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Abstract 
The tunneling ionization (TI) is the most dominated ionization process in the 
production of terahertz radiation by two femtosecond lasers, although its va-
lidity above the ionization threshold of some gases is uncertain. In the present 
research, we employ a 1D fluid code to simulate the efficiency of the pro-
duced terahertz radiation by two femtosecond laser beams in air plasma. Two 
ionization models in the context of the TI process which are the Ammo-
sov-Delone-Krainov (ADK) for noble gases and its developed molecular ADK 
(MO-ADK) model for molecular gases are intrinsically used to conduct this 
study. The main target of the present research is to examine the validity of 
these models Above-Threshold-Ionization (ATI) of these gases. For this pur-
pose, we simulated the ionization rate and the power spectrum of the pro-
duced radiation, in addition we numerically evaluated the efficiency of the 
produced radiation as function of the input beams intensity at particular 
energy fraction factor, relative phase and initial pulse duration of these 
beams. These calculations conducted for a selected noble gas at varying ener-
gy levels and a chosen molecular air plasma gas at different quantum num-
bers. Numerical results near and above the ionization threshold of the se-
lected gases have clarified that the ADK and MO-ADK model are successful 
valid to study the efficiency of the produced THz radiation at low energy le-
vels and small quantum numbers of the selected gases, meanwhile, with any 
further increase in the energy level and the quantum number values of these 
gases, both of the ADK and MO-ADK are failed to correctly analyze the effi-
ciency process and estimate its fundamental parameters. 
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1. Introduction 

Because of its non-destructive and non-contact properties, and label-free optical 
method, the terahertz radiation has a growing attention in security inspection 
[1], biological imaging and spectroscopy [2], biomedicine [3], THz communica-
tion [4] [5], and industry [6] [7]. In air plasma, the filamentaion of two-color 
femtosecond (fs) laser beams is the fundamental mechanism of the terahertz 
radiation production. In this mechanism, a fundamental laser pulse (FH) and its 
corresponding second harmonic (SH) are applied to excite the terahertz wave, 
two theories are govern the production under this two fs lasers approach: the 
Four-Wave Mixing rectification (FWM) [8] and the Photo-current theory (PC) 
[9]. 

In both of FWM and PC theory, the tunneling ionization [10] is the dominat-
ed ionization event. In this process, a number of electrons are released from the 
atomic barrier formed by the Coulomb potential coupled with strong laser elec-
tric field, these removed electrons are accumulated along asymmetric filed in-
duced by the two fs beams that accelerate the released electrons to induce a cur-
rent which oscillates to a low-frequency current responsible for THz wave emis-
sion. In air plasma, the mostly and widely used tunneling ionization models are 
Ammosov-Delone-Krainov (ADK) [11] and the molecular-ADK (MO-ADK) 
model [12]. Both models have a good agreement with the experiments in noble 
gases and small molecules [13] [14] [15]. The ADK model is approved on the 
noble gases, with an additional implementation for the structure-less atomic like 
molecules such as H2, while the MO-ADK model is mainly applied to calculate 
the ionization from molecules [12]. A number of researches have investigated 
the THz emission via the interaction of laser pulse with noble gases [16] [17] (He, 
Ne, Ar, Kr, and Xe) and molecular gases [18] [19] [20] [21] [22] (H2, H2O, N2 
and O2) based on the ADK and its developed MO-ADK model. It has been 
found in some of these researches that the ADK model overestimates the ioniza-
tion rate of atoms in the over-the-barrier ionization (OBI) regime [23] [24] [25] 
and fails to anticipate the correct ionization probability in the multi-photon io-
nization regime. With respect to the MO-ADK model, although it has also been 
developed to involve on the THz radiation generation [26] and to study the io-
nization of the H2O molecule in the OBI regime [24], the MO-ADK unsuccess-
fully estimates the accurate ionization rates of ion-electron interactions [27] and 
when the above threshold ionization (ATI) is required. Although extensions 
have been developed for static ATI [24], the MO-ADK is remained unable to 
predict the ionization suppression of Cl2 in comparison to Xe. Therefore, an 
elaborated analysis on the interaction of the fs laser with noble and molecular air 
plasm gases for the production of THz radiation is required to examine of the 
validity of the ADK and its developed MO-ADK model near and above the 
threshold ionization of these gases. 

In this article, we study the production of the terahertz radiation by the fila-
mentaion of two femtosecond laser beams in air plasma. In particular, using a 
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1D fluid code, we numerically simulate the efficiency of the produced radiation 
in noble gases using the standard Ammosov-Delone-Krainov (ADK) ionization 
rate formula and in molecular gases using the developed molecular-ADK 
(MO-ADK) formula. Our main objective is to examine the validity of the two 
formulas above the threshold ionization (ATI) at varying energy levels of the 
noble gases and different quantum numbers of the air molecules. The article is 
organized as follow: in Section 2, we present the numerical code by listing its ba-
sic equations and describing the numerical solution method. In Section 3, we 
present numerical simulation for the ionization rate and power spectrum of the 
produced radiation, beside, at particular energy factor, relative phase and initial 
pulse of the applied beams, we evaluate the conversion efficiency of the pro-
duced radiation as function of the input beams intensity at varying energy levels 
of a selected noble gas and different quantum numbers of a given air molecule. 

2. Numerical Algorithm 

In the numerical code employed to simulate the efficiency of the produced THz 
radiation by two femtosecond laser beams in air plasma, the propagation of the 
beams is describing by the following 1D Maxwell’s equation: 

∂
∇× = −

∂
BE
t

                          (1) 

0 0 0 .µ µ ε ∂
∇× = +

∂
EB J
t

 

E and B are electric and magnetic field, respectively, J is the charge density, 

0ε  is the permittivity and 0µ  is the permeability of free space. The electrons 
dynamics is followed by the momentum equation 

2

.∂
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∂
J J Ec e

ev N
t m

                       (2) 

where e and m are the electron charge and mass respectively, Ne initial gas 
density, ν c  electron-neutron collision. 

For the electrons production and ionization, for the noble gases the standard 
the Ammosov-Delone-Krainov (ADK) [11] [28] formula is used. 
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In above formula ( )2 2 3 16 1
04 4.134 10 sω ε −= = ×π at mq  is the atomic frequency, 
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and EL is the electric field of the applied fs beams. =i Z
H i Hr E E , where Z

iE  is 
the ionization energy of the gas of Z atomic number, i is the ionization-energy 
order of this gas, and EH is the ionization energy of the hydrogen. With respect 
to the molecular gas, the following MO-ADK ionization rate of a linear diatomic 
molecule of a slowly varying field is considered [29] 
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Zc being the effective Coulomb charge, 2κ = pI  to be the residual charge of 
the molecular system, and Ip being the ionization potential for the given valence 
orbital, m being the magnetic quantum number, and the function  
( ) ( ),=∑





B m C Q l m , where 
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+ +
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The finite-difference time-domain (FDTD) method [30] [31] [32] [33] is ap-
plied to solve our basic equations; Maxwell’s equations coupled with the monu-
ment equation and the ionization rate formulas. The FDTD that calculates E and 
B in space and time domain is used because of its unique properties to present a 
direct solution in time domain and for its good estimation to E and B near the 
boundaries. To reduce the computational time in our simulation, absorbed 
boundaries are assumed. 

In our simulation the following initial laser beam profile ( )LE t  is given: 

( ) ( ) ( )
2 2

2 2
0 02

0 01 sin e sin 2 e .τ τζ ω ζ ω φ
− − 

 = − + +
  
 

t t

L mE t E t t          (5) 

where 0 02 ε=mE I c  is the amplitude, 0 2ω λ= πc  ( 800 nmλ = ), I0 is the 
initial input intensity, ζ  is the energy fraction factor, φ  is the relative phase 
between the two beams, and 0 40 fsτ =  is the initial pulse duration. The plasma 
sample in our simulation is semi-bounded plasma with a width 90 m= µd . 

3. Simulation Results 

In order to analyze the efficiency of THz radiation produced in the frame of the 
standard ADK and its developed MO-ADK model, a noble and a molecular air 
gas element have to designated at first. In that context, the Argon (Ar) is elected 
among the noble gases and the molecular N2 is chosen among the air molecules. 
The selected noble and molecular gas are highly regraded and popular elements 
on the air structure, but the mostly emphasized reason of this selection is the 
multi energy levels n of Ar and the high quantum number ℓ of N2, which will 
give us a good deal of opportunities to analyze the efficiency of the produced 
THz radiation for varying energy levels and different quantum numbers. The 
ionization energies of the Ar are listed in Table 1, and the values of Cℓ for N2 
derived for MO-ADK [12] are given in Table 2. 
 
Table 1. Ionization energy (eV) of Argon (Ar). 

Ionization order 1 2 3 4 

Ionization energy 15.7596117 27.62967 40.735 59.58 

 
Table 2. Values for Cℓ. 

Species C0 C1 C2 C3 C4 

N2 2.02 - 0.78 - 0.04 
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After we have designated the noble gas Ar and the air molecule N2 for our 
analysis, it is vitally important to note before starting this analysis that the initial 
beams profile given in Equation (5) is determined based on the initial input in-
tensity I0, the energy fraction factor ζ , and the relative phase φ  values. The 
initial I0 value depends on the selected n of Ar and on the given ℓ of N2 ioniza-
tion energy, while the energy fraction ζ  and the relative phase φ  have to be 
optimized. 

To optimize the energy fraction factor ζ  and the relative phase φ , we si-
mulate in Figure 1 the ionization rate ( 0en n ) as function of possible ζ  and 
φ  range. The ionization rate based on the ADK model is given on left and the 
one based on the MO-ADK formula is shown on right. For ADK, the energy lev-
el 1=n  and its above ionization intensity value 14 2

0 1.4 10 W cm≈ ×I  are 
given, and for the MO-ADK, the quantum number 0=l  and its above ioniza-
tion intensity 14 2

0 2.5 10 W cm≈ ×I  are considered. As display on both ioniza-
tion rates, the maximum ionization rate is demonstrated for the two models at 
approximately 0.5ζ =  and 2φ = π . Truthfully, this obtained fraction energy 
value is physical expected, as in the interactions of two fs beams at equal input 
energy, i.e, 0.5ζ = , numerous of effects that reduce the energy delivering to 
medium; such energy exchange and the associated modulation instabilities, are 
halted to enhance the ionization process. With regard to the optimized relative 
phase, as matter of fact this value is also anticipated, as it has been introduced in 
previous researches pi 2φ =  the relative phase where the maximum terahertz 
efficiency is achieved [34]. On the other hand, what is astonishing in the results 
exposed in Figure 1 is that the optimized ζ  and φ  are the same for both of 
the ADK and MO-ADK model. 

Optimizing the energy factor and the relative phase factor is not the only we 
can attain from the ionization rate image presented in Figure 1, but also ex-
amining the performance and the validity of the ADK and MO-ADK model 
above-threshold ionization (ATI). As it is clearly shown in Figure 1, the ioniza-
tion rate is stable and continuous over the given ζ  and φ  range, obtaining 
 

       
Figure 1. The ionization rate under the ADK (left) formula at 14 21.4 10 W cm= ×I  and 1=n  and the MO-ADK 

(right) at 14 22.5 10 W cm= ×I  and 0= . 
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such favorable ionization rate features affirms the successful performance and 
validity of the ADK and MO-ADK model Above-threshold ionization (ATI) at 
the given n and ℓ value. 

The ionization rate shown in Figure 1 is not the only approach to examine 
validity of our ADK and MO-ADK models, the power spectrum of the produced 
THz radiation is another admitted alternative for this examination. In this 
regards, we present in Figure 2 the power spectrum µTHz  of the produced THz 
radiation as function of the energy fraction factor ζ  and the relative phase φ  
of the applied two fs laser beams. This result is presented at higher energy level 
and quantum number, which are 2=n  and 2= , thus 14 2

0 1.8 10 W cm= ×I  
and 14 2

0 3.1 10 W cm= ×I  are given as ATI value for ADK and MO-ADK model, 
respectively. As depicted in Figure 2, the maximum power is demonstrated at 

0.4 - 0.8ζ =  and 8 - 4φ = π π  for the ADK and at 0.6 - 0.8ζ =  and  
-0 4φ = π  for the MO-ADK model. Regardless of the optimized ζ  and φ  

value that are emerged differently from the values obtained in Figure 1, the 
continuous and stable power spectrum is clearly observed even at such higher n 
and ℓ, which confirms the extended validity of our ADK and MO-ADK models 
to such energy level and quantum number value. 

Although, we have presented in Figure 1 and Figure 2 a preliminary 
examination for the validity of the ADK and the MO-ADK model ATI for selected 
noble and molecular gas at particular energy level n and quantum number ℓ value, 
it is necessary to bear in mind that evaluating the conversion efficiency ηTHz  of 
the produced THz as function of the input beams intensity ATI is the pre-eminent 
and the well-acknowledge procedure to examine the validity of our ADK and 
MO-ADK models. Upon that, the main task of the simulation presented in Figure 
1 and Figure 2 will be remained to optimize the suitable energy fraction factor 
ζ  and relative phase value at the given n and ℓ value. 

Based on above considerations, in Figure 3 we present the conversion effi-
ciency ηTHz  of the produced THz radiation as function of the input intensity of 

 

     

Figure 2. The power spectrum of the produced THz radiation The ionization rate under the ADK (left) formula at 
14 21.8 10 W cm= ×I  and 2=n  and the MO-ADK (right) at 14 23.1 10 W cm= ×I  and 2= . 
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Figure 3. The conversion efficiency ηTHz  of the produced 
THz radiation as function of the input beams intensity for Ar 
at 1=n  under ADK and N2 at 0=  under the MO-ADK 
model. 

 
the two femtosecond laser beams above the threshold ionization of the Ar noble 
gas at 1=n  and N2 molecule at 0= , the optimized 0.5ζ =  and 2φ φ=  
are considered in this figure. As detailed in Figure 1, the basic precesses asso-
ciated with the efficiency behavior as function of the input beams intensity are 
clearly demonstrated. First, the near/above ionization threshold intensity where 
the ionization process of the noble and molecular gas element starts, which as 
measured 14 2

0 1.4 10 W cm= ×I  for ADK and 14 2
0 2.5 10 W cm= ×I  for the 

MO-ADK. Second, the linear increment of the efficiency with increasing the in-
put beams intensity shortly after the ionization establishing. Third, the maxi-
mum ionization intensity where the elements are completely ionized, which as 
evaluated in the figure 14 2

0 3.8 10 W cm≈ ×I  for ADK and 14 2
0 5 10 W cm≈ ×I  

for the MO-ADK. Lastly, the efficiency decaying after the complete ionization of 
the designated gases, which is smoothly decaying for the Ar under the ADK and 
abruptly decaying for N2 under the MO-ADK model. In addition to the basic 
processes associated with the efficiency behavior, the fundamental parameters of 
these processes are accurately measured in Figure 4. As the near/above ioniza-
tion threshold intensity values for the two elements are nearby to the previously 
reported values [31], in addition, the maximum ionization intensities for the 
designated gases are within the acceptable range, moreover the higher efficiency 
value for the MO-ADK than the ADK which is usually behaved. 

In Figure 4 we present the conversion efficiency ηTHz  of the produced THz 
radiation as function of the input beams intensity above the threshold ionization 
of the Ar noble gas at 2=n  and N2 molecular gas at 2= , the optimized 

0.5ζ =  and 8φ φ=  are given in this figure In this figure, the basic processes 
that get together with the efficiency behavior such as the near/above ionization 
threshold intensity, the linear increment of the efficiency with increasing the 
input beams intensity, the maximum ionization intensity, and the efficiency  
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Figure 4. The conversion efficiency ηTHz  of the produced 
THz radiation as function of the input beams intensity for Ar 
at 2=n  under ADK and N2 at 2=  under the MO-ADK 
model. 

 
decaying are clearly determined. Moreover in Figure 4, the fundamental para-
meters of these processes for the given noble and molecular gas, as the threshold 
ionization intensity 14 2

0 2 10 W cm≈ ×I  for ADK and 14 2
0 3 10 W cm≈ ×I  for 

the MO-ADK are approximately at the standard values [31] [35], and the maxi-
mum ionization intensity 14 2

0 4 10 W cm≈ ×I  for ADK and  
14 2

0 6.5 10 W cm≈ ×I  for the MO-ADK are around the acceptable range. 
In Figure 5 we present the conversion efficiency ηTHz  of the produced THz 

radiation as function of the intensity of the two fs beams above the threshold io-
nization of the Ar noble gas at 3=n  and N2 molecular gas at 4= , the opti-
mized 0.5ζ =  and 2φ φ=  are considered in this figure As demonstrated in 
Figure 5, although the near/above ionization threshold intensities are deter-
mined, its values are inaccurately measured, because these values are the same 
values measured in Figure 4 at the lower n and ℓ order. Even though the effi-
ciency is linearly incremented with the input beams intensity, this efficiency is in 
incorrectly estimated, as seen at the maximum ionization intensity this efficiency 
for the two different gas elements are approximately equal. Lastly, the decaying 
behavior is un-precisely conducted, as its is saturated without any decaying for 
the two models after the ionization completion. 

4. Conclusion 

We have numerically simulated the efficiency of terahertz radiation produced by 
two femtosecond laser beams in noble and molecular air plasma gas. The stan-
dard Ammosov-Delone-Krainov (ADK) model for the noble gases and the de-
veloped molecular ADK (MO-ADK) model for molecular gases are used in this 
study. We have targeted to examine the validity of these models above the thre-
shold ionization of these gases, in this regard, by means of 1D fluid code, at a 
particular energy fraction factor ζ , relative phase φ , and pulse duration 0τ   
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Figure 5. The conversion efficiency ηTHz  of the produced 
THz radiation as function of the input beams intensity for Ar 
at 3=n  under ADK and N2 at 4=  under the MO-ADK 
model. 

 
of the applied beams, we have simulated the ionization rate and the power spec-
trum of the produced radiation. As well we have evaluated the conversion effi-
ciency of this radiation as the function of the input intensity of these beams for 
varying energy levels of a selected noble gas and different quantum numbers of a 
chosen air molecule. Numerical results have illustrated that at low energy levels 
n of Ar noble gas and small quantum numbers ℓ of N2 molecule, the ADK and 
the MO-ADK model are successfully valid to investigate the efficiency of the 
produced THz radiation, as herein both models precisely follow the basic 
processes associated with the efficiency behavior and accurately estimate its 
fundamental parameters over a wide range of the applied beams intensity. In 
contrary, at more higher energy levels and larger quantum numbers, both mod-
els are failed to present a proper evolution for the efficiency behavior besides it is 
overestimated its fundamental parameters, particularly at high input beams in-
tensity. 
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