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Global Existence and Decay of Solutions for
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tions with singular potential and logarithmic nonlinearity. By utilizing cut-off
techniques and combining with the Faedo Galerkin approximation method,

local solvability was established. Based on the potential well method and Hardy
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1. Introduction

In this paper, we focus on the Neumann initial boundary problem:

-2
|x|Zut_Au—Aut:uln|u|—.H|XX||—_zm(.fQuln|u|dx, XxeQ,t>0;
Q
au(x,t) (1)
T:O, XE@Q,I>0;
u(x,0)=uy(x), XeQ,

where Qc RN (N >3) isabounded domain with smooth boundaries 06Q, nis
the outer normal vector of 0Q while
0#Uy(X)eH. = {u € H},(Q):'[Q|x|72u(x,t)dx=0} cX=(%X, %, Xy )€ R"
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with |X| = /%7 +X; +---+ X . As is well known, according to the law of conser-
vation, many diffusion processes with reactions can be described by the follow-

ing equation (see [1]):

u, —V-(DVu) = f(x,t,u,Vu). (2)

Among them, U (X,t) represents the mass concentration in the chemical reac-
tion process or the temperature in thermal conduction. At position x and time ¢
in the diffusion medium, the function D is called the diffusion coefficient or ther-
mal diffusion rate, the term Vcdot ( DVU) represents the rate of change caused by
diffusion, and f (X, t, UVU) is the rate of change caused by the reaction.

In the past few years, many researchers have paid attention to Equation (2).
For source f (X,t, u,Vu) =u% and D =1, alot of work has been obtained. Many
scholars have studied the global existence [2] [3], blow-up conditions, blow-up
time estimates, and asymptotic behavior of solutions to such problems. Interested
individuals can read reference materials [4] [5] [6].

Yan et al. [7] considered the following parabolic equation:

U, —Au =u|n|u|—ﬁjﬂuln|u|dx, XxeQ,t>0;

3
a—u=0, XeoQ,t>0; G)
ov
u(x,0)=uq(x), XeQ.

According to the logarithmic Sobolev inequality and energy estimation method,
the results of blow-up and non-extinction of solutions under appropriate condi-
tions are given, which generalizes some recent results.

Taking inspiration from these studies, we will consider the problem with loga-
rithmic nonlocal sources in this paper. As far as we know, this is the first work to
consider the singular parabolic Laplace equation with strong damping and loga-
rithmic nonlocal sources. This work has great significance and can fill the re-
search gap in this area.

The organizational structure of this article is as follows. In Section 2, we will
introduce some symbols, definitions and basic lemmas that will be used in this
paper. In Section 3, we present the main results of the paper, which are the local
existence of weak solutions and the global existence and decay estimation of weak

solutions under certain conditions.

2. Preliminaries

In this section, we will introduce some symbols and lemmas that will run through
this paper. In the following text, we denote by ""r (I’ > 1) the norm in L' (Q)
and by (,) the L (Q) inner product. First, for Problem (1), we introduce the
potential energy functional:

1 1,00 1
3 (u) =S Ivull + ol = T ol nful e “

and the Nehari functional:
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u)=[vul; = [ |uf Infu|dx, (5)
by a direct computation:
I (u) =—' —|| > (6)
By |(u) and J(u), we define the potential well:
W ={ueH.:J(u)<d,I(u)>0}u{o0},
V={ueH.:J(u)<d,I(u)<0},
and the Nehari manifold:
N ={ueH;(Q)\{0}:1(u)=0}.
The depth of potential well is defined as:

d=inf J(u).

ueN

Lemma 1. [8] [9] Let u be a positive number. Then we have the following

inequalities:
-1
sPIns<(eu) sP, foralls>1,

and

|sp In s| s(ep)ﬁl, forall0<s<1.

Lemma 2. [8] Let Q is a bounded smooth region in R", then for any
ueHg(Q) and a>0,we have:

2_[ |u | In{"| ” )| de+n(1+lna)||u||L2 s—j |Vu| dx.

Lemma 3. [7] [9] [10] Let U e Hg(Q). Then, |u?|e L*(Q) and there exists a

constant Hy =H(N,Q)>0 such that:

2
J‘Q&dxs HN.|'Q|Vu|2 dx, (7)

B

Lemma 4. [11] Forany Ue€ Hé (Q) , we have the following inequality:
2 = Il ol ®

N(#) oo pet

where @ = » 0<
2(2+,u) N-2

Lemma 5. [8] [11] Let f:R* > R" bea nonincreasing function and o be

a positive constant such that:
[ f”"(s)dss%f”(o)f(t), V>0,

Then, we have:
1) f (t) <f (O)elf"’l ,forall t>0, whenever 6 =0.
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1
2) f(t)< f(o)(l“‘7 j",forau t>0, whenever ¢ >0.
+ wot

Lemma 6. Assume that Ue Hg(Q )\{0}, then:

1) lim, . J(au)=0, lim, J(4u)=-o.

)>0 such that i\](/lu) =0.
dA

2=1"

2) There exists a unique A" =A1" (

3) J(Au) is increasing on 0< <A, decreasing on A" <A<+, and at-
tains the maximumat A=A1".

4) 1(Au)>0 for 0<A<A", 1(Au)<0 for A" <A<+w,and
1(A7u)=0.

The following is the definition of weak solution for Problem (1). To avoid
confusion, we also write U(X,t) as U (t)

Definition 7. [7] [12] (Weak solution) A function U= u(x,t) el” (O,T; H*)
with:
2

u e (0TiHA Q)] |“7| dt < oo,

2

is called a weak solution of Problem (1) on QX[O,T) if U(X,O)=UO(X) in
H. and:

<|U?W> +(Vu,vw) +(Vu,, Vw)

—S

:<uln|u|,w>—

J_||XX||—_5dXJ'QuIn|u|dX,W , aetel,T.
Q
forany veH..

3. Main Results

In this section, we present two theorems. Firstly, we present the local existence
and uniqueness theorems for weak solutions to Problem (1). Next, we present
the existence theorem for the global weak solution of Problem (1), and also pro-
vide an estimate of the exponential decay of the solution in the theorem.
Theorem 8. Let U, € H. \{0}. Then, there exista T >0 and a unique weak
solution u(x,t) el” (O,T; H*) of (1) with:
2
U,

u e LP(0,T;HI(Q)). [} | Wl

dt < oo,

satisfying U (O) =U, . Moreover, U (X,t) satisfies the energy equality:
L

I{II

Proof. We divide the proof of Theorem 8 into 3 steps.

+[vu | Jdt+J() J(up), O<t<T.

Step 1. Local existence

To deal with the influence of singular potentials, we introduce a cut-off func-
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tion:
Po(X)= min{|x|72 ,n},v neN™.
We denote the solutions corresponding to p, of Problem (1) as u,. We can
know that:

0 Uy (x)e H. ={un € Hé(Q):IQpn (x)u, (x,t)dx =0},

where H.=H, as n—o. Let {a)j }Tfl be a linear independent basis in H.

and construct the approximate solution:
k
us (x,t)=Yag (t)o; (x) fork=1,2,--;j=12-Kk,
j=1

solving the problem

<pn (X)ur'ft,a)j>+<Vur'f,Va)j>+<Vu§t,Va)j>

- )
=<u: U n|ut ,coj>—<p”—(x)jﬂunk In |u¥ dx,coj>,
prn(x)dx
and
k
Uy (%,0) =D by, (X) =g, —> Uy (x) in H., (10)
=1
as k — +00,N — +o0. Noticing that ; (X) € H., it is not hard to verify for any
fixed f
k
J'Qpn(x)uﬁ (t)dx:J'Qpn(x)Z;a'n‘j (t)o; (x)dx
j=
k
=Z;a:i (t)J'Qpn(X)an (x)dx=0.
j=

From above equality, we know that {arfj }k is determined by the following

j=1
Cauchy problem:
K
3], () () 0] 4 [ )], =G ).
a,; (0) =hy,
where

a)jdx

%akggﬁmwummgﬁawxw

K
- .[Qzla:fj (t)Vo,(x)Ve,dx.
=

The standard theory of ODE states that there exists a T >0 such that
ag(t)eC'([o,T]).
Multiply (9) by ar'fj (t),sum for j=1,---,k and recall u';(x,t) to find:
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<pn (x)u'n‘t,un>+<Vu,’f,Vu;‘>+<Vu§t,Vu'n‘>

(11)
k k
= . T).
<n > <.[p ix n>, ae.te(0,T)
Integrating both sides of (11) in Qx [0 t] we get:
|dxds (12)
where
1 1 ?
s (1) =5‘(pn (P of <Ly + [t @) os 0
From Lemma 1, we get:
u (t)| dx
= .[le{xen;‘uﬁ(x)‘a} u: (t) UE (t)| dx
+ 1[92={XEQ;‘U5(X)‘<1} U: (t) u:: (t)|dX (14)

2+u

dx

Uy (1)

-1
S(eﬂ) jﬂlz{XEﬂ;‘u'n‘(x)‘zl}

e

2+u

< (e,u)

2+p ’

Let O<pu< % , then from (14), Lemma 2 and Young’s inequality, we obtain:

Ja

uy (t) (t
(ex) " Jus (t)
< (en) " Co [vui (1),

< (en) " Coe|Vul (1)]; +(e)*C

|dx

2+pu

2+u
(2+u)

uk (t)"(lfé‘)(%ﬂ) (15)

n 2

|| 2+/1

<(en) " Coe [Vul (t>||§+(eu>* CoC ()8, ||qu o

where 86(0,1),and 0= 11 N :A, B, is the best embedding
2 2+u (2+y)2

constant. We note that since 0< u < % , 0(2+1)<2 holds. Let
_2(1-6)(2+u)

S 2[2-0(2+u)]

_ 2(N+2+u)-N(2+u)
2(N+2)-N(2+pu)

then a>1 since O<,u<%.

From (12), (13) and (15), we get:
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n

SK(t)<s" (o)+ j‘(ey)* Cot|[Vul (t)] ds
+]1(en)  CoC (&) By [vul ()] s
<s5(0)+ (eu) 1CeeSi (1) +(en) ' CaC (2) By [ (85 (1)) s
that is
S¥(1)<C,+C, [ (S (1)) ds, (16)

- S¢(0 =
where 1—(e,u)lCeg>O, C = ”( ) C _(e/”) CGC(‘S‘)Bl.

l—(e,u)flCGg C 1-(eu) ' Cqe
From Gronwall inequality, we obtain:

S: (t)SC3, (17)

where C, is a constant which dependent on T
Multiplying (11) by [ar':j (t)l , summing on j=1,2,---,k and then integrat-
ingon (0,t), we know that, forall 0<t<T , we have:

J;[<pn<x>>i s

By the continuity of the functional /and (10), there exists a constant C >0

2

)2 +||Vunk‘ (t)"z]dsu(unk ()= (u'n‘o). (18)

satisfying:
J (ur‘fo) < C, for any positive integer nand k. (19)

Applying (4), (13), (15), (17), (18) and (19), we obtain:

1 C.e 2
(2 eZZ]" O + Lt Of e <a@w)e. o
2C.C o
where C, :%(CQ . From (18) and (20), for any n,k e N*, it fol-
]
lows that:

<C, (21)

up (t)
up (t)

Up (t

L’C(O,T;Hé(Q))

<C, (22)

L(oTiL?(@)

<C, (23)

|||_2(0,T;H$(Q))

(2,00 42 )

<C, (24)
CloT:(@)

By (22), (23) and Aubin-Lions-Simon Lemma, we get:
uf >uin C(0,T;1°(Q)). (25)
Combining (10) with that u,f (X,O) —u (X,O) in L2 (Q) , we observe that

u(x,0)=u, in H..
By (25), we have U - U, a.e. (x,t) € x(0,T). That means:
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|u ae.(x,t)eQx(0,T).
That is to say, there is:

k
ol N

- = {xen‘un(x)‘ }

|u, ” dx

k
{xen;‘uﬁ(x)‘d} n

From Lemma 1 and Lemma 2, we get:

jQ uk (1) (t Inu’ (t HZ dx
O deer [ [u (m]ut t”zdx
| o 0 o o ol o o
o R ) €710
< (o) By v, (O} +el0l<C.

where B, is the best constant of the Sobolev embedding H, Q) -

, we know that:

L2 (Q). Here, we choose 0< u< N 2
Up (t)Injus (t)

According to the Holder inequality, we obtain:

L (O,T;LZ(Q))

Pa (%)

.[Q J‘ﬂ ()dx

(nﬂn{Rs,R’ﬂn})zﬁﬂ “

2
dx

<

where |X| <R.

< C, for any positive integer nand 4

(26)

(27)

By (21)-(24), (26), and (27), there exist functions uz and a subsequence of

{u,‘j }?n:l , which we still denote it by {u: }:nzl such that:
U¥ - U weaklystarin L” ([O,T]; H; (Q))
Uﬁt — U, weaklyin L? ([O,T]; Hé (Q))
(p, (X))% ut — L weakly in L ([O,T]; L2 (Q))

X
([0.T]L(2)

(28)

(29)

(30)

(31)

By (28)-(31), passing to the limit in (9), (10) as K,n— +o0 , it follows that u

satisfies the initial condition U (O) =U,:

_[Q|X| dx

<|l):?: ‘P>+<VU,V¢7>+<Vut 'V(/’> = <u In |u|’¢>_<#.[gu In |u|dx,(o>, (32)
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forall ¢eH..

Step 2. Energy equality

Multiplying u, at both ends of Problem (1), integrating from 0 to #and com-
bining (4), we have:

It{ 0, (1)

X
Step 3. Uniqueness

+||vut<t>||z}ds+a<u(t>):J<u0>, peter

Assuming U, and u, aretwo solutions to Problem (1), we have:

<U_ v>+<VU1 VV) <Vu1t,VV>

B
(33)
= (u, Inju,|,v) - ¥* [ v Injug|dx,v ),
J.Q|x|72 dx *¢
and
<|u%,v>+(Vu2,Vv>+(Vu2t,Vv>
X
(34)

u, Infu | u, Infu X,V ).
ool ><m i zl|z|d,>

Let w=u,—u, and W(O) =0, then by subtracting (33) and (34), we can de-

rive:

jﬂ|x|’2 wvdx + [ Vwvvdx+ [ Vw, Vvdx

= [ (s Infuy] v, Infu, | Jvx— [ (I (uy Inju,|- u2In|u2|)dx)de

flloI

Let V=W, we obtain:

1wl
2 dt |x|

) U1|n|”1|_“2|n|“2|wzdx<j f(ul)_f(UZ)Wzd
Q W e w

+[v Wllz IIVW||2

X

Integrating it on [O t] we obtain:
ol <af ] FO)= 1) g 55)

where f(S) = sln|s| and f:R" >R satisfy locally Lipschitz continuity. That

means:

[V < 2m [ .

By Gronwall’s inequality, we have ||VW||§ =0.
The proof of Theorem 8 is complete.[]
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Theorem 9. Assume that J (uo) <d and | (uo) >0, then Problem (1) ad-
mits a global solution U e L”(0,00;H.), u € L2 (0,00; H; (Q)) with

ﬁe L2 (O,oo; L2 (Q)) ,and U(t) eW for 0<t<o.Moreover,if U, eW , then

_a
u(o); <[va e =0

2
where ¢ =1—:—n, c, :%HN +%.

Proof. Now, we prove Theorem 9. In order to prove the existence of global
weak solutions, we consider two following cases.

1) Global existence

Case 1. The initial data J(Uy)<d and 1(uy)<0.

Taking a weak solution U e L” (O,Tmax; H*) , which satisfies:

J‘t[ ut(s)

Among them, T

T +||VU1(S)||§J0'S+J(U(t))=J(uo), 0<t<T,.  (6)

need to prove that T, =+o0.Thanksto J (uo) <d and (36), we obtain:

J“[ UI(S)

is the maximum existence time of the solution U (t) We

2

X

We will assert that:

2

+||Vut(s)||§st+J(u(t))<d, 0<t<T, . (37)

u(t)eW forall 0<t<T_.. (38)

In fact, using the method of proof to the contrary, assuming that (38) does not
hold, let t. isthe minimum time for U (L) W . So, considering the continuity
of u(t) , it can be inferred that there is U(L) € OW . The following conclusion

can be drawn:
I(u(t))=d, (39)

and
I(u(t.))=0 with u(t.) = 0. (40)

It is evident that (39) could not occur by (37) while if (40) holds then, by the
definition of d, we have:

J(u(L))zian(u)zd,

ueN

which also contradicts with (37). As a consequence, it follows from this fact and
the definition of functional Jthat:

J-t{ u,(s)

I
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e <a. (42)
From Lemma 2, we have:
J'Q|u(x)|2 Inu(x |dx<—||Vu|| 1+Ina ||u|| +||u|| In||u|| (43)
(knnbhﬁngaboveinequahqa(36)and(42%xveobuun:
J;[ ) o, >||§Jdt+[§—§—;]nw||§+(§+§<1+ma>]nuuz »

X |,
<d+4dIn4d =C,

This estimate allows us to take T, =-+oo. Hence, we can conclude that there

exists a unique global weak solution u(t) €W of Problem (1), which satisfies

that:
L:[

Case 2. The initial data J(Uy)=d and 1(uy)>0.
Firstly, we choose a sequence {6,}”  <(0,1) such that lim @, =1. Then, we
m-—oo

U (s)

X

+[vu, (5)||§st+ J(u(t))=3(up), 0<t<+m,

2

consider the following problem:
-2
—Au—Au, =uln|u|- | | j ulnjuldx, (x,t)eQxR",
|x| _[ |x| dx (45)
u=0, (X,t)e@QxR*,
u(x,0) = Uy, (), xeQ,

where Uy, =6,U, .

Due to | (uo) >0, it can be inferred from Lemma 3 that A" >1. Therefore,
we obtain 1 (Uy,)=1(6,Uy)>0 and I (Upy)=J(GUs)<I(Uy)=d. Use ar-
guments similar to Case 1. We found that Problem (45) allows for global weak
solutions u.

The remainder of the proof can be processed similarly as Case 1.

2) Decay estimates

We are now in a position to prove the algebraic decay results. Thanks to
U, €W , and Lemma 3, we get U (t) eW . Fro (5), (38) and (40), we have:

u) =Vl = [ ol InIUIOIX

2

> [ul, ——IIVUIIZ S a)ul} [l infuf;

2
210 Jivul 3o ma)- o o (o)

aZ
2(1—2—n [vu + (2 (L+Ina)- |n4d]||u||§

2
2(1-2 v s ol
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tain:

where ¢, :%HN +=.

Combining with the first equality of Problems (1), (5) and Lemma 3, we ob-

J;T I (u)ds = _[tT (||Vu||§ —Iﬂ|u|2 In |u|dx)ds

2
u

X

d 2
2 +a||Vu||2 ds

1,7/ d
2LE

AP |2
2 2| 2

2

u(™)

X

+ ||Vu (T )||§ (47)

3O pouey

2

<Lt vt =

1
2

By (46) and (47), we get:

[[[vu(o)f ds< ‘;_2||w O, vte[o.T]

Let T — +o0 in above inequality, by Lemma 5, it follows that:

_a
[u(of <[vfie " 2o

The proof of Theorem 9 is complete.[]
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