p

s
p

t

B B

t t
x x B B

B

u u w

u u u u u u

u u

τ τ

τ φ ρ φ ρ

φ ρ φ ρ τ

− −
∞ ∞

− −
∞ ∞

−
∞

≤ ∂ −

≤ ∂ − ∂ + ∗ − ∗

+ ∗ − ∗

∫

∫ ∫

�

    (22) 

Using proposition 3.4, Lemma 3.7, and (19), we can deduce 

( ) ( )

( )

2
,

1
,

1 1
, , ,,

,, , ,

0 0

0 0 0

0 0 0

0 0 0

.

s
p

s
p

s s ss
p p pp

ss s s
pp p p

x x B

x x B

x xB B BB

BB B B

u u

u u u

u u u

u u u

C

ρ ρ

ρ ρ ρ

ρ ρ ρ

ρ ρ ρ

−
∞

−
∞

− −
∞ ∞ ∞∞

∞∞ ∞ ∞

∂ − ∂

≤ − ∂ + ∂ −

≤ − ∂ + ∂ −

≤ − + −

≤

          (23) 

Taking advantage of proposition 3.4, Lemma 3.7, Lemma 5.2, and (19), we can 
obtain 
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( ) ( )

( )

( )

2
,

1
,

1 1
, , ,,

1
, , ,

0 0

0 0 0

0 0 0

0 0 0

1 ,

s
p

s
p

s s ss
p p pp

s s s
p p p

x x B

x x B

x xB B BB

B B B

u u

u u u

u u u

C u u

C

ρ ρ

ρ ρ ρ

ρ ρ ρ

ρ ρ ρ

τ

−
∞

−
∞

− −
∞ ∞ ∞∞

−
∞ ∞ ∞

∂ − ∂

≤ − ∂ + ∂ −

≤ − ∂ + ∂ −

≤ − + −

≤ +

          (24) 

and 

( ) ( )

( )

2
,

1
,

1
, , , ,

0 0

0 0 0

0 0 0

1 .

s
p

s
p

s s s s
p p p p

x x B

x x B

xB B B B

u u u u

u u u u u u

u u u u u u

C τ

−
∞

−
∞

−
∞ ∞ ∞ ∞

∂ − ∂

≤ − ∂ + ∂ −

≤ − ∂ + −

≤ +

            (25) 

Applying proposition 3.4, Lemma 3.7, and (19), we can get 

( )

( ) ( )

2
,

1
,

1
,

1 1
,, , ,

0 0

0 0

0 0 0

0 0 0

,

s
p

s
p

s
p

ss s s
pp p p

B

B

B

BB B B

u u

C u u

C u u u

C u u u

C
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τ

−
∞

−
∞

−
∞
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∗ −

≤ −
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≤

           (26) 

and 
( ) ( )

( ) ( ) ( ) ( )

( )

2
,

1
,

1 1
,, ,,

0 0

0 0 0 0

0 0 0

.

s
p

s
p

ss ss
pp pp

B

B

BB BB

u u

u u u u

u u u

C

φ ρ φ ρ

φ ρ φ ρ φ ρ φ ρ

φ ρ φ ρ ρ

τ

−
∞

−
∞
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∗ − ∗
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≤ − ∗ + ∗ −

≤

        (27) 

Taking (23)-(24) into (21) and (25)-(27) into (22), we can deduce 

( ) ( )
( ) ( )

2
,

2
,

2
0

2
0

1 d ,

1 d ,

s
p

s
p

t

B

t

B

C C t t

u C C t t

ρ τ τ

τ τ

−
∞

−
∞

≤ + ≤ +

≤ + ≤ +

∫

∫

�

�
 

similarly, 

( ) ( )2
,

2
0

1 d .s
p

t

B
G C C t tτ τ−

∞
≤ + ≤ +∫�  

Thus, we complete the proof of Lemma 5.3. Next, we prove Theorem 8.     □ 
Proof. On the basis of the definition of the Besov norm, we can obtain 

( ) ( )

( ) ( )
( )

,

21
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0

0 0
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2
0 0 0 0
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2 2 2 .
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n nL L

ns ns
n nL L

ns ns ns
n x n x n LL L
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n x x BBL
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t u Ct u

ρ ρ

ρ ρ ρ

ρ
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ρ ρ ρ

∞
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∞∞

−

≥ ∆ − = ∆ +

≥ ∆ − ∆
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�

�

�

�

      (28) 
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Making the following analysis 

1 1
, , , , ,0 0 0 0 0 0 ,s s s s s

p p p p px xB B B B Bu u u Cρ ρ ρ− −
∞ ∞ ∞ ∞ ∞

∂ ≤ ∂ ≤ ≤  

and 

( ) ( ) ( ) ( )
[ ] ( )

0 0 0 0 0 0 0 0

0 0 0 0, .
n x n x n x n x

n x n x

u u u u

u u

ρ ρ ρ ρ

ρ ρ

∆ ∂ = ∆ ∂ − ∆ ∂ + ∆ ∂

= ∆ ∂ + ∆ ∂
 

Applying Lemma 3.8, we can obtain 

[ ] ( ), ,0 0 0 0 0 02 , .s sp
p p

ns
n x x xL B L BL l

u C u u Cρ ρ ρ∞ ∞∞ ∞ ∞
∆ ∂ ≤ ∂ + ∂ ≤  

Then using above inequalities into (28), we can get 
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2
,,

2
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1 2 2
2 1 3
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2 2 2

2 2 2 2

2 2 2 ,

2 2 2 .

ss p
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ns n n
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t u C t

C t C t C t t

C t C t C t t

C t C t C t

ρ ρ ρ ρ −
∞∞

− −

− ≥ ∆ ∂ − −

≥ − − +

= − − +

≥ − −

�

 

Here, we take that 3C  is a enough large number. If taking that 1C  and 2C  
satisfy 2 12C C> , then we can have 

,

2 22
0 3

2 2 .
2s

p

n
n

B

C t C tρ ρ
∞

− ≥ −  

When n is a fixed number, let 0t → , choosing 2

3

2
4

n Ct
C

δ≈ <  yields 

,

22 2
0 3 ,

2 4s
pB

C CCδ δ
ρ ρ δ

∞
− ≥ − =  

similarly, we can deduce 

,

,

4
0

5
0

,
4

.
4

s
p

s
p

B

B

Cu u

CG G

δ

δ
∞

∞

− ≥

− ≥
 

This completes the proof of Theorem 2.2.                              □ 

6. Blow-Up Criteria  

In this section, we will present blow-up criteria for Equation (9). We first need 
to establish support from the following Lemma. 

Lemma 6.1. Suppose that ( ) [ ]
31

,1, , 0, ; p
pu G T Bρ

  
 ∈      
  is the solution of the 

Cauchy problem (9) with the initial data ( )
31

0 0 0 ,1, , p
pu G Bρ

 
∈  
 

. Then the com-

ponent ρ  satisfies the following expression 

( ) ( )( ) ( ) [ )0 , d1
0, , e , 0, .

t
xu s x st x t x t Tρ ρ ζ −− ∫= ∈  
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Proof. Considering the following initial value problem 

( )( ) [ )
( )

, , , 0, , ,

0, , 0, .
t u t t x t T x

x x t x

ζ ζ

ζ

 = ∈ ∈


= = ∈

�

�
 

Set 0T >  is the maximal existence time. Owing to ( )( ) ( ), , ,tx xu t t x t xζζ ζ ζ=  
and ( )0, 1x xζ = , this implies 

( ) ( )( )( )0
, exp , , d .

t
x t x u s s x sζζ ζ= ∫  

According to the second formula for (9), we can get 

( )( )( )
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d , ,
d
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t t x
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t t x t t x t t x

t t x t t x u t t x t t x u t t x

ζ

ζ ζ

ρ ζ ζ

ρ ζ ζ ρ ζ ζ ζ ρ ζ ζ

ζ ρ ζ ρ ζ ζ ρ ζ ζ

= + +

= + +

=

 

thus, ( )( ), , xt t xρ ζ ζ  is independent on t, we can obtain 

( )( ) ( )0, , .xt t x xρ ζ ζ ρ=  

Consequently, we prove the Lemma 6.1.                               □ 

Theorem 6.2. Set the initial value ( ) [ ]
31

0 0 0 ,1, , 0, ; p
pu G T Bρ

  
 ∈      
  and 1Lφ ∈ .  

Suppose that the maximal existence time of the Cauchy problem (9) solutions is 
0T > . If 0M >  satisfies that 

[ ), 0, ,x Lu M t T∞ ≤ ∈  

then the solution ( ),z x t  of the Cauchy problem (9) does not blow up in 
[ )0,T . 

Proof. According to Lemma 6.1, we can establish the following estimate 
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ρ ζ
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∞
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∞
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−

∫

∫

∫
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≤

≤

 

this is because the embedding 
1

,1
p
pB ↪ 1, 1,pW W ∞∩ . If 0M >  satisfies that 

1

,1
p
p

x xL
B

u u M∞ ≤ ≤ , [ )0,t T∈ , then we can have 

( ) 1

,1

0, e ,
p
p

MT
L

B

t xρ ρ∞ ≤                     (29) 

similarly, 

( ) 1

,1

0, e .
p
p

MT
L

B

G t x G∞ ≤                     (30) 
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According to the result of local well-posedness, applying j∆  to (9) yields 

( ) ( )
( )
( )

( ) ( ) ( ) ( )0 0

, ,

, ,

, ,

,0 , ,0 .

j t j x j x j

j t j x j x x j
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ρ ρ ρ ρ

ρ ρ

  ∆ + ∆ = ∆ ∗ − ∗ + ∂ ∆    
  ∆ + ∆ = −∆ + ∂ ∆  

 ∆ + ∆ = −∆ + ∂ ∆  
∆ = ∆ ∆ = ∆

 

Multiplying both sides of the above equation by ( ) 1p
j jsgn u u

−
∆ ∆ ,  

( ) 1p
j jsgn ρ ρ

−
∆ ∆ , and ( ) 1p

j jsgn G G
−

∆ ∆  and integrating over   respec-
tively, we can obtain 
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p p p
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u u u u
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∫
 

and 

( )( )0 0
, d ,p p p pp

t
j j j x x j x jLL L L LL

u u u tρ ρ ρ ρ ρ∞ ′ ∆ ≤ ∆ + ∆ + ∂ ∆ + ∆ ∫  

multiplying both sides of the above inequality by 2
j
p  and taking 1l -norm re-

spectively, we can get 

( ) ( )1 1 1

,1 ,1 ,1
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∫
 

and 

1 1 1 1

1,1 ,1 ,1 ,1

0 0
2 , d .p

p p p p
p p p p

j
t p

x x j x LL
B B B Bl

u u u tρ ρ ρ ρ ρ∞

 
  ′ ≤ + + ∂ ∆ +  
 

∫  

On the basis of Lemma 3.8, we can deduce 

1

1 ,1

2 , ,p
p
p

j
p

x j x LL
Bl

u u C u u∞ ∂ ∆ ≤   

and 

1

1 ,1

2 , ,p
p
p

j
p

x j x LL
Bl

u C uρ ρ∞ ∂ ∆ ≤   

by the estimate (1) and Lemma 3.4, we can obtain 

1 1 1 1 1

,1 ,1 ,1 ,1 ,1

0 0
d ,

p p p p p
p p p p p

t
x L

B B B B B

u u C u u u tρ ∞

 
  ′≤ + +
 
 

∫  

and 
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1 1 1 1 1

,1 ,1 ,1 ,1 ,1

0 0
d .

p p p p p
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Similarly, by the same deduction, we can deduce 
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from the above inequalities, we can get 

1 1 1 1 1 1
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 + + ≤ + +
 
 

 
  ′+ + +
 
 

∫

 

Applying Gronwall’s inequality, we can obtain 
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1 1 1

,1 ,1 ,1

1 1 1 1

,1 ,1 ,1 ,1

1 1 1

,1 ,1 ,1

0 0 0 0

0 0 0

exp d
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p p p
p p p

p p p p
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p p p
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t
x

B B B B

B B B

u G

u G C u t
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ρ

ρ

ρ

+ +

   
   ′≤ + +
   
   
 
 ≤ + +
 
 

∫  

so we complete the proof.                                           □ 
Then we shall establish the proof of Theorem 2.3. 

Proof. Set ( ) [ ]
31

,1, , 0, ; p
pu G T Bρ

  
 ∈      
  is the solution of the Cauchy problem 

(9) with the initial data ( )
31

0 0 0 ,1, , p
pu G Bρ

 
∈  
 

, and the maximal existence time of  

the Cauchy problem (9) solutions is 0T > . We suppose that the solution of 
Equation (9) blows up in finite time T, and there exists a constant 0M >  such 
that 

( ) ( ) [ ), , , 0, .xu t x M t x T≥ − ∀ ∈ ×                (31) 

Applying to (29) and (30), then we can get 

( ) 1

1 1

,1 ,1

0 0

,

e e .
p p
p p

x L L LL

L L

MT MT

B B

u t x G

C G

C G

φ ρ

ρ

ρ

∞ ∞∞

∞ ∞

≤ +

≤ +

≤ +

             (32) 

By (31) and (32), we can obtain a contradiction with Theorem 6.2. On the basis 
of Theorem 6.2 and Sobolev embedding theorem, if 
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( )lim inf , ,xxt T
u t x

− ∈→
= −∞

�
 

then the solution will blow up in a finite time. 
This completes the proof of the Theorem 2.3.                         □ 
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