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Abstract

Let Gbe a graph. A bipartition of Gis a bipartition of V(G) with

V(G)=V,UV, and V,NV, =4 . If a bipartition satisfies |[\/1|—|V2|| <1, we
call it a bisection. The research in this paper is mainly based on a conjecture
proposed by Bollobas and Scott. The conjecture is that every graph G has a
bisection (V,,V,) such that Vv eV,, at least half minuses one of the neigh-
bors of vare in the V; Vv eV,, at least half minuses one of the neighbors of

vare in the V. In this paper, we confirm this conjecture for some bipartite
graphs, crown graphs and windmill graphs.
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1. Introduction

Let Gbe a graph with vertex set V(G) and edge set E(G). An external bipar-
tition of Gis V(G)=V,UV, and V,V, =< and requires that at least half of
the neighbors of each vertex are in the other part. If a bipartition satisfies
||V1| —|V2|| <1, we call it a bisection and denote it by (V,,V, ). Ban and Linial [1]
showed that every class 1, 3 or 4 regular graph G has an external bisection.
Bollobas and Scott [2] observed that not every graph has an external bisection.
In the same paper, they gave a counterexample that K, ., where m>2l+3
doesn’t have an external bisection. Esperet, Mazzuoccolo and Tarsi [3] found a
set of cubic graphs without external bisection and containing at least 2 bridges.
For vertices u,veV (G) ,if uve E(G) , then edge uvis said to be associated
with z and v. The degree of vis the number of edges in G associated with v, de-
noted as d (V). Let (V,,V,) be a bisection of G. For a vertex vin V;, the inter-
nal degree of vis the number of the edges associated with vand other endpoints
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of these edges are in V] too; and the external degree of v is the number of the
edges associated with vand other endpoints of these edges are in V.. For a vertex
vin V), the internal degree of vis the number of the edges associated with vand
other endpoints of these edges are in V,; and the external degree of vis the num-
ber of the edges associated with v and other endpoints of these edges are in V.
The internal degree of v is denoted as d;, (V) and the external degree of v is
denoted as d,, (V).

A graph is said to be a bipartite graph, denoted by G[X,Y ], if the set of ver-
tices of the graph can be partitioned into two non-empty subsets X and Y such
that no two vertices in X are connected to each other with an edge and no two
vertices in Y are connected with an edge.

The crown graph of [4] G, satisfies the condition:

V(G,,)={uli=12,n}U{y, |i=1,2,---,n}iL:Jl{uij |j=1,2,,m};
E (G ) = {Uply Uiz, -+, U Uy UV, VoV, VoV U VU VU -, v U,

Ql{u‘u” | :1,2,‘-.,m}LnJl{uijui(j+l) | =1,2,~-,m—1}, (n>3m=>1).

For example, Figure 1 shows G;;.

A windmill graph Kr(nn) is a graph consisting of n m-order complete graphs
K, with a common vertex.

For example, Figure 2 shows K\

Conjecture 1.1. (Bollobas and Scott [2]). Every graph G has a weak external

bisection that is G has a bisection (V,,V,), such that:
dy (v)=d,, (v)-1 forall veV(G).

Uqgo
Uq3
Uqq
b ﬁ "
. U3z
Uz2
u
Uyy 33

Figure 1. G,,.

DOI: 10.4236/jamp.2024.121009 92 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.121009

Y. M. Liu

Figure 2. Kin) .

Ji, Ma, Yan and Yu [5] showed that every graphic sequence has a realization
for which Conjecture 1.1 holds. In the same paper, they gave an infinite family of
counterexamples to Conjecture 1.1.

In this paper, we confirm this conjecture for some graphs by showing the fol-
lowing three theorems.

Theorem 1.1. Let G[X,Y] be a bipartite graph with |X|=3, then G[X,Y]
admits a weak external bisection.

Theorem 1.2. Every crown graph G, admits a weak external bisection.

Theorem 1.3. Every windmill graph K,(n") admits a weak external bisection.

In fact, by the proof Theorem 1.2, G, admits an external bisection.

2. Weak External Bisection

In this section, we prove Theorem 1.1, Theorem 1.2 and Theorem 1.3.
Proof of Theorem 1.1. Let G[X,Y] be a bipartite graph with two parts X
and Y, we define Yj ={er IN(y)=S.Sc X}.
For a set S, we define a function:
1 if |S| isodd;

0 if |S| is even.

(1)

Let X ={V;,V,,V,}, and assume, without loss of generality, that:

{v.vs} {v1.va ) Y{Vz Vi |

Otherwise, we can re-label the three vertices in X. We give a weak external bi-
section (V;,V,) of V(G) by three steps.
First, let {v,,v,} cV;, {v,}cV,, Y SV, and Y{;l,v3} cV, where

Y{VNS} gY{WS} and Y{V1VV3} = Y{vwz} . Because Y{V1VV3} > Y{VNZ} , such Y{Vy%}
exists. Let Y{vm} :Y{vl,vg} s}
Then, we partition the odd sets of Yo Yoo s ? Yiwwws> Vvt ? Vi
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one after another. Denote by S,,S,,---,S,,, the odd sets of Y , Y 2

v} T{wvs)?

. S
Yiwsssl® Yigus 2 Y » With the same order. For each ie {1,--,m}, put {%—‘
. . |Si| . . I
vertices of S, into V, and > vertices of S, into V] if 7is odd; and put

Si S
(%—‘ vertices of S, into V;and [%J vertices of S, into V; if 7is even.

Finally, denote by T,,T,,---, T, the even sets of Y, Y, "

) Twve)? Y{vl,vz,vs}’

T, T,
Y , Y For each i=1,---,k, put u vertices of T. into V; and u
{v2 v3} {va} * 2 ! 2

vertices of T, into V.
Now, we show that V; and V, form a weak external bisection of G[X,Y].
Clearly, [\/1|—[V2| =0 if mis odd, and |V1|—|V2| =1 if mis even. So (Vl,VZ) is

a bisection. Since {V,v,} <V, and Yy SVa > then dy (V)—diy (V) =2 for
Aoy (V) =iy (V)
S<{V;,V,,Vs} and [S|=1 or 3; and d,, (v)=d, (V) for each vertex veY, if
Sc {vl,vz,v3} , S# {vl,vz and |S| =2.So, foreach veY,
d, (v)=>d,, (v)-1.

Let:

each vertex Vv eY{ e Moreover,

=1 for each vertex veY, if

= Vi Yomsat Yousmsst
= Mo Vi

3 {Y{vl va}! Y{V1 va.v3}! Y{Vz:Vs}’Y{Va}}'

w U') o
Il

Let S'={S,,S,,~-,S,}NS, for each i=123. Note that S,S,,---,S,, are

the odd setsof Y, ,, Y,.» Yo > Y , Y , Y, with the same order.
{va} {u} {v1.vs} {v.v2.v5} {v2.v3} {va}
Then, each &' contains several continuous set of S,,S,,--+,S,, . Let

7. :{Tl,Tz,‘-',Tk}ﬂSi,for each i=1,2,3. We have:

_ S, s |A], I
dex(vl)_Y{Vlv"z} +s,§1’|7 2 +S;ﬂ 2 +TZ;T1 2’

i is odd i iseven
Iyt s [sl, s Ml
B0 (5) = +_si_czgi 2 +s§ 2 +T§T 2

Since &/ contains continuous set of S;,S,,:--, S, , then we see that

19m >

dey (v,)— iy (V. )| = f (&), where f(S§) isdefined as (1).Itis easy to see that:

Y
v} S| S| |T|
d =Y, 1] Ll
& (Vz) fuve} +|7 2 ‘|+_3i;zz'd’7 2 ‘|+,Si_CZS:2, [ 2 Tg;fz
Y
Y s sl]. <
diy (v,) = i 1> Il
m(Vz) [ > ‘+$i§%d_ > J+.Si‘g;‘2’ ’7 > +Ti§_2 2
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Clearly, i is odd, then §, =Y, ,. Thus, we have
oy (V2) =iy (V2) 2|V o [+ T (Y )= T (1) 2 —1. Similarly, we have:
. S S, T,
)=+ 3 | Bl x [ B 5
ScS3 2 SicS3 2 TicT3 2
i 1s odd i iseven
S, S, T,
a2 B 2 B 2 B
SicS3 SicSs TicT3
iis odd i iseven
So, we have |deX (vy)—d;, (v )| 2|Yy, 1|~ T(S2)- Then, for each v, € X,

o (V)2 d;, (v;)—1. Thus, (V,,V,) isa weak external bisection of G[X,Y].m
Proof of Theorem 1.2. Let

V (G, )={u li=L-,n}U{y, |i=1,~-,n}iL2Jl{uij |j=1--,m}. We give a weak
external bisection (V,,V,) of V(Gn,m> by two steps.

First, let {v,|i€{12,---,n}andiisodd} <V, and
{vi[ie{l,2,--,n}andiiseven}cV, . Let {u |ie{l2,n}andiisodd}cV,
and {ui [{iel2,-,n}andiis even}cvz.

Then, we partition the set U {uij |j=12,---, m} . The partition of
ic1

ILnJl{u__ lj=1 2,...,m} is determined by iLZJl{ui} .For a given k& if u, €V,, let
{uglieft,2,-,m}and jisodd} cV, and

{ukJ |je{l,2,---,m}andjis even}cvl;if u, €V,, let
{uglje{L2,...,m}and jisodd} <V, and

{ukJ |je{l2,--,m}andj is even}cvz.

Now, we show that V; and V, form a weak external bisection of G, . Clearly,
Mi|=V,| =1 if both nand m are odd. Otherwise, V;|—[V,|=0.So0, (V,,V,) isa
bisection. If nnis even, then d, (v)—d;,(v)=3 foreach ve _LnJl{vi} .If nis odd,
then d, (v;)—d;, (v;)=1, do(v,)—0d;(v,)=1 and d,, (v)—-d, (v)=3 for

each VenL_Jl{Vi}.So,inanycase, de, (v;)>d, () for i=12,-,n
i=2

If mis odd, then d, (v)-d, (v)=2 foreach ve LnJ{ Uigs Ui | »

iN

A (V) =0, (V) =1 foreach ve LTJ{uij | je{2--,m-1}and jiseven} and
i-1

d, (v)—d;,(v)=3 foreach ve Lnj{uij |je{2,-,m-1}and jis Odd} f mis
i1

even, then d,, (Uuy)—d;, (Uy)=2, dg (Ui ) =0 (Ui )> dey (V)—dy, (V) =1 for

each ve Lnj{uij |je{2,---,m-1}and jis even} and d,, (v)—d,, (v)=3 for each
izl

n

Ve i7L_J1{uij |je{2,,m-1}and jis Odd} . So, in any case, d,, (uij ) >d, (uij) for
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i=12,---,n; j=12,---,m
If both n and m are odd, then d,, (u,)-d, (u,)=2, d(u,)—d;(u,)=2
and d,, (v)—d;(v)=4 for each ve nJ{ui}. If nis odd and m is even, then
i=2
d, (u)—d,, (u) =1, d (u,)—d,(u,)=1 and d,(v)—d, (v)=3 foreach

)
Ve U{ui} .If nis even and mis odd, then Aoy (V)_ dy (V) =4 for each
i=2
{

ve LnJ u;} . If both nand mare even, then d,, (v)—d;, (v)=3 for each
izt

Ve LnJ{ui}. So, in any case, d, (U;)>d;, (V) for i=12--,n. Thus, (V;,V,)
i1

is a weak external bisection of G, .1

Proof of Theorem 1.3. We labeled the vertices of graph K[(n") as in Figure 2.
n
Vv (Kr(n”)) ={x0}i:U1{xi1,xi2, X Let {%} V.

We consider the following two cases.

Case 1. mis odd.
Let LnJ{xij |je{l,2--,m-1 and jiseven} cV, and
i=1
{ |je{L2,+-,m-1}and j isodd} cV,. Now |V;|-|V,|=1. S0 (V,,V,) isa
bisection. dq, (X, )—di, (X, ) =1. For each
Ve LHJ{Xij |je{L2,-,m-1}and jis even}, d, (v)=d, (V). For each
i=1
veU{x jefL2-m-Land jisodd}, d(v)=d,(v)=2. Thus, (V,V,)
i=1

is a weak external bisection of K"

Case 2. mis even.

If 7is odd, let LHJ{XU- | je {1,2,---,m—1} and j is Odd} cV, andlet
i1

n
U{% | je{l2--m-1}and jiseven| V,.If is even, let

5N

U{xIJ |je{L2,-,m-1}and jisodd <V, andlet

LnJ{xIJ lje{l,2,--,m-1}and j iseven}cvz.

Now, we show that V; and V, form a weak external bisection of K,(n"). Clearly,
Vi|=V,| =0 if nis odd and |V;|—|V,|=1 if nis even.So (V;,V,) isa bisection.
If iis odd, d,, (v)—d,, (v)=1 foreach ve{x|je{L--,m-1}and jisodd};
and d,, (vV)-d,, (v)=1 for each ve{x;|je{l--,m-1}and jiseven}. If is
even, then d,, (v)-d,, (v)=-1 foreach ve{x;|je{L--,m-1}and jis odd};
and d,, (v)-d, (

is even, then d,, (X,)=d, (X)).If nis odd, then d,, (X, )-d;, (% )=1. Thus,

v)=3 for each v~e{xIJ lje{l---,m-1}and jis even}. If n

(V,,V,) is a weak external bisection of K .m
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