4

X/
¢

Scientific
Research
Publishing

()

<
X8

%

Journal of Applied Mathematics and Physics, 2023, 11, 4000-4015
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Distributed Trimmed Hill Estimator

Tao Guo

School of Mathematics and Statistics, Southwest University, Chongqing, China

Email: xndxgt@163.com

How to cite this paper: Guo, T. (2023)
Distributed Trimmed Hill Estimator. Jour-
nal of Applied Mathematics and Physics,
11, 4000-4015.

https://doi.org/10.4236/jamp.2023.1112256

Received: October 27, 2023
Accepted: December 24, 2023
Published: December 27, 2023

Copyright © 2023 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

[ONom

Abstract

Proceeded from trimmed Hill estimators and distributed inference, a new
distributed version of trimmed Hill estimator for heavy tail index is proposed.
Considering the case where the number of observations involved in each
machine can be either the same or different and either fixed or varying to the
total sample size, its consistency and asymptotic normality are discussed. Si-
mulation studies are particularized to show the new estimator performs al-
most in line with the trimmed Hill estimator.
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1. Introduction

Let {X;,X,,+,X,} be independent and identically distributed (i.i.d.) random
variables drawn from F a distributed function which belongs to the max-domain
of attraction of an extreme value distribution G, with extreme value index y e R.
It is well-known that if FeD (Gy ) , mathematically, there exist constants a, >0

and b, €R such that

MUO F"(a,x+b,)=G, (x):= exp{—(l+7x)'w}, (1)
forall 1+yx>0.For atail index y >0, the limit relation (1) is equivalent to
i m=x’, x>0 (2)
too U ('[)

where U ={l/(l—|:)}e is the left-continuous inverse function of 1/(1-F)
and a regular varying function with y, see [1].

The estimation of tail index for heavy-tailed distributions may be the one of
the most studied problems in the extreme value theory. Since the numerous
works of this aspect such as the Hill estimator, the Pickands estimator and the

maximum likelihood estimator have already been explored referring to [1] [2] [3]
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[4] and [5] for detailed discussions and reviews.

This extreme value analysis often rely on high order statistics. However, in
many applications, one may face the challenges when it quickly run out of data
since the observations can be corrupted and this contamination can lead to se-
vere bias in the estimation of the tail index. Considering the problem, plenty of

researchers did a lot of work. Based on the classic Hill eatimator of 7 :

k X, .
y?k(n)::%glog 20 <k <n-1,

(n—k,n)
where X, <---< X, are the associated order statistics of {X,X,,--,X,}
i.i.d. random variables with unknown distribution F €D (Gy) with >0, [6]
trimmed a certain number of the largest order statistics in order to obtain a ro-
bust estimator of y and (among other robust estimators) defined a trimmed

version of the Hill estimator:
~tri k . x(r1—i+1 n)
Tiox (N):= 2 ¢ (i)log) ——1|, 0<k,<k<n.
i=ko+1 (n—k.n)

[7] then chose the weights ¢, (i) so that the estimator is asymptotically op-

timal where,

:O+kl’ i =k, +1
i (D)=1" 7 =k +2,- .k
k_ko, 0 1 ’

and they also found the method for the trimming parameter which yields the
trimmed Hill estimator that can adapt to the unknown level of contamination in
the extremes. While removing the lower order statistics from the classical Hill
estimator, [8] derived an alternative estimator of the tail index and it was shown
to have lower variance than the classic Hill estimator. A number of reseachers
also considered trimming but of the models rather than the data, see [9] and [10].
Moreover, the random censoring for heavy-tailed distribution was discussed in
[11] [12] [13] and [14]. Contrary to the above, here we assume to have
non-truncated heavy-tailed model and only the top order statistics are contami-
nated in the associated data.

The rapid emergence of massive datasets in various fields becomes more and
more challenging to traditional statistical methods. Account of that, distributed
inference theory which refers to analyzing data stored in distributed machines
has been proposed. It is developed to deal with large-scale statistical optimiza-
tion problems and requires a divide-and-conquer algorithm which estimates a
desired quantity or parameter on each machine and transmits the results to a
central machine often by simple averaging. With the conditions of [15] [16] and
[17] [18] reported on a first attempt in distributed inference for extreme value
index and proposed a distributed Hill estimator and establish its asymptotic

theories.
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In this paper, considering the massive datasets contaminated of the top order
statistics we apply the method of distributed inference and then derive a new es-
timator of the extreme value index for heavy-tailed distributions. The new esti-
mator can be used for the situation when large datasets are distributedly stored
and cannot be combined into one oracle sample and the top order statistics are
corrupted.

We assume that the i.i.d. observations {Xl, Xy, Xn} are stored in k ma-
chines with m observations each, e, n=mk and the operation mechanism of

) denote the order statistics

each machine is independent. Let M 21) >...>M Em
within the machine j. Suppose we have identified that the top d order statistics
have been corrupted in each machine, we use the top d; exceedance radios
M Ei)/M Edj) and cut the same level of top d exceedance radios for i=1,---, d;
and 0<d;<d;<m to build the estimator in each machine. Then we take the
average of the estimators from all machines and the distributed trimmed Hill es-
timator is defined as:

am 18[ dy+1 M|

Ton =i 2 dj°_d0 log Méd_ﬂ) U 3> log

v i 0 i=dg+2 Mj

3)

To derive the asymptotic normality of distributed trimmed Hill estimator

7o we need impose the following condition on the sequences kand m,

m(n)— o, k(n)—>o and m/logk - as n— . (4)
And we need the second order regular varying condition as follows: there ex-

ists an positive or negative function 4 with lim_, A(t)=0 and a real number
p <0, satisfying |A(t)| € RV, such that

U(x) ,
- U(t) o x-1
=0 " 5 (5)

forall x>0 (seee.g.[1], Corollary 2.3.4).

By (5), we have that there exists a function A (t) such that Aj(t)~A(t) as
t—>o, and for all £>0, §>0, thereisa ty(£,6)>0 such that for tx>t;,
t>t,,

llogU (x) - logU (t) -y logx  x” 1]

| A (1) P

By the adoption of (5) on the function Z, we also have,

|Iog L(tx)-logL(t) x” —1|
| A (1) P

for more details on A, see page 48 in [1].

< ex?x*, where x* = max{x”, x"’}. (6)

<ex?x*, where x*° = max{x‘;,x’g}, (7)

2. Main Results

In the homogeneous case where d, =---=d, =d is a fixed integer, the follow-
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ing theorem shows the asymptotic normality of the distributed trimmed Hill es-

timator.
Theorem 2.1. Suppose FeD(G,) with y>0 and (4) and (5) hold. Let
dy=--=d =d, where d>dy>0 isa fixed integer. If

[k(d—dy)]2 A(m/d)=0(1), as n— oo, then

[k(d-d,) ]’{ygtp (m/d)B(m,d,dO,p)}i)N(0,72),

where

i (mprmeare-pn
B(m,d,do,p)——(d) r(d+1)r(m- /€+1)

RE I o

with p<0 and B(m,d,d,,p)=1 with p=0.

In the heterogeneous case where {d i }i;:l are uniformly bounded positive in-
teger series, ie, sup;,d; =d_, <o, the following theorem shows the asymp-
totic normality of the distributed trimmed Hill estimator.

Theorem 2.2. Suppose FeD(G,) with y>0 and (4) and (5) hold. Let

k
{d j}j:l be uniformly bounded positive integer series, ie, sup;_d; =d, <o

1
oy =dp,  IF [k(d_—doﬂE A(m/d_)=0(l),as n— oo, then

and 0<d, <inf
1 Ko _
(K- 527 A @0, B, 60)| S0 (07),
=t
where d = klzjl ;-
In the homogeneous case where d,=---=d,=d and d=d(m) is an in-

termediate sequence, ie, d=d(m)— o, d/m—>0 as n—> o, the following
theorem shows the asymptotic normality of the distributed trimmed Hill esti-
mator.

Theorem 2.3. Suppose F € D(Gy) with y >0, and (4) and (5) hold. Let
d,=---=d,=d, where d=d(m)—>o and d/m—0 as n—>ow.If
[k(d —d0 ]1/2 A(m/d):O(l), as N— o, then

[k(d- d)]’{““m y—A(m/d)H (d,m,p)}i)N(O,yz),

where

1 (mYT(m+)r(d-p+1) d
H(d’m’p)_E(Ej F(d+l)F(m—Z+1)d—d0'

3. Simulation Studies

In this section, we study the finite sample performance of the distributed trimmed

~trim

Hill estimator y,; and compare it with [7]’s estimator, Ze, the trimmed Hill es-

timator on the following three distributions which all belong to the max-domain
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of attraction of an extreme value distribution for varying parameters with three
sub-cases for each distribution.

We obtain the mean value and mean squared error (MSE) for r= 2000 Monte
Carlo simulations of all considered estimators of heavy-tailed models with sam-
ple size n = 10,000. We assume the contamination occurs in the top & order sta-
tictics in each machine and vary the level of din the distributed trimmed Hill es-
timator to verify the theoretical results on the property we give in Section2 and
to compare the finite sample performance of the distributed trimmed Hill esti-
mator with that of the trimmed Hill estimator for different values of d. The sam-
ple {X;,X,,---,X,} contains n = 10,000 observations stored in k machines
with m observations each. We fix &= 20 and m = 500 and vary d from 30 to 100
with d) = 8.The results are presented in Figures 1-3.

« The Fréchet distribution with distribution function
F(x)=exp(-x“), a>0,

which implies y =1/a and p=-1. We consider the three parameters a = 1,
0.5 and 2.

1.10- 0.005-
1.05- _,./-"/ 0.004-
< W 0.003-
3 1.00 ®
= = 0.002-
0.95 0.001-
0.90- . . , . 0.000- . . , .
40 60 80 100 40 60 80 100
d d
0.60- 0.0015-
0.55-
c e 0.0010-
8 0.50 %)
@ 0.
s s
0.0005-
0.45-
0.40- . , , . 0.0000- . . , .
40 60 80 100 40 60 80 100
d d
2.2- 0.020-
= !‘_J/J/ 0.015-
< W
n i
820 2 0.010
19- 0.005-
18- ‘ . . . 0.000- ; . . .
40 60 80 100 40 60 80 100
d d

Figure 1. Fréchet distribution, parameters a = 1, 0.5 and 2. Diagnostics of trimmed Hill
estimator (coral) and distributed trimmed Hill estimator(skyblue) as a function of d.
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1.010- 0.0025-
4.5~ 0.0020-
< 1110.0015-
m1.0004’fﬂo¢h¢-ﬁv&ﬁpﬂ'~wﬁ oA ‘ 2
= I 0.0010-
0.8951 0.0005-
0.990- . . . . 0.0000- . . ;
40 60 80 100 40 60 80 100
d d
0.510 - 6e-04-
0.505 -
4e-04-
& o | 7
go.soo—hv—vwm%f‘% =
2e-04-
0.495 -
0.490 - ) , . , 0e+00- . . . .
40 60 80 100 40 60 80 100
d d
2.510- 0.015-
0.010-
w
[72]
=
0.005-
2.490- . . . . 0.000- . . .
40 60 80 100 40 60 80 100
d d

Figure 2. Pareto (o; ¢) distribution, sets of parameters =1, {=1; =2, é=0.5and o=1,
&= 2.5. Diagnostics of trimmed Hill estimator(coral) and distributed trimmed Hill esti-

mator (skyblue) as a function of d.

« The Pareto(g; é) distribution with distribution function
X -vé
F(x):l—(—) , X2o, &£>0,

which implies y =& and p=-&. We consider the three sets of parameters o
=1,&=1;0=2&=05and o= 1, £= 2.5.
o The Burr(t, A) distribution with distribution function

F(x)=1-(1+x7) ", x>0, 7,2>0,

which implies y = i/l and p= —% .We consider the three sets of parameters 7
7,

=2,1=057r=3,1=05and r=3,1=1.

For the Fréchet distribution, Figure 1 shows that as d increases, the MSE in-
creases for the estimators with different a. For the Pareto distribution in Figure
2, the bias between the estimators and the true value is virtually zero for all levels
of d. For the Burr distribution in Figure 3, we observe a trade off for the estima-
tors with different sets of parameters: as d increases, the MSE increases when A is

low while the MSE decreases when A takes a larger value.
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1.04- 0.003
1.02-
M 0.002
§ 1.00 7
s =
0.001
0.98-
0.96- ‘ . ‘ . 0.000 . . i j
40 60 80 100 40 60 80 100
d d
0.70- 0.00125-
0.00100-
0.68-
0.00075-
=0.66- = 0.00050-
0.00025-
0.64-
1 1 1 1 0.00000-~ [l 1 1 1
40 60 80 100 40 60 80 100
d d
0.45- 0.0020-
RAM 0.0015-
£0.35- = w
) g 0.0010-
=0.30-
0.25- 0.0005-
0.20- . ! i . 0.0000- ‘ | ,
40 60 80 100 40 60 80 100
d d

Figure 3. Burr (7, A) distribution, sets of parameters 7=2, 1=0.5; =3, 1=0.5and 7= 3,
A = 1. Diagnostics of trimmed Hill estimator (coral) and distributed trimmed Hill esti-
mator (skyblue) as a function of d.

Figures 1-3 show that the difference in MSE between the distributed trimmed
Hill estimator and the trimmed Hill estimator is not sizeable. Consequently, we
can infer that when dealing with the estimation problem of extreme value index

with massive and corrupted datasets the new estimator we derive performs well.

4. Proof

Recall that 1/(1-F) , {X; X, xm}i{u (2,).U(z,),--U(Z,)} , where
{2,,Z,,-++,Z,} is a random sample of Z with the distribution function 1-1/z,
z>1. For each machine j let Zl(l) 2.2 ng) denote the order statistics of the
m Pareto (1) distributed variables corresponding to the m observations in this

machine. Notting that {Mgl),MEZ),---,MEm)}i{U (ZE”),U (ZEZ)),---,U(ZEm))},

we have

and then
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(do+1) d: U Z(l)
Atrimd 1 : (ZJ ) ! ( J )
== | —_ .
7 bH kJZ:; _ 09 (ngju) ] oléz OgU(ZEdj+l))

(2) implies that U RV, , then U (X) =x"- L(X) , where L(x) is slowly va-
rying function. Hence U (Zgi)) = (Z(-i))y . L(Zgi)) and
Cf dy+1, 2% g

. ( dj Z(i)
strim _ /. 0 lo ] + lo
VDH ka:; d _do gzl(derl) dj do.dZO;z gZE +1)

(
1&| dy+1 ( i j
+— lo + log————~ |.
kJZ:; d;—d, gL(ZEdﬁl)) d;-d, i:%;fz gL(ZEdjﬂ))

Lemma 4.1, Suppose F € D(Gy) with y >0, define

ey dovt ZY g a Z)
}/J- (do).= djo_do |Og Z IOg(d—Jj+1)'

(
J
ZEdJ ) J' do i=dg+2 Zj

for j=1,--k, and yo™ :_%Z‘;:ly}‘(do). Under the assumption of (4),

trims

7 oH _> V.
Proof. Note that {logZ;,i=12,---,
dard exponential distribution. In the machine j for any ie{d0 +1,--

m} forms a random sample from the stan-
d;} by
Rényi’s representation we have
IOg Z IOg Z(d +l) zd —i+l E

ViU . .
(dj—q+l)=YJ— with Ej,l"“'Ej,dj iid.

>Y@ are the order statistics of

standard exponential, where Yj()ZYJ-(Z) > :

Exp (1) corresponding to the d; obeservation.

The joint distribution of ] (d,), 0<d, <d; -1, can be expressed as follows:

{y}f(du}jjgi

dj-1
— d +1 0Ty d0+1 Z Y i) :
d;—d, I d
j j 0 i=dg+2 do=0
- s di-1
:{ d, +1 dio Ej,q N 1 dj djzli}l
dj—dy &5 d;-q+1 dj—dp e &5 dj—q+lf
o —dg-1d; g+ di-1 8
_ d0+1 dlzij Eiq 1 dlz": “’qu:l Eq | (8)
-d, = d q+1 d —dy & iZmee dj—q+1 4o
dj-1
d ,doﬂd ~dy Jd;—q+1 d~dy [

dj-dg E,, dj-1
{ b - do do=0

By (8) it implies that Eyj(d,)=1 for d,=0,---,d, -1, and by WLLN and
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trim=

(4) it follows that yp,, —> y as N—>oo.

Lemma 4.2. Under the condition of Theorem 3 and define

[N

| g 11 L(Z}"O*“) 1 L(z!
0

k&l d—d, 00 T a = Z 109 ey |

= L(Z. ) 0 i=dg+2 L(zj )

x

J

if h(d)=o(d),as n— o0, wehave

1
[k(d—d,)]2 max [R, d_—A)(m/d)_d 5o,
0<dg<h(d)| 0 1-p d-d,
Proof Note that
H m/d) d
[k(d—d,)? i Znaﬁfd) 4o _%_
- R ©)
1
<[k(0-0) o R~ R R R,
o< <dp< p o

where

(d+1) (do+1) /5 (d+1) )P _ 0 @Y
Sdo'd:%iw(do+1)<zjo /ZJ. 1) 1 (Zj /Zjdl) n

+
j=1 d _do P i=dg+2 P
In the first term of (9), we have that
1
[k(d~d,) 20§93§r§d)|Rd0 Stp.0
l —
=[k(d—dy)]> max 04, (m/d) d, |R 6 (10)
<do<h(d) d —d, dﬁb(m/d) 0
1
k(d—d,)|? d _
S[ ( 0):| A)(m/ ) max —d 9 |Rd0,d_Sdo,d
L N@) o da, (m/d)
d

By the assumption of [k(d—do) vz A(m/d)=0(1) as n—>o and
A, (t)~ A(t) as t—> o, we can getthatas n— o0,

[k(d —do)]]/2 Ay(m/d)=0(1).By (7) choose p+5<0 and we can get that

0<d0<h(d [dpb( /d)| do.d “do.d J
< max dEZAﬂ(Z(M})[ZEd +1)Jp+5

o<do<h(d) dk = Ab(m/d) d+1

+ . +5
Cehle (10
) .

(11)

+O<g[]?h dk,l (m/d) Z 7(d+

i=dg+1 i

Since ng"*l) / ZEM) is the (d,+1)" order statistic from the standard Pareto

P
distribution, [19] implies that dOZEd"”) / (d +1)Z§d+1) —1. Recall that AeRV
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P

and we have ng”)/(m/d)—)l as N— . Combining with A (t)~ A(t) as
=)

t — o0, we can get thatas n— o, A)(ZEM))/AU(m/d)—)l and then

K Z(-d+1) p+6 d Z(.doﬂ) p+o
X dﬁzp"( j )(dd”j [( Ll ] 5o (12)
0

Ogg(]gh(d) dk j=1 A)(m/d) d +1)Z§d+1)

Similarly, as n— oo,
v Z(-d+l) d P+ i1 Z(-i) P+
s ([ e
0<dg<h(d) dk =1 Ab(m/d) i=dg+1 -1 (d +1)Zj

Combining with the (10) (11) (12) and (13), we can get thatas n — oo,

1
[k(d—d,)]? max |Rd0,d ~ Sy

0<dg<h(d)

—P> 0. (14)

In the second term of (9), we have that

A(m/d) d
|: d d :|2 0<d0<h dg.d 1_p d_do
k(@-0)FAMd)  ad, Sy 1|
< max - .
L h(d) osp<h(e) d A (m/d) 1-p|
d
It is known that
[d—d, S, 1|
max
osdo<h(9)| (m/d 1—p|
o A (2 2 y2) 1
0<d0<h )| dk :1Ab(m/d) P
AJ( d+1)

0<d0<h N dk =

by WLLN for triangular array and ngﬂ) is independent with Zgi) / ZE‘M) for
i=d,+1,---,d and j=1,---,k, we have that n— oo,

+ + D)’
e G A7) (2 2
0<do<h(d)|dk j=1 ;%(m/d) P

P

-0 (17)

and

iiﬁ\a(z,(‘””) Sk i R }30. (18)
i=

°<d0<h )|dk Ao(m/d) i=dg +1 P 1-p

Combining with (17) and (18), it illustrates that n — o,

max d-dy S 1 |
oseoh(@) d Ay (m/d) 1- p|
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and finally we can get that n — oo,

1

[k(d—d,)]z max

0<dy<h(d)

P
o _Amd) o |7
4 1—p d-d,

which yield the Lemma.
Proof of Theorem 2.1. When p <0 and by Lemma S.2 in [18], we have that
lim, {Z(dﬁ) > to} =1, for any t,>1.Then by applying (6) twice with t=m/d

and X=dZ(.j)/m i=d,+1---,d+1 and X=dZ§d+l)/m we get thatas N — o,

IogU(Z ) IogU( d“) y(logzgi)—logzgd“))

A (m/d) 19)
D /mY - @D /Y — .5
(7 é”‘) L (e /f'“) 1+op(1){(dzgn/m)“‘*+(dzgd+1>/m)p }

Here, the 0,(1) term is uniform for all 1< j<k, d,+1<i<d+1 and all
k e N. We obtain that

[k(d-d )]’(“gg‘—y): L+ 1, +1,,

1 d, +1 Z(do+1) d 1 70
k(d-d,)|? lo log—— |-1]¢,
{[ ):I [ Z[d d Y Jd+1 : %zd _do 9 Z](d+l)
(g, p ML azf ") dy 41 [( 20
=[k(d-do) p ke m | d-dy|| z\*Y -
P j=1 0 i

1 (d+1) ) iy
LA (Md) 1| dzZ; d 1 z!
+|:k(d_d0):|2 TEZ : . z d—do Z(dj+l)
j

where

+5 L\ ptS

18 |(dz@Y™ @ 70
)k(d—d,) 2 = j j 1
[ ):| ( )kJZ‘I { m i:%;rzd—do Z(dﬂ) -

J

d
By Lemma 4.1. and the central limit theorem, we have that |, —>N (0, 7/2), as
n—o.

] :[k(d _do)}% Ab(z/d)E{[dZ;(:A)jp}

Z(-d0+1) P d Z(I) P
d ! -1+ ] -1
p} 0 ( Z ](d+1) i:%l ng+l)
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By WLLN for triangular array and ngﬂ) is independent with Zgi) / z\*)

for i=dy+1,---,d and j=1,---,k, we have that

=~ |

dZEdJrl) p

goLm dort ([0 |, ¢ 1 (20 )]
- + —

j‘lE{(dzw]ﬂ} a4, 277 ) )" dg,

m

b 7 (do+1) s d 7 s
5glbtt S| ale Y | -1
d-d, ZE ) i:d0+2d —d, yASE)

J

1 d d-do g d d-i+l dp
- d| -] -3 +
d-d, d-p ia\d-p 1-p

as N — oo, where the second equality follows from a direct calculation. By the
Stirling’s formula, it follows that,

dz@Y' | (mY’T(m+)T(d-p+1) d°T(d-p+1)
E{( m ]}‘[F) F(d+1)1"(m—/p3+1)_) F(d+/;)

as M—>o . Hence, combing with [k(d—-d,) v A(m/d)

we can replace A, by A and obtain thatas n— o,

=0(1) as n>w,

o =[k(d—-dy,) ]z (m/d)B(m,d,dy, p){1+0, (1)}. (20)

P
Similarly, as for |;, we obtain that 1;—>0 as n— . Combining with

d
I,—>N (0,72) and (20) as N — o the statement in Theorem 2.1 follows.
When p =0, (19) is equivalent to

IogU( ) IogU( d*l) ;/(IogZ IogZ‘”l)
A (m/d)

Iog( ) Iog( d*l))+0p(1){(dZEi)/m)i5+(dzgd+1)/m)i§}’

as N— oo, where 0, (1) term is uniform for all 1<j<k, all keN and
dy+1<i<d+1. Similarly, we obtain that

[k(d- d)] (700 =7)= 1+ 1,+15,

d 1 Z(_d0+1) d 1 Z(l)
k d d log—! lo L_|-1]},
{[ )] [ {d d 9 ZEml) +i=%:+zd _do gZ](ml)

1 K (do+1) (i)
:[k(d—do)]wm/d)%z{do”mgzi - i.ogz_j},

~|d—d, ~ 2™ d—d,,

where

=dg+2
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)
1 dZ (d+1) o+ 1 7 (d0+l)
k d- d m d)= ! +1
I: :I Ab / kJ { do ng+1)
)y

N
1 18 ](dz0YT o g zW
1) k(d—-d,)|? = —_— ] 1
+OP( )|: ( 0)j| A) )k = [ |:d0+2d _do ngﬂ) +

We can show that |1i>N(0,7/2), I2:[k(d—do)]%AO(m/d){1+op(l)}

and |3—P> 0 as n— o, similar to the proof above, the statement in Theorem
2.1 follows.

Proof of Theorem 2. 2. We only show the proof for p <0 and the proof for
p =0 issimilar.

By Lemma S.2 in [18], we have lim {Z(d+l) =1, for any t;>1. Then
by applying (6) twice with t=m/d and X= dZ /m i=dy+1---,d+1 and
X= dZ l¢-4) m and using the same method as shown in the proof of Theorem
2.1, we obtain that

i
[k(d—do) P (750 =7) =i+ 1, + 1y,

where
1 (do+1) d 0]
Sl 1| d,+1 z i 1 Z!
IL=y4k(d—=d,)[?|= 0~ Jog— log—— |-1|},
1 [ ( 0)] ké dj_do ngju) .—%zdj d, ngju)

o, k(@) A (/8 )%i{

as N — 0.

d
By Lemma 4.1. and the central limit theorem, we have that |, >N (0, }/2) as
n— oo,

As for 1,, by WLLN for triangular array and for each j, ngﬂ) is indepen-

dent with Zgi) / ZEM) , where i=d;+1,---,d;, similar to the proof of Theorem
2.1, we have that
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[ A £ el auo)fiee, @), @

as N— o0,

P
Similarly, as for |,, we obtain that |;—0 as n—oo. Combining with

d
I,—>N (0, }/2) and (21) as n— oo the statement in Theorem 2.2 follows.

Proof of Theorem 2.3. We only show the proof for p <0 and the proof for
p =0 issimilar.

By Lemma S.2 in [18], we have lim, {Z(dﬂ) >to}=l, for any t,>1. Then
by applying (6) twice with t=m/d and x= dZEi)/m Jd=dy+1---,d+1 and
X = ngd”) /m and using the same method in the prood of Theorem 2.1, we ob-
tain that

[k(d_do)] (?ng—y)i=|1+|z+|a.
d+1, 2" & 1 zy
k(d-=d,)]? log log—— -1,
{[ )][ z{d d Jd+l |%2d_do Z](d+1)
Ay(m/d) 1 & |(dz@ Y z ()’
[k d d )]2 )_ J(d+1) -1
P k= Z,
],D

A(m/d) 1 ][ dz)™ 1 Al
% =

where

+[k(d—d,) ]2

=t

1 1 K dz(d+l d 1 ZEI) p+o
Dk(d-d,) ]2 Al = |= — | = 1
)[ ( O):| ( JKZ_; |:§r2d_d0 ngﬂ) +

d
By Lemma 4.1. and the central limit theorem, we have that |, >N (0, )/2) as

+0
1 1& dZ (d+1) \P* d 41 7 (d0+1) P
= Op (1)[k (d _dO):I2 (_jiz ( do_do ZJEdJrl) +1

n—o.
By WLLN for triangular array and Zl(d+1) is independent with Zgi) / ngﬂ)
for i=dy+1,---,d and j=1,---,k, wehave that

,=[k(d- d)]z (m/d) {[dz::u)j}dfd()l_lp{“op(l)}. (22)

By the Stirling’s formula, it follows that
e )@zt :(mjp r(m+)r(d-p+1)
m d) T(d+1)I(m-p+1)
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as m—oo.
P
Similarly, as for |;, we obtain that I;—>0 as n— . Combining with

d
I,—>N (O, 7/2) and (22) as N — o the statement in Theorem 2.3 follows.
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