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Abstract 
Long-term research has been done on the unstable behaviors and electron 
emission from microprotrusions, but the whole reason is still not clear. It is 
difficult to study instabilities experimentally since vacuum breakdown can 
happen. In this model, we show the factors that lead to thermal instability 
during field emission. After the Nottingham flux inversion, we see a consi-
derable rise in temperature above a threshold electric field, followed by a 
thermal runaway. Cathode spots experience unexpected thermal defects and 
breakdowns, which is a phenomenon known as the Nottingham Inversion 
Instability. Although the idea of micro protrusions is frequently used in mod-
eling studies, this study concentrates on the thermal effects during field emis-
sion from a planar cathode without taking the existence of such protrusions 
into account. The study reveals how Nottingham’s heating effect changes from 
heating to cooling. In our study, we have investigated the interaction between 
Nottingham, Joule heating, and effective work function. The results also imply 
that faster reaching critical temperature is associated with larger maximum 
beta values. These discoveries have significance for the design and improve-
ment of high-voltage systems and help to understand vacuum breakdown. 
The possibility of cathode spot ignition and subsequent vacuum breakdown is 
predicted by our model, which would make it possible to create a self-consis- 
tent model for that.  
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1. Introduction 

Field emission is significantly influenced by the Nottingham heat, often referred 
to as the inversion temperature, which is proportional to the strength of the 
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electric field [1] [2] [3]. Field emission refers to the emission of electrons from a 
solid surface under the influence of a high electric field. A theory such as the 
Fowler-Nordheim equation has been developed to describe the field emission 
process [4] [5]. Factors affecting field emission include the work function of the 
emitter material, electric field strength, surface roughness, and temperature [2] 
[6] [7] [8] [9]. A fit formula is suggested to characterize the cooling mechanism 
at higher temperatures in order to accurately reflect the Nottingham effect and 
get over the restrictions of the Fowler-Nordheim approximation [2]. By multip-
lying the applied electric field by the field enhancement factor β, the Fowler- 
Nordheim formula is used to fit the experimental current-voltage characteristics 
of field emission from cold electrodes in a vacuum [7] [10] [11] [12]. 

A research study at CERN seeks to understand better the vacuum breakdown 
mechanism, especially for the operation of the next linear colliders. The discov-
ery of the field enhancement factor (β) was crucial since it showed that the local 
breakdown field is mainly determined by the electrode material and remains 
constant. The value provides an accurate estimate of the macroscopic break-
down field and characterizes the electrode’s surface condition. Independent of 
gap size, the local breakdown field for copper electrodes was found to be around 
10.8 × 109 V∙m−1 [13]. The interaction of the local electric field, enhancement 
factor (β), and the Nottingham heating, affects the thermal behavior in field 
emission processes. Material evaporation, surface destruction, and erosion are 
only a few of the negative effects of Nottingham heating, which is characterized 
by large changes in surface temperature [1] [14] [15] [16] [17] [18]. The exact 
cause of this instability is not fully understood and remains an active area of re-
search. 

When the cathode temperature in field emission increases, electron emission 
becomes easier and can potentially lead to breakdown through scenarios such as 
vapor release [1]. This self-heating phenomenon, driven by Joule heating and the 
Nottingham effect, which balances emitted and replaced electrons, results in heat 
flux at the metal/vacuum interface. Micro/nano-protrusions on the cathode sur-
face, which are controlled by surface roughness, play a crucial role in breakdown 
initiation. Heat is emitted from the emission surface when the electric field 
strength exceeds a certain threshold, leading to self-heating and the Nottingham 
effect. Interestingly, the direction of heat flux can reverse depending on the 
temperature [1] [2] [10] [17] [18]. 

To better comprehend and minimize the impacts of Nottingham heating, re-
searchers have carried out experimental experiments, created theoretical models, 
and run numerical simulations [1] [14] [15] [16] [17] [18]. 

Understanding and controlling thermal effects during field emission processes 
are crucial for efficient electron source development. Analytical studies comple-
ment experimental efforts by providing insights into the self-heating process and 
improving the design and performance of field electron sources and high-voltage 
vacuum insulation capabilities. Thermal instability, which can result in material 
deterioration and failure, is the uncontrolled rise in temperature at the emission 
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site during field emission [14] [17] [18]. Engineers and designers may improve 
the design of high-voltage systems by understanding these aspects and making 
sure that the proper cooling methods and material choices are in place to mi-
nimize thermal instability and increase system efficiency and longevity. This leads 
to cost reduction, efficiency improvement, and enhanced safety. On the other 
hand, the Nottingham Inversion Instability is a phenomenon in which localized 
heating results in an unexpected electric field reversal close to the emission 
source. This may cause the vacuum insulation to break down, which might re-
sult in high-voltage systems failing drastically. Investigating thermal instabilities 
during field emission can enhance understanding of plasma-wall interactions and 
develop strategies to mitigate adverse effects, such as cathode erosion and plas-
ma disruptions [2] [4]. 

Existing 1D models may not fully capture the Nottingham effect, necessitating 
further research to develop more comprehensive and accurate models for ther-
mal stability in field emission processes [18]. Researchers looked into the inte-
raction between heating mechanisms and the critical point of vaporization by 
examining the self-heating evolution during electron emission from spots with 
various radii on a cathode [8] [14] [15] [17] [18]. Cathode spots are localized re-
gions of high current density and elevated temperature on the cathode surface in 
high-current vacuum arcs. Cathode spot ignition refers to the initiation and de-
velopment of these spots, which can lead to various phenomena such as vapori-
zation, melting, and thermal explosion. The ignition of a cathode spot is influ-
enced by factors such as the presence of an enhanced electric field, current transfer 
mechanisms, plasma interaction, and Joule heating. Understanding the ignition 
process is important for comprehending the thermal behavior and overall per-
formance of the cathode and the vacuum arc system [19] [20]. 

It is tricky to research since it is difficult to understand the enhancement 
process. Additionally, the occurrence of a wide variety of length scales represents 
a fundamental problem in addition to the unpredictability and volatility of the 
dominating physical mechanisms. The crater radius is often a few micrometers 
or larger, while microprotrusions modeled in [21] have a tip radius of 3 nm and 
a total height of 93 nm. Microprotrusions are small surface irregularities or pro-
trusions on the electrode material, typically at the micron scale. They can arise 
from various manufacturing processes or material characteristics. Microprotru-
sions can significantly impact field emission phenomena by altering the electric 
field distribution and enhancing electron emission at localized regions. They can 
contribute to forming and developing cathode spots and influence the system’s 
overall stability and breakdown behavior. 

Some research also indicates that in order to account for the observed field 
emission currents adequately, it is essential to postulate that the microprotru-
sions have a thin, needle-like shape. These protrusions on electrode surfaces are 
typically undetectable under normal conditions [9] [12]. It is guessed in the study 
by [13] that the diameter of the emission area in a circular geometry typically 
ranges from 20 to 80 nm. However, neither does the report explain whether the 
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measurement relates to the planar cathode or the microprotrusion’s tip size nor 
does it include accurate references or visual representations of the emission re-
gion or crater. [17] [18] essays on Nottingham heating are equally impressive. 
The simulations carried out in these works take into account microprotrusions; 
according to their work, 1D simulation is not applicable for radii smaller than 20 
nm. It is also important to remember that the circumstances used in studies are 
different, resulting in some variances in the simulation and experiment results. 
Nevertheless, most experimental findings and simulations described in the lite-
rature have spot sizes in the micrometer range [17] [18] [22] [23] [24]. 

In conclusion, Nottingham heating demands a thorough study to control ther-
mal effects, maximize effectiveness, and enhance emission procedures. Current 
research attempts to reduce the effects of Nottingham heating, improve device 
performance, and investigate novel opportunities for various applications. It 
uses experimental, theoretical, and numerical methods. Comprehensive models 
that faithfully represent the Nottingham effect are required to improve thermal 
stability in field emission processes. Particle accelerators, high-voltage vacuum 
equipment, and other high-voltage applications can all benefit from solutions to 
Nottingham Heating’s problems [1] [4] [14] [15] [16] [17] [18] [25] [26]. While 
significant progress has been made in understanding field emission and Not-
tingham Inversion Instability, specific gaps and unresolved issues persist: The 
exact mechanisms causing Nottingham Inversion Instability need further inves-
tigation. More comprehensive experimental and theoretical studies are required 
to elucidate the underlying processes. The influence of environmental factors, 
such as humidity and gas composition, on the stability of high-voltage systems 
needs to be further explored. Developing accurate predictive models for both 
field emission and Nottingham Inversion Instability remains a challenge. More 
research is needed to understand the interplay between surface effects, electron 
emission, and breakdown phenomena. 

It would be interesting to use this process to simulate the advanced stages of 
vacuum breakdown, which would include a change from field to thermo-field to 
thermionic emission. In the current study, the microprotrusion from the model 
geometry will be eliminated, and a planar electrode will be taken into considera-
tion. Also, it concentrates on the range of micrometers for the spatial distribu-
tion of the electric field. 

The primary objective of this paper is to provide a comprehensive characteri-
zation of the Nottingham effect by investigating the influence of electric fields, 
enhancement factor, and effective work function. The study is divided into two 
parts. The first part focuses on the 2D modeling of different radii to survey the 
time of rising in cathode temperature to the critical temperature of the copper. 
The second part investigates the evolution of Joule heating, Nottingham heating, 
and effective work function with increasing the temperature, considering the 
limits of the effective work function contribution to the emitted current. This 
simulation is carried out using the COMSOL Multiphysics software’s finite- 
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element technique, which enables the temporal evolution of temperature inside 
the cathode. 

2. The Model 

In this investigation, the simulation method is based on previously published 
models of stationary cathode spots in vacuum arcs. The model considers the 
calculation domain and boundary conditions of those earlier studies [22] [24] 
[27]. So in this work, the simulation is performed for copper electrodes; the equ-
ations are solved using axial symmetry in cylindrical coordinates ( ),r z . The 
cathode is planar and serves as an axisymmetric region with a 20 mmh =  ra-
dius. 

The simulation method solves the time-dependent heat conduction by consi-
dering Joule heating and current continuity equations for the domain: 

( ) ( )2Tc T
tρρ κ σ ϕ∂
= ∇ ⋅ ∇ + ∇

∂
                   (1) 

( )( ) 0σ ϕ∇ ⋅ ∇ =                          (2) 

where ρ  is the the mass density of the metal, pc , κ , and σ  are, respective-
ly, the specific heat, and the thermal and electrical conductivities of the metal 
(known functions of the temperature T), and ϕ  is the electric potential,  

σ ϕ= − ∇j  is the density of electric current in the cathode, the entire cathode is 
the calculation domain for Equations (1) and (2) (all these parameters havebeen 
taken from previous work [24]). The parameters in this model’s framework that 
control the temperature evolution within the cathode are a function of the 
product βE rather than β or E alone [12] [13] [28] and the local temperature of 
the cathode surface. Both the Nottingham heat flux and emission current density 
are imposed as Neumann boundary conditions at the top surface of the cathode, 
which represents the interface between the vacuum and the cathode, in order to 
solve the temporal evolution of the heat and current equation. 

( )rad ,
h em

h

T q q E T q
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− + = =

∂
                  (3) 
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= +                      (4) 
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( ), em
h

j E T j
n
ϕσ β∂

= − =
∂

                    (6) 

where n is the unit vector normal to the cathode surface and directed outward, 

effA  is an effective work function that considers the Nottingham effect by con-
sidering inversion temperature [2], e is the electron charge, Bk  is the Boltzmann 
constant, the Stefan-Boltzmann constant is SBσ , and the copper electrode sur-
face’s emissivity is ε . radh

q  represents the radiation from the top of the surface. 
So an effective work function ( )eff ,A E Tβ  was used in the energy flux emq  is 
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implemented to the model by a table taken from a Python code [28]. Field emis-
sion acts as the main method for current transfer ( ),J E Tβ  to the electrode, as 
determined by the Murphy and Good formalism which is numerically computed 
by using a code that has already been created (ELEM code) [28] [29]. This nu-
merical simulation incorporates a Gaussian spatial distribution for enhancement 
factor (β): 

( )
20= 1 90 exp rr

a
β − + × −  

 
, 

where a is a given parameter characterizing the spatial extension of the electric 
field. The value of the electric field have considered equal to 1.2 × 108 V∙m−1, so 
the product of the electric field and enhancement factor (β) would be 10.8 × 109 
V∙m−1 [13]. Assuming an asymptotic condition, Dirichlet boundary conditions 
are applied at the bottom and wall surface of the cathode, which are far from the 
spot [22] [24] [30]. 

0 col r zT T r T z T= − × − ×                       (7) 

0 r zr zϕ ϕ ϕ= − × − ×                        (8) 

colT  is a given input parameter, in this work is 300 K, the variations of tem-
perature and electric potential components along the r and z directions are rT , 

zT , rϕ  and zϕ  respectively. 
A zone of interest of 30 μm has been considered on the cathode surface for 

applying energy flux and current density sources. The mesh has been appro-
priately refined to ensure accurate observation of changes within this region. 
Figure 1 depicts a visual representation of all the boundary conditions.  

3. Results 
3.1. Influence of Radius on Field Emission Possibility 

The maximum temperature evolution inside the cathode for different radii is 
depicted in Figure 2. It is evident that for radii of 0.05 μm and 0.5 μm, the  
 

 

Figure 1. Geometery and boundary conditions on simulation domain not at scale. 
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Figure 2. Temporal evolution of the maximum temperature inside the cathode for dif-
ferent radii. 
 
temperature does not reach a level sufficient to be able ignite a spot, It reaches 
420 K for the first one up to 1 μs, and roughly 1900 K for the latter. However, for 
a radius of 1 μm, the temperature reaches the critical temperature of copper ca-
thode around 8300 K at around 3 ns. For radii of 3 μm, 5 μm, and 10 μm, the 
time taken to reach it is approximately the same, around 7 × 10−10 s, 6 × 10−10 s, 
and 5.7 × 10−10 s, respectively. 

The area of concentrated electron emission on the cathode surface, also known 
as the spot radius, has a specific size. It significantly influences the breakdown 
behavior, emission current density, and field enhancement. Experimental find-
ings and computer simulations show that the spot radius considerably impacts 
the possibility of field emission. Spot radius and field emission potential have a 
complicated relationship that depends on a number of variables, including the 
qualities of the material, the state of the surface, and the electric field that is be-
ing used. Surface imperfections and flaws can also change the ideal spot radius 
for effective electron emission and alter the field emission behavior [12]. 

So regarding the definition of enhancement factor (β) in this work, it plays a 
crucial role in determining the system’s behavior, particularly the rapid temper-
ature increase. As the radius increases, so does the corresponding beta value. 
Consequently, higher beta values accelerate the heating process, resulting in 
faster attainment of the desired temperature threshold. Thus, radii deviating sig-
nificantly from the central value will experience variations in beta, leading to al-
tered heating characteristics and affecting the time required to reach critical 
temperature and the possibility of the formation of the cathode spot. Formation 
of it is the basic process for igniting a vacuum break down. These findings pro-
vide valuable insights into the interplay between radius, beta, and temperature 
evolution within the system. 

Understanding this relationship enables more precise control and prediction 
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of the heating process, facilitating the optimization of experimental conditions 
or system design. For the best performance of electron emission devices and ef-
fective field emission, it is essential to comprehend the impact of spot radius. It 
is essential to acknowledge that further investigation and validation are neces-
sary to confirm the consistency and reliability of these findings. Sensitivity ana-
lyses and comparisons with experimental data can help evaluate the robustness 
of the observed relationship and provide additional insights into the underlying 
physics governing the system. 

Figure 3 shows 2D evolution of the maximum temperature distribution in the 
planar cathode for a = 5 μm. The aim of choosing this radius is the presence of 
previously published studies that have examined distinct mechanisms for in-
itiating the cathode spot in the same conditions [22] [24], which is an important 
phenomenon causing vacuum breakdown. Therefore, the opportunity to com-
pare the findings with these works adds further captivation and value to this 
study. The shown figures clearly show that the dominance of Joule heating over 
Nottingham heating becomes apparent when the temperature rises constantly, 
reaching about 3000 K. This observation supports recent research that identified 
the electric field threshold at which Joule heating surpasses Nottingham heating 
in 1D simulations and samples with microprotrusions [12] [28], in other words, 
thermal runaway occurs. As a result, this study supports the existence of a simi-
lar phenomenon in planar cathodes as well. 

The occurrence of thermal runaway, which has been previously reported in 
relevant investigations, is shown in the provided figures. Joule heating, in which 
electrical energy is changed into heat and causes an increase in temperature, is 
the primary source of thermal runaway in metals. This positive feedback loop 
may cause the temperature to rise quickly and eventually explode in the heat [17] 
[18] [24]. Notably, the amount of time needed to achieve the critical temperature 
after reaching 3000 K seems to be greatly reduced in all cases (Figure 1). More-
over, it can be seen from the presented figures that the heated region caused by 
the applied enhancement electric field is less than the 5 μm considered radius. 
This is in contrast to earlier research that reported a bigger heated area of 
roughly 5 μm under comparable circumstances (Figure 4 in [24]). The observed 
variation in the extent of the heated region was also evident in the depth. The 
underlying factors influencing this difference, such as the short time required to 
reach the critical temperature or the inversion of the Nottingham effect, remain 
uncertain and warrant further investigation. Also, one possibility could be the 
definition of the enhancement factor (β) in the present work, even though the 
mechanisms and terminology linked to current density and flux energy are dif-
ferent between the two works. The enhancement factor (β) increases the expo-
nential component by constant coefficients. This alters the function’s total am-
plitude without changing its shape or spread. Similar to the one have used in 
[24], the spatial distribution for the external source is Gaussian:  

( ) ( )2
1 expf r r a= − . In both cases, the radius of influence is constrained by the 

exponential component’s decay. However, in the present work, one can say this  
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Figure 3. Evolution of temperature distribution in the planar cathode. a = 5 μm. 
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parameter has a higher peak value due to the added those constants. This results 
in a larger influence of current density within a smaller area, leading to a smaller 
heated region compared to the work mentioned. 

3.2. Correlation between Effective Work Function, Nottingham  
Heating and Joule Heating 

Figure 4 presents the evolution of Nottingham energy flux and Joule heating as 
a function of temperature. It is observed that around 3000 K, the magnitude of 
Nottingham heating begins to decrease, eventually becoming negative. This 
transition signifies a shift in its role from a heating mechanism to a cooling me-
chanism. Concurrently, as depicted in the figure, Joule heating demonstrates a 
noticeable increase during this period. Additionally, referring to Figure 1, it can 
be observed that in the majority of cases, the cathode temperature reaches 8300 
K, indicating the significant contribution of Joule heating in sustaining and fur-
ther elevating the cathode temperature. This Joule heating has a significant effect 
on the ignition of the spot as it has already been mentioned in some studies [10] 
[17] [18]. Figure 5 provides insights into the variation of the effective work 
function with increasing temperature. Notably, throughout the entire tempera-
ture range, the effective work function remains negative. However, around 3000 
K, it exhibits a more negative value, resulting in a negative Nottingham energy 
flux and introducing a cooling mechanism. This correlation among the three 
parameters is clearly demonstrated in the figure. 

The effective work function is a key factor influencing electron escape from a 
material’s surface and is influenced by various variables, including material cha-
racteristics and applied electric field. Nottingham heating is affected by the ef-
fective work function. When the effective work function has negative values, in-
dicating increased electron emission and Nottingham heating. As temperature 
increases, Joule heating becomes dominant over Nottingham heating. Joule  
 

 

Figure 4. A comparison of Joule heating and changing Nottingham energy flux with 
temperature for a = 5 μm. 
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Figure 5. The evolution effective work function with temperature. 
 
heating occurs due to the resistive properties of the material as electrons pass 
through it. The interplay between these heating mechanisms is crucial in va-
cuum breakdown and can be influenced by changes in the effective work func-
tion. Both processes contribute to the cathode’s temperature rise, with Joule heat-
ing becoming significant at high temperatures and current densities. These find-
ings highlight the significant role of Joule heating in maintaining and elevating 
the cathode temperature, regardless of the radius, potentially leading to spot ig-
nition and a transition from field to thermionic emission. 

3.3. Enhancement Factor (β) 

Figure 6 illustrates the evolution of the temperature distribution, for different 
maximum β values for a fixed radius of 5 μm and a constant electric field. It is 
evident that as the maximum beta value increases, the time required to reach the 
critical temperature decreases. This observation suggests that the possibility of 
initiating an arc significantly affected by this parameter. 

In Figure 7, the evolution of the temperature distribution are shown for vari-
ous electric field and enhancement factor (β) configurations, chosen to have a 
product of approximately 10.8 × 109 V∙m−1. Notably, irrespective of the different 
configurations, the time needed to reach the critical temperature remains nearly 
constant. This intriguing consistency about the time for reaching the critical 
temperature among the diverse electric field and enhancement factor configura-
tions further strengthens and validates the findings presented in [13]. 

For the radius of 5 μm and the same applied electric field, Figure 8 shows the 
link between the maximum beta value and the effective work function during 
increasing of the temperature. The effective work function shows a quicker tran-
sition to positive values at lower temperatures as the maximum beta value lowers, 
pointing to the existence of a cooling mechanism. In contrast, when the beta 
value is high, it changes with temperature more slowly but has a chance to turn 
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more negative due to the high electric field, which would result in a negative 
energy flow and promote cooling. There is a certain level of complexity to this 
occurrence. It is possible to identify the precise beta value that can produce an 
energy flux sufficient to cause vacuum breakdown by analyzing the Nottingham 
energy flux during these changes. The enhancement factor (β) states the impact 
of surface conditions and material attributes on the emission process and quan-
tifies the departure from the idealized field emission behavior. A greater beta 
value denotes a more significant amplification of the local electric field and 
could have an impact on the breakdown properties and emission current densi-
ty. 
 

 

Figure 6. Evolution of the temperature distribution for different maximum values of β for 
a = 5 μm and E = 1.2 × 108 V/m. 
 

 

Figure 7. Evolution of the temperature distribution for various electric field (E) and en-
hancement factor (β) configurations. 
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Figure 8. The effective work function for different maximum value of β for a = 5 μm and 
E = 1.2 × 108 V/m. 

4. Conclusions 

This work has provided valuable insights into the behavior of effective work 
function, Nottingham heating, and Joule heating, and their influence on thermal 
instabilities. By focusing on a copper planar cathode in an axisymmetric coordi-
nate system and applying an enhanced electric field, the study aimed to investi-
gate the impact of thermal runaway and critical temperatures on vacuum break-
down ignition. 

The analysis revealed important findings regarding temperature evolution and 
other mechanisms. Nottingham heating decreases and becomes negative around 
3000 K, indicating a transition from heating to a cooling mechanism. Simulta-
neously, Joule heating significantly increases, playing a crucial role in maintain-
ing and further elevating the cathode temperature. Thermal runaway occurred, 
due to Joule heating. This instability is largely caused by heat reflux from the 
high-temperature domain towards the emission surface. This phenomenon in-
volves the rapid increase in temperature due to the conversion of electrical energy 
into heat, leading to a thermal explosion. The interplay between Nottingham 
and Joule heating contributes to understanding thermal dynamics during vacuum 
breakdown. The study also observed negative variations of the effective work 
function with temperature throughout the range, with a more negative effective 
work function after around 3000 K leading to a negative Nottingham energy flux. 
This intriguing phenomenon highlights the existence of a cooling mechanism 
and demonstrates the intricate correlation between effective work function, Not-
tingham energy flux, and temperature. Additionally, consistent ignition times 
were observed across different electric field and enhancement factor configura-
tions. Furthermore, it is discovered that the heated zone produced by the applied 
enhanced electric field is lower than the previously estimated size of around 5 
μm [24]. The current work’s definition of the enhancement factor produces a 
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higher peak value and a greater effect within a smaller region. This discrepancy 
is observed in some other works already [19] [23] [31]. 

These findings emphasize the importance of considering multiple parameters, 
including Nottingham heating, Joule heating, effective work function, and the 
multiplication of electric field and enhancement factor, in understanding and 
predicting vacuum breakdown dynamics. While this study has provided valuable 
insights, further experimental validations and investigations are required to dee-
pen our understanding of the underlying mechanisms. Continued research in 
this field will lead to the development of advanced strategies for arc ignition 
control, enhancing the reliability and efficiency of high-voltage systems in vari-
ous applications. 
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