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Abstract

The phenomenon of “missing mass” in galaxies has triggered new theoretical
exploration, forming a competition between dark matter assumption, mod-
ified Newtonian dynamics and modified gravity. Over the past forty years,
various versions of the modified scenario have been proposed to simulate the
effects of missing mass. These schemes replace the dynamic effect of dark mat-
ter by introducing some tiny extra force terms in the dynamic equations. Such
extra forces have mainly interactions on large scales of galaxies, such as fitting
the Tully-Fisher relation or asymptotically flat rotation curves. The discussion
in this paper shows that the evidence of taking the modified schemes as fun-
damental theory is still insufficient. In this paper, we display a system of sim-
plified galactic dynamical equations derived from weak field and low-speed
approximations of Einstein field equations, and then we use it to discuss two
important empirical relations in galactic dynamics, namely the Faber-Jackson
relation and Tully-Fisher relation, as well as the related fundamental plane.
These discussions provide a reference scheme for improving the dispersion of
the empirical relations, and also provide a theoretical foundation to analyze
the properties of dark matter and galactic structures.

Keywords

Galactic Dynamics, Faber-Jackson Relation, Tully-Fisher Relation, Dark Matter,
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1. Introduction

The general theory of relativity has achieved great success in gravitational red-
shift, starlight bending, Mercury’s perihelion precession, radar echo delay, mod-
ern astrophysics such as the properties of dense stars, gravitational wave detec-

tion, and cosmology. However, it is still a weak link in the study of galactic struc-
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ture, and there are some unsolved mysteries, such as “missing mass” in galaxies,
resulting in competing new theories in galactic astronomy [1] [2]. In 1934, Swiss
astronomer Zwicky found that the total gravitational mass of a galaxy calculated
by the gravitational virial theorem was much larger than the luminous mass
measured by optics, so most of the gravitational mass in galaxies was invisible
[3] [4]. According to Newton’s law of universal gravitation, the rotational veloc-
ity of stars in a galaxy should gradually decrease as the radius increases. But in
the 1970s, American female astronomer Rubin ef al found that the rotation ve-
locity of the gases around the center of a spiral galaxy at different radii is al-
most a constant, which is the mystery of the asymptotic flat rotation curve of
galaxies [5] [6]. Obviously, such rapidly rotating stars in a galaxy, also need
the strong gravity of “missing mass” to maintain balance. This mystery is also
called “Dark Matter” mystery. Except for the gravitational force, this dark matter
has no other interaction with ordinary matter, including electromagnetic inte-
raction, accounting for more than 90% of the gravitational mass of the galaxy [7]
[8].

In the framework of Newton’s universal gravity, if the total radial mass distri-
bution of the galaxy is M (r), then the equation of motion of ordinary matter in
the galaxy is given by:

GM ()

r—z:f(a): a=

d’r

mal (1.1)

For the uniform circular motion, the centripetal acceleration is a=v?/r.
Zwicky’s calculations show that [3] [4], the optical mass in the galaxy is too
small and Equation (1.1) does not hold. In order to solve this contradiction,
physicists and astronomers have proposed three scenarios: first, the existence of
non-baryon dark matter, second, the Modified Newtonian Dynamics (MONDs),
and third, the Modified Gravity (MOG). The first scenario is in the framework
of conventional mechanics and gravity theory, so it needs a large amount of
non-luminous dark matter in galaxies, involved in gravitational interactions, bind-
ing the entire galaxy or cluster together. Non-baryon dark matter is the Weakly
Interacting Massive Particles (WIMPs). At present, it is generally believed that
WIMP candidates include supersymmetric particles, axions, noble neutrinos,
quantum zero-point fluctuation black holes, magnetic monopoles, Kaluza-Klein
high-dimensional particles, and so on [9]. Ordinary neutrinos with small mass
can also be dark matter candidates in the universe. But when galaxies formed in
the early universe, neutrinos were hot dark matter and could not form a gravita-
tional potential well to generate galaxy. Only cold dark matter particles can produce
galaxies, so ordinary neutrinos do not meet the requirements of cold dark mat-
ter. WIMP has been a hot issue in astrophysics but has not been detected [10]
[11].

The second scenario is MOND. This scenario does not require the dark matter
assumption, so it requires a modification of Newtonian mechanics [12] [13] [14]
[15] [16], that is, to modify the f(a) in the equation of motion (1.1). The
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initial scheme of Milgrom was f(a)—>a’/a, ata very small acceleration of
a<a, =1.2x10""m/s?. In the MOND scenario, the squared galaxy rotational
velocity is given by:

V2 =/GM (r)a,. (1.2)

Many researchers believe that the above equation can well explain some phe-
nomena of galaxies, such as baryon Tully-Fisher relation in galaxies [17], radial
acceleration relation [18] [19] [20], asymptotically flat rotation curve, etc. [21] [22].
Thus, these may indicate that the MOND can be viewed as a universal phenome-
nological description of galaxies. However, most data for galaxies have substantial
uncertainty. For example, the high-quality rotation curve data (SPARC) used to
support the MOND has an average of 7.1% observational uncertainty [23]. In
theory, there are some problems contradicting the expectations of Milgrom. For
example, the above formula only holds for a spherically symmetric density or some
very special density distribution like homoeoid [24] (Ch.2 Section 1.1). MOND
considers that a spherically symmetric dark halo does not exist, so the mass dis-
tribution of the spiral galaxy must be disk-like. Unless the surface density satis-
fies the special Mestel disk X oc r™*, generally the equation of motion of the par-
ticles in disk is different from the above formula [24] (Ch.2 Section 6.3). The
Newtonian gravitational acceleration produced by the homogeneous disk is
given by g, ~GMr/R?, and the equation of motion is very different from (1.2)
[25]. The M (r) of ordinary matter in the galaxy disk is generally a function of
1, so the idea that MOND can explain the flat rotation curve and Tully-Fisher rela-
tion may be insufficient, and doubts have always existed [26] [27] [28] [29].

The third scenario is the Modified Gravity (MOG). In such schemes, any dark
matter assumption is also unneeded [30] [31] [32] [33], but the Newtonian theory
of gravity no longer holds at the large scale of galaxy. Since Newtonian gravity is
the first-order approximation to Einstein’s theory of gravity, to modify Newto-
nian theory, we need to modify general relativity first. Although the MOND
theory also requires modifying the general relativity theory of gravity, it is not
the same as that stated here for modified gravity. Modified gravity has encoun-
tered difficulties in explaining the galaxy kinematics and the Tully-Fisher rela-
tion [34].

Due to the complexity of the nonlinear partial differential equations, general
relativity is rarely used in the study of galactic structures. In the paper [25], the
author simplifies the galactic dynamical equations by introducing the following
three working hypotheses. These three assumptions are as follows: 1) Einstein
field equation is correct, and the galactic dynamics should be its weak field and
low-speed approximation. In the large-scale structure, the retarded potential of
the gravitational field cannot be ignored. 2) In a well-developed galaxy, ordinary
matter such as stars is pressure-free and inviscid perfect fluid, which moves
along geodesics. 3) The structure of galaxies is mainly controlled by the total
mass density distribution. The simplified equations of galactic dynamics are de-

coupled from each other, and the equations are well-structured and convenient
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for analysis and solving.

In this paper, we first introduce the weak field and low-speed approximation
of Einstein field equation, which is the simplified galactic dynamics. According
to the dynamics, then we explain two important empirical relations in galaxy as-
tronomy, namely the Faber-Jackson relation and the Tully-Fisher relation. Fi-
nally, we analyze the shortcomings of the modified theories. The arguments of
the paper depend on that general relativity is still true at the galaxy scale. The
simplified dynamical equations provide a rational and practical theoretical
framework for studying galactic structure, capable of solving many practical

problems.

2. Simplified Galactic Dynamics

General theory of relativity is a successful theory repeatedly verified by astro-
nomical observation, with profound philosophical principles and mathematical
foundations. Therefore, it is the fundamental theory that should be selected first
in astrophysics. Einstein field equation is essentially a wave equation, and the
measurements of gravitational waves show that the waves propagate at the speed
of light C with a relative error of no more than 107"*. On October 16th, 2017,
Group of Gravitational Wave Observatories in the United States and Europe,
and including Chinese Space X-ray Astronomical Satellite Eye Telescope and the
Antarctic Survey Telescope, more than 70 astronomical observatories around the
world have jointly announced that, at 17 Aug 17, 2017 12:41:04 (UTC) from the
NGC4993 galaxy about 130 million light years away from Earth, Gravitational
wave signals (GW170817) generated by the merger of two neutron stars with
0.86 and 2.26 times of solar mass were detected by two laser interferometric gra-
vitational wave detectors at Advanced LIGO in the United States and Advanced
Virgo in Italy [35] [36] [37]. This is the first time in human history that a gravi-
tational wave signal from a binary neutron star merger has been detected. At 1.7
seconds after the gravitational wave signal arrived, the gamma-ray burst moni-
toring system GBM on the NASA Fermi gamma-ray Space Telescope received
the gamma-ray burst signal (GRB170817A) associated with the double neutron
star merger event [38]. This shows that the gravitational waves and electromag-
netic waves from the merger of two neutron stars reach the Earth through 130
million light-years of distance. The gravitational wave signal and electromagnet-
ic wave signal spread in space for 4 x 10'® seconds, and the two reach the Earth
only 1.7 seconds apart. This difference should be caused by the refractive index
of charged interstellar dust, so the velocity of gravitational waves should travel at
the exact speed of light. Thus, before encountering clear problems in theory and
observation, the most reliable basic theory is still general relativity, and the safest
way is to study Einstein’s field equation.

It is generally believed that relativistic effects need to be considered only when
high-speed motion and severely curved space-time are involved. In fact, for

large-scale problems, relativistic effects should also be considered due to the gra-
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vitational retarded potential. The galactic diameter is from 100,000 to a million
light years, so galactic dynamics must include the effects of the retarded poten-
tial. Unless the galaxy is a static structure, ignoring the retarded potential will
inevitably lead to distorted conclusions. The galactic diameter exceeds 100,000
light years, so the influence of the gravitational retarded potential should be con-
sidered when solving the dynamic equations. Stars near the center of the galaxy
have circled the center several times before the corresponding change of gravita-
tional field reaches the edge of the galaxy. Newton’s gravity is an action at a dis-
tance, which ignores this time delay. By Newton’s gravity we cannot get the sta-
ble spiral structure of a galaxy.

In the context of general relativity, the whole system of the dynamic equations

for galactic evolution should be Einstein field equations:
G ER‘”—%Q’”Rz—ET””, (E=8nGc‘4), (2.1)

combined with the law of energy-momentum conservation and the equation of
state of the gravitating source. In which R =g, R* is the scalar curvature. In
the classical approximation for the total energy-momentum, tensor takes the fol-
lowing form [25] [39] [40] [41]:

T4 =(p+P)UU" +(W -P)g", (2.2)

where W corresponds to the nonlinear potentials, which acts as negative pres-
sure or dark energy, and leads to the deviation from geodesic. According to the
law of energy-momentum conservation T/;" =0, we can derive the continuity

equation U,T/" =0 and the equation of motion for the source as follows:

uae,(p+W)=—-(p+P)u

7y

(2.3)
(p+P)U UL =(g" —U"U )0, (P-W). (2.4)

In the case of W ~ p > P, such as for the nonlinear spinors, we find that the
stream lines are quite different from the geodesics U/"U’, = 0. Therefore, a fully
relativistic simulation of the galactic evolution should include such terms. How-
ever, in the following non-relativistic approximation, the effects of (P,W) can
be merged into an effective mass-energy density p , which will greatly simplify
the galactic dynamics.

For convenience, we take C=1 as the unit of velocity. Noting the facts that
collisions between stars rarely occur, the trajectories of the ordinary matter, such
as atoms, are almost geodesics, so for stars, the following pressure-free and inviscid
energy-momentum tensor holds T/ = pU#“U", in which p, is the comoving
mass density of stars, and U“ is the 4-vector speed of the stellar flow. For ener-
gy-momentum tensor of a compound system, the energy-momentum of any in-
dependent subsystem is conserved respectively [42]. Thus, the ordinary matter
satisfies the law of energy-momentum conservation independent of that of the
dark halo, so we have T =0. Expressing it in the form of equations of conti-

nuity and motion, we obtain the dynamic equations for the stars:
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u“o,p,+pJ%, =0, U'UY =0. (2.5)

The total energy-momentum tensor of the galaxy is still given by (2.2), and sa-
tisfies the dynamic Equations (2.3) and (2.4). Using (2.1) and (2.2), we obtain:

R =k(p+4W -3P). (2.6)

Substituting (2.6) into (2.1), we obtain:
RHV:_E(p+P)Z,[”L{V+%I?(p+2\N—P)g”v, 2.7)

where U* isthe average 4-vector speed of all gravitating source.
In order to make a weak-field approximation, we choose the harmonic coor-
dinate system, which leads to the usual Cartesian coordinate system when linea-

rizing of metric. Then we have the de Donder coordinate condition:
1

P91y, =10, (Jo) -0

where ¢ = |det(g )| . Denote the Minkowski metric by
n, =n"" =diag (1,-1,-1,-1). For the weak-field approximation, we have the

linearization for the metric:
g,uv En/lv + hyvl g'w i’?”V _hﬂv1
W =" h,y, h=h=n"h

uv

g=1+h, \/§i1+%h.

For convenience, we directly use = to replace =. By straightforward calcula-

tion, we obtain the linearization for other parameters:

T =%’7W (8uhy +05h,, —0,0,),

T :av (h'uv —%ﬂyvhj,

1 1

Ry =50,0N,, —E(ma@vf”‘ +1,,0,T7),
R =La a“hf”—l(n”“a " +n"0,r")
2 a 2 a a ’

R:%aaaah—aar“.

Inwhich 0,0” =07 -V’ is the d’Alembert operator.

In the harmonic coordinate system, we have:

=0, (h”v —%n’”hj =0, (2.8)
_ 1 ah uv o _ 1 ahyv
Rﬂv = Eﬁaﬁ L R = Eéaﬁ , (2.9)
R=25 on, 6" =Lo o[ e —Lpmn) (2.10)
2 2 2
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From (2.8) and (2.10), we find that if T'¥ =0,0'¥ =0 at any given time
t =t,, it will always hold due to the Bianchi identity G’ =0.
To compare with electromagnetism and to understand the physical meaning

of the parameters, denote:

c1>=%htt =%h“, A=(h"hY,h®) =~ (h,,hy,h,), (2.11)
H=(h,)=(h").({ab}e{1.2,3}), B=VxA (2.12)

In the International System of Units, we have the order of magnitude of the

metric components:
c?|hy| ~ c|A] ~ @] <1 (a=b), (2.13)

which means |h, | <|A|<|®| <1 ifwetake ¢=1 as the unit.

For the present purpose, we define the stellar speed V by:

Eu_lo(ul,uz,u?'), (2.14)

which is approximately equivalent to the usual definition. For galaxies, we have

the following order of magnitude:
V|~300km/s=10"c, A~&V, h,~&N[, (a=b),

in which the coefficient i is also a number of small value. Then, according to

1:W=(1+2®—2A-V +gabVaVb)%U0,

by omitting the O(V 2) terms, the low-speed assumption gives:

U=1-d+A-V. (2.15)
Substituting (2.14) and (2.15) into (2.5) and omitting the higher-order terms,
we obtain the continuity equation and motion equation for the stars:
(8, +V-V)p, =—p,[V:V +(8,@+V-A)], (2.16)
(6, +V V)V = -V +(-0,A+Vo,®)+V xB+V -5,H. (2.17)
In (2.16), we used the de Donder condition I'® =0 in the form:

%Q(hxx+hw+hzz):—(6t<b+V~A). (2.18)

The equation of motion (2.17) is similar to electrodynamics. From it, we learn
that, @ gives the Newtonian gravitational potential, and A leads to the gra-
vimagnetic field B.

By (2.6) and (2.10), we have:

0,0°h=2%(p +4W —3P).

(2.19)

By (2.19), (2.7) and (2.9), we obtain the dynamic equations for h*":
9,0°h"" =2k (p+P)U"U" +K(p+2WN —P)n*", (2.20)
0,0 7" ==2[(p+P)U“U" +(W = P)p* ], (2.21)

DOI: 10.4236/jamp.2024.121023 290 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.121023

Y.Q.Gu

where y* =h"" —%n"vh. If the average speed of the dark halo is also small,

omitting 0(112) from (2.20), we obtain h™* =h® =h* =2¥, h* = 0,(a # b)

and:
a 1 a 1,00
0,0"® =-0,0°h" =~4nGp, (2.22)
a 1 a | Kk ~
0,0 =~0,0"h" = ~4nGp, (2.23)

where p and p are the effective mass densities with little difference. Their

zeroth-order approximation gives:
0)\? 0)2 .
p=p|:2(u ) —1}—2W+P[2(u ) +1:|=p—2W +3P. (2.24)
p=p+2W -P. (2.25)

In the following discussion, only the zeroth-order approximation of (2.16),
(2.17) and (2.22) are involved. Thus, in large-scale structures we have:
Conclusion 1. The equations of galactic dynamics at low speed and weak field

approximation are given by

0,0°® =—kp, p=p,+p,, (2.26)
%V =(0,+V V)V =V, (2.27)
d
e (6,+V-V)p,=—p,V-V, (2.28)

in which k =4nG is the interaction coefficient, V (t,X)= X is the speed of
ordinary matter such as stars and dust. p, is the density of dark halo, and
P =2, MS(X—=X,) isthe density of ordinary matter.

Dark matter is an unknown superfluid, with special properties, very different
from the equation of motion of ordinary matter, and has a decisive role in the
formation of galactic structure and the evolution of the universe. Except for the
bulge, we should have p, < p, in the vast region of a galaxy. In this case, p,
in (2.26) can be ignored. As a reasonable approximation, the equations of galac-
tic dynamics are decoupled from each other, which brings great convenience for
analysis and calculation. According to different cases, Equation (2.27) can be re-
garded as either hydrodynamics of pressure-free and inviscid perfect fluid, or as
an equation of motion of mass points. Corresponding to the dynamical Equations
(2.26) and (2.27), we have:

Conclusion 2. The total Lagrangian of a galaxy is the sum of Lagrangians of

all subsystems:
1

L=Ly+L+L;, Ly =2—6#CI)6”CI)—pd(D, (2.29)

K

1 12
L=Y Emkvk -m@ |5(x—X,), (2.30)
K
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and £, ( pq.Us P, ) is the Lagrangian of the dark halo.

Since the specific form of £, is not clear, in the following calculation, p,
can only be limited by observed data. The main component of dark matter is
non-baryon dark particles, ie. weakly interacting massive particles WIMP that
do not participate in electromagnetic interactions. Despite many theoretical
candidates for dark matter particles, the author proposes that the dark halo may
be composed of nonlinear spinor fields with mass [25] [41]. A nonlinear spinor
field is a superfluid without electromagnetic interaction, whose trajectory is very
different from that of ordinary matter. If the effect of stellar motion on the dark
halo is negligible, the star is equivalent to moving in a stationary gravitational
field. In the case of ®, =®(r,) independent of time, then many conclusions
in Newton’s gravitational field, such as the conservation law of mechanical
energy, the virial theorem, are all valid, which greatly simplifies the analysis and
calculation.

By Noether theorem, we have the total energy of the system:
_ oL ¢ 3y —
E_IR{Z?f —£Jd x=E, +E,,

in which (E,,E,) are the energy of ordinary matter and dark halo in the ga-

laxy respectively:
1 1.
E, :IR3p(§V2 +®jd3x:zk:mk (Exf +Cij,

E, =K, +j{i((atq))2 +(Vq>)2)+pdcl>}d3x,

where ®, =®(t, X, ) is the potential energy of -th particle. The summation is
calculated only once for each particle from the center to the edge of the galaxy.
K, 1is the equivalent kinetic energy of the dark halo. For isolated systems, E'is a
conserved quantity.

Astronomical observations show that a fully developed spiral galaxy has a sta-
ble structure, including the bulge, disk, spiral arm and dark halo. Except for the
bulge, the stars and the interstellar dust are located in the disk. The spiral arm
consists of the density waves of ordinary matter. In 1942, Swedish astronomer
Lindblad proposed the concept of density wave. In 1964, Lin and Shu established
the density wave theory of spiral galaxy [43]. The velocity and density are varied
as the star rotates around the center of the galaxy. The density of ordinary mat-
ter in the spiral arm is larger and the gas is compressed to form new stars. The
pattern rotational speed  is approximately a constant. About 2/3 of spiral ga-
laxies have bar structure, which is not density waves but composed of fixed stars
and rotating at pattern speed. If the effect of the motion of ordinary matter on
the dark halo is negligible, namely, at large scale p, <« p,, then both E; and
E, can be regarded as conserved quantities.

In stationary galaxies, the density of dark halo p is a given function inde-

pendent of time in the comoving rotational frame. Denoting the pattern speed

DOI: 10.4236/jamp.2024.121023

292 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.121023

Y.Q.Gu

by O, in the comoving rotating coordinate system (t,r,60,¢ =¢—Qt), assuming

(p,®) is independent of time, then we have the following transformation:

\Y :(r',ré,rsin 6’(Q+¢7)), 0,0 :(c*lgaw,a,,ag,a(p)@,

0 DD =202 (0 ®) —(0.0) -~ (3.0 —— (5 ®).
H ¢ ((/) ) (r ) r2(€ ) (rsin9)2<w )

The mechanical energy of the gases is given by:

E, = ;mk (%[r‘f +15,67 + (1, sin 6, )2 (Q+¢, )2}+6ij. (2.31)

In the case without confusion, we take the speed of light as the speed unit
c=1 for simplicity.

For stationary spiral galaxies, the spiral structure as a whole rotates around
the z-axis with a constant angular speed Q. Therefore, under the coordinate
transformation ¢ = ¢ —Qt, the structure equation in the new coordinate system
is close to static, and the solution is independent of time £ Thus, we get:

Conclusion 3. For non-warped stationary spiral galaxies, the galactic disks sa-

tisty the structural equation:

2 1, @
(83 +?8r+r—2L2 —0—26;](1)—1(;0:0, (232)
(V.o, +V,3, )V, ~r(V, +Q) +6,0 =0, (2.33)
2 1
(V,6,+V,0,)V, =V, (V, +Q)+=0,® =0, (2.34)
r
(v, +v¢a¢)z+(arvr +0,V, +1er2 =0, (2.35)
r

in which [? =82 +cot6o, +_L298;. The physical significance of the terms
sin
related with Q in the above formula is that r(Vq, +Q)2 is the centrifugal force,

and zVrQ is Coriolis force.
r

Due to the gravitational field background of the dark halo, (2.32)-(2.34) is
represented in the spherical coordinate system, but (2.35) is represented in the
polar coordinate system. Equations (2.32)-(2.35) is the structural equation for a
stationary galaxy with bar and spiral structure, by which the details of the densi-
ty and velocity distribution of ordinary matter can be solved [25]. Strictly speak-
ing, the density wave theory of galaxy structure is still phenomenological, and
only the solution of dynamical Equations (2.32)-(2.35) is an essential explana-
tion of the nature of galactic structure. The exact details of the motion are very
complicated and time-dependent, such as the velocity dispersion of stars. The pat-
tern speed may be weakly correlated with radius rand time #and so on. If these
details are entangled in the beginning, it will be difficult to study deeply and re-
veal the nature of galaxies. Based on the understanding of dynamics (2.26)-(2.28),
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these details can be computed and analyzed by numerical simulations. In the
next, two main empirical relations in astronomy, namely Faber-Jackson relation
and Tully-Fisher relation, will be explained according to the structural Equations
(2.32)-(2.35).

3. Theoretical Explanation of Two Empirical Relations

3.1. Faber-Jackson Relation

Elliptical galaxies have no disk, the stars do not follow a regular rotation, and
most of the kinetic energy of stars is in the random motion. The gravitational
potential @®(X) in (2.31) is independent of time, and the virial theorem holds.
The Faber-Jackson relation is the relation between the luminosity of elliptical
galaxies and the velocity dispersion of the luminous matter therein, discovered
by Faber and her student Jackson in 1976 [44]. This correlation was first qualita-
tively proposed qualitatively by Morgan and Mayall in 1957 [45], “For progres-
sively fainter Virgo cluster ellipticals, the spectral lines tend to become narrower,
as if there were a line width-absolute magnitude effect for the brighter mem-
bers”. However, the explicit relation of this effect L oc 67 is found by Faber and
Jackson, where L is the luminosity of the elliptical galaxy, o is the velocity dis-
persion, and power index 3 <y <5. The relation can be used to determine the
mass and gravitational distribution in ellipticals and the distance of galaxy.

Since the two relations are the relationship between the average velocity and
the centralized parameters, we mainly discuss the integrals of the parameters.
The spherical average of the gravitational potential within a stable elliptical ga-

laxy has a power-law form ([24], Section 2.1.2):
- 1 . )
®=—dsingdodp = Ar", nA>0,
At

where (n, A) are constants, but it is related with galactic structure. By (2.32)
and Q =0, we have the mass distribution in the galaxy as:

— — — n(n+1)A
ﬁ:lvzq):l(afq)_i_z@rq)j: ( ) rn—zl
K K r K

(3.1)

Corresponding to the potential energy of mass point we have n=-1, while
for a homogeneous ball, we have N =2, so there must be —1<n<2. Thus, the
total mass of the galaxy is given by:

4mnA

M = 4r[ prédr = TR, (3.2)

where R is the dynamical radius of the galaxy, which is proportional to the opti-
cal radius and scale length. Thus, the kinetic energy of ordinary matter in the ga-
laxy is as:

1

K==M,o? :%gmMaz

:MRnﬂazl (3.3)
2 K

where o denotes velocity dispersion, &, =M/M is the partition ratio of or-

dinary matter to dark matter in the universe, and therefore has little relation to
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the galactic structure. All such coefficients can be finally merged together and
then determined by observational data. The potential energy of ordinary matter

is about:

4nn(n+1)&, A2

R —
U=4 pDridr =
iy Sop®rdr (2n+1)x

R2n+1 (3.4)

_Kmez_ n+1l )
~ 4nR n(2n+1)

(3.5)

For a balanced system, there is a proportional relationship between various
energies, this is virial theorem [46] [47] [48]. For the ordinary matter in a stable
galaxy, we have:

Conclusion 4. For a stable galaxy with power-law potential © « 1", the or-

dinary matter satisfies virial theorem in the centroid coordinate systen:

d 2 3
Ozﬁzk:mkrk'vk =[ o, (VP —1-V®)d*x=2K -nU. (3.6)

The above equation shows that the application of 2K +U to galaxies is not
always correct.
Substituting (3.3) and (3.4) into the above equation, we have:

2
R:n&a”, —1<n<2. (3.7)
An(n+1) 2

Substituting (3.7) into (3.2), we obtain:

n+l  2(n+1)
KNN

In addition, by luminosity formula:

L=["2nl, exp(

n+1

—RLJ rdr = 27l R?, (3.9)

d
where R, is the luminous scale radius of the galaxy, which is proportional to
the dynamical radius R, =&;R. |, is the surface brightness at the center of
the galaxy, with some correlation with the galaxy structure. By (3.7), we obtain

the relation between luminosity and velocity dispersion as:

2y
L =2nl,&R? = 2l &l [%] o", (3.10)

The parameter A has some correlation with the radius R From (3.7) and (3.2),
among the parameters with dimension (R, M, o, A) , only two are independent
variables. If A is related to galactic structure, it should have the form Ao R*,
thus we have:

Conclusion 5. Assuming that the spherical mean potential function of an el-
liptical galaxy has the following form:

Azng‘”, q‘>=CR (Lj (3.11)
n n R
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in which (—% <n<2,m>0,C>0) are constants, which have little correlation

with R. Then we have relations:

C(n+1)

p=——TJR™""? (3.12)
K

2 2n+1
R=Bo"™, B=p———, (3.13)

C(n+1)

2(m+1)
M =£Rm+1 =£BmRaz =£Bm”a mo (3.14)
K K K
4

L =2nl,&R? = 27l £2B%o ™. (3.15)

The conclusion can be verified by substituting (3.11) into (3.1) and (3.7)-(3.10).
The conclusion shows that:

1) The power index —% <n<2 has only influence on the coefficient of Fa-

ber-Jackson relation, but M ~1 has mainly influence on the power index.

2) In general cases, Loc M only holds approximately, and the accurate rela-
tions between the two involves other physical principles beyond classical me-
chanics.

3) The coefficients (B,C) and m should be determined by observational data.

The above conclusion provides a theoretical basis for studying the intrinsic
properties of ellipticals and improving the precision of Faber-Jackson relation.
According to the fundamental plane relation [49] [50], the parameters (R, o, IO)
satisfy the following relation with small dispersion:

lgR=algo+blgl, + 4, (3.16)

where A depends on the definition and measuring method of (R,o-, IO) , that
is, it relates to the coefficients &,;,&, and so on. We can determine the relation
between M and L according to the observed data (a,b, ). Suppose M =kL”,
by substituting it into (3.14) and then combining with (3.13) and (3.15), we can

gL

solve for (IgR,lgo,lgl,) represented by . Putting the 3 expressions into

Equation (3.16), we get:
[a(am—-4b-2)+2(m+1)b]lgL+(am—4b—2)lgk+---=0,  (3.17)

in which the omitted items are independent of (k, L). Since IgL is a variable,

its coefficient must vanishes. Thus, we have solution:

2(m+1)b
S Gl e’ iy (3.18)
am-4b-2
1
K = £(4m(a+b)—3b—2 20(me1) g-2(m+1) gam(m-+1) )am,4b,2 . (3.19)

K

where k is related to the coefficient A, depending on how the radius is defined
and measured, but «a is independent of the proportional coefficient. By the

observational data of r; band [49], converting the absolute magnitude into
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brightness, we get coefficients:

a=139, b=-09, A1=-6.71 (3.20)

Again by m> 0, we have:
Conclusion 6. For ellipticals, we have M =KL”,(1.125< a <1.295). In the

case m=1,

10
a=§, =288 gom | 53, Mot
K

Due to the level of observation, the fundamental planes of different bands are
usually obtained by different samples, galactic parameters are not obtained by
unified measurements, and each sample has different selection conditions, which
will affect the study of the parameters of fundamental plane [51]. In 2003, Ber-
nardi et al. analyzed about 9000 ellipticals of samples of SDSS in different bands,
showing that the change of fundamental plane from g to z bands is small [52]. In
2008, La Bernardi ef al found no significant changes in fundamental plane [53],
probably because of the narrow observed band range of (0.4 - 1.0 um). In 2009,
Jeong et al. studied the fundamental plane of near-UV and far-UV [54], and the
parameter a values fit the generally believed trend, but the b value was signifi-
cantly different from —0.8. In 2012, Focardi and Malavasi analyzed the effect of
galaxy environment and brightness on the Faber-Jackson relation by using a
sample of 384 nearby ellipticals [55]. The analysis shows that the intrinsic dis-
persion of the Faber-Jackson relation is significantly reduced when ellipticals in
high-density environment are compared to those in low-density environment.
For high luminosity galaxies y >4, but for faint galaxies y <4 . The larger the
central mass of the galaxy, the higher the velocity dispersion, and the deeper its
gravitational potential well. By representing the coefficients as functions of the

dynamical radius R, we obtain the relations with less dispersion.

3.2. Tully-Fisher Relation

The Tully-Fisher relation was first proposed by Tully and Fisher in 1977 [56].
They found that the width of HI line and the absolute magnitude of B band
photometry in the disk galaxies (including the galaxy group, M81, M101, etc.)
have reliable power-law relation from the observational data at that time. The
width of HI line reflects the rotational velocity and is independent of distance.
The magnitude of galaxies is easy to measure, and when the magnitude is cer-
tain, the absolute magnitude is a single variable function of distance. Therefore,
Tully-Fisher relation becomes a ranging tool for extragalactic disk galaxies, and
Tully and Fisher try to calculate the distance of galaxies in the Virgo cluster and
the Ursa Major cluster. Soon, it was found that near infrared metering was ad-
vantages over optical metering. In 1980, Mould et al used H-band (1.65 mm)
metering for M81, M101, etc. [57]. In 1983, Aaronson and Mould found that
compared with B band (blue light) photometry, the Tully-Fisher relation ob-
tained by infrared photometry does not depend on the morphological characte-
ristics of the galaxy, and the dispersion of galaxy samples is smaller, indicating
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that the Tully-Fisher relation obtained by infrared photometry is a better rang-
ing tool [58].
For spiral galaxies, denote the circumferential mean potential energy and the

tangential mean velocity of the gases at radius r in the disk 8 :g respectively
by:

= 1 c2n 2 1 (2n 2 2

(D—z—TCJ.O q)d(ﬁ, Vv —gJ‘O r (V¢ +Q) d(D

Observations show that the average rotation velocity of stars in the disk is
close to a constant v e (200,400)m/s . By (2.33), the relation between the mean
velocity and the mean gravitational potential in the disk is given by:

—+0,2=0 = ®=viIn|—| (3.21)
r Iy
Thus, we have the mean value of the total mass density distribution in the disk

as:

V2

Kﬁz(af +zarch> =—. (3.22)
r r

In spiral galaxies, ordinary matter is concentrated in the disk, while the dark
halo of superfluid is close to a spherically symmetric distribution, so the spheri-
cal average of the density of the galaxy should be also approximately (3.22).
Compared the above equation with (3.1), we find that the mass distributions of
ellipticals and spiral galaxies are different. In 1974, Einasto et al. stated that [59],
the mass of a spherically symmetric galaxy can be estimated from (3.22). How-
ever, for nonsymmetric galaxy, M (r) has 10% error [25] [60]. By (3.22), we get

the total dynamic mass of the galaxy:

M =4z pridr =GRV, (3.23)

For stable spiral galaxies, the ordinary matter in the disk forms two-dimensional
density wave, and the circumferential average density £ =2, f (r/R) is of a sta-

tionary structure, thus we have:

M, =213, jOR f (%j rdr =bR?, (3.24)

where the coefficient b has less correlation with the radius R. Observational data

show that we approximately have:
M oc M, oc L oc R?, (3.25)
Taking vas a known parameter, and solving (3.25) and (3.23), we get:

Conclusion 7. For a stable spiral galaxy, if the rotation curve outside the
bulge is almost flat, then we have Tully- Fisher relationn:

Rocv?, LocM ocv?. (3.26)

The Tully-Fisher relation is an empirical relation between the luminosity or

total mass and rotational velocity of a spiral galaxy, where the galaxy samples are
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distributed near a straight line in double logarithmic coordinates and the slope
of the line is about 3 - 4. The dispersion of the baryonic Tully-Fisher relation in
galaxy samples is smaller than that of traditional Tully-Fisher relation, possibly
caused by the difference in the motion law of the dark halo from ordinary matter
[25] [41]. The Tully-Fisher relation is an effective ranging tool for spiral galaxies.
The Interference Array telescope, now used to observe galaxies, greatly improves
the spatial resolution, captures the details of the characteristics of galaxy motion,
and better avoids the problem of other sources interfering with target sources.
Therefore, in addition to providing more reliable data for the baryon Tul-
ly-Fisher relation study of galaxies, the interference array can also study the in-
tergalactic medium. Much of the work on the baryonic Tully-Fisher relation and
the traditional Tully-Fisher relation has various different definitions of rotation-
al velocity [17] [61], such as V.V,

max» Wso W, » where the smallest dispersion of

the baryonic Tully-Fisher relation corresponds to V,, . Similar to the case of

lat *
Faber-Jackson relation, the slope of the line deviation from 4 may be caused by
the correlation between (b, 1,) and R, which can only be explained by detailed

dynamical calculations.

4. Discussion and Conclusions

The phenomenon of “missing mass” in galaxies sparked debate between the dark
matter hypothesis, MOND and MOG schemes. From the above discussion, we
learn that general relativity is a successful theory with profound philosophical
thought and mathematical foundation, and has been verified by a large number
of experiments and observations, so it is a basic theory that cannot be easily
abandoned and denied. Since Einstein field equation is a complicated system of
nonlinear partial differential equations, theoretical analysis and solution are very
difficult to achieve, they are rarely used directly in the calculation of galactic
structure, and galactic dynamics become a weak link for the application of gen-
eral relativity. If the weak field and low-speed approximations are used to simpl-
ify Einstein field equation, we can obtain simple and practical equations for ga-
lactic dynamics (2.26)-(2.28) to study the details of galactic structure and motion
of matter, such as spiral structure, pattern rotation speed and asymptotically flat
rotational curves. The analysis in this paper shows that the Faber-Jackson rela-
tion and Tully-Fisher relation do not violate relativity and Newtonian mechan-
ics, only because we have not deeply studied the application of general relativity
in galactic structure.

It is not completely unacceptable to modify traditional fundamental theories,
but there must be sufficient philosophical reasons and extensive verification of
experimental data. Modified schemes such as MOND or MOG only use a class
of special functions containing parameters to fit the observed data. Although this
is also one of the scientific methods, it only derives a plausible result by several
assumptions, rather than gives an essential explanation. The idea that the mod-

ified schemes can compete with the classical theory is very fragile if only by fit-
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ting the simplified models of concentrated parameters such as Tully-Fisher rela-
tion or flat rotation curve. If the modified schemes can calculate the distribution
details of the mass and velocity in a spiral pattern, this will greatly increase their
credibility. However, according to the author’s experience, the modified schemes
can hardly achieve this goal for the following reasons: Galactic spiral arms are
places in which stars are dense, where the stars have the lowest velocity, the least
kinetic energy, and thus the highest potential energy [25]. But this phenomenon
is contradictory to the assumption that there is no dark matter, because if the
dark halo is absent, then the place where matter is dense must have low potential
energy and high speed. This shows that dark matter must not only exist, but also
move along different orbits from that of ordinary matter. Dark matter and lu-
minous matter in a galaxy must be separated automatically. Dark matter pro-
vides a dynamic background for the generation and evolution of stars, equiva-
lent to the amniotic fluid for a fetus. The modified theories make it impossible to
explain the spiral structure of galaxies, and therefore they cannot be the funda-
mental theory of galaxies. A stable solution of the spiral structure of galaxies can
be obtained only by introducing the gravitational theory with retarded potential.

There is a tendency to deepen and expand the correlation study of concen-
trated parameters of galaxies, which is a matter requiring vigilance. Statistical
models with concentrated parameters have their limitations. For example, there
is a positive correlation between body weight and height of humans. If we in-
troduce parameters such as gender, shoulder width and waist circumference, we
can get quite accurate fitting formulae. But this correlation is obviously impossi-
ble to have a precise result, and the dispersion always exists. Therefore, correla-
tion studies will never replace causal explanations. The final solution of dark
matter properties and galaxy structure depends on a thorough study of the rela-
tivistic theory of gravity. All scientific achievements constantly remind that na-
ture is far wiser than humans. However, the research method of opposing phi-
losophical thinking and emphasizing subjective model and data calculation ad-
vocated by the physics society in the last century has been weakening the sensi-
tive nerves of people’s communication and dialogue with nature. Only by chang-

ing this situation, can we promote substantial progress in fundamental physics.
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