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Abstract

In quantum optics, unitary transformations of arbitrary states are evaluated
by using the Taylor series expansion. However, this traditional approach can
become cumbersome for the transformations involving non-commuting op-
erators. Addressing this issue, a nonstandard unitary transformation tech-
nique is highlighted here with new perspective. In a spirit of “quantum” series
expansions, the transition probabilities between initial and final states, such
as displaced, squeezed and other nonlinearly transformed coherent states are
obtained both numerically and analytically. This paper concludes that, al-
though this technique is novel, its implementations for more extended sys-
tems are needed.
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1. Introduction

In quantum optics, a large cluster of quantum states can be constructed via uni-
tary transformations from arbitrary initial states including the ground state [1]
[2] [3] [4]. Unitary transformations can be interpreted as temporal evolutions
of an initial state governed by specific Hamiltonians. For example, coherent
(squeezed) state is constructed by applying an unitary transformation, so-called
a displacement (squeeze) operator on initial states. Unlike the displacement op-
erator, the squeeze operator consists of two-photon creation and annihilation
operators, in which the nonlinear optical processes are involved. However, nu-
merical evaluations for unitary transformations of arbitrary quantum state based

on the classical Taylor series expansion become cumbersome [5] [6] [7] because
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the system’s Hamiltonian is time-independent and nonlinearly constructed by
non-commuting operators.

This issue is addressed in this paper. The unique technique for studying the
interactions of injected atoms with a cavity field presented by the author in his
series of works [7] [8] [9] more than two decades ago is deepened here with an
entirely new perspective in the spirit of “quantum” series expansions. This non-
standard unitary transformation technique is established as follows. First, the
systems with only time-independent Hamiltonians are considered here. Realiza-
tions of quantum dynamics of the systems governed by time-dependent Hamil-
tonians have been recently reported by the author in [10]. Second, similarly as in
Ref. [10], the classical force terms are replaced with spin operators. Utilizing
these two-state raising and lowering operators, various unitary transformations
are realized here. As an example, both analytical and numerical results for the
transition probabilities from arbitrary quantum states to the displaced [1] [3] [4]
[7], single- [1] [4] [7] [11] [12] and two-mode squeezed [4] [9] [13] and Hols-
tein-Primakoff SU(1,1) transformed states [8] [14] are obtained.

The paper is organized as follows. In the next section, the standard approach
for unitary transformations to produce the-above mentioned states is presented.
In Section 3, our nonstandard technique for time-independent Hamiltonian
systems is introduced and implemented demonstrating the realizations of the

transformed arbitrary states. The final section concludes with some remarks.

2. Standard Unitary Transformations

Unitary transformations can be expressed as temporal evolutions as [1] [2] [3]

(4]
[y (1))=Ulw (0))=e"" | (0) ()
here =1 and |y/(t)> and |l//(0)> are the transformed final state at time ¢

and the initial state at time zero. The Hamiltonian ¥ is the Hermitian and sa-

tisfies ¥ =V, In the interaction picture and under the rotating wave approxi-
mation, the time-independent Hamiltonian for the given quantum system is ex-
plicitly written as [1]

V=Re +R'e @)
where R and R' are non-commuting boson annihilation and creation oper-
ators; & and & are the time-independent force terms. Unitary operator U
satisfies UT=U"". Operators R,R' constitute the generalized boson oscillator
algebra [15] [16] basis {i,f?,]%"',ﬁ} which satisfies the relations,

R="¥(n), RR" =¥ (n+1), [ﬁ,ﬁ]:fe, [ﬁ*,ﬂ:—ﬁ*, 3)

where 72 is the excitation number operator and real nonnegative structure
function W(n) (W(n)=0, Vn>0) characterizes the given system. A vacuum
(ground) state |0) is defined as ﬁ|0> =0, ¥(n)>0, Vn>0, see Table 1.
Using Equation (1) for U , it is aimed to obtain final state |l//(l‘)> for the initial
state including vacuum (ground) state |W (0)> .
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Table 1. Examples for unitary transformations with time-independent Hamiltonian.

Hamiltonian A R n ¥ (x) States
L be +b'e b b'b x Displaced
P2 % pof2 2 I;LB —
2. b’e" +b%e b B3 2x(2x-1) Squeezed
3. 7 \/? . \/?‘r é(éfl;)l/z P ) Holstein-
© DNbbE +Nb Db e * Primakoff
b h AN b “11-[;1 +52 Azf
4 bbe" +b'be bb, 5 XX, Squeezed

2.1. Displaced Vacuum States: R=b

Coherent state |y) is defined as displaced vacuum state |0), which can also be
expressed in terms of the Fock states |n) as [1] [3] [4]
b —"b -71/2

<n|7/>:<n|67 4 |0>:e / % (4)
here the mean photon number is 7 = |7/|2 . The probability of detecting 1 pho-
tons in coherent state follows the Poissonian distribution
P(n)= |<n|y>|2 = e’ﬁﬁ"/n!. Equivalently, coherent state is also defined as an ei-
genstate of annihilation operator as 5|7> =y|y). In the Fock state representa-
tion, the ground state or vacuum state |l,1/ (0)> = |0> satisfies l;|0> =0 and
<!//(0)|l;T =0, which are reduced from definitions such as I;|n> = \/;|n - 1) and
l;*|n>:«/m |n+1). From Equations (2) and (4), the unitary transformation

and the displacement operator are equivalent when y =ite and the final state
reads as |l//(t)> = |}/> .

2.2. Squeezed Vacuum States: R=b*

Squeezed vacuum state |y) is defined as single mode of the electromagnetic
field where the fluctuations of one of the two quadrature become less than the
short noise level [1] [3] [4]. Squeezing the ground (vacuum) state |0> is ex-
pressed in terms of the Fock states |2n) as

(rl)=(onfe™ oy =L (et X2

JJcoshr "n!

here y =re” and the mean photon number is 7 =sinh” 7 . From Equations (2)

and (5), it is worth to note again that the unitary transformation and the dis-

placement operator are identical when y =-2its .

2.3. The Holstein-Primakoff SU(1,1) Transformations: R =b\bb'

The Holstein-Primakoff SU(1,1) coherent state |y) is defined as [8] [14] [17]

AN 1 ; n
(n] )= (|7 0) - L~ tanh ) (6)
coshr
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here y =—re” and the mean photon number is 7 =sinh® 7 . Comparing Equa-

tions (2) and (6), it is important to note that y =—ite.

2.4. Two-Mode Squeezed Vacuum States: R = b,b,

Two-mode squeezing of vacuum |0,0> is expressed in terms of the Fock states
|n,n) as [4] [9] [13]

_ ¥ biby—yb ] ¢ n
<n,n|y>—<n,n|e 2R |0,0> coshr( e tanhr) (7)

here y=re” and the mean photon number is 7 =sinh’7 and comparing

Equations (2) and (7), it is identified as y =ite.

3. Nonstandard Unitary Transformations

The author aims to solve for final state |l//(t)> in Equation (1) using our non-
standard technique previously introduced in Ref. ([10]) but, now, for the sys-
tems associated with time-independent Hamiltonians. It is formulated as: 1) the
classical force terms are replaced with operators in the time-independent Ha-
miltonian Equation (2); 2) the density operator for the system under considera-
tion is evolved after tracing over this force operator space. A time interval ¢is di-
vided into N subintervals with a width of Af when Ar<«1 and N>1 but
t=NAt being finite. The Hamiltonian is expanded to an additional operator
space A as

Vo1 ®4 (8)
where ¥ and 4 commute and belong to different operator spaces. For ex-

ample, new operator A can be chosen as

A=l N+ @ YN+ 0

Y18 [V ©)
with |0(|2 + | ,b’|2 =1. For this choice, the force terms are replaced with the raising

|T><»L| and lowering |~L><T| operators as
e =n[H){1]
IS (10)

here ¢ and R commute. The original Hamiltonian V in Equation (2) is re-

*

& —>él=n'

placed with a modified Hamiltonian 7, as

V,=Ré +R'é= 77*1A€|T><~L| +nR'

¢><¢| (11)

This is known as the unified Jaynes-Cummings Hamiltonian [15] [16]. A new
iterative relation for the modified density operator p, using the modified Ha-
miltonian given in Equation (11) is introduced here as the recurrent solution of

the von Neumann equation for time evolution in Azas
py=Tr [ A p, " ] (12)

here A =[af | MM+ o [N(4]+ @ B (A[ + AP || with Jaf +|5f =1.
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Next it is demonstrated here that the results obtained by the two techniques

merge as
Py = by (13)
for the same pure initial state |l// (0)> which stands for p, = 9, = |l// (0)><l//(0)|
and Py =|l//(t)><l//(t)|. In the Fock state representation, the iterative relation
for the jth density matrix element p,(0,n)=(0|p,|n) is given by
p/(on |:|0,’|C n+l |ﬂ|C:|pj] On |IB|SSn+lp/1(1n+l)
+ia,f'CS,,.p; (0,n+1)+ia" S, p,  (0,n-1) (14)
—ia’ BS,C,..p,, (1,n)

where coefficients C, = cos(nAt1 I‘I’(n)) and S, =S, (nAt)= sin(77At1 /‘P(n)) .
For At — 0, the author uses the approximations C, ~1 and §, ~n,At, I‘P(n) .

A transformation is introduced as [7] [8] [9] [18]

p,;(0,n)=S, (nA1)!5;(0,n) = (nAt)" ¥ (n)!p,(0,n) (15)

here the former is denoted szl Si(y)=S,(»)! with s,(y)!=1. Similarly, the
latter is denoted HZ:1‘P(k) = ‘P(n)' with W(0)!=1 (see Table 1. for the ex-
plicit expressions of W (k)). Therefore, the reduced equation for p,(0,7) be-

comes

p;(0,n)=p,(0,n)+i¢p, (0,n-1) (16)
here {=a"p is a parameter representing coherence between |T> and |~L>
spin states. Vacuum state is expressed as p, (0,n)= p,(0,n) =&, . Solving Equ-
ation (16) and using the transformation given in Equation (15), the density ma-
trix elements for the output state p, (0,n) are expressed in terms of the density
matrix elements for arbitrary, but not for necessarily ground state as input state
p,(0,n) are found to be

Py (0.m) = A ()X A (1) o (0.1 -K) a7)

k=0
with y, =—iaff"nAtN =-ind"t and “ A -functions” .A,E")(x) are defined as
/2
1 xS, () 1 (k)Y
A(n) _ n+k ~ 18
Sy T B TR el T 49

here £ and N are normalization coefficients and A(EO) (x) is either 1/
or 1/</AV . Thus, the relation for the probability amplitudes between (pure) in-

put and (pure) output states in terms of wave functions are obtained
(b ()= A )=kl (0) 09)
=0

Moreover, the solution in Equations (17) and (18) are obtained under the
conditions a,B#0, N<1, nAt,/¥(n)<1 and n< N. In particular, for

nonlinear Hamiltonians, it must be |y,|<1, which excludes the case R =b for
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displaced states. In the case of the input vacuum state <n —k|l//(0)> =0, 40> the

n

solution in Equation (19) simplified to

1 1S, (nAr)! 1 7P (n)!

ol ()~ 4@ (5 ) < ~
R oy v

Thus, it reads explicitly as

(20)

)= 5 A0 ) S S T o

with y, =-ind"r. Depending on the explicit form of the structure function
W(n), the displaced, squeezed, SU(1,1) transformed and two-mode squeezed
vacuum states are realized by Equation (21) by using our nonstandard technique.
Next, it is assumed that an initial state is not vacuum but given as the same type
of state |y,) suchas

1 7o¥(n)

(nlw(0)>=A§°)(7o):m—=(n|m (22)

n!

From Equation (19), the final state is found to be |y, +7,) as

1 (rat7) ¥ (n)
< |l// > \/NN n!

g<n|7/,<1+7/0> (23)

where the initial displaced, squeezed and SU(1,1) transformed |y,) states are
further displaced (or squeezed) to be |y, +,). It is worth to note that further
combinations of types of these states and transformations are clearly realized.
For example, squeezing (displacing) of initially displaced (squeezed) vacuum
state leads to the realization of squeezed (coherent) coherent (squeezed) states
and so on [7].

4. Conclusion

One of the challenges in quantum optics is that when the system’s Hamiltonian
is time-independent and composed of non-commuting operators, then the nu-
merical evaluations for the unitary transformations of arbitrary quantum state
become cumbersome. Addressing this issue, the previous nonstandard unitary
transformation technique associated with the unified Jaynes-Cummings model
is extended with a new perspective as “quantum” series expansions against the
classical Taylor series expansions. In particular, 1) The systems with time-inde-
pendent Hamiltonians are considered; 2) The classical force terms are replaced
with quantum operators; 3) The density matrix for the system under considera-
tion is evolved after tracing over the force operator space. As a proof of principle
of this nonstandard technique, utilizing the spin operators as force operators,
both analytical and numerical results for the transition probabilities from arbi-
trary initial states to the final states such as displaced, single- and two-mode
squeezed and Holstein-Primakoff SU(1,1) transformed states are obtained. Fi-

nally, it is concluded that, although, this technique is novel, its implementations
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for more general and extended systems are needed.
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