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Abstract 
The purpose of this paper is to investigate the simulation of mixed convection 
in a lid-driven wavy enclosure with blocks positioned at various positions. 
This study also examined the impact of the longitudinal position of the 
heated block on heat transfer enhancement. The Galerkin weighted residual 
finite element method is employed to computationally solve the governing 
equations of Navier-Stokes, thermal energy, and mass conservation. The en-
closure consists of two square heated blocks strategically placed at different 
heights—firstly, one set is closer to the bottom surface; secondly, one set is 
nearer to the middle area and finally, one set is closer to the upper undulating 
surface of the enclosure. The wavy top wall’s thermal insulation, along with 
active heating of the bottom wall and blocks, generates a dynamic convective 
atmosphere. In addition, the left wall ascends as the right wall falls, causing 
the flow formed by the lid. The study investigates the impact of the Richard-
son number on many factors, such as streamlines, isotherms, dimensionless 
temperature, velocity profiles, and average Nusselt numbers. These impacts 
are depicted through graphical illustrations. In all instances, two coun-
ter-rotating eddies were generated within the cage. Higher rotating speed 
consistently leads to improved performance, irrespective of other characteris-
tics. Furthermore, an ideal amalgamation of the regulating factors would lead 
to increased heat transmission. 
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1. Introduction 

The interaction between natural and forced convection in enclosed geometries is 
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a crucial phenomenon that has significant ramifications in engineering and in-
dustrial processes. An enclosure driven by a lid is a specific configuration that 
has attracted interest due to its dynamic flow patterns caused by the movement 
of the surrounding walls. Comprehending and enhancing the process of heat 
transmission in these enclosures is of utmost importance for several applications, 
including the cooling of electronics and energy conversion devices. This study 
investigates the complex dynamics of mixed convection in a lid-driven enclosure 
with a top surface that has a wavy shape. The distinct wavy shape of the upper 
border intensifies the intricacy of the convective flow. In addition to this intri-
cate nature, two heated square-shaped blocks are strategically placed inside the 
cage. The blocks are located in two separate configurations: first, one set is closer 
to the enclosure’s bottom surface; next, one set is closer to the middle region; 
and last, one set is closer to the enclosure’s upper, undulating surface. The stra-
tegic positioning of this component is expected to give the system unique ther-
mal and flow properties.  

The upper undulating barrier is identified as a thermal insulator, highlighting 
the primary influence of the lower barrier and heated blocks in propelling the 
convective movement. In addition, to enhance forced convection, the left wall is 
set to ascend, while the right wall descends. The coordinated movement of the 
enclosing walls creates a flow that is driven by the lid, adding another level of in-
tricacy to the transfer of heat by convection. The investigation of mixed convec-
tion in constrained geometries has attracted considerable research attention due 
to its applicability in various engineering applications. Below, we will review a 
collection of important studies in this field:  

Mahjabin and Alim [1] conducted a study on the influence of Hartmann 
number on the flow of magnetohydrodynamic (MHD) fluid in a square cavity 
with a heated cone of varying orientation. Their research yielded significant in-
sights into the effects of magnetic fields. In their study, Senthil Kumar et al. [2] 
utilized a velocity-vorticity formulation in numerical simulations to investigate 
double diffusive mixed convection in a lid-driven square cavity. Their research 
provided valuable insights into the impact of velocity and vorticity fields. Ching 
et al. [3] utilized finite element simulations to investigate the combined convec-
tion of heat and mass movement in a right triangular enclosure, providing in-
sight into the intricate flow dynamics occurring within these geometries. Hos-
sain et al. [4] performed a finite element study to investigate the impact of mag-
netic fields on heat transfer properties in an open square cavity with a heated 
circular cylinder, focusing on MHD free convection flow.  

Kumar et al. [5] performed a comprehensive examination of non-Darcy mod-
els for mixed convection in a porous cavity. They utilized a multigrid technique 
to study the flow and heat transfer characteristics. Jani et al. [6] conducted a 
study on magnetohydrodynamic free convection in a square cavity with bottom 
heating. Their research yielded significant findings on the interaction between 
magnetic fields and convective heat transfer. Rahman et al. [7] investigated the 
phenomenon of mixed convection flow in a rectangular vented cavity containing 
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a heat-conducting square cylinder in its center. Their study aimed to enhance 
our comprehension of the flow patterns and temperature distributions in similar 
arrangements. Azizul et al. [8] observed heat lines in a double lid-driven cavity 
with a heated wavy wall, providing understanding of the complex heat transmis-
sion patterns related to mixed convection. In their study, Chamkha [9] ex-
amined the phenomenon of hydro-magnetic combined convection flow in a ver-
tical cavity with a lid that is controlled by external forces. The study specifically 
focused on the influence of internal heat generation or absorption on the flow 
patterns, aiming to enhance our understanding of the interplay between mag-
netic and thermal processes.  

Prasad and Koseff [10] investigated the heat transfer that occurs when both 
forced and natural convection are present in a deep hollow flow driven by a lid. 
Their study provided valuable insights into the complex nature of convective 
heat transfer in such enclosed spaces. Islam et al. [11] conducted an analysis of 
simulating natural convection flow with Magneto-Hydrodynamics in a wavy top 
enclosure featuring a semi-circular heater. Moreover, in a separate investigation, 
Munshi [12] examines the phenomenon of hydrodynamic mixed convection in a 
square cavity controlled by a moving lid. The study involves the presence of a 
heated block with an elliptical shape and a heater located at one of the corners. 
In their study, Munshi et al. [13] examined the optimization of mixed convec-
tion in a square hollow with porous walls and a lid-driven flow. The cavity also 
included an adiabatic block with an elliptic shape and linear side walls. Munshi 
et al. [14] conducted a study on the numerical simulation of mixed convection 
heat transfer of nanofluid in a square enclosure with a lid-driven porous me-
dium. The investigations have utilized numerical approaches such as finite ele-
ment methods [15] and [16], which have been highly beneficial for simulating 
and comprehending intricate convective fluxes. 

The following sections are structured as follows: The geometric arrangement 
is outlined in Section 2. Section 3 presents a theoretical formulation to accurately 
define the situation. Section 4 is dedicated to the solution methodology. The 
program’s validations are displayed in Section 5. The findings from the numeri-
cal simulations are displayed in Section 6. This section presents both qualitative 
fluid flow patterns and quantitative data, while also addressing consistence and 
convergence difficulties. Possible future works are included in Section 7. And, 
the paper concludes with a final statement in the Section 8.   

2. Geometrical Configuration 

The study examines the occurrence of mixed convection in a specifically built 
enclosure with unique geometric features and thermal boundary conditions. The 
enclosure is delineated Figures 1(a)-(c) by the subsequent parameters: 

The enclosure is a square domain with specific length, width, and height 
measurements. The upper wall displays a unique undulating shape, resulting in 
an uneven surface profile for the enclosure. This wall is thermally insulated, 
meaning that it does not engage in the transfer of heat. The lower wall of the en-
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closure experiences uniform heating, which acts as a key source of thermal energy 
in the system. The left wall is designed to travel upwards, adding a dynamic ele-
ment to the system. Additionally, it possesses thermal insulation properties, 
which implies that it does not directly engage in the heat transfer mechanism. 
Unlike the left wall, the right wall descends, which adds to the system’s dynamic 

 

 
(a) 

 
(b) 

 
(c) 

Figure 1. (a) (b) (c): Schematic diagram of the investigated 
lid-driven wavy enclosure with block in different locations. (a) 
Bottom Position (b) Middle Position and (c) Top Position. 
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nature. The right wall, like the left wall, is thermally insulated. Two square 
blocks are positioned inside the enclosure, and their placement differs for the 
three different scenarios being studied. In the first situation, the two square 
blocks are positioned closer to the bottom of the enclosure. In the second situa-
tion, the two square blocks are located closer to the center of the enclosure. In 
the third situation, the two square blocks are positioned closer to the upper wavy 
enclosure. Each of these blocks undergoes uniform heating, serving as supple-
mentary heat sources within the system.  

3. Mathematical Formulation 

The mathematical formulation for the investigation of mixed convection in the 
specified enclosure encompasses the conservation equations for mass, momen-
tum, energy, as well as the equations that reflect the boundary conditions. Con-
sidering the intricate nature of the situation, let us analyse the fundamental equ-
ations pertaining to the dimensions involved: 
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2 2
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Dimensional boundary conditions: 

Top wavy wall: ( )0, , 0 , 1 sin 2
2c
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The equations are dimensional by using the following dimensionless parame-
ters 
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In this context, X and Y represent dimensionless coordinates that fluctuate ho-
rizontally and vertically, respectively. U and V represent dimensionless velocity 
components in the X and Y directions, respectively. θ represents the temperature 
without units, P represents the pressure without units, and Q represents the heat 
generation parameter. Re, Pr, Gr, and Ri are the Reynolds number, Prandtl’s 
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number, Grashof number, and Richardson number correspondingly. 
The dimensionless governing equations: 
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Dimensionless boundary conditions: 
Top wavy wall: 0, 0U V θ= = =  
Bottom wall: 0, 1U V θ= = =  

Left wall: 0, 0U V
N
θ∂

= = =
∂

 

Right wall: 0, 0U V
N
θ∂

= = =
∂

 

The Richardson number is a crucial metric for analysing the phenomenon of 
mixed convection. When Ri = 1, it indicates that the case is purely convection. 
When the Richardson number is low (Ri < 1), the flow is primarily influenced by 
viscous force, and might be considered to be aided by forced convection. However, 
when the Richardson number exceeds 1 (Ri > 1), the buoyancy force prevails over 
the viscosity force, causing the fluid to flow due to natural convection. In 1883, 
Osborne Reynolds conducted a straightforward experiment that confirmed the 
presence of two distinct types of flows. A flow is considered laminar when the 
Reynolds number (Re) is less than 2000, while it is considered turbulent when Re 
is greater than 4000. A Reynolds number ranging from 2000 to 4000 signifies the 
shift from a smooth, orderly flow (laminar) to a chaotic, irregular flow (turbu-
lent).  

The heat transfer coefficient in terms of local Nusselt number Nu is defined by, 

Nu θ
η
∂

= −
∂

,  

where η is the outward drawn normal on the plane.  
Dimensionless normal temperature gradient can be written as: 

2 2
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θ θ θ
η
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While the average Nusselt number Nu  is obtained by integrating the local 
Nusselt number along the bottom surface of wavy enclosure and is defined by 

0
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L
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L

θ
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∂
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where θ is the dimensionless coordinate along the circular surface. If L = 1 for 
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length of the enclosure then, 

0

L

uN dsθ
η
∂

= −
∂∫ . 

4. Numerical Technique 

The nondimensionalized version of my physical problem is derived from the di-
mensional governing equations. Numerical solutions are obtained for the go-
verning equations and boundary conditions using the Galerkin-Weighted Resi-
dual formulation and the finite element method [15]. The stated criteria are em-
ployed to guarantee that all dependent variables inside the solution domain 
achieve the objective of convergence. 

1 5
, , 10n n

i j i jφ φ −− ≤∑  

where φ  represents the dependent variables U, V, P and T the indexes i, j 
refers to space coordinates and the index n is the current iteration. 

5. Validation of a Program 

Figure 2 depicts the distinction between streamlines and isotherms in the 
graphical solution. The numerical data unequivocally demonstrates a high de-
gree of concurrence between the two outcomes. 

6. Results and Discussions 

Simulating mixed convection in a lid-driven wavy enclosure with a block placed 
at various points has provided useful insights into the intricate flow and heat 
transmission properties of the system. The results have been obtained for the 
Richardson number, which varies between 0.01 and 5. The results are displayed 
in the form of streamlines and isotherms within various sections of the enclosure 
block. The figures depict the changes in streamlines and isotherms within the 
enclosure as the Richardson number varies. Figure 3 displays the variations in 
streamlines, while Figure 4 illustrates the changes in isotherms. The subsequent 
significant discoveries are given alongside an exhaustive analysis. 

The placement of the heated blocks is crucial in determining the flow patterns 
and temperature distributions inside the enclosure. In Figure 3(a), the blocks 
are located closer to the bottom of the cage. The streamlines clearly indicate the 
formation of a pair of counter rotating eddies within the cage. Furthermore, 
there is a documented occurrence of limited upward flow along the undulating 
surface. The occurrence of this phenomena can be ascribed to the combined in-
fluence of buoyancy-driven flow and the obstructive presence of the blocks. In 
contrast, Figure 3(b) demonstrates a more uniformly dispersed flow when the 
blocks are positioned closer to the center of the enclosure. The streamlines in 
Figure 3(c) clearly show the formation of a pair of counter-rotating eddies in 
the vicinity of the lower edge of the enclosure. Analysis of the streamlines reveals 
that when the Richardson number increases, the centers of rotating eddies shift 
upwards and closer to the upper boundary of the enclosure.  
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Figure 2. Comparison between streamlines and isotherms for graphical so-
lution of (a) Jani et al. [6] and (b) Present study at Ra = 104 and Ha = 50. 

 

 
Figure 3. Streamlines for different values of Richardson number with block in different 
locations while Pr = 0.71, Gr = 104 and Re = 100. (a) Bottom (b) Middle (c) Top. 

 
The undulating upper surface of the wall functions as a thermal insulator, 

impeding the transmission of heat by conduction. This has a substantial impact 
on the thermal distribution within the container. The presence of wavy geometry 
leads to the emergence of additional intricacies, which in turn give rise to the 
development of clearly defined thermal boundary layers and areas of recircula-
tion. The presence of these characteristics leads to an uneven distribution of 
temperature, especially in the area surrounding the undulating surface.  
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Figure 4. Isotherms for different values of Richardson number with block in different lo-
cations while Pr = 0.71, Gr = 104 and Re = 100. (a) Bottom (b) Middle (c) Top. 

 
Figure 4 demonstrates the prevalence of heat transport governed by the pre-

vailing conditions, as indicated by the isotherms. The isotherms in Figure 4(a) 
exhibit parallel alignment with the center walls of the enclosure when the Rich-
ardson number is at its minimum value, indicating minimal convective heat 
transport. In alternative realms, Figure 4(b) and Figure 4(c) illustrate the iso-
therm lines along the side walls. These lines demonstrate the strengthening of 
the moving lid and the decrease in heat transfer by convection, as indicated by 
different values of the Richardson number. As the Richardson number grows, 
there is a greater curvature in the isotherms around the obstruction, which sug-
gests a higher level of heat transfer through convection. These findings provide 
insight into the intricate relationship between the flow and heat transfer proper-
ties within the enclosure, emphasizing the significant influence of the Richard-
son number on the rate of heat transfer.  

Figure 5 depicts the variations in velocity components along a vertical line for 
various Darcy number values. The graph demonstrates a positive correlation 
between the Darcy number and both the upper and lower limits of the velocity. 
Put simply, larger Darcy numbers result in greater maximum and minimum ve-
locities along the vertical axis. This discovery suggests that the Darcy number 
exerts a substantial influence on the fluid’s velocity distribution.  
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(a) 

 
(b) 

 
(c) 

Figure 5. Variation of velocity profiles along Y-axis for different values 
of Richardson number with block (a) Bottom Position (b) Middle Posi-
tion and (c) Top Position while Pr = 0.71, Gr = 104 and Re = 100. 
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The vertical velocity component of the enclosure is depicted in Figure 5, 
showcasing its fluctuations over different Richardson values. The graphic illu-
strates that the magnitude of the highest and lowest velocity values increases as 
the Richardson number increases.  

Figure 6 illustrates the variance of dimensionless temperature variations 
along the Y-axis of the enclosure for various Richardson values. The graph de-
monstrates a positive correlation between the Richardson numbers and the ab-
solute values of both the maximum and minimum temperatures. Nevertheless, it 
is important to acknowledge that the rate of temperature change decelerates as 
the Richardson numbers increase. Put simply, larger Richardson numbers lead 
to more gradual temperature variations along the Y-axis of the enclosure. This 
discovery emphasizes the impact of Richardson numbers on the temperature 
distribution inside the fluid, indicating that larger Richardson numbers result in 
a more gradual temperature shift down the Y-axis.  

 

 
(a) 

 
(b) 
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(c) 

Figure 6. Variation of dimensionless temperature along Y-axis for 
different values of Richardson number with block (a) Bottom Position 
(b) Middle Position and (c) Top Position while Pr = 0.71, Gr = 104 and 
Re = 100. 

 
Figure 7 illustrates the relationship between the local Nusselt number and 

various Richardson numbers. The data suggests that when the buoyancy ratio 
and Richardson numbers increase, there is a corresponding increase in heat 
transmission. This occurs due to the presence of a stagnation point, which is the 
position where the fluid’s velocity reaches zero. Consequently, the highest rate of 
heat transfer is achieved at this specific spot. To summarize, the graph illustrates 
that the local Nusselt number is affected by multiple factors, but the most heat 
transmission happens at the stagnation point, which is located at this particular 
position.  

7. Possible Future Works 

While the present study has provided valuable insights into the complexities of 
mixed convection in a lid-driven wavy enclosure with strategically placed square 
heated blocks, there are several avenues for future research that can build upon 
the current findings and address certain limitations: 
 Exploration of Additional Geometries 
 Incorporation of Variable Wavy Geometries 
 Optimization of Block Placement 
 Effect of Block Materials 
 Parametric Studies on Buoyancy and Lid Movement 
 Analysis of Transient Effects 
 Inclusion of Nanofluids 
 Experimental Validation 
 Study of Multi-Physics Phenomena 
 Environmental and Industrial Applications 
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(a) 

 
(b) 

 
(c) 

Figure 7. Variation of local Nusselt number along Y-axis for different 
values of Richardson number with block (a) Bottom Position (b) Middle 
Position and (c) Top Position while Pr = 0.71, Gr = 104 and Re = 100. 
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Finally, future research should aim to expand the current understanding of 
mixed convection in wavy enclosures by exploring diverse geometries, optimiz-
ing system parameters, and considering real-world applications. Addressing 
these areas will contribute to the advancement of knowledge in convective heat 
transfer and foster practical innovations in engineering and technology. 

8. Conclusions 

This study examined the complexities of mixed convection in a lid-driven en-
closure with a wavy top wall and heated square blocks placed at different heights. 
The enclosure exhibited certain boundary conditions, which consisted of side 
walls with thermal insulation, a bottom wall that was heated, and a top wall with 
a wavy shape. In addition, the left wall had an upward trajectory while the right 
wall descended, resulting in a distinctive flow environment.  

The arrangement of the heated blocks was a critical determinant of the flow 
patterns and temperature distributions inside the enclosure. When the blocks 
were positioned closer to the upper wavy case, a concentrated upward flow along 
the undulating surface was seen. In contrast, placing the blocks closer to the 
middle and bottom of the enclosure resulted in a more uniformly spread flow, 
leading to a more consistent distribution of temperature. The undulating upper 
wall, functioning as a thermal insulator, had a substantial impact on the temper-
ature distribution within the enclosure. The introduction of the wavy geometry 
resulted in the emergence of intricate thermal boundary layers and areas of re-
circulation. The counteracting movements of the lateral walls generated sup-
plementary vortical formations inside the enclosure, resulting in areas charac-
terized by intense velocity differentials and turbulence. This had a further im-
pact on both the patterns of fluid movement and the distribution of tempera-
ture. The application of heat to the lower wall and the blocks generated 
buoyancy forces that propelled the convective flow. The increased temperature 
of the lower wall caused a rising column of heated fluid, which affected the 
overall flow patterns. Moreover, the existence of heated blocks caused the for-
mation of localized convection cells, leading to distinct fluctuations in temper-
ature and velocity in those areas.  

The heat transfer performance of the system was evaluated using quantitative 
metrics such as the Nusselt number, local heat transfer coefficients, and temper-
ature gradients. The measurements offered significant data for assessing the ef-
fectiveness of the enclosure for particular applications.  

To summarize, this work provides insight into the complex interaction be-
tween flow and heat transfer phenomena in the described enclosure arrange-
ment. The knowledge acquired from this analysis establishes a strong basis for 
future research focused on enhancing the design of comparable enclosures for 
other engineering purposes. The proposed findings enhance the existing know-
ledge in the subject of convective heat transfer and have possible implications for 
designing systems in different industrial and environmental settings.  
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