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Abstract

Wiener amalgam spaces are a class of function spaces where the function’s
local and global behavior can be easily distinguished. These spaces are ex-
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[ONom

In recent years, function spaces with variable exponents have been intensively
studied by an important number of authors. The generalized Lebesgue spaces
L°™ (or variable exponent Lebesgue spaces) appeared in literature for the first
time already in an article by Orlicz [1], but the advanced development started
with the paper [2] of Kovacik and Rakosnik in 1991. A survey of the history of
the field with a bibliography of more than a hundred titles published up to 2004
can be found in [3]. To illustrate the importance of Wiener amalgams, let us
mention one specific example, which today plays a central role in the theory of
time-frequency analysis. This is the space W (.7:L1, Ll) consisting of functions
that are locally the Fourier transform of an L' function and have a global beha-
vior L.

The motivation to study such function spaces comes from applications to fluid
dynamics [4] [5], image processing [6], PDE (Partial Differential Equation) and
the calculus of variation [7] [8].

DOI: 10.4236/jamp.2024.122027 Feb. 7, 2024 383 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2024.122027
https://www.scirp.org/
https://doi.org/10.4236/jamp.2024.122027
http://creativecommons.org/licenses/by/4.0/

S. Massinanke et al.

In the early 1980s, in a series of articles, Feichtinger provides the most general
definition of Wiener Amalgam (WA) [9] [10] [11].

For an introduction to WA on the real line and for some historical notes, we
refer to [12].

In mathematical domain, Wiener amalgams proved to be a very useful tool, for
instance in time-frequency analysis [13] (e.g. the Balian-Low theorem [12]) and
sampling theory. Our interest in those spaces arose from the Wiener Amalgams
of the spaces with constant exponents [14].

F. Holland began his systematic study in 1975 [15]. Since, he has been widely
studied by [16] [17] [18].

Only some papers treat the Wiener amalgam with one variable exponent [19]
[20] [21].

It seems that Wiener amalgams with two or more variable exponents have not
yet been considered in full generality. In this work, we define a two-variable ex-
ponent amalgam space (L“() ,1°0 )(Q) and give some properties and study their
dual.

Some properties of variable exponent amalgam space can be derived in the
same way as for usual amalgams (Lq P ) , where (,p are constant, while oth-
ers are very complicate.

The following definitions and results on the amalgam spaces (Lq,lp) with
constant exponents can be found in [15] [17] [22] [23] [24] [25] [26].

1) Classical Wiener Amalgam space (Lq | ”) with constant exponents

We give d as a fixed positive integer and R? as the d-dimensional Euclidean
space equipped with its Lebesgue measure dx.

For 1< p,q<oo, the amalgam of L' and I® is the space (Lq,lp) defined
by:

(L)) ={f e Lo (R?): £, <=},

where for r>0

1

Stz " ifp<o

Nl , =Lzt T (1)
weflmm if p=ow
keZ

with Ikr=ﬁ[kj><r,(kj+l)xr|: and kz(kj) ez,

1<j<d
j=1
Themap f - |f| denotes the usual norm on Lebesgue space L (Rd ) on

R® while y. stands for the characteristic function of the subset £of R".

2) Some basic facts about amalgam spaces (Lq P )(Rd) with constant ex-
ponents

Let 1< p,q <oo.Amalgam spaces (Lq,lp)(Rd) are defined in (1).

Here are the well-known results properties (see, for example, [15] [17] [22]
(23] [24] [25] [26]):
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e For O<r<w, fi» r||f||q’p is a norm on (Lq,lp)(Rd) equivalent to
A f "q,p (the equivalence constants depend only on 7).
With respect to these norms, the amalgam spaces (Lq,lp)(Rd) are Banach
spaces.
e The spaces are strictly increasing with the global exponent p and (strictly)

decreasing with a growing local exponent ¢ more precisely:

Al <l fl,, i 1<p<p 2)
that is:
*
1, < p= (1017 (7)< (10.17) (%)
*
At < Ml i a<a (3)
that is:

g<g = (L% 1°)(R) = (L%17)(RY)
e For 0<r <o, Holder’s inequality is fulfilled:
" fg"l < r"f"q,px r”g"q’,p” f’g € L}Oc (Rd) (4)

roar . .11 1 1
where ', p’ are conjugate exponents of (,p thatis —+—=—+—=1.
g 9 p p
3) Duality of the wiener amalgam spaces (Lq AP )(Rd ) with constant ex-
ponents
e When 1<q,p<w, (Lq,lp)(Rd) is isometrically isomorphic to the dual
(Lq N p) (Rd ) of (Lq AP )(Rd ) in the sense that for any element 7 of
(Lq,lp) (Rd), there is an unique element ¢(T) of (Lq',lp')(Rd) such
that:

(T, f > = J‘]Rd f(X)p(T)(x)dx, f e (Lq AP )(Rd ) and furthermore
e, =ITl-

We recall that ||T|| = SUD{KT, f>|: fel (Rd ), 1||f||q,p Sl} .

loc

e If 1<q,p <o, then there exist real numbers A and B such that:

=4

P p
w1 <0 L[ ol o,

d r r
for fEL}oc(Rd)’ r>0 and Ji:H:|XJ'_§’XJ'+§|:’ X:(Xi)lgjngRd'

j=1
4) Denseness of some subsets in amalgam spaces (Lq,l”)(Q) with con-
stant exponents
4.1) We define S=9S (Q) to be the collection of all simple functions, that is,
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functions whose range is finite: s€S(Q) if:
n
(0= a0
=

where the numbers a; are distinct and the sets E; Q) are pairwise disjoint.
4.2) Let Q be an open non void set. Suppose that 1<q, p<o, then C, (Q)
and S(Q) are dense in (Lq,lp)(Q).
5) Constant Lebesgue sequence spaces

a) For any real sequence (Xk )kEZ >

1
~ {Z|Xk|p}p if p<oo
=

||( Xk )keZ | keZ (5)
sup|x,| if p=oo
keZ
b)
I P= {(Xk )keZ € RZ : ||(X)keZ I < OO} (6)

9 & ={(%),., €I :limx =0

Therefore, we get the following proposition.

Proposition 1.

Let 1< p<o.

a) Endowed with the two usual operations, |° is a real vector space and the

mapplng (Xk )kgz = ||( X« )keZ

b) Holder’s inequality: If 1<r,gq,p<o and 1 = i-i-l, then
r-pag

" S"(Xk )keZ P ”(yk )keZ

¢) Suppose that 1< p <. Then the topological dual of I” isisomorphically

makes it a Banach space:

P

|6 . )

isometric to 1" and the duality bracket is defined as follows:
<(Xk )keZ '(yk )keZ> = éxk Y (Xk )keZ el p” (yk )kEZ el®

Furthermore, the following result is well-known.

Proposition 2.

a) C, isa closed sub vector space of |” whose topological dual is I
b) Forany (x,),_, € R*:

1<p<p<o=(x)

I < ||(Xk )kEZ

therefore 1° is continuously embedded in I°.

. (8)

keZ

Given a normed vector space V, we denote by V' the normed vector space of
bounded linear functionals V — R endowed with the usual operator norm.
We wish to study [( 190, 1P0 )(Q)] . The study is motivated by norm conjugate
inequality (Theorem 22). More precisely, for g e (Lq'(),lp'() )(Q), we define the
integral operator associated to gto be the operator T : (Lq() PO )(Q) —->R
given by T (f)= J.Q f(x)g(x)dx Holder’s inequality ensures that T, is a
well-defined operator and that it is bounded. The linearity of the integral implies
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the linearity of T, whence T, e [( L90,1°0 (Q)(—J .

We have thus defined an operator T : (Lq' [P0 )(Q) N [( L90 PO )(Q)] )
Again using the linearity of the integral, we find that 7'is linear. What’s more, by
Proposition 20, we have the identity:

"Tg " ESUp{|Tg (f )| fe (Lq()’lpo)(g)’ r "f"q(),po,s: 51} h r"g”q’(),p’on'

From this, it follows that 7"is a bijection, bounded, linear operator from
(Lq'() [P0 )(Q) into [( L90 1P0 )(Q)} , it actually turns out that this operator is
an isomorphism.

The paper is divided into four sections. Section 2 includes fundamental no-
tations and definitions, which will be used in the subsequent sections. Section
3 contains auxiliary results and properties. Section 4 deals with the dual of
(qu A () )(Q) .

Throughout the paper, the constants are independent of the main parameters

involved, with values that may differ from line to line.

2. Definitions and Notations

e dwill be a fixed positive integer, Q a non void subset of R®, for any subset £
of R" the d-dimensional euclidean space R" is equipped with its Lebes-

gue measure E - |E| and y. will be the characteristic function of E, for

any xeRY, X| will be the usual euclidean norm of x.
* p( ),q( ),I’( ), in general indicate that p,q,r,--- are functions used as
norm indexes (”'”p() ’"'"q() ’"'"r() )

* f (), g (), h(~),-~- in general mean that f,g,h,--- are functions which are
applied on the elements X,Y,z,--- of R?, the dots between the brace refer to
these elements.

Let P(Q) be the set of all Lebesgue measurable functions p( ):Q — [1,oo].
In order to distinguish between variable and constant exponents, we will always
denote exponent functions by p( ).

Given p( ) andaset EcQ, let:

p_(E)=essinf, . p(x), p,(x)=esssup,p(x).
We simply write:
p.=p () and p, =p.(Q)

As in the case for the classical Lebesgue spaces, we will encounter different

behaviors depending on whether:
p(x)=1 1<p(x)<o, p(x)=co.
Therefore, we define three canonical subsets of Q:

Q=0 ={xeQ:p(x)=o}
00 =0, ={xeQ:p(x)=1}

QP =0, ={xeQ:1< p(x)<oo}
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Below, the value of certain constants will depend on whether these sets have

positive measure; if they do we will use the fact that, for instance,

=1

0

Zapo

Given p( ) , we define the conjugate exponent p'( ) by:

+ =1, xeQ

1
with the convention —=0.
)

Since p( ) is a function, the notation p'( ) can be mistaken for the deriva-
tive of p( ), but we will never use the symbol << S> in this sense.

The notation p’ will always denote the conjugate of a constant exponent.
The operation of taking the supremum/infimum of an exponent does not com-
mute with forming the conjugate exponent. In fact, a straightforward computa-

tion shows that:

(P(), =) (P()) =(p.)

For simplicity, we will omit one set of parentheses and write the left-hand side

of each equality as:

p(),=(p), () =(p.)

We will always avoid ambiguous expressions such as p; .
A function r():Q—> R is locally log-Holder continuous and denotes this by
r()eLH,(Q), if there exists a constant Cy, such that:
1 C
VX, yeQ, [x—y[<=: r(x)-r(y)<s——2——~
sy | 1< Ziog{ixy)
We say that r() is log-Holder continuous at infinity and denote this by
r( )e LH, (Q) ,if thereexist C_, and I, = r(oo) such that

: _ C,
vxeQ: [r(x)-r,|< iog(e +x)

If r( ) is log-Holder continuous locally and at infinity, we will denote this by
writing r( ) e LH (Q) =LH, (Q)m LH_ (Q) .
If there is no confusion about the domain we will sometimes write: LH,,LH
or LH.
o Let L’(Q,dx)=L"(Q) be the vector space of equivalence modulo dx-always
everywhere equality of real-valued measurable functions on Q.

e Forany q( ) € P(Q) and a Lebesgue measurable function £ we denote:

f (X)|q(x) dx + " f ||Lw(9i()) (9)

PLoq) (F)=papa(f)=prg(f)=p(f)= J.Q\Qf‘c()
where

It ||L°°(Q§|0()) =inf {5 >0: | f (x)| <caexe ij)}
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We define:
. f
1o g =1Ly =i 250220 L)1)
9(0) =1 £ (@) ] a0y <] a
e If fisunboundedon QI or f( )q() gl (qu \Qw) , we define
Py () =0

o If |Q10| =0 in particular when ¢, <oo, we let ||f||Lw(Qq()) =0.
o I 2\010]=0 then py ()= ] (g0)-
Let 7be a non void countable set, P (| ) be the set of all Lebesgue measurable

functions p( ): | —>[1,oo].

e Forany p()eP(l) and {a.},., €R', we define the modular Proogry by:

kel

p.po(.)({a bt )= o0 (B ) = P ({8 ) = 2 Ja ™ +k5€l|’£e)|ak| (12)

kel\120

or

(k)
p|p()(|)({ak}kel ):H{|ak|p }kel ak }kel |°°(|£())
o If {|ak|p(k)}k€I 2 Il(l \Iof()) or {|ak|}kEI is unbounded on 170, we define
Pro ({a }kel ) =%
o If I’V =, in particular when p, <o, welet sup |ak| =0 therefore

kelp()
Preo )1 )({ak}kel) |ak|p

o If I\ = then ppo({ 3}, )— 5U§)|ak|

1(1n120) ’ ”{|

Definition 3.
Let /be a non-void countable set, P(I ) be the set of all functions

p(): 1 —[1,].
For any p( ) € P( I ) , we define the variable sequence spaces | (1) by:

|p(>(|):{{ak}kel eR':|{at,. ||

=inf{1>0: % <1 (14)
|D()(|) 'p|P()(|) ﬂ,

plp()(l)({ak}kel)_ |ak|p + sup |ak| (15)

kel\120 120

0 1) <oo} (13)

where

||{ak}kel

Then, forany p()eP(l), ¥1>0:
{ak}k | | k| | |
o) | = E 16
'p()(')( A kenpo A4 +kS€L,jpB) A (16)
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We define on 1”V (1) some operations as follows:
Forany {a} _ el’®(1), {b},_ €1°(1), aeR, BeR\{0}:

{ak}kel +{bk}kel = {ak +bk}ke| ; a'{ak}kel :{a'ak}kel;

@ B =1acbd, s %:{iﬁk}kel'

We also define the absolute value of any element {a, }kg

|{ak }kel = {|ak |}kel

of 1°0(1) (with 1<s <o) is defined by:

of 1°V(1) by:

the s-power of {ak }kEI

kel
Remark that:
o If p()<w,
then pp()v'({ak}kel): ) |ak|p(k):Z|ak|p(k)'
kel\120 kel
o If p():oo,

then p,, ({ak}m ) =5k“f’|ak|-

Properties 4.
1) Let’s prove that:

1< p()< p()gwj"{ak}kel

|p()(|) S||{ak}kel |P()(|)' (17)

Remark that (17) generalizes (8).
o Casel: p()<p()<ex

p()<p()<o=1P0=10 =g
Let’s prove that: p( )< p( )< ae on’

a [\P®
:>|”()(|)={{ak}ke|E(R)Iii“f{ﬁ>012(¥J Sl}<oo}

kel

NG '
c|po(l)={{ak}ke.e(R)I;inf{bO:é(%} sl}«;}

If (&), , belongs to the left-hand side set, then:

p(k)
inf{l>0:2[@} Sl}<oo:>§|0</10 <!
k

Z(M]p(k) . (18)
kel /10 -

p(k)
a,
this implies that VK € | {'/1.—';'} <l=

<1 (19)
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Since Vkel:1<p(k)<p(k)<o=Vkel:p(k)-p(k)>0, this inequali-

|a | p(k)-p(k) |a | p(k) |a | p(k)
ty with (19) = (—kj <1 then (—kJ < [—kj , therefore
A Z

(|ak|j [ j (1<8)1 this implies that (a,),_, 1”0 (1) then
l|(:I()( )C|P() )
e Case2: p() 03 () -
()<= =120 =2 and p()=n=120 =1

In this case: p|p()(|)({ak}kel) |<’:1k|p +SUP |ak|— ||ak|p(k)
kel\l

ooy (8 )= 3 18+ sup a|=supla
kel PO kel

kel 0

a p(k)
IpO(I):{{ak}kE, G(R)' ;inf{ﬂ>0:§[%} sl}<oo}.

#00) - o) a0l ]

kel

p(k)
Let’s compare {/1 >0: Z[@j < 1} and {A >0: SupM < 1}
kel ﬂ/ kel A

Take A, in the first (left-hand side) set, then [' k|] <1, then
kel

p(k
I:('Z—‘j'] <l=vVkel: |/10|<1:>8up| |<l this implies that A, be-

kel

longs to the right-hand side set, therefore:

We have:
{/1>0 Z(' k|] <l}c{ﬂ>0:supm£1}
kel kel A

: la| : la| "
=inf{A>0:sup—<1;<inf{1>0:> || <1
kel A ket A

=1P0(1) < 1P0(1)
2) Given a non-void countable set 7 and p( )e P(l) such that 1”0 =,

then for all ssuch that i < s <o, we have:

fiar),..

1
To prove this, let = A3

S

Ip()( || kel Sp()(|)'
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fiaur),.

af )"
=inf{A1>0: — <1
|P()( ) {: > Eé; A J }

sp()

= || kel

3) When p( ) =p, 1< p <o, the definition (13) is equivalent to the classic-
al norm of I? seen in (6), let’s prove it:
For p()=p<wo,
then 1”0 =@ and o ({ak}kel ) |ak|

50(1) lnf{/1>0 ;[|;|] 1}:inf{z>0:g‘[@]pgl}
inf{bo:p(gakﬁj;}[g|ak|pj‘l’|| »

For p()z p=oo,
then

||{ak}kel

|£() =1 and pﬂ’()(l) ({ak}kel ) =S;<L:P|ak| , therefore

||{ak}kel

00 |nf{/1>0 SI(L:P%S} f{/1>0:/125£53|ak|}

:SkliP|ak|:"{ak}ke| =)

4) Given a countable and non-void set 7and p( )e P( | ) , for all:
{ }ksl Ip()(l) and {bk}kel Elp’()(l),lf {akbk}kel EIl(I)’

then

(20)

gakbk < Kp() "{a‘k }kel

1P0 (1) X"{bk}kel

This inequality can be generalized in the following way:
5) Given a countable and non-void set 7 and q( ), r( ) € 73( I ) , define p()
by:

|P'()(|)'

1 1 1
——=——+——on |

() a() r()

Then, there exists a constant K such that for all:

{ak}kel elq()(l)’{bk}ksl EIr()( ) {akbk}ksl EIP()(I) and
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Ny (b)ZS“p{

21)

||{akbk}kel

In fact, we have the following result.

|P()(|) s KP() ||{ak }kel

|q()(|) ><||{bk }kel

10y’

Proposition 5.

Given a non void countable set 7and p( ) € P(I ) .

a) Suppose that {b} _ el”V(1). Then:

o) aP> T, (a)=Y ab isacontinuous linear functional on 1°” (1) and

iel

=[S b2~ (), <100, <3} =P,
«o)If p'()<o onZ then
||Tb||:max{§aibi ra={a}, el”()(l),||a|||p()(l) :1}.
b) Suppose that b={b,}  €C' such that

> ab,

iel

> ab,

iel

ra={a}, eC' Card({iel:a ¢O})<oo,||a|||p()(l) :1}<oo.

Then,
bel” (1) and ”b"w'o(u) =Ny (b)

¢) Suppose that p( ) € P( I ), p( ) <o on Jand Tbelongs to the dual
(1P0(1)) of 1°0(1).

Then,
there exists b=(b;)_ €l”’(1) such that:

va={a}_ el?(1):T(a)=2 abh
iel

For the proof of (20) and (21) and Proposition 5, consult Theorem 2.26 and
Corollary 2.28 of [27] take account of the fact that (Ip(),"-"Ip()) is in fact the
Lebesgue space L°V(E, A, u) where E=Z, A={X:X cE}=2" the pow-
eroftheset X, u isdefinedas: VkeZ:u{k}=1, # isa counting measure.

In this work, we will need the following lemma called Norm-modular unit ball
property.

Lemma 6. (Norm-modular unit ball property)

Let Q be a non void set q()eP(Q), suppose that ¢, <oo. For any se-
quence {f }cL'(Q) and fel'(Q), |f-1]
qu()(Q)(f -f,)—>0.

Remark that the discrete version of this lemma is also valid.

— 0 ifonlyif

a().Q

Historic of the definition
Recall that: For 1< p,q<o, >0,

|kf=f[[ijr,(kj+1)xr[, with |<=(|<].)1SJ_Sd A

j=1

The amalgam of L* and I° is the space (Lq,lp) defined (see (1)) by:
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(LP)(RY) ={f e Lo (R?): ] £, <=},

where
1
Slez 1" if p<oo
SN, = bzt
sup|\f x,, if p=oo
kezd kllg

Suppose that ¢ is a function q() and p a constant and taking account of

(10), we get:
1
Pl
{ > fr, } if p<owo
r " f "q(),p = kez! *1a0 (22)
sup”f;(r if p=ow
kezd I Mllg0

is real sequence indexed by a countable set Z°.

{Hf%; a(

Suppose tllaktﬁzg; and p are both functions q( ) and p( ) and taking account

of (14), (22) becomes:
r " f "q()vp() = H{H f lll: q0 }kEZd

which may be rewritten with more information under the form:

{H“‘w

L0 (Q)={ f L°(9):] ooy <}
. f
[0 = inf {,1 0101 Sl}
(%)
p,_q()(g) ( f ) = J-Q\an() | f (X) ! dx+ " f ”

1P (Zd ) = {{ak}kel € (R)Zd :

190 (2)

(23)

r " f ”q(),p(),Q - Lq()(Q)}keZd

10 (2¢)

where

L"(090)

{8 ||.p<>(zd) ) OO}

||{ak Yecze |||p()(Zd) =inf {ﬂ >0: Proofzs) {mTkZ"J < 1}

p|p()(Zd)({ak}keZd): )y |ak|p(k)+ sup |a,|

kezd \(Zd )z() ke(Zd )Z()

Definition 7.
Let Q be a set such that Z* < Q, for any q()eP(Q), p()eP(2"), let
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feLfo(C)(Q), M =ﬁ[ijr,(kj+l)xr[, with k:(kj)lgjgd ez, 0<r<ow,

for any Lebesgue measurable function fwe define the non negative real number:

W gon = [l 2ekeo | oy WDty 09
where
_ d
F(k,r)_Hfllkr oy KB 0<r <
If wetake r=1 in (24), we get:
(S LT (A P @

We define the two-variable exponential amalgam spaces (Lq() PO )(Q) by:
(L0 170) (@) ={f e B2(Q): gm0 < (26)

If there is no confusion:

i L (L0 1P0)(R?) - will be smply r"f"q(),po'(Lq()'lp())'
Explanation
To compute | || f "q(),p(),g = H{Hfﬂ('ﬁ L”()(Q)}kezd o) , we first calculate:

[tz 014500 g [ ~2 |<2
Il‘(’ Lq()(Q) ’ Lq()(n) ﬂ - ?

a(y)
. 2, 2, (¥) W LT
(where qu()(Q) T :IQ\Qi() T y+

depends at least on kand r, we denote it by ﬂ(k, I‘) , after that we consider
{,B(k, r)}kEZd and determine:

190 (2 =inf {’1 >0: p|D()(ﬁ)[%} Sl}

{|ﬂ(k:f)|}
A kezd

depends at least on r.

), this result

L"(290)

”{ﬂ(k’ r)}kde

where

B ) (k)"
p|p<>(Zu) (—/1 = keZd%d)p() ) +

this result depends at least on r.

>

o))

Finally, the result of the calculation of
In other hand,

r ” f "q(),p()

£ e(Lq(),Ip())(Q)<:>
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<o, foranycube I} cQ, and
Lq()( )

H{H Ik 10 (@ }keZd

* Asequence (f, )n of ((Lq() 10 )(Q), l".”q(),p()) is said to converge in norm

|12

I3

(27)

<o
.p()(Zu)

to £ we note:

fo—> £ it [ f = f] 000 =0 when n—oo.

¢ For two functions (eventually constants) q( ), p( ) on Q such that
0< p()<q()<oo,wedeﬁne:

L0 (Q)+L70(Q)={f=g+h:gel’(Q),hel*(Q)}.
This is a Banach space with the norm:

[ #ll50 (0. 50(0) =10 {||9||Lpo ) IPllsoy T =9+hgel0(Q),hel (Q)}-

3. Properties

In this section, we will use a method to show that ((Lq(),lp() )(Q), 1"'"q(),p(),9)
is a Banach space either Q is bounded or unbounded.

Proposition 8.

Let Q be a set such that Z° = Q, given q()eP(Q), p( )eP(Zd) and

feLq()( )

loc
1) Then (Lq() 1°0 )(Q) is a vector space and

1||f||q(),p(),ﬂ <= f <o,

2) The function f — |f|| defines a norm on (Lq() ,1P0 )(Q) )

a0).p().Q
Proof.
1) Oe (Lq() [P0 )(Q) < LJ0 () which is a vector space, then it will suffice to

show that for all «, SR notboth0;and f,g e(Lq(),Ip())(Q):
af +pge(L0,1°0)(Q)

From triangle inequality of |- ||Lq() o) » We have:

H (af+p59)x Z 10 (q H L 190(q) H(ﬂg)llﬁ 10 ()
"'"wO(zd) is order preserving, then:
af+p9)x }
H{“( ) It E0(©Q) J g0 Ipo(Zd)
S {H(a I [l90 o) “(/39)}(,% 10(Q )}keZd |p()(z“).

From triangle inequality of "'"W() (20 ):
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-,

<)z,

Q()( ) }keZd
CI() }
L kezd

190 (2)

oo,

Lq()(g) }keZd

170(2¢) 190(z2) l
From the homogeneity of ||~||Lq()(Q) and |-po(,e\> We have:
et sm01z],,, |
o) kezd 1°0(z9)
slel " } A
| |{ zl% Lq()( ) kezd PO Zd |ﬂ|“ gllk qu kezd |P()(Zd)
that is
et + B9l 000 <12l Tl no.0 + 1AL 1900 00 (28)

It is obvious that <o= f <.

1 " f "q(),p(),ﬂ
2)Let fe(L0,1°0)(Q).
It is easy to see that:

” f "q() p00 20> let ” f "qo,p(m =0.
=0

0@ )}keZd 19029
|_CI() }kezd :{O}kEZd

=0, keZz®

a0 12

={lt,
:>Hf;(|&

= f)% =0, kez®

Lq()(Q)

= f=0

Homogeneity of | "'"qo,p().ﬂ :

Let fe (qu [P0 )(Q) ,and @ € R, by homogeneity of || ~||Lq0(9) and
"'"wo(zd) , we have:

oo oo n00 = HH(“ )2 10 )}kezd 1°0(z?)
|a|{H |_q() } d

kez? [l1P0(z)
=|a| {” ZiL 10 (0 } d

kez PO (29

=lap<,[tlyg.p00°

Triangle inequality of 1||'||q()yp(),g :

In (28), if we take o = =1, we will get:
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1" f+ g"q(),p(),Q < 1" f ”q(),p(),Q + 1||g||q(),p(),§1 .

We will need the following lemmas.

Lemma 9. [28]

Let (X,A,x) beameasure space such that (X )<oo.

Then, L° (X,.A,,u)c LP (X,A,,u) that is ||f||p <C(q, p)x"f"q for any
1<p<g<w.
Where

[u(X)]%fé if q<oo

[y(x)]% if g=o0

Lemma 10. (Monotone Convergence)
Let Q be a set such that Z* = Q, given q()eP(Q), p( )e’P(Zd) and
fel(@).

[n]} ( 90 [P0 , ) . . ]
If { f L C (L A )(Q), 1" "q(),p(),Q is a sequence of non negative func
tions such that f'" increases to a function fpointwise always everywhere

C(a,p)=

(a.e.).
Then:
either f E(quJpo)(Q) and
[n]
1 = q0,p(0.Q - 1"f"q(),p(),ﬂ
or
f E(Lq(),lp())(Q) and
[n] B
1 t 90, p(.Q >o= 1"f"qo,po,a'
Proof
First:

PLoq) ( f ) = IQ\ng() | f (X)

(%)
= Jaua | Ot g

“Jawa,

x4 | f ||Lx(ggo<>)

Let’s decompose fas:

f="f+f, (29)
where =12ty T2 = T Zpcoropy
Therefore,
(%)
I+l -
We have that:
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in other hand, for any non negative real numbers a,b:

(. b)) < 2807 (004 0T ) < 253 (90 ).

Then,

q(X) +| fz

Py R (AC R L RATRTA
<z J (|f ol “*)dx+|||f| ol
<2 (1RO et i, + 2 o, (1F2(0)

<[z Ao [ 2| twn )| b
< 2l o e Nt [ 2l e I, |

Therefore, for any f e LY (Q), we can decompose it as f = f, + f, such

loc
that:
Pao ()< [C (q())K fXoq, ) : + fl”u”(gw)}

et ) 1o

(@)

N )dx +|1, "L“’(Qw)

q-

( Xaa,

)
(ftoma, )

( foXawa, )

that is:

Pao (D)= CAON I e+l |

(30)
He @Ol qa el |
where C (q( )) =2%71,
Now, we begin the proof:
£ increases to the function fa.e. (by hypothesis), we can estimate
Hf—f[n] ,forany keZ’ and 0<r<oo:
1 q0,p0.2
1 a0, p(O.
31
=10z "
Ik LQ()(Q) d
keZ |P()(Zd )
_
H( f-1 )Zh: 190 ()
( f_ f[n]))(I1 (32)
=inf l>0:qu()(Q) fk <1;.

(f-1")z,

To estimate Poia) [ 7 lk ], we use (29) and (31), to get:

f=f+f, and V=gl
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) A
L (@\Q,) L*(2)
— 9 -
< |:C(q( ))Xﬂ’ hs (fl_ fl[n])llﬁ Lq’(Q\Qm) +l ' (fl B fl[n]);{l& |_°°(Qw):|

q.
+A71

L (Q\Q,,)

(.- 1)z,

(.- 1)z,

L*(2x) }

etaOpa

that is

f— )y,
PLq()(Q) {%J

n q- _ n
S{C (q( ))X/Tqi (fl_ fl[ ])l'% - (@\Q,) = (fl_ fl[ ])Zlﬁ Lw(Qw)}
n qr _ n
{C(q())”_m (.- 1)z, wman T (=) L”(%J'

Now, if we use Lemma 9, since

1<q <@, <o and I} cQ,we get:

H( f,— fl[n] )Z,ﬁ

<
L% (Q\Q,,)

(fl_ fl[n])lli

-

()

L (11)
- [n]
1o _[n
Sulkﬂq x| -1 v (i)’
But | Ilf| =1, therefore
— ¢l _gln
( fl fl )X|& L% (Q\Qw) < H fl fl Lw(lﬁ) (33)
by the same way, we also have that:
— £l _ln
( fz f2 )zlﬁ L%+ (Q\ro) < “ f2 f2 LM(I%) (34)

(f-1")z,
Substituting (33) and (34) in P (o) fk , we get:
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f—
qu()(Q) {%J

ol e+ (¢ _ gl
{C(Q())M L BT (-2, L*mw}
“a, _ [n] L 1 _ [n]
Jr[C(Q())X’1 “fz f2 Lx(.ﬁ)” (f.- 1 )Z'i mnw)}'
Thus,
(f-1)z,
Ik
qu()(Q) f
_ n]||% - n
£|:C(q())><ﬂ« “lf, - fl[] L°°(|ﬁ)+l Ml - fl[] Lw(I&ﬂQm)i|
“a. e 1|l ¢ _ £ln]
{C(q(»xﬂ Lk MR me
this implies that:
(f-1)z,
k
qu()(Q) f
I P TI “lls _ £ln]
{cmo)xﬂ Ll WAEES L M
_ n] ||% = n
{C(Q())M i i MR L L’“('%J

1" increases to a function £ pointwise, a.e., then fl<f for any n, since

0<(f—f0)=(f,— )+ (f, - £}, we have:
Og(f - f[n])ﬂ(,& (y):(fl_ fl[n])l,% (Y)+(f2 - fz[n])llﬁ (Y)
SIEALA ()

that is:

0<(f,~ 1) 7, (V) (.- 1)z, (y)g‘(f 1) 7,
() converges pointwise to falways everywhere ie.

‘v’yeQ:rl]i_rJl(f (y)- f["](y))=0, therefore

for any y e Q, if nis sufficiently large, (35) gives:

0< (- ) 2, (v)+( = 17) 2 (1) (1= 117) 2 () > 0

(y) (35)

which implies for n sufficiently large:

(f.- ")z, () >0 . .- fl[”]“ﬁ(lﬁ) > [0],-( =0
(-1 zy (>0 ||l

e (1f) - ”O"L"’(lﬁ) =0
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therefore:

(f-")z,

Putey| |0 as N0

(f-11)z,

Ik

(Q) )

H(f - f[n])llz

Replacing H( f — £l )Zh{ HLq()(Q) by its value in (31), we will find:

If we replace p g by its value in (32), we get:

—0 as N> o,
LQ()(Q)

A= fllig 00 =0 as N,

therefore

0< —0 as n—>0

a0.p().Q

< i

T

J

a().p().Q B 1” f "q(),p(),ﬂ

Remark 11.

(1-1")z

@ 7 (in the above proof), we allow

In the calculation of p

f=1")z,

3

IS ) e E— =0, it is the case when

the possibility p

fe(Lq(),Ip())(Q) or (, = (C(q())=2q*’l=oo)then

1" fn”q(),p() —> o= 1" f "q(),p()yﬂ'

Remark 12.

If fg (Lq(),lp())(Q) , we have defined =0, 50 in every case, we

00

may write | fn”qo,po,a = [f "q(),p(m'

Lemma 13. (Lemma of Fatou)
Let Q be a set such that Z* = Q, given q()eP(Q), p( )e’P(Zd) and
fe1g(@)

If (f,) < (( 190, 1P0 )(Q), l”."q(),p(),ﬂ) is a sequence of non negative functions

such that f, — f pointwise a.e.

If ||gl'£]f 1" fn"q()‘l}()vQ S

Then, fe(L,1°0)(Q) and |f| <liminf || f,|

a0.p0L T Thsie a0.p0.Q "

Proof.

Define a sequence g, (x)= !nrlfn| f, (x)| , XeQ.

Then, forall m>n, g,(x)<|f, (x)| andso g, e (Lq(),lp())(Q). By defini-
tion, (gn )n is an increasing sequence and
f (X)| = liminf | f, (x)|=|f (x)| ae xeQ.

m—oo

lim g, (x) = liminf

n—oo m=n
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Therefore, by monotone convergence lemma:

” "q() pOQ ,H+oc "g ||q() p()Q<nILer(!nI1T1 ”f "q() p(m) “gllgf "f ||q() p().Q <%

therefore f e(L“(),Ip())(Q).
|
Lemma 14. (Lemma of Riesz- Fischer)
Let Q be a set such that Z° c Q, given q()eP(Q), p( )eP(Zd) and
feli(Q).

If (f, )n c (( L0, 1°0 )(Q), l”."q(),p(),ﬂ) is a sequence such that:

Z 1 " fn ”q(),p(),Q <.

n=1

Then, there exists f & (L0,1°0)(Q) such that: F =) f, — f in norm as

n=1

i—> o and 1" f "q(),p()ﬂ = nz:lln f, "q(),p(),ﬂ'

Proof.
Define the function Fon Q by:

F()=3

X)-

The sequence (F, )i is non-negative and increases pointwise almost every-

f, (x)| and define the sequence (F,), by: F(x)=>|f,
n-1

where to F. Further, for each j, F e (Lq(),lp())(Q) and its norm is uniformly

i ©
bounded, since l||Fi "q(),p(),a < E 1" f, "q(),p(),g < nzzl 1|| fn”q(),p(m <o by hypothesis
By the monotone convergence theorem F e (qu ,1°0 )(Q) In particular from
Proposition 8-1) Fis finite a.e.
Hence, if we define the sequence (G;), by G;(x)= i f.(x).
n=1
Then, this sequence also converges pointwise almost everywhere since abso-

I
lute convergence implies convergence. Denote its sum by £(G; =Y f, —> f as
k=1

i—> o).

Let G, =0, then for any j>0, G, -G; - f -G, pointwise almost every-

where.
Furthermore,
I”.]llwnf "G -G; ||q() p().Q <|II’ITl|o£1f Z l||f ||q() pOQ 7_+11" f”"q(),p(),ﬂ <o By

Fatou’s lemma, if we take j=0 then.

1” f "q() pO).Q — Ilm Inf 1||G "q() p().Q — Z ” "q() p()Q

i—>+o0

More generally, for each j, the same argument shows that:

<liminf ||G -G, ||

1||f_GJ'||q(),p(),Q o 1 Ha0.p0.2 n:j+11||fn||q()vp(),Q'
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Since the sum in the right-hand side tends to zero, we see that G; - f in
norm, which completes the norm.Od

Proposition 15.

Let Q be a set such that Z* = Q, given q()eP(Q), p( )eT)(Zd).

((Lq() 170 )(Q), 1"'”q(),p()) is a Banach space

Proof.
It is sufficient to show that every Cauchy sequence in

(( L3O PO )(Q), . "'"q(),p(),n) converges in norm.

Let (f,)c (( L0, 10 )(Q), 1"'”q(),p(),0) be a Cauchy sequence.

Choose n, such that: 1” f, - fj" <2t for i,j=n

a().p().Q

Choose n, >n, such that: " f,—f, " <22 for i,j2n,
1 Hia0).p0.2
and so on...
This construction yields a subsequence ( fnj ) ,Nj,; =N, such that:
i
~f <27
i Milgo,p0.0

Define a new sequence (g; )J_ by:

Further, we have that:

AU T S 3 S
Zluglnqo,po,a 1l M llg(),p0.0 Z

j=1 j=1

0

Therefore, by the Riesz-Fischer lemma, there exists f (Lq(),lp() )(Q) such
that:

f,, > f innorm.

Finally, by the triangle inequality, we have that:

1"]c -t "q(),p(),ﬂ < 1“f h f”j

+ |6t
q0.p0. 1l q0).p().Q

Since ( f, )n is a Cauchy sequence, for 7 sufficiently large we can choose n;
to make the right-hand side as small as desired.

Hence, f, —» f innorm.

We will need the following lemma.
Lemma 16. [27]

Given q(),ql(),qz()GP(Q)-
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G (X)<0,(x) aexeQ

D il <Kl < st

e 20 dy < oo for some A >1
Q: gy (X)<dy

In particular, if Q is bounded set:

% (x)<g,(x) aexeQ
ey S T [
2 |t <Ifl, e (@cletel o[ 2 Wdx<wo for some
A>0.

In particular, the embedding holds if |Q| <.
Proposition 17.
Let QO be aset such that Z° = Q, given q(),q,( ). 0, ()eP(Q),

P().p.().p.()eP(Z') and felP(Q).
1)

If max{i,i}ssmo, |Q§O()|=O and fe(Lq(),I”())(Q),then
q p

i

1 q().p().Q "1 " f ";(),SD(),Q

2)
o) Let fe(qu()Jp())(Q)'
If 6,()<g,() onO,then fe(L%,1m0)(Q) and

<K or

60,50 % " f ||q2(),p(),g
(qu() PO )(Q) pa (qu() PO )(Q)

#0500

e¢) In particular, when |Q\Q%0| < oo, we have:
p o0

" f "ql()vp().Q < (l+ |Q \ QﬁoD" f ||(12()J)(),Q < (1+ |Q|)|| f ||Q2().D()VQ

3)
) Let fe(L0,1%0)(Q) and p()<p,() on Z°.

Then, fe(L'0,170)(Q) and |f] <cx |f] or

a().p2().2 a0.p0.Q

(Lq(),| PO )(Q) P ( LI0 1 P20 )(Q)

ee) In particular when |Q| < o0, we have:

[l poe =@+

9y.P-.Q
4)
" {q( ) = q = constant real
p( )= p = constant real
both in [1, OO] then (Lq() PO )(Q) = (Lq P )(Q) with constant exponents.
(Lq P )(Q) with constant exponents have been widely studied by many re-
searchers (see [1] [15] [16] [17] [18]).
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5)

If |Q| < . Then, there exist positive constant reals ¢,C such that:
Cx 1" f ”q,,p“Q < 1” f "q(),p(),ﬂ < C x 1" f

;. p_.Q
otherwise,
(L(L,IP—)(Q)C(LQ()JP())(Q)C(L(L,|p+)(Q)‘
6)
If
L L
() &0 a()
1 1 1
<1
p.() p() p()
(f.9)e(L%0,1%0)(Q)x(L20,1%0)(q)
Then,
fg E(quJp())(Q)
1119l 000 <€, f "ql(),pl(),g X 1||g||q20’ 0200
7)
Let fe(Lq()Jp())(Q)'
Then,
Ml poa <C(p( ))LH flly poa * 4l f2||q_vp0YQJ <25 [fg00m

with f, e(L%,170)(Q) and f, (L™ ,1?0)(Q),
otherwise,

(LQ(),IP())(Q) - (Lq+,|p())(Q)+(|_qf,|p())(Q) P (Lq++q7,|p()>(Q)‘

8)
Forany r >0, the norms 1"'"q() oo and r||-||q() o areequivalent.
Proof.
1) Under the hypotheses of 1), we know that H|f| 0 —"f Squ()(Q):
fe(L0,10)(Q :>H il < keZd
90(@)
Combining these two results, we will get:
S S
f =
H‘ Zl& L"'()(Q) te qu()(g)
S
= ‘f}(ll “ X w00 , using properties
‘ L0(Q) J | 0 1p0 Zu Kl kez® |p()(Zd)
4-2), we get:
S
H “ il . 0@ , therefore
L10(Q) |y 190 Zd ke lless SP()(Zd)
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SQ()
L keZd

Jof
Lq()(Q) kezd

Al
Ip() Zd |5p()(zd)

that is
90.p0.Q = 1" ”sq(),sp(),Q
2)
9 6()<g() onQ = LI S Q, therefore, there exists
a() ()
qs()>0 on Q such that LI + L on Q, from Holder’s inequality
a() d () 3 ()
H 2 10 (a H ZATRaK Y [0(q ) tlleo(q Hllk 120 (q) > but
|Ii|:1<oo, therefore X || |+1 2 (Lemma 2.39 of [27]), then we
k LQ3() Q
get: w0 )<2K>< fluﬁ 00
-| ul ol
koo k el TE kl20() ), ya 190z9)
that is
flaopo0 <Cxilflegma or (L20170)(@) = (L20.10)(Q).

this result generalizes (3).
< oo, we have:

e¢) In the particular case, when |Q \ Qa0

%

<(1+]2ru0)) Hf;(

|1,
kllg () a0

then follows the inequality:

020

Q
1+|Q\Qq1()) Ifl,0000 = (1+|Q|)"f"q2(),p(),9

" ”qi()p()Q (

3)

o f e(Lq(),Ipz() )= H ya <o, Under the hypotheses of 3), since

L90(q)
{H i L0 }k 7
€

or (Lq(),|p1())(Q) P (LQ(),lpz())(Q)‘

I

P ()< p,() on Z*,we have from (17):

H{H Ik 10 }keZd

1 " f "q(), p2().Q = 1” f "q(),pl()vQ

|m()(g)

|P2() Zd

that is

This result generalizes (2)

00)
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q()<a,

P()=p. ,
Q, cQ=[Q\Q,|<|Q<w

if we apply 2) o) and3) o), we get:
<(1+jo\Q, |)x| f

"f”q() p(O).Q — q+,p,,QS(1+|Q|)X"f”q+,p,,g

4)
We know that:

R (Q) }keZd

If p( ) = p =constant € [1, OO] , then from (5) this last equality becomes:

r " f ”q()vp()vQ - H{H f Z": IP()(Zd)

1

p p
fr, if p<oo
k la() )

if p=w0

)
r”f”qo,po,n = de
sup”f;(

kezd Ik

a0

Suppose that both q( ) =( and p( ) = P are constants belonging to

[1,0], the last equality gives:
1

{Z f7, p}p if p<oo

i "qo,p()ﬂ: ez ‘ :r"f”q'pvg,see(l).
wlir, 1o
keZ

We conclude that our space (Lq(),lp())(Q) generalizes both: (Lq(),l)(Q)
studied in [19] [20] [21];and (L%,1°)(Q) in [16] [17] [18].

5)
q, S q() S q+ .
We have , we will use 2) and 3) to get:
p, S p() S p+
1" f ||q,,p+,Q < K x 1" f "q(),p(),Q < K XC x 1||f .. p_.Q
or cx 1" f "q,,pWQ < 1" f ”q(),p(),Q < C x 1" f "qu,,Q
otherwise,
(Lm 1P )(Q) P (qu,l p())(Q) P (qu P )(Q)
6)
(f.g)e (qu() [0 )( ) x (L“Z() | P20 )(Q) from Holder’s inequality:
d
H Ik 190 (q < Cx Hfllk 120 (q Hglw 1%20(q ) k €Z (36)

Case 1: py()=p,()=c0
This implies that p( )
|| |||p() ) (1< p()< oo) is order preserving, therefore the last inequality (36)
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implies that:

fg)x, }
H{H( ) Ik LQ()(Q) kezd Iw(Zd)

i) llelon,
{ e kezd kil kezd

now we apply (21) with p()=q()=r()= to get:

S P
f
{H Zlk 110(a )}keZd

[ tol

Case2: Py()<oo, p,()=o0
This implies that p( )= p,( )<

(36) =
H H A 12029)

f |
{“ ZL quo(m}kezd {gl'k 120 (0 )}keZd 190 (2

now we apply (21) with p()=p(), d()=p(), r()=p,() toget:

{ A s kez? [0 (z0)
{H i L0 (e }keZd L20(a )}keZd

1" fg "q(),p() < C X 1” f "ql(),pl() x 1||g||q2(),oo

Case 3: pl():oo, pz()<oo
This implies that p( )= p,( )<

An analogous reasoning gives:

1” fg"q(),p() <Cx 1" f "ql()m x 1"g”qz(),pz()

Case 4: pl()<oo, pz()<oo
This implies that p( ) <o

(36) and the order-preservation of |-||,o () —
= b,
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<Cx

{“g Z'k 120(q) }kezd

w0 1||9||q2(>,w

(=) (=)

that is
<Cx [ f]

a0,

Lq()

keZd

<Cx

{ng'k

|91(Zd |P2()(ZU)

Therefore,

<Cx

90(29) 10 (o

10() ng'k

kez® 1PO (Zd )
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applying (21) to the right hand side on the last inequality, we get:

f
H{H( : ) Zl& 10() }keZd

|P()(Zd)
<Cx Hf } X {H } '
{ i 120(@) J 170(z4) ng% H0E ez 1720(z°)
that is:
A fg"qo,po <Cx [f "qio,plo x 1”9"q20, 520
7)
a) 1p0 d
fe(L0120)(@)=iz,] <o kez

By the homogeneity of ||-[| 40 (o> We may assume without loss of generality

that:
Hfllﬁ 190 (q) -
The consequence is that:
f t. (0 x| 1 <[ ¢
p'-q()(ﬂ)( 1'% ) - IQ\Qi() Z'& (X) dX+H l'% L”(Q;()) h H z'ﬁ 190 (q) -
we decompose fy, as f +f, suchthat:
k
f="F1y and f,=fy
1 {yeg; f;(lﬁ (y)<1} 2 {yeg\ngo(); flli (y)zl}

e Case (, <™
4. <®= q( )< © onQ = Qi() =(J, therefore, in this case, the decompo-

sition of f X becomes:
k

f="Fy and f,="fy and
{yeQ: fl'i (y)<1} {YEQZ fllﬁ (Y)Zl}
q(y)
pq()(f%%)zj.gfl.ﬁ(y) dy
In this case:
q. a(y) a(y)
oty ) ay < J |ty ) dy=< [ [, ()]
= poo T2 )< T 24 !
then
q,
JQ flzl% (y)‘ dy <1 otherwise fl)ﬁ& o <1.
q a(y) a(y)
J.Q fZZ|§ (y)‘ dy < IQ f2Z|§ (y)‘ dy = .[Q fZl& (y)‘ dy
— oo (T2 )) 12y L
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q
then JQ f, Xy (y)‘ dy <1 otherwise |f, Xa @) <1, then
< <
] e | T L‘**(Q)'“fl gy
—
< <
7] PR | X1 P _Hfl g
fral . } < { fx }
H{ Hlhe ) ez [00(24) lhsoo) ez 190 (z2)
=
irofy s Mk}
H{ 2 I% u (Q) kezd |P()(Zd) I% Lq()(ﬂ) |P()(Zd)
which gives:
for.l . } + { L.l }
{ Yok Q) kezd |P()(Zd) gl U (@) kezd |P()(Zd)
<2x Hf}( }
{ o) [ e 1P0(29)

9:.p0.Q + 1” f2 "q_,p(),ﬂ:| <2x 1" f ”q(),p(m

by def.
:>1||f q,+9-,p().Q < |:1||f1

otherwise,

(qu,l p() )(Q) - (Lm 1P0 )(Q)_,_(qu A p())(Q) P (Lq++q7 PO )(Q)

e Case (g, =

As the same way (case (, <o) we prove the claim.

8)

a) Let’s consider two positive real numbers r,r, such that r #r,, without
loss of generality we can suppose that 1, <r, and we consider the following two
subsets of Z°:

L={keZ’:17 NI' @} and

T={lez 1} N1 »@},and Card(L),Card(T) will be the number of the

elements of the sets L and 7, suppose temporary that they are finite and greater

R (Q) }keZd

or p’ should be understand in the sense that: p/ = ( p'( )) , pl= ( p'( ))7 .

+

than 1, we will prove it later.
Given f el (Q).

loc

and the notations p!
|P()(Zd)

Remind that r " f ”q(),D()Q - H{H f Zlkr

e VkeZ":
(20)
Hflﬂz SZ fZﬂl < Kp() Hflﬂl X"{l}keT |P'()(T)'
3 Lq()(g) leT 1 Lq()(Q) 1 Lq()(Q) leT Ip()(T)
that is:
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<K
0@ PO

(37)

gt

|P()(T)

{“ f l'lrl

Lq()(Q)}IeT
First case: p'(k)<o on Z°.

P(k)
([T o, =inf {/1 >o:z(1j sl}:inf {1>o:2ﬂ'<k) sl}.

keT keT

B

. |DT)(T)'

VkeT:p' <p'(k)<p, therefore —p, <-p'(k)<-p’.

. . . |decreasing if 0<A<1
The function X+ A" is . ) . , therefore
increasing if 1>1

0< A<l AP <A POy Py a1 4P < PR < pPt

keT keT

{0<1<1:Z/1-p’+sl}c{0<z<1:z[p'<k>31} (38)

keT keT

{/1 >1:3 4" Sl}c{ﬂ >1:y 27" 31} (39)
{bo:z/i”k) 31}={0<1<1:2ﬂ'<k> sl}u{zzl:z,ﬂ(” sl},

keT keT keT
Since inf (AUB)<min {inf A,inf B} , we get:

inf{,1>o:2ﬂ’(k> 31}

keT

=inf {{0«1 <13 7P sl}u{ﬂ >1:3 2P 31}}
keT

keT

< min{inf Ho <A<1:3 AP0 51}) inf ({z >1:3 2770 sl}}},
keT keT

(38) =
inf{0</1<1:z,1“”<k> sl}sinf{0</l<1:2/1p'+ sl}
keT keT
1 1
=inf{/1>0:(CardT)p; g/1<1}:(CardT)p;.
that is:
) N
inf {oq <1:y 27" sl}s(CardT)p; (40)
keT
inf{/l >1:) 2P s1}sinf{,1 >1:3 47" 31}
(39)3 keT keT

1
=inf {/1 >1:A Z(CardT)p'}

1

T#@ = CardT 21 = (CardT ). >1, therefore

keT

, 1
inf {/1 >1:3 27" gl}S(CardT)p' (a1)
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, 1 1
(40) and (41) = inf {/1 >0:3 4P sl} < min{(CardT)p; ,(CardT)p'} :

keT
In other hand, we have that for any keT: 1<p’ <p’(k)<p. therefore

i’ < i’ , CardT >1 then the function x> (CardT)" is increasing therefore
P, P

1 1
(CardT )p: <(CardT )e- , finally:

s

Thus, Vk eZ:(37)and (42) =

|1z, {“”‘

Lq()(Q)}keZd 190(z2)

1
. <(CardT)p: (42)

10(q) }IET

170

1
<Ky x (CardT ) x

H{H E#

1
<K_,(CardT )p. f
p() ( )p {H Z,Iri Lq()(Q)}|ET

, this implies that:
1P0 M

Lq()(Q)

PO J | g0 1P0(2¢)

1
=K_,(CardT )e: f
PO ( )P {H Z'Irl L90(q) }Ield

{H f Z'lrl

We proceed analogously as we did to prove (42), to demonstrate that:

J{8)sr

o2
3 Lq()(Q) kezd

1 1
<K, x(CardT e x(CardT )».

Ip()(Zd) leT |P()(-|—)

=K

1
00 (CardT)e:

Wiar

|P()(-|—)

Lq()(Q)}IeZd 19027

1
0 (1) <(CardT)e,

therefore

190(2)

{H f Z'lrl

Lq()(Q) }IGZrj

190 (z)
that is
1 1
. ||f||q(),p(),g < K,y x(CardT)e: x(CardT )e. ﬁ"f"q(),po,g (43)

1 1 1 1
where (CardT)p: x(CardT )s. =(CardT )e .
e VleZ®:

(20)
”fl'l“ 190() Skezé fl'iz 10(Q) =0 {Hfl e Lq<>(g)}keL PO "{1}“L PO(L)
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that is
f k! < K f r 1 ,
H 7(,|1 190(a) PO {“ Z'kz Lu()(g)}kd w0 "{ }ke" PO(L)
from (42), we get:
H (CardL)s
s <K, (CardL)s: Hf;(r
1 190(q) P I W@ J, ., (L)

this implies that:

{“ f Z'lrl

S
<K, (CardL)w {H g

Lq()(Q)}IeZd 190 (24)

q() }
L kel

Lq() }keZd
e
k

PO(L) J ez 190 (29

1
:Kp()(CardL)p'+ {H g

190 (24)

leL |p()(|_)

Lq()( )}keZd

p() (Card L)p* "{ }|e|_

1PO(L) o)
as we see above:
1
"{1}"|p()(|_) <(CardL)p,
then
(.
Fli0(@Q) || e |P()(zd)
<Ky (Card L)p+ (CardL)e- {Hfl ¢ 190 (@ } :
L(Q) J yze 1°0 (29 )
that is:
Il po < Ky (Card L)P+ (CardL)e- [f]. .00

(43) and (45) imply that:
M laos00 <%, 1T lo00 <% [Tl p00

1 1
where ¢=K, (Card L)E (Card L)rT+ and

1 1 1

C=K?

Second case: p'(k)=o on Z°.

e TFrom (37), we have:

1
oo (CardL)e: (CardL)e. K, x(CardT )o. x(CardT )p.

(44)

(45)

(46)
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vkeZ®: <K

q()( )

gl

{Hfﬂth 0 }
i (Q) leT |p()(-|—)

|p’()(T) :"{1}|eT 17(T) = inf {ﬂ <0: Slng(ﬂj }

:inf{l>0:(ljsl}:l
A
f
{H an qu(Q)}lET

p()

. ‘flrz |P'()(T)’

[

therefore,

>

|p()(-|—)

k

|_CI()( )

o5
k Lq()(Q) kEZd
< Kp() X {H f Z'F

= Kp() X {Hf/’(hﬁ

=Ky X"{l}ua

EI() }
L kezd

this implies that:

1P0(2¢)

Lq()(Q)}IeT |

Lq()(Q) }IGZd
],

<K p() x ||{1}IeT

PO ]z 190(29)

1°0(2¢)

leT |p()(-|—)

10(a )}IeZd 1°0(z2)

f
T) {H Z'F Lq()(g)}lezd

|P()(-|—)

that is:

H“
k

19022 "0 ,p()(Zd)’
p'()=c=p()=1 then
8, Bt =i {20:5 (2 )
=inf {ﬂ >0: Card(T)(%j sl} =CardT
Therefore,
{Hf}(l . } < K ><Card {Hf}( } , that is
Kle0(@) Jy g0 1P0(29) 10©@) J ez 170 (24)
r " f "q(),p(),Q < Kp() x Card (T)X ! " f "q(),p(),ﬂ (47)
e From (44), we have:
d. <
et "fl"q 0@y S0 ST {Hw'g L““(fn}kd 0 (L)

DOI: 10.4236/jamp.2024.122027

415 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.122027

S. Massinanke et al.

..

. . 1
o) "{1}|GL L = inf {/1 >0: i‘if(%) 31}

lioo{te]-

therefore,
fr, <K,y X H fr. ,
H It 190(q) 0] { 12 190 (q) ket lvo)
this implies that:
f 2,0 }
‘{H ||1 Lq()(Q) 1ezd Ip()(Zd)
<K, x {Hf}( }
pQ) "
12 10(Q) J o0 POW) J g |P()( d)
e Z
=Ky % Hf .
0] { llkz Lq()(Q)}kEZd |p()(zd)
kel |D()(|_)

{““"3

Lﬂ()(g) }keZd

=Ky x ||{1}keL

1°0(L) |P()(Zd).
Therefore,
{H 2 qu(g)} d < Koo <[ o, {H T2 qu(m} but
122 [0 (29) kez? [p0(29)
p'()== p()=1, then
8o, =8, =0 {/1 >0: kzi%] sl}
=inf {ﬂ>0:CardT(%)sl}=Card L
thus,
H{““"“ } <K xCardLx {\ . } ,
0@ iz fioo as) © 0@ ezt fipo z9)
that means:
ol Flao.00 = Koo xCard(L)x [l 10 (48)
(47) and (48) imply that:
L P L AN CE Y L AN (49)

where C= Kp() xCard(L) and C= KﬁOCard(L)xCard(T).

Thus, in all cases, there exist two positive real numbers:
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c=c(r,r, Card(L),Card(T))>0 and

C=C(r,r, Card(L),Card(T))>0 such that forany feL}?(Q):
C><r1|
b)

Let’s consider a positive real number r.

[fll0.000 < n 110500 <Cx N 110000

The result in a) proves that there exists two positive numbers a and A4 such
that for any f e L{0(Q):

loc

ax [ fll.o000 = I flioson < A%l 00 therefore the claim is proved.

O
The proof of 8) has a sense only if we prove that CardL,CardT are finite

quantities, we do so in 1) in the following lemma, the 2) and 3) of the next lem-

ma also play a great role in the different proofs in this work:
Lemma 18.

1)

Let r,r,>0 suchthat r #r,, the cardinal of the sets

L=L(r5)={kez®: 1} n12 =} and

T=T(rn)={leZ’:1 N1 @} areboth finite.

2)

For a fixed positive real number r if k,k, €Z’ and k =k, then
I, N, =2

3) If ris a fixed positive real number, then U I, =Q.
kezd

Proof.

1) Only the proof for L is given, the proof of I"is similar Let m= (m.

L )1§jgd
and n :(n 1)1 L be in Z°, without loss of generality, we can suppose that
<j<

nL<r,.

| I.xr<m. <(l. +1)xr,
{me N iTh j (J ) 1 Vje{l,Z,---,d}

neld  |kyxn<n;<(k;+1)xr,
Ixrn<m, <(l, +1)xr,
jxXh=m (J ) 1 Vie L2, d) =
—(k; +1)xr, <—n; <—k; xr,

I xn—(k; +1)xr, <m; =n; <(I; +1)xr, —k; xr, (50)

If m=n je Vj e{l,2,~-,d} m;=n; then m=ne 12 N1, (50) becomes:

I, x1—(k; +1)xr, <0< (I +1)xr —k; xr, . In the case of L=L(r,r,) the va-
riable to find is kj , 1=1,2,---,d, the others 1, I‘z,lj are supposed known. The
precedent double inequality becomes:

I xn =1 <k, xn, <l;xn+n

this implies that:

I,

l; ><—l—1<kj <l;+1
I
2
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from this double inequality, we can say that CardL >1 since CardL is the

number of k = (kj )1<J_<d such that the last double inequality holds, indeed let

r
C; be the integer such that |;x=+-1<c;<l;+1, C :(Cj)  ezZ'AL.
rz 1<j<d
If E(X) isthe great integer less than or equal to X € R, the double inequa-

I
lity |j><r—l—1<kj <I; +1 gives:
2

Ij XE[EJ—1<kJ— <Ij +1

r2
— k. e}azl.xE[ij—lbzl.+1{mzz]a=—1b=|.+1[
] ] rz ! ] 1 J

whose elements number is b—a—1=|j +1 due to the fact that E(i]=0

rZ
I
since —le]O,l[,the number of such kj doesn’t exceed |Ij +1< {n'a)d(lj|+l'
r, <j<
d
Therefore, 1<CardL < (1ma>§ |j|+1) <00,
<j<
2) Suppose that I, NI, #@ and k #k,,
. d
let m:(mj)lsjsd and n:(nj)lsjsd bein Z°.
mely [kyxrsmy<(ky+1)xr[k;xr<m;<(k;+1)xr
nely, Ky xr<n, <(k2].+1)xr —(kzj+1)xr<—nj < —ky xr

=k x 1 =(kyy +1)xr <my—n; < (K +1)xr =k, xr .
If m=n thatis Vje{l,2,---,d}: m;=n,, then m=nel; Nl , therefore
klj—(k2j+l)<0<(klj+1)—k2j =k —1<ky; <k +1
=k € Jkyy —Lk;+1] =k =k, Vie (L2 d} =k =k,

contradiction with k; #Kk,, therefore I, NIy, =J.

3)
e VkeZ': I} cQ therefore U I, € Q, it remains to prove that:
kezd
e QcC U Iy, let E (X) be the great integer less than or equalto X eR.

kezd

We choose ze€Q, we should prove that Z e U I, , that is there exists one
kez®

k, = (koj )Kjgd €Z" suchthat ze I, -
; d
zely ZHH[koj xr,(kOj +1)><r[ = kOj xr<z, <(kOj +1)xr
Z. Z. Z.
=k, <—L<k, +1 =k, zE(—Jj =K, :(E(—JD . This is the wanted
) r ] ] r r
I<j<d

k, , therefore the claim holds. Therefore, the claim holds.
O
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4, The Dual of (Lq(), | PO )(Q)

In the classical wiener*amalgam, L“',Ip')(Q) is isometrically isomorphic to
the dual [( Lq,lp)(Q)J of (LQ(),I”())(Q) when 1<q,p<co (see the intro-
duction paragraph). The behavior of the variable amalgam spaces is analogous if
0, p, <.

Definition 19.

Let Q be a set such that Z* = Q, given q()eP(Q), p( )eP(Zd) and
r>0 we define:

r”f"q(),p(),Q: q()lp() J- f X (51)
Hqu()p(m,
We denote MO0 (Q) by:
MO0 (@)= eL’(Q): ] 00 <=} (52)

Proposition 20.
Let Q be a set such that Z° c Q, given q()eP(Q), p( )eP(Zd) and

r>0, the set M%0P0 (Q) is a normed vector space with respect to the norm

/
. ||||q 0008 ° Furthermore, the norm is order preserving:

given f,gqu()'p()(Q) such that |f|§|g| then

r " f "Iq(),p(),ﬂ < r "g",q(),p(),Q .
Proof.

U
It is immediate that M 90?0 (Q) is a vector space. The fact that ) ||-||q() 200

is an order preserving norm is a consequence of the properties of integrals and

supremums and the following equivalent characterization of First,

/
r ”'"q(),p() :
note that it is immediate from this definition that for all measurable functions £

U f( ‘g sup Hf )g(x)|dx (53)

r"f”q(),p(),Q < (q() p()

cI() P()

ngHq()p()Q’l ngHq()p()ﬂ’l

but in fact all of these are equal. To see this, it suffices to note that for any
geMOPO(Q) with g
|X| =sgn(x)xx),

€000 <1, (remark that for any real number x:

we have:
£ ()9 (9]=[f ()l (x)] = T (x)xsan (£ (x))x[g (3] = £ (x)<h(x).
where
n(x)=son( 1 (x)) <[ ()]
then

h (X) < |g (X)| = r "h"q’(), p'().Q < r "g"q’(), p'().Q <1 >
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hence

jﬂ|f (x)g(x)|dx:.fQ f(x)h(x)dx< ||f|

a().p().Q "

This last inequality with (53) implies that:

A o000 = q(s)ule() U f( ‘z q(S)UIE() I |f(x)g(x)]dx
Hqu 0.0 ()0*1 ngq 0.0 ()9,1
O
Remark 21.
As a consequence of the proof of Proposition 20, we get another version of
Holder’s inequality:
/
IQ| f (X) g (X)| dX < r " f ”q(),p(),Q X r ”g"q’(y pO.Q" (54)

In the next result, we show that:

M 200 (Q) _ ( EONES )(Q)

are equivalent. We will refer to

and that the norms r"'"q(),p(),g and r"'":q(),p(),n

. ||||;0 00 3 the associate norm on (qu PO )(Q) .

the norm
Theorem 22. (Norm conjugacy inequality)
Let Q be a set such that Z° cQ, given q( )GP(Q) , p()e P(Zd ) ,
r >0, and a measurable function £

Then, f e (L“(),I”()>(Q) ifand only if f e M%0P0(Q); furthermore:

<Cx (55)

Cx r " f ”q(),p(),ﬂ < r ” f ||:1(),p(),Q r " f "q(),p(),Q !

Proof

J.Q f (X) dX— Z J. f ” fg"llQ
From Proposition 17-6), we get:

,[Q f (X) g (X)dX = r ” fg"l,l,Q < C x r " f "q(),p(),Q X r "g”q’(),p'(),ﬂ

if we pass to the supremum over all g such that g e(Lq'(),Ip'())(Q) and

r "g"q'(), p'().Q <1, we get:

<Cx (56)

r " f ”:q(),p(),Q r " f "q(),p(),Q '

It remains to prove that:

r " f "q(),p(),Q S K X r " f ",q(),p(),Q
If £=0 then [f] . . =0= [f]

an equality.
Suppose that f =0, fe (l_‘“) PO )(Q) .

00,0 and the last inequality becomes

Consider an element ¢of JO, ) || f || then t< I

q(),p(),9|: i q0.p0.Q "

First case: p( ) =w on Z°.
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there exists k € Z® such that:
a().Q

:supﬂjg(f;(lE (x))g(x)dx

therefore there exists an element h e L%0 (Q) such that:

Since 0<t< [ff = ffze

fZl{

t<

f/},/” : g € LCI’() (Q)'"g"q’(),ﬂ < 1} ’

kllg().Q

t< _[Q f (x)h(x);(IE (x)dx| and ||h||q,0’Q <1 (57)
Let g, = h;{llg .
we have:
r”gO"q’(),l,Q = {gollﬁ Lq'()(g)}kezd - =k§zd 90, 10 (q)
=lhz, + 2 1hz, | :Hh;gr +0 from (57),
oo ez kw0 () " llwo(q)
kzk
=Ihz, o <Jhwoq <1
that is:

. "go”q'(),l,ﬂ - . thllz a0.LQ

from (57).
t<|[, T (09 () :‘jﬂ f(x)h, (x)3x

therefore,

t< SUP{UQ f(x)g (x)dx‘ ‘g€ (Lq’()’ I p’(m)(Q)' Aolio.p00 Sl}

¢ being any element of JO, : "f"q(),p(),Q[’ if we tend £to [ ., we get
|t "q(),p(),a £sup{UQ f (x)g(x)dx‘ ‘ge (L“'(’,Ip'()*“)(Q), ) ||g||q,0’p,0‘Q £1} that
is:
r " f "q(),p(),ﬂ < r " f "'q(),p(),Q :
Second case: p()<o on Z°.
f e(Lq(),lp())(Q)
= r”f":(),p(),n :H{HfZI{ qu(g)}kezu [z =
p() (r7d
= {H f ll{ Lq()(Q)}kEZd el (Z )
Since t< r||f||q()’p0'Q :H{Hfl'i Lq‘)(ﬂ)}kgzd o and
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el (Zd),there exists {C, | 4 €l”" (Zd) such that

{H f gl Lq()(Q)}keZd

||{Ck }keZd |||p'()(Zd) <1 and t< z C,

kezd

fr. “ (see Proposition 5).
" lla.0

In other hand, from the theory on Variable Exponent Lebesgue Spaces, for
any k eZ’, there exists g, e Lq'()(lkr,dx) verifying:

||9k||qf(),|kf <1 and L{ 9, (x) f (x)dx =Hf}('k' Hq(),ﬂ '

Let’s consider the function g e L’(Q) defined by:
forany keZ‘: 9%, =G> we have:
k

t< Yo |fr,| =X af, 0(x)f(x)dx=3 [ a(x)f(x)dx=[ g(x) T (x)dx
kezd a0 kezd k kezd k

>

then ge(Lq'(),Ip'())(Q), r||g||q,0‘p,()’9§1 and

t<sup{[], F()a(x)a:0 € (L) Q). lal o0 <1

since te JO, |t ||q0’p(m[ ,ifwetend tto | , we will get:

|f||€l()yp()y§2
r " f ”q(),p(),Q < SUp{UQ f (X) g (X)dX‘ : g € (LCI'() ! I PO )(Q)' r "g"q’(), p'().Q < 1}

i ” f "'q(),p(),ﬂ '

this completes the proof.
O
Definition 23.
In this section, we consider the dual of (Lq() 1°0 )(Q) : that is the Banach space
[( L20 1 P0 )(Q)J of continuous linear functionals T :(Lq() ,1P0 )(Q) — R with

norm:

T(1)

(! <

rla(),p(O.Q7

We begin by constructing a large family of continuous linear functionals and
showing that they are induced by elements of (L"",170)(Q). Given a measura-
ble function g define the linear functional T, on (Lq() 1°0 )(Q) by:

Tg(f)z_[gf(x)g(x)dx (58)
forany fel’ (Q) for which fg isintegrable.

Proposition 24.

Let Q be a set such that Z* c Q, given q()eP(Q), p()eP(Zd), sup-
pose that ge (Lq'(), [P0 )(Q) . X

Then, T, belongs to the dual [( LQ(),IP())(Q)} of (Lq(),lp())(Q) and veri-

fies for any real number r>0:
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"Tg ” = SUp“Tg (f )| f E(qu,w())(g)’ r”f"qo,po,n Sl} < r"g"q'(),p'o,o

Proof.
Let f e (Lq() PO )(Q) , we have:

ol f (g ()ex= 3, [F (9a(lex= X |faz, | = 1ol
keZ keZ
From Proposition 17-6), we get:
.[Q| f (X) g (X)| dX = r " fg"ll < C % r " f "q(),p(),Q x r "g"q'(), p'().Q <®

by consequence f x g isintegrable and

T, (f )|=UQ f (x)g(x)dx‘sjﬁ“ (x)g(x)|dx

that is:
|T9 ( f )| = C x r " f ”q(),p(),Q x r "g"q’(),p'(),ﬂ } (59)
Therefore, T, isa functional from (L“O PO )(Q) to C.
The linearity of T, comes from the integral’s properties.
From (59), Tg is continuous and
"Tg " <Cx, "g"q'(),p'(m
O

Notation 25.
Remind that:
We have defined the S=3S (Q) to be the collection of all simple functions,

that is, functions whose range is finite: seS(Q) if:
n
o(0=3:a,2, (4
=

where the numbers a; are distinct and the sets E; c € are pairwise disjoint.
The family S, (Q) is the collection of se€ S with the additional property that:

UE,

j=1

<

Theorem 26. (Dominated convergence theorem)

Let Q be a set such that Z cQ and q()eP(Q), p()eP(Zd), with
q,, P, <o. If the sequence {f }c (Lq(),lp())(Q) is such that f, — f point-
wise almost everywhere and there exists g e (Lq() ,1°0 )(Q) such that

f, (x)| < g(x) almost everywhere, then

fe(L01P0)(Q) and [[f—f[ o085 N>

Proof.
q+ <o, g E(Lq(),lp())(Q)C L?O(g (Q):} gZ|kr € Lq() (Q):} qu()(Q)(gZ|E)<OO’

()
then we get (g;(III (X))q el (Q)

Again, from the fact that ¢, <oo:
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00 ()
‘(f_fn)llk,(x) s2q()1(f;g|{(x) N

) ®)
that is ‘(f_fn)lh:(X)‘q gzm(gl,kr(X))q <o,

Since f, — f pointwise almost everywhere, we have:

fnllk, (X)

q(x) a(x)
js 2% (gz.kr (X)) el (Q) ,

X

f—f)x, x‘—>0,asn—>oo a(x)
(= 1,) 7, (% (1= )2, (0

q(x)=1

—0 as n— oo

we recapitulate:
q(x) a(x)
(F= 1)z, (0] <2 (92, (%)

()
(F= £, (X >0 as e

therefore, by the classical dominated convergence theorem:

pLQ()(Q) (( f - fﬂ)zhz ) =J.Q
by Norm-modular unit ball property stated above, since (, <.

“(f - fn)%{

(x)
(f- fn)gglk,(x)‘q dx — 0 as n — o,

—>0 as nN— o therefore, we have:

a()

-z,

} —>{0}kezd as N—>
40 J kezd

(608} g0 0

By Norm-modular unit ball property again, since p, <o, we get:

(R

this means that:

—0 as N> w
|p()(Zu)

LQ()(Q) }keZd

r||f — fn”q()’p()’Q —0 as N>,

As an immediate corollary to the dominated convergence theorem we can give
stronger version of the monotone convergence theorem.
Corollary 1.
Let O be a set such that Z* cQ, r>0, q()eP(Q) and p()eP(Zd)
with q,, p, <o, suppose that the sequence of non-negative functions
{f,} = (L0,1?")(Q) increases pointwise almost everywhere to a function
fe (Lq() [P0 )(Q) , then:

I - fn||q0’po —>0asn—oow
Theorem 27.

Given an open set Q such that Z2° < Q, q()eP(Q), p( )eP(Zd) and

q,,p, <.
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Then the set of bounded functions of (Lq(),lp())(Q) with compact support
and supp(f)cQ isdensein (Lq() ,1P0 )(Q) )
Proof.
Let K, be anested sequence of compact subsets of Q such that Q= U K,.
n

(For instance, K, = {x e Q:dist(x,00Q) > %}m B, (0)).

Fix fe(L“(),Ip())(Q) and define the sequence {f,} by:
n if f,(x)>n
f,(x)=1f(x) if-n<f(x)<n
-nif f (x)<-n

and let g,(x)=f,(x)x (x). f e(qu,Ip())(Q) = f is finite almost every-
where, g, — f pointwise almost everywhere; since fe(Lq(),Ip())(Q) and
d, (X)| S|f (X)|, g, € (LQ(),I”())(Q). Therefore, since @, <+, by the domi-
nated convergence theorem (Theorem 26), g, — f innorm.

As a corollary to Theorem 27, we get two additional dense subsets.

Corollary 2.

Let Q be a non void open set, q( )eP(Q) and p()e P(Zd ), ARS)
and Q,,p, <™.

Then C,(Q) and S,(Q) are dense in (Lq() PO )(Q) .

Proof.

We will prove this for C_(Q); the proof for S, (L) is identical.

Fix fe (L“(),Ip())(Q) and £>0. We will find a function heC (Q) such

that [f-h < &. By Theorem 27 there exists a bounded function in

a().p(.Q

(l_“() [P0 )(Q) of compact support g, such that:

&
r "f - g"q(),p(),ﬂ < E (60)

Let supp(g) c BNQ for some open ball B. Then, since ¢, <o,
C.(BNQ) is dense in (Lq+ P )( BNQ) (see Introduction chapter, “Dense-
ness of some subsets in amalgam spaces (Lq AP )(Rd ) with constant exponents”);
thus there exists heC (BNQ)c=C (Q) such that:

&g

Jo-n w0 <ZTr B AT

q,,p_.Q = r"g _h

Therefore, by Proposition 17-3)-es):

<L (61)

q, . p-,BNQ 2

r "g - h"q(),p(),Q T "g - h"q(),p(),BmQ < (1+|B mQDr "g —h

and so using (60) and (61):

r "f - h”q(),p(),ﬂ < r ”f - g"q(),p(),Q ., "g - h"q(),p(),Q <&

As consequence of Theorem 22 and Corollary 2, we have the following.
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Corollary 3.
Let Q be a non void open set, q()eP(Q) and p( )eP(Zd), 7' cQ,
with 1<q( ), p( ). For any positive real number r,

r ” f "q(),p(),Q = sup{UQ f (X) g (X)dx‘ : pe CC (Q)’ r ||(0||q’(),p'(),Q Sl}

We will need the following lemma.

Lemma 28.

Let Q be a non void open set such that Z* — Q, suppose that ¢, p are con-
stant such that 1<, p <o then (Lq AP )(Q) is separable.

Proof.

We should find a countable dense subset of (Lq P )(Q) .Let fe ( L9, 1P )(Q) .

We partition Q as follows:

Q= 0 B(0,n)nQ
n=1
B(0,n)NQ is an open set, therefore there exists a bounded function g be-
longing to (Lq P ) B(0,n)nQ with compact support such that:
£
r ” f- g"q,p,B(O,n)mQ <E
supp(g9) = B(0,n)NQ, since g,p<x, C, (B(O, n)mQ) is dense in
(Lq AP )(B (0,n) mQ) (see Introduction chapter, paragraph “Denseness of some

subsets in amalgam spaces (Lq AP )(Q) with constant exponents”) therefore:

JheC, (B(O, n) mQ) such that

r "g - h"q,p,B(O,n)mQ

From these two last inequalities, we get:

r " f - h”q,p,B(O,n)mQ < r " f - g"q,p,B(U,n)mQ + r " f - g"q,p,B(O,n)mQ

thus C,(B(0,n)nQ) isdensein (L%,1°)(B(0,n)nQ).

In other hand, each element of C, (B(O, n)mQ) can be numbered by the
positive integer n, therefore (L“,Ip )(B(O, n)mQ) is separable, and the union
of all these sets is countable and dense in (Lq P )(Q) , we conclude that
( L,1e )(Q) is separable.

O

Theorem 29.

Given an open set Q such that Z' cQ, q()eP(Q), p()e P(Zd ) If
d,,p, <o then (L“O,Ip())(ﬂ) is separable.

Proof.

g, <. Then the proof of separability is almost identical to the proof of Co-
rollary 2, so we describe roughly only the key details.

We partition Q as follows:

a=JB(0.k)nO
k=1
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Since B(O, k)ﬂQ is open, (Lq+ P )(B(O,k)mQ) is separable (see Lemma
28) and so contains a countable dense subset. The union of all of these sets is a
countable set contained in (Lq() PO )(Q) .

Arguing exactly as we did before, we see that this set is also dense in
(LQ() A p() )(Q) .

O

Proposition 30.

Let Q be a set such that Z° = Q, q()eP(Q), p( )eP(Zd ), and a mea-
surable function g then T, is a continuous linear functional on (qu ,1P0 )(Q)
ifand onlyif ge (Lq'(), [P0 )(Q) .

Furthermore, "Tg ” = and so

r "g"q’(),p’(),Q
Cx, ||g||q,()' voa S "Tg ” <Cx, "9"q'o. o0 (62)

Proof.

Given any measurable function g, it follows from the definitions that
"Tg ” = ||g||q,()yp,()yQ and so by Theorem 22 (with the roles of fand g exchanged
in the statement and q( ), p( ) replaced by q’( ), p'( )), T, is continuous if
and only if ge (Lq'() PO )(Q) and we get inequality (62).

O
Theorem 31.
Let QO be a set such that Z'°cQ, q()eP(Q), p()eT)(Zd) , if

d,,p, <o , then the map grHT; is an isomorphism: given any

g e(Lq"),Ip'())(Q), the functional T, is continuous and linear; conversely,

given any continuous linear functional T e[(Lq(),lp())(Q)T, there exists a
unique ¢ e(Lq'(),Ip'())(Q) such that T=T, and r”g"q’(),p'(),ﬂ ~|T|.

Proof.

qwm<kaTeHWHmﬂQﬂiwemHMMge“WJWXQ)w¢
that T =T, . Note that by (62) we immediately get that _ ||g||q,()’p,()’Q ~ "Tg "

We consider two cases.

First case: |Q| <.

Define the set function u by u(E)=T(zg) for all measurable EcQ.

Since T'islinear and yp . =y + - if ENF =, u isadditive. To see that
it is countably additive, let

E=UJE;.

j=1

where the sets E; < Q) are pairwise disjoint, and let

Since p, <wo= p_<o and p()<oo on Z°, Then
by Proposition 17-3)-ee)
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<(2+19), |z - 7,

2" AR llgg.p00 =

r qu,p,,Q

1

~ (1+]0] _Z (2e 20 )7 :T

! I
L keZ

~—

2z

-@efo) (e R)nuf

_keZd

i 1
<(1+]0)) Z|E\ani}p‘.
_keZd

Since |E|<OO, (because EcQ, |Q|<oo); |E\Fn| tends to 0 as N —> o,

therefore ) " Xe = Xr,

—+o0 as N—oo that is g —> ¢ in norm as
a0, pO.Q "

N — o . Therefore, by the continuity of 7, T ( XF, ) — T (xe); equivalently,

3 u(E;) = u(E)

=1

therefore, u is countably additive. In other words, u isa measure on Q.
Further, u is absolutely continuous with respect to the Lebesgue measure

H,weproveit: let EcQ such that |E|=0 then . =0 and so:
W(E)=T(22)=T(0)=0

By the Radon-Nikodym theorem [28], absolutely continuous measures are

gotten from L' functions. More precisely, there exists g € L' (Q):
T(7e)=#(E)=[, xe (x) 9 (x)dx
By the linearity of 7, for every simple function f = z a, Xe, > E i € Q,
T(f):fQ f(x)g(x)dx

By Corollary 2, the simple functions are dense in (Lq(),lp())(Q), and so T
and T, agree on a dense subset. Thus, by continuity T =T, and so by Propo-
sition 30, g (L70,170)(Q).

Finally, to see that gis unique, it is enough to note that if g,§ e (Lq'() AP0 )(Q)
are such that T, =T, thenforall fe (Lq() 1P0 )(Q) :

[ 1 0)(9(x)=g(x))dx=0. (63)
Since |Q| <, by Proposition 17-5):
g-§e (Lq'() 1P )(Q) c (Lq'()* AP0 )(Q) simply denoted by (LqL P )(Q) ,

and since (63) holds for all f e (L“() PO )(Q) c (Lq* P ) ,
then we have:

g—ge(LqL,Ip'*)(Q)z[(Lq’,Ip*)]*

fe(qu,|P+)

by the duality theorem, (see Introduction chapter and paragraph “Duality of the
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wiener amalgam spaces (Lq AP )(Rd ) with constant exponents”).
g—§ =0 almost everywhere.
Second case: |Q| =0,

In this case, we write:

where for each 1, Qn|<°° and Q_anM. Given T e[(LQ()Jp())(Q)T’ by

restriction 7 induces a bounded linear functional on (L“() R )(Qn) for each
n. Therefore, by the above argument, there exists g, e(Lq'(),Ip'())(Qn) such

that for all fe(LqO,Ip())(Q), Supp(f)cQ_n,
T(f):_[Qn f(x)g,(x)dx

Further, [|g, [, oo SC|T[- Since the sets O are nested, we must have

that for all fwith supportin Q,:
_[Qn f(x)g,(x)dx =J'Qn+1 f(X) g, (X)dx

Since the functions ¢, are unique, we must have that g, =0,.,7, for all
xeQ, . Since supp(g,)< Q_n closure of the set Q_, the sequence ¢, increas-
es to |g| ; hence, by the monotone convergence Lemma 10:

r ”g”lJ'()yP'(),Q - !1!;2 r "g””fl'(),P'()ﬂ
thus ge (Lq'(),lp'() )(Q)

Now, fix f e(L“(),Ip())(Q) and let f,=fy, . Then f — f pointwise

almost everywhere and |f - fn| < f so by the dominated convergence Theo-

<C|r|<e

rem 26:
f, > f in norm. Further, f,g — fg pointwise, and by Holder’s inequality
| fng| < | fg| € L' (Q). Therefore, by the classical dominated convergence theorem

and the continuity of 7
[ f (x)g(x)dx=!il130f9n f(x)g, (x)dx
= Iiij f, (x)g,(x)dx
—limT(f,)=T(f).
Finally, since the restriction of gto each Q. is uniquely determined, g itself
is the unique element of (L‘m 170 )(Q) with this property. This completes the

proof of the theorem.
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