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Abstract 
In this paper, we discuss the existence and uniqueness of global solutions, the 
existence of the family of global attractors and its dimension estimation for 
generalized Beam-Kirchhoff equation under initial conditions and boundary 
conditions, using the previous research results for reference. Firstly, the exis-
tence of bounded absorption set is proved by using a prior estimation, then 
the existence and uniqueness of the global solution of the problem is proved 
by using the classical Galerkin’s method. Finally, Housdorff dimension and 
fractal dimension of the family of global attractors are estimated by linear 
variational method and generalized Sobolev-Lieb-Thirring inequality.  
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1. Introduction 

In this paper, we study the initial boundary value problem of the following ge-
neralized Beam-Kirchhoff equation: 

( ) ( ) ( ) ( )( )( ) ( )2 2 22 ,
pm m mm

tt t tp
u u u M D u N u u f xβ α γ δ+ ∆ + ∆ + + ∆ =   (1) 

( ), 0, 0, 1,2, ,2 1, , 0,
i

i
uu x t i m x t

v
∂

= = = − ∈∂Ω >
∂

�           (2) 

( ) ( ) ( ) ( )0 1,0 , ,0 , ,n
tu x u x u x u x x R= = ∈Ω⊂             (3) 

0, 0, 0, 0,α β γ δ> > > >                   (4) 

1m >  is a positive integer, Ω  is a bounded region in nR  with a smooth 
boundary, ∂Ω  denoted by the boundary, ( )f x  is the external force term.  
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( )2m
tuβ ∆  is the strongly damped term, 2muα∆  is the beam term.  

( )( )2p mm
p

M D u uγ ∆  is the kichhoff term, ( )( )22 m
tN u uδ ∆  is the nonlinear 

source term. 
The Kirchhoff type equation was first proposed by Kirchhoff as an existence 

of the nonlinear wave equation for free vibration of elastic strings. The equation 
has great application in many fields, such as non-Newtonian mechanics, cos-
mology and astrophysics, plasma problems and elasticity theory, so the study of 
this kind of equations has a profound practical significance. 

In addition, attractor is the key subject of infinite dimensional dynamic sys-
tem research. 

The long-term dynamic characteristics of a system are always dominated by 
its own attractors, and the shape of the attractors can directly determine the type 
of dynamic characteristics. Therefore, the attractors are an important index to 
describe the progressive behavior of the dynamic system at t →∞ . Global at-
tractor is the main research object of autonomous system. In the past 20 or 30 
years, autonomous system has been widely studied, and the results have been 
very mature both in basic theory and practical application [1] [2] [3]. 

In 1883, Kirchhoff [4] first proposed the wave equation that changes with time 
22 2

02 20
d 0,0 , 0.

2
Lu Eh u uh P x x L t

L tt x
ρ

 ∂ ∂ ∂  − + = < < ≥  ∂∂ ∂   
∫  

where, h represents the cross-sectional area of the stretched string, E is the Young 
coefficient, L represents the length of the string, 0P  represents the initial axial 
tension, ρ  represents the mass density of the string, and ( ),u u x t=  is the 
transverse displacement in space x and time coordinates t. The expansion model 
of the equation in higher dimensional space is as follows: 

( )2 d , , .N
ttu M u x u f x u x R

Ω

 
− ∇ ∆ = ∈Ω⊆ 

 
∫  

where, u denotes the vibration displacement of the string, ( ),f x u  denotes the 
external force, ( ) , , 0M s as b a b= + > . The characteristic of this equation is that 
it contains non-local terms Kirchhoff terms, so it is called a Kirchhoff-type equ-
ation. 

E. hoenriques, D. Borito and J. Hoale studied the initial boundary value prob-
lem of the following nonlinear Kirchhoff equation in [5]: 

( ) ( ) [ ] [ )

2

0 1

d 0,

0 , 0 , 0, , 0, .

tt t

t

u M u x u u

u u u u x L t

δ
Ω

  
− ∇ ∆ + =  

  
 = = ∈ ∈ ∞

∫  

the only stable solution of the equation is obtained by Galerkin’s method. 
Lin Chen, Wei, Wang and Guoguang Lin [6] studied the initial boundary val-

ue problems of the following class of higher-order Kirchhoff equations: 

( ) ( )( ) ( ) ( )
2m mm

tt tu u u u g u f xφ+ −∆ + ∇ −∆ + = . 
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They prove the existence of bounded absorption sets and global solutions by a 
prior estimation and Glerkin’s method, and prove the existence of the family of 
global attractors by using the method of uniform compactness. Then they esti-
mate the upper bounds of Housdorff dimension and fractal dimension. 

Yuhuai Liao, Guoguang Lin, Jie Liu [7] studied the initial boundary value 
problem of the Beam-Kirchhoff equation in order to study the global stability of 
the model 

( ) ( ) ( ) ( )( ) ( )

( )

( ) ( ) ( ) ( )

2 2
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,

, 0, 0, 1, 2, , 2 1, , 0,

,0 , ,0 , .
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β α+ ∆ + + ∆ + −∆ =

∂
= = = − ∈∂Ω >

∂

= = ∈Ω ⊂

�  

The existence of the family of global attractors and upper bounds of Hous-
dorff dimension and fractal dimension are proved by proper hypothesis of non-
linear terms. 

More results on the existence of attractors in mathematical and physical mod-
els can be seen in detail [8]-[15]. 

On the basis of previous studies, the existence of global solutions and the fam-
ily of global attractors for Beam-Kirchhoff equations under boundary conditions 
will be studied. 

For illustrative purposes, the following Spaces and symbols are defined: 

( ) ( ) ( ) ( )2 2, , , 1,2, ,2m k k
kH L D E H H k m+= Ω =∇ = Ω × Ω = � ; 

( ) ( ) ( ) ( ) ( )2
0 , , dmE H H u v u x v x x

Ω

= Ω × Ω = ∫ ; 

And assume ( )( )2p mm
p

M D u uγ ∆ , ( )( )22 m
tN u uδ ∆  that the following 

conditions are met: 

(A) 

( ) [ )( ) ( )2
0 1

22
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2
22
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0, , ,1 ,

d, 0
d
d, 0
d

p pm m
p p

m k

m k

M D u C R M D u

D u
t
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t

σ σ

σ
δ

σ

+

+

∈ +∞ < ≤ ≤

 ≥= 
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where, 0 1,σ σ  is the positive constants, 1,2, ,2k m= � ; 

(B) ( ) [ )( ) ( )22 2
0 10, , ,1 ,m

t tN u C R A N D u A∈ +∞ < ≤ ≤  

where, 0 1,A A  is the positive constants.  

22
0

2
22

1

d, 0
d
d, 0
d

m k

m k

A D u
tA

A D u
t

+

+

 ≥= 
 ≤


 

1,2, ,2k m= � . 

β  is a sufficiently large constant. 
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2. Existence of a Family of Global Attractors 

In this part, the existence of bounded absorption set is proved by prior estima-
tion, then the existence and uniqueness of global solution is proved by Galerkin’s 
method, and finally the compactibility of global solution in phase space is veri-
fied by Soboleve compact embedding, thus the existence of a family of global at-
tractors is proved. 

Lemma 1. Assumes that (A), (B) is true, ( )f x H∈ , ( )0 1 0,u u E∈ , tv u uε= + , 
and is satisfied 

( ) 2 2 22
1 1 1 1 1

0 0

2 2 2
2 0 0 1

1 , min , , 3 ,

2 2 2 2 0,

m

m

C f x
A

A

θ
α θ θ βλ ε ε

ε γδ δ α

θ γδ ε εδ αε ε β ε λ−

 
= = = − − 

+ + 
= + + − − >

 

then the global smooth solution of the initial boundary value problem (1) - (3) is 
( ) 0,u v E∈  and ( )( )2 20, ; mv L T H∈ Ω .  

So there is a non-negative real number 0R  and 0t  

( ) ( )
0

22 22 2
0 0lim , .m

Et
u v D u v R t t

→∞
= + ≤ >              (5) 

Proof. Due to tv u uε= + , we take the inner product of both sides of Equa-
tion (1) with v. We can get 

( ) ( )( ) ( )( )( )
( )( )

2 2 222 ,

, .

pm m mm m
tt t tp

u u M D u u u N u u v

f x v

β γ α δ+ ∆ + ∆ + ∆ + ∆

=
  (6) 

By using the Holder’s inequality, the Young’s Inequality and the Poincare’s 
Inequality and conditions (A), (B), each item in (6) is processed successively 

( ) ( )2 2 2

2 22 22 2 21

1 d, ,
2 d
1 d 2 .
2 d 2 2

tt

m
m

u v v v u v
t

v v D u
t

ε ε

ε λε ε −

= − +

+
≥ − −

          (7) 

( )( ) ( )( ) ( )22 2 2 2

22 222 2 21

, , ,

.
4 2

m m m m
t

m
m m

u v v u v D v u v

D v v D u

β β ε β βε

βλβ βε

∆ = ∆ − = − ∆

≥ + −
     (8) 

( )( )
( )( ) ( )( )

2

2 2 2 2

2 22 22
0

,

, ,

d .
2 d

pm m
p

p pm m m m m m
tp p

m m

M D u u v

M D u D u D u M D u D u D u

D u D u
t

γ

γ γ ε

γδ
γδ ε

∆

= +

≥ +

     (9) 

( )( )( ) 2 222 2 22
0

d, .
2 d

m m m
t

AN u u v D u A D u
t

δ
δ εδ∆ ≥ +       (10) 

( ) 2 22 2 2d, .
2 d

m m mu v D u D u
t

αα αε∆ = +            (11) 

( )( ) ( ) 2 21, .
2 2

f x v f x vε
ε

≤ +                (12) 
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Therefore: 

( )( ) ( )

( ) ( )

22 22 2 2
2 2 1

2 22 2 2 2
0 0 1

d 3
d

12 2 2 2 .

m m

m m

v A D u v
t

A D u f x

γδ δ α βλ ε ε

γδ ε εδ αε ε β ε λ
ε

−

+ + + + − −

+ + + − − ≤
   (13) 

There are 

( )( ) ( )( )2 22 22 2
0 0 1 0 0 1

d .
d

m mv A D u v A D u C
t

γδ δ α α γδ δ α+ + + + + + + ≤  (14) 

It’s given by the Gronwall’s inequality  

( )

( )( ) 1

22 2
0 0

22 2 1
0 0 0 0

1

e .

m

tm

v A D u
Cv A D u α

γδ δ α

γδ δ α
α

−

+ + +

≤ + + + +
            (15) 

Let ( )( )0 0min 1,L Aγδ δ α= + + , Then we can get 

( )
1

22 2
2 0 0 0 02 2 1

1

e ,
m

tm
v A D u Cv D u

L L
α

γδ δ α

α
−

+ + +
+ ≤ +      (16) 

Such that there are non-negative real numbers 0R , 

( ) ( )
0

22 22 1
0 0

1

lim , , .m
Et

Cu v D u v R t t
Lα→∞

= + ≤ = >          (17) 

Lemma 1 is proved.  
Lemma 2. Assumes that (A), (B) is true, ( )f x H∈ , ( )0 1, ku u E∈ , tv u uε= + , 

and is satisfied ( )
2

21
2

4 m k

C f xλ
β

−

= , 4
2 3

0 0

min ,
A

θ
α θ

γδ δ α
 
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,  

2
21

3 2 2 0
2

mβλ
θ ε ε= − − > , 

2
2

4 0 02
1

2 2 2 0m Aεθ γδ ε βε εδ αε
λ

= − − + + > , 

then the global smooth solution of the initial boundary value problem (1) - (3) is 
( ), ku v E∈  and ( )( )2 20, ; m kv L T H +∈ Ω . 

So there is a non-negative real number kR  and kt  

( ) ( )
2 22 2lim , , .

k

m k k
k kEt

u v D u D v R t t+

→∞
= + ≤ >           (18) 

Proof. Due to ( ) ( ) ( )k k k
tv u uε−∆ = −∆ + −∆ , take the inner product of both 

sides of the Equation (1) with ( )k v−∆ ,  

( ) ( )( ) ( )( ) ( )( )
( ) ( )( )

2 2 222 ,

, .

pm m m km m
tt t tp

k

u u M D u u u N u u v

f x v

β γ α δ+ ∆ + ∆ + ∆ + ∆ −∆

= −∆
(19) 

By using Holder’s inequality, the Young’s Inequality and the Poincare’s In-
equality and conditions (A), (B), the terms in (19) are obtained  

( )( ) ( )( )
( )( )2 2 2

2 22 2 22
2

1

, ,

1 d ,
2 d
1 d .
2 d 2 2

k k
tt t t

kk k

k k m k
m

u v v u v

D v D v u v
t

D v D v D u
t

ε

ε ε

ε εε
λ

+

−∆ = − −∆

= − + −∆

 
≥ − + − 

 


       (20) 
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( ) ( )( )
( ) ( )

2

2 22 2
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d
2 d
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p
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4 4 2
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D v D u D v
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2 222 2

2 22 22
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D u N u D u
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A D u A D u
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( )( ) 2 22 2 2d, .
2 d

km m k m ku v D u D u
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αα αε+ +∆ −∆ = +            (24) 

( ) ( )( ) ( )
22 22 14, .
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m k
k m kf x v D v f xλβ

β

−
+−∆ ≤ +             (25) 

All kinds of comprehensive can be written as 
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( )

2 2 2 22 2
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22 22 1
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d 3
d 8
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m k
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D v A D u D v D v
t

D u f x

βγδ δ α θ

λ
θ

β

+ +

−
+

+ + + + +

+ ≤
     (26) 

Available 

( )( )
( )( )

2 22
2 2

2 22
2 2 2 2

d
d

.

k m k

k m k

D v A D u
t

D v A D u C

γδ δ α

α γδ δ α

+

+

+ + +

+ + + + ≤
           (27) 

And that is given by Gronwall’s inequality 

( )

( )( ) 2

2 22
2 2

2 22 2
0 2 2 0

2

e .

k m k

tk m k

D v A D u

CD v A D u α

γδ δ α

γδ δ α
α

+

−+

+ + +

≤ + + + +
         (28) 

Let ( )( )1 2 2min 1,L Aγδ δ α= + + , then 

( ) ( )2 0

2 22
2 22 0 02 2

1 1 2

, e .
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m k k
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D u D v Cu v D u D v
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α

α

+
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+
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So there is a non-negative real number kR  and kt  that make  

( ) ( )
2 22 2 2

1 2

lim , , .
k

m k k
k kEt

Cu v D u D v R t t
Lα

+

→∞
= + ≤ = >        (30) 

Lemma 2 is proved. 
Theorem 3. (Existence and uniqueness of solutions) Assumes that (A), (B) is 

true, ( )f x H∈ , ( )0 0 0,u v E∈ , then the initial boundary value problem (1) - (3) 
has an unique smooth solution ( ) [ )( ), 0, ; ku v L E∞∈ +∞ , ( )( )2 20, ; m kv L T H +∈ Ω . 

Proof. Galerkin’s finite element method is used to prove the existence of global 
solution. 

The first step is to construct the approximate solution 

Let 
2

2
uu

t
∂′′ =
∂

. 

Take the sequence 2
1 2, , , , , m

m iw w w w H∈� � , 1 2, , , mw w w�  is linearly inde-

pendent. Linear combinations of iw  are dense in 2mH . The approximate solu-

tion is ( ) ( )
1

m

m im i
i

u t g t w
=

= ∑  in problem (1). 

Where ( )img t  is determined by the following conditions 

( ) ( )( ) ( )( )( )
( )( )

2 2 222 ,

, ,1 ,

pm m mm m
m m m m t m jp

j

u u M D u u u N u u w

f x w j m

β γ α δ′′ ′+ ∆ + ∆ + ∆ + ∆

= ≤ ≤
(31) 

The nonlinear system of ordinary differential Equations (31) satisfies the in-
itial condition  

( ) ( )0 10 10 , 0 .m mm mu uu u= =  When m →+∞ , ( ) ( )0 1 0 1, ,m mu u u u→  in 2mH . 
We know from the basic theory of ordinary differentiation that approximate so-
lutions exist on ( )0, mt . 

The second step is prior estimation 
Multiply both ends of Equation (31) by ( ) ( )jm jmg t g tε′ + , and sum over j to 

get 

( ) ( )( ) ( )( )( )
( )( )

22 2 22 ,

, ,1 ,

pm m mm m m
m m m m t m mp

m

u u M D u u u N D u u v

f x v j m

β γ α δ′′ ′+ ∆ + ∆ + ∆ + ∆

= ≤ ≤

(32) 

A prior estimate of the solution in 0E  is obtained from lemma 1: 

( ) ( )
0

22 22 1
0 0

1

lim , , .m
m m m mEt

Cu v D u v R t t
Lα→∞

= + ≤ = >  

And that’s given by lemma 2: 

( ) ( )
2 22 2lim , , ,

k

m k k
m m m m k kEt

u v D u D v R t t+

→∞
= + ≤ >  

so ( ),m mu v  is bounded in [ ]( )0, ; kL E∞ +∞ . 
The third step is limit process 
Danford-Pttes theorem tells us that space [ ]( )20, ; m k kL H H∞ ++∞ ×  is conju-
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gate to [ ]( )20, ; m k kL H H∞ − − −+∞ × . Choosing subcolumn uµ  from the sequence 

mu  causes ( ) ( ), ,u v u vµ µ →  to converge weakly * in [ )( )0,L∞ +∞ . 
It is known from Rellich-Kohπ paiiiob theorem that kE  compact embedded 

in 0E , and ( ) ( ), ,u v u vµ µ →  converges strongly almost everywhere in 0E . 
In (31) let m µ=  and take the limit, for fixed j and jµ ≥  

( ) ( ) ( ) ( ) ( ), , , , , .j j j j ju w v w u w v w u wµ µ µε ε′′ = − → −          (33) 

Weakly * converges in [ )0,L∞ +∞ . 

( )( ) ( )( )2 2, ,m m
m j ju w u wβ β′ ′∆ → ∆  converges weakly * in [ )( )0,L∞ +∞ . 

( )( ) ( )( )2 2, ,
p pm m m m

j jp p
M D u u w M D u u wµγ γ∆ → ∆  converges weakly * in  

[ )( )0,L∞ +∞ . 

In the space [ ]( )20, ; m k kL H H∞ ++∞ × , uµ′′  weakly converges to u′′ , uµ′  weak- 
ly converges to u′ , and there is  

0

lim d d 0
T

u u x tµµ→∞
′ ′− =∫ ∫ , 

So ( )( )( ) ( )( )( )2 22 2, ,m m
t j t jN u u w N u u wµδ δ∆ → ∆  converges weakly * in

[ )( )0,L∞ +∞ . 

( ) ( )2 2, ,m m
j ju w u wµα α∆ → ∆  converges weakly * in [ )( )0,L∞ +∞ . 

Derivable 

( ) ( )( ) ( )( )( )
( )( )

2 2 222 ,

, , 1,2, , .

pm m mm m
tt t t jp

j

u u M D u u u N u u w

f x w j m

β γ α δ+ ∆ + ∆ + ∆ + ∆

= = �
 (34) 

Therefore, the existence of the weak solution of problems (1) - (3) is obtained. 
The existence is proved, and the uniqueness of the solution below is obtained. 

Let ,u v  be two solutions to the problem, and let w u v= −  have ( )0 0w = , 
( )0 0tw =  

( ) ( ) ( )
( )( ) ( )( )

2 2 2 2

2 22 2 0.

p pm m m m m m
tt t p p

m mm m
t t

w w M D u u M D v v w

N D u u N D v v

β γ γ α

δ δ

+ ∆ + ∆ − ∆ + ∆

+ ∆ − ∆ =
   (35) 

 We take the inner product of tw  in both sides of this equation, 

( ) ( ) ( )(
( )( ) ( )( ) )

2 2 2 2

2 22 2 , 0.

p pm m m m m m
tt t p p

m m
t t t

w w M D u u M D v v w

N u u N v v w

β γ γ α

δ δ

+ ∆ + ∆ − ∆ + ∆

+ ∆ − ∆ =
   (36) 

 Each item is processed successively 

( ) 21 d, ,
2 dtt t tw w w

t
=                      (37) 

( )( ) 22 2, ,m m
t t tw w D wβ β∆ =                   (38) 
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( ) ( )( )2 2 , .
p pm m m m

tp p
M D u u M D v v wγ γ∆ − ∆             (39) 

From lemma 1, lemma 2 and differential mean value theorem and Young’s 
inequality 

( ) ( )( )
( ) ( ) ( ) ( )( )
( ) ( ) ( )

2 2

2 2 2 2

2 1 1

2 2 20 1 2

,

,

1 d
2 d

d ,
2 d 2 2

p pm m m m
tp p

p p p pm m m m m m m m
tp p p p

p p pm m m m m m m
tp

m m m
t

M D u u M D v v w

M D u u M D u v M D u v M D v v w

M D u w M D u D v D w v w
t
B Bw D w w

t

γ γ

γ γ γ γ

γ γ ξ

γδ

− −

∆ − ∆

= ∆ − ∆ + ∆ − ∆

′≥ ∆ − + ⋅ ∆ ⋅ ∆

≥ ∆ − − ∆

 (40) 

where ( ) ( )1 , 0,1m mp p

p p
D Du vξ θ θ θ= + − ∈ . 

Similarly, 

( ) ( )( )
( ) ( ) ( ) ( )( )
( )

( )( ) ( )

2 22 2

2 2 2 22 2 2 2

2
22 2 2

2 222 20 3 4

,

,

d
2 d
d ,

2 d 2 2

m m
t t t

m m m m
t t t t t

t m m m
t t t t

m m
t t

N u u N v v w

N u u N u v N u v N v v w

N u
D w N u v w D v D w

t
A B BD w w D w

t

δ δ

δ δ δ δ

δ
δ ς

δ
∞

∆ − ∆

= ∆ − ∆ + ∆ − ∆

′≥ − +

≥ − −

 (41) 

where ( ) ( )2 21 , 0,1t tu vς θ θ θ′ ′ ′= + − ∈ . 

( ) 22 2d, .
2 d

m m
tw w D w

t
αα∆ =                    (42) 

Substitute (37) - (42) into Equation (36) 

( )

2 22 220 0
1 3

22
4 2

d
d 2 2

2 0.

m m
t t

m
t

Aw D w B D w B w
t

B B D w

γδ δ
α

β

  + + + − −   
  

+ − − ≤

      (43) 

Since β  is a sufficiently large number, we get 
2 22 220 0

1 3
d 0.
d 2 2

m m
t t

Aw D w B D w B w
t

γδ δ
α

  + + + − − ≤   
  

     (44) 

22 20 0

2 22 22
1 3 1 1 3

d
d 2 2

.

m
t

m m m
t t

Aw D w
t

B D w B w B D w B w

γδ δ
α

λ−

  + + +   
  

≤ + ≤ +

          (45) 

Let { }8 1 1 3max ,mC B Bλ−= , 
Then 

22 20 0

22 20 0
8

d
d 2 2

.
2 2

m
t

m
t

Aw D w
t

AC w D w

γδ δ
α

γδ δ
α

  + + +   
  

  ≤ + + +  
  

              (46) 

From the Gronwall’s inequality 
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( ) ( ) 3

22 20 0

22 20 0

2 2

0 0 e 0.
2 2

m
t

tm
t

Aw D w

Aw D w α

γδ δ
α

γδ δ
α

 + + + 
 

  ≤ + + + =   
  

         (47) 

Then ( ) 0,w t u v= = , thus uniqueness is proved.  
Theorem 3 is proved. 
Theorem 4. The global smooth solution of problem (1) - (3) satisfies lemma 

1, lemma 2, and theorem 3.  
Then the initial boundary value problem (1) - (3) has a family of global at-

tractors 

( ) ( )0 00
, 1,2, ,2 ,k k kt

A D S t D k m
τ τ

ω
≥ ≥

= = ∩ ∪ = �  

where: 

( ) ( ) }{ 2 22 2 2 2
0 2, : ,

k

m k k
k k kE

D u v E u v D u D v R R+= ∈ = + ≤ +  is a bounded ab-

sorbing set in kE  and satisfies the following conditions: 

1) ( ) , 0k kS t A A t= > ; 
2) ( )( )lim , 0k kt

dist S t D A
→∞

=  (where k kD E∀ ⊂  and is a bounded set), where 

( )( ) ( ), sup inf
kkk

k k Ey Ax D
dist S t D A S t x y

∈∈
= − . 

( )S t  is the solution semigroup generated by the problem (1) - (3). 
Proof. According to theorem 3, there exists a solution semigroup ( ) : k kS t E E→  

of the problem (1) - (3). 
According to lemma 2, we can obtain 

( )( ) ( ) ( ) ( ) ( )2 2
0 0 0 0

2 2 22 2 2
0 0 0 0, .m k k m k k

k
kH H H HE

S t u v u v u v R+ +Ω Ω Ω Ω
= + ≤ + ≤   

This indicates that ( ){ }( )0S t t ≥  is uniformly bounded on kE . 
Furthermore, for any ( )0 0, ku v E∈ , when { }1max , kt t t≥ , we have 

( )( ) ( ) ( )2
0 0

2 2 2 2 2
0 0 0, .m k k

k
kH HE

S t u v u v R R+ Ω Ω
= + ≤ +  

Therefore, 

( ) ( ) }{ 2 22 2 2 2
0 0, : ,

k

m k k
k k kE

D u v E u v D u D v R R+= ∈ = + ≤ +  

is a bounded absorbing set for semigroup ( )S t . 
According to the Rellich-Kondrachov’s theorem, kE  is compactly embedded 

into 0E , so the bounded set in kE  is the compact set in 0E . Therefore, solu-
tion semigroup ( )S t  is a completely continuous operator, thus the family of 
global attractors kA  of solution semigroup ( )S t  is obtained. where  

( ) ( )0 00k k kt
A D S t D

τ τ
ω

≥ ≥
= = ∩ ∪ . 

Theorem 4 is proved. 

3. Dimension Estimation for the Family of Global Attractors 

In this section, we first linearize the equation to a first order variational equation 
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and prove that solution semigroups ( )S t  is uniformly differentiable on kE . 
Finally, we estimate the upper bounds of the Hausdorff dimension and the Frac-
tal dimension by using the generalized Sobolev-Lieb-Thirring inequality. 

If we linearize the equation, we get 

( ) ( )
( ) ( )( ) ( ) ( )

22 2

2 2 22 2

2

d

2 d

0,

p p pm m m m m m m
tt p p

m m m
t t t t t

m

U M D u U pM D u D u D u D U x u

U N u U N u u U x u

U

γ γ

β δ δ

α

−

Ω

Ω

′+ ∆ + ⋅ ⋅ ⋅ ∆

′+ ∆ + ∆ + ⋅ ⋅ ∆

+ ∆ =

∫

∫  (48) 

( ) , 0,, 0, 0, 1,2, ,2 1,
i

i x t
UU x t i m
V

∈∂Ω >
∂

= = = −
∂

�          (49) 

( ) ( ),0 , ,0 .tU x U xξ η= =                    (50) 

And for any ( )0 0, ku v E∈ , the initial value problem (1) - (3) has a solution 
( ) ( )( ) ( )( )0 0, ,u t v t S t u v= . 
Lemma 5. Initial value problem (1) - (3) exists a family of attractors kA . kA  

is bounded in kE . The solution semigroup ( )S t  determined by the initial 
value problem (1) - (3) is uniformly differentiable on the compact invariant set 

kA . Its derivative is defined as ( ) ( )0,F t u U tξ = . ( )U t  is the solution of the 
linear initial value problem (48) - (50). There is a bounded operator  

( ) ( ) ( )( ): , , tF U t U tξ η → .  
And let 

( ) ( )0 0 1 0 0 1, , ,k ku u E u u Eφ φ ξ η= ∈ = + + ∈ , 

then 

( ) ( ) ( ) ( )( )
( )

( )( )
2T

0 0

2

,
sup 0 , 0 .

,

tS t S t U t U tφ φ
ξ η

ξ η

− −
→ →        (51) 

Proof. ( ) ( )0 0 1 0 0 1, , ,k ku u E u u Eφ φ ξ η= ∈ = + + ∈  and 0 0,
k kE E

Rφ φ ≤ . 
Let 

, ,tu u Uψ φ ψ εψ= − − = +  

then 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )
( ) ( )( ) ( ) ( )

2 22 2 2

2 22 2 2

22 2

2 2 22 2 2

,

,

d

2 d 0.

pm m m m m
tt t tp

pm m m m m
tt t tp

p p pm m m m m m m
tt p p

m m m m
t t t t t

u u M D u u u N u u f x

u u M D u u u N u u f x

U M D u U pM D u D u D u D U x u

U N u U N u u U x u U

β γ α δ

β γ α δ

γ γ

β δ δ α

−

Ω

Ω

 + ∆ + ∆ + ∆ + ∆ =

 + ∆ + ∆ + ∆ + ∆ =



′+ ∆ + ⋅ ⋅ ⋅ ∆



′+ ∆ + ∆ + ⋅ ⋅ ∆ + ∆ =


∫

∫

 

Subtracting from three formulas can be obtained: 

( )2 2 0,m m
tt t Gψ β ψ α ψ+ ∆ + ∆ + =               (52) 

where  
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( ) ( ) ( )
( ) ( )

( ) ( )( ) ( ) ( )

2 2 2

2 22 2

2 22 2 22

d

2 d .

p p pm m m m m m
p p p

p pm m m m m m
tp

m mm
t t t t t

G M D u u M D u u M D u U

pM D u D u D u D U x u N u u

N u u N u U N u u U x u

γ γ γ

γ δ

δ δ δ

−

Ω

Ω

= ∆ − ∆ − ∆

′− ⋅ ⋅ ⋅ ∆ + ∆

′− ∆ − ∆ − ⋅ ⋅ ∆

∫

∫

 

Let 1 2G g g= + , where  

( ) ( ) ( )
( )

2 2 2
1

2 2d ,

p p pm m m m m m
p p p

p pm m m m m
p

g M D u u M D u u M D u U

pM D u D u D u D U x u

γ γ γ

γ
−

Ω

= ∆ − ∆ − ∆

′− ⋅ ⋅ ⋅ ∆∫
 

( ) ( ) ( )( )

( ) ( )

22 2 22 2
2

222 d .

mm m
t t t

m
t t t

g N u u N u u N u U

N u u U x u

δ δ δ

δ
Ω

= ∆ − ∆ − ∆

′− ⋅ ⋅ ∆∫
 

To deal with 

( ) ( ) ( )
( )

( )( ) ( ) ( )
( )
( ) ( )

2 2 2
1

2 2

2 2

2 2

2 2

d

d

d

p p pm m m m m m
p p p

p pm m m m m
p

p p pm m m m m m
p p p

p pm m m m m
p

p pm m m m m
p

g M D u u M D u u M D u U

pM D u D u D u D U x u

M D D D u u u M D u

pM D u D u D u xD u

pM D u D u D u x D u u u

γ γ γ

γ

γ ζ ζ γ ψ

γ ψ

γ

−

Ω

−

Ω

−

Ω

= ∆ − ∆ − ∆

′− ⋅ ⋅ ⋅ ∆

′
′= − ∆ + ∆

′+ ⋅ ⋅ ∆

′− ⋅ ⋅ − ⋅ ∆

∫

∫

∫

 

( ) ( )( )

( )( ) ( ) ( )

( ) ( )( )

2 2
2

2 2

2 2 .

m m

p pm m m m m
p p

p p pm m m m m m
p p p

R S D u u u

M D u D u D u u u u

M D u M D u D u D u

ς

γ

γ ψ γ ψ

′′= − ⋅∆

′
′+ − ⋅ ∆ − ∆

′
′+ ∆ + ⋅∆

     (53) 

where ( ) ( ) ( )2 2 3 3 2 31 , 1 , , 0,1m m m ms D u s D u s D s D u s sζ ς ζ= + − = + − ∈ . 

( ) ( )( )p pm m
p p

R M D Dζ γ ζ ζ
′

′ ′= . 

Take the inner product of 1g  and ( )k φ−∆ , and deal with it term by using 
the Young’s inequality, 

( ) ( )( ) ( )( )
( )( )

2 2
2

2 2 2
9

2 2
10

2 24 210

,

d

1 .
2 2

m

m

km m

m m k m k

m k
H

m k
H

R S D u u u

C D u u D uD x

C u u D

C
u u D

ς φ

φ

φ

φ

+ +

Ω

+

+

′′ − ⋅∆ −∆

≤ −

≤ −

≤ − +

∫
             (54) 

where ( ) 2
9 2 10 9, m kC R S C C D uς +′′= = ⋅ . 
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( )( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )( )
( )

2 2

2 2 2
11

2 2
11

2 2
11

2 22 2 211

2
1

2 4 22 212

,

d

d

2
1 .

2 2

p p km m m m m
p p

m m k m k m k

m m k m k

m m k m k

m k m k m k
m k

m k m k

M D u D u D u u u u

C D u u D u D u D x

C D u u D u u D x

C D u u D u u D
C D u u D u u D

C D u u D

γ φ

φ

φ

φ

φ
λ

φ

+ + +

Ω

+ +

Ω
+ +

+ + +
+

+ +

 ′
′ − ⋅ ∆ − ∆ −∆  

 

≤ − ⋅ −

≤ − −

≤ − ⋅ − ⋅

≤ − + − ⋅

≤ − +

∫

∫     (55) 

where ( )( ) 11
11 12

2
1

,
2

p pm m
m kp p

CC M D u D u Cγ
λ

+

′
′= = . 

( )( ) ( )2

2 2
13

2 2 22
13 1
2 2 22 214

,

d

1 .
2 2

p p km m m m
p p

m m k m k

m k
m k m k m k

m k m k

M D u D u D u

C D D uD x

C D D u D

C D D

γ ψ φ

ψ φ

λ ψ φ

ψ φ

+ +

Ω
+

− + + +

+ +

 ′
′ ⋅∆ −∆  

 

≤

≤

≤ +

∫           (56) 

where ( )( ) 22
13 14 13 1,

m k
p pm m m k
p p

C M D u D u C C D uγ λ
+

− +′
′= = . 

( ) ( )( )
( )( )

2

2 2

2 2 22 215

,

,

1 ,
2 2

p km m
p

pm m k m k
p

m k m k

M D u

M D u D D

C
D D

γ ψ φ

γ ψ φ

ψ φ

+ +

+ +

∆ −∆

=

≤ +

                 (57) 

where ( )15

pm
p

C M D uγ= . 
So that 

( )( )
( )

2 222 24 2 29 1514
1

2 4212

, 2
2 2 2

.
2

k

k m k m k
E

m k

C CCg u u D D

C D u u

φ φ ψ+ +

+

 
−∆ ≤ − + + + 

 

+ −

    (58) 

Similarly for 2g , 

( ) ( ) ( )( )

( ) ( )

( )( ) ( ) ( )( ) ( )( )

( )( ) ( )( ) ( )

2 2 2 22 2
2

2 2

2 2 2 2 22

2 2 2 22

2 d

mm m
t t t

m
t t t

mm
t t t t t t t t

mm
t t t t

g N u u N u u N u U

N u u U x u

N u u u N u u u u u

N u N u u u

δ δ δ

δ

δ σ σ δ

δ ψ δ ψ

Ω

= ∆ − ∆ − ∆

′− ⋅ ⋅ ∆

′ ′′ ′= − ∆ − − ∆

′′+ ∆ + ⋅ ∆

∫
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( )( ) ( ) ( )( ) ( )

( )( ) ( ) ( )( ) ( )( )

( )( ) ( )

( ) ( ) ( )( ) ( ) ( )( )
( )( ) ( )( ) ( )

2 2 2 22 2

22 2 22 2

22 2

2 22 22 2
4

22 2 22

m m
t t t t t t t t

mm m
t t t t t

m
t t t

mm m
t t t t t t t

mm
t t t t

N u u u N u u u u u

N u u u u u u N u

N u u u

Z S u u u N u u u u u u

N u N u u u

δ σ σ δ

δ δ ψ

δ ψ

ω δ

δ ψ δ ψ

′ ′′ ′= − ∆ − − ∆

′′+ − ∆ − ∆ + ∆

′′+ ⋅ ∆

′′′ ′= − ∆ + − ∆ − ∆

′′+ ∆ + ⋅ ∆

 

( ) ( )( ) ( ) ( )2 2
4 4 5 5, 1 , 1t t t t t t t tZ N S u S u S S uω δ ω ω σ ω σ′′ ′= = + − = + −  

Take the inner product of 2g  and ( )k φ−∆ , and deal with the term by using 
Young’s inequality,  

Poincare’s inequality, 

( ) ( ) ( )( )2 2
4

2 22 416
16

,

1 ,
2 2k k

km
t t t

k k
E E

Z S u u u

CC u u D u u D

ω φ

φ φ

′′ − ∆ −∆

≤ − ≤ − +
            (59) 

where ( ) 2
16 4

m
tC Z S uω′′= ∆ . 

( )( ) ( ) ( )( ) ( )

( )

( ) ( )( )

22 2 2

2 2
17

2 22 2 217
2

2
1

2 2
18

2 24 218

,

2

1 ,
2 2

k

k

m km
t t t t

m k m k
t t

m k m k m k
t tm k

m k
E

m k
E

N u u u u u u

C u u D u u D

C D u u D u u D

C u u D

C u u D

δ φ

φ

φ
λ

φ

φ

+ +

+ + +
+

+

+

 ′′ − ∆ − ∆ −∆ 
 

≤ − −

≤ − + −

≤ −

≤ − +

       (60) 

where ( )( )2 2 14
17 18 2

2
1

,
2

t t m k

CC N u u Cδ
λ

+

′′= = . 

( )( ) ( ) ( )

( ) ( )( )
( ) ( )( )
( )( ) ( )( )

22 2

2
16

17

17

2 2217
17

,

,

,

, ,

,
2

m k
t t t

km

k

k k

k k

N u u u

C u

C

C

C D C D

δ ψ φ

φ εψ φ

φ εψ φ

φ φ εψ φ

ε ψ φ

 ′′ ⋅ ∆ −∆ 
 

≤ − ∆ −∆

≤ − −∆

≤ −∆ + −∆

≤ +

             (61) 

where ( )( )2 2
17 t tC N u uδ ′′= , 
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( )( ) ( )( )
2 2 22 2 2 218 1, ,

2 2
km m k m k

t
CN u D Dδ ψ φ φ ψ+ +∆ −∆ ≤ +      (62) 

where ( )2
18 tC N uδ= . 

Then 

( )( )
2 2 22 24 216 18 17 18

2

2 22 217

2 1 1,
2 2 2 2

1 .
2 2

k

k k m k
E

m k k

C C C Cg u u D D

CD D

φ φ φ

ψ ε ψ

+

+

  + +
−∆ ≤ + − + + 

 

+ +

 (63) 

Take the inner product of ( )k φ−∆  and the Formula (52), and combine the 
above formula to get 

( )( )
( )

( )

2 2 22 2

2 23 2 2

2 22 2217 14 18

2 2 2 2 44 29 16 18 12

22 22 217 18

1 d
2 d

1 2 1
2 2

2 2
12 .

2 2

k

k k m k

k m k

k m k

m k
E

k m k

D D D
t

D D

C C CD D

C C C Cu u D u u

C CD D

φ ε ψ α βε ψ

ε ψ αε βε ψ

ε φ ψ

ε ψ β φ

+

+

+

+

+

+ + −

+ + −

+ + + ≤ + + 
 

+ +
+ − + −

 +
+ + + − 

 

           (64) 

( )( )
( )( ) ( )

2 2 22 2

2 2 2 42 2 2
19 20

d
d

,

k k m k

k k m k m k

D D D
t

C D D D C D u u

φ ε ψ α βε ψ

φ ε ψ α βε ψ

+

+ +

+ + −

≤ + + − + −
  (65) 

where 
2 2

2 2 317 14 18 17
19

1 2 12max , ,
2 2 2
C C C CC ε αε βε ε ε

 + + +
= + − − − 

 
.  

From the Gronwall’s inequality 

( )

( ) 2321

2 2 22 2

4 42
20 220

e d e ,
k

k k m k

t C tC t m k
E

D D D

C D u u C

φ ε ψ α βε ψ

τ ξ η

+

+

+ + −

≤ − ≤ −∫
          (66) 

( ) 23
2 2 42

22e ,
k

C tk m k
ED D Cφ α βε ψ ξ η++ − ≤ −            (67) 

So ( ) ( ) ( ) ( )( )0 0 , tS t S t U t U tφ φ− −  is bounded. 
When ( ) 2

, 0
kE

ξ η → , there is 

( ) ( ) ( ) ( )( )
( )

23

2

0 0 2
222

,
e 0.

, k

t C t
E

S t S t U t U t
C

φ φ
ξ η

ξ η

− −
≤ − →  

Lemma 5 is proved. 
Theorem 5. By lemma 5, for some n, define 

( ) ( )( ) ( )
0 0

00

1

1sup sup d 0
k j k

j Ek

t
n n

D E
q t trF S Q

tη
η

τ τ τ
Ψ ∈ ∈

≤

 ′= Ψ ⋅ < 
 ∫ , 
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then a family of global attracters kA  of the initial boundary value problem (1) - 
(3) has Hausdorff dimension and Fractal dimension is finite, and  

( ) ( )2 4, 
7 7H k F kd A n d A n< < . 

Proof. Let } }{{: , ,t tP u u u u uε ε→ +  be an isomorphic mapping, then  

( )T,P U VεϕΨ = = , 

where 

( )T, ,t tU U V U Uϕ ε= = + . 

The Frechet differentiability of ( ) : k kS t E E→  is known from lemma 5 to es-
timate the Hausdorff dimension and Fractal dimension of problem (48) - (50). 
The variational equation of Equation (49) under initial conditions is considered 

0,t εΨ + Λ Ψ =                         (68) 

2 2

2 222

2
2

0
2

( ( ) ( ) )( )

,( ( ) ( )( )( )( ) )
( ) )( )

)

pm m m
t p

p p m m mm m m m
t t

p p
m m

m m

I I

N D u M D u

N D u D uM D u D u uD
uD Ik uD

I

ε

ε

δ γ α βε

β δγ

εε

ε

− 
 
 + + − ∆
 
 ′ ′Λ = ∆ +′ ′+ ∆ 
 ⋅ ∆ −− ∆ 
 
 

 

where ( )( )2 2

0
m m

t tk N D u D uδ
′

′= . 

For fixed ( )0 0, ku v E∈ , let 1 2, , , nγ γ γ�  be n elements of kE , and let  
( ) ( ) ( )1 2, , , nU t U t U t�  be n solutions of the linear Equation (68) with corres-

ponding initial values of ( ) ( ) ( )1 1 2 20 , 0 , , 0n nU U Uγ γ γ= = =�  respectively, we 
can obtain 

( ) ( ) ( )

( )( ) ( )( )
2

1 2

1 1 0
exp d ,

k

k

n E

t
n nE

U t U t U t

trF Qγ γ γ τ τ τ

Λ

Λ

Λ Λ Λ

′= Λ Λ Λ Ψ ⋅∫

�

�
 

where Λ  represents the outer product, tr represents the trace of the operator, 
and NQ  is the orthogonal projection from the space kE  to  

( ) ( ) ( ){ }1 2, , , nspan U t U t U t� . 
For a given time τ , let ( ) ( ) ( )( )T

, , 1,2, ,j j j j nω τ ξ τ η τ= = �  be an standard 
orthonormal basis for ( ) ( ) ( ){ }1 2, , , nspan U t U t U t� . 

Define an inner product on kE  

( ) ( )( ) ( ) ( )( )2 2, , , , , .m k m k k kD D D Dξ η ξ η ξ ξ η η+ += +  

And 

( )( ) ( ) ( )( ) ( ) ( ) ( )( )

( )( ) ( ) ( )( )
1

1

,

, ,

k

k

n

n n j j Ej

n

j j Ej

trF Q Qε

ε

τ τ τ τ ω τ ω τ

τ ω τ ω τ

=

=

′ Ψ ⋅ = − Λ Ψ ⋅

= − Λ Ψ

∑

∑
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where 

( )

( ) ( )( )( )

( )( )
( )( ) ( ) ( )

( )( ) ( ) ( )

2 2

2

2 2 2 22

2 2 2

,

,

, ,

j j

p mm m
j j t p

p pm m m m
jp p

m mm m m
t t j j j

mm m m
t t j j j j

N D u M D u

M D u D u uD

N D u D u uD

N D u D u uD

εω ω

εξ η δ γ α

γ εβ ξ

εδ ξ ε ξ β η

δ η εη ξ η

Λ

 = − + + ∆ 
′

′+ ∆ − 


′
′− ⋅ ∆ + + ∆

′
′ + ⋅ ∆ −   

 

( )( )
( )( ) ( )

( ) ( ) ( )

22 2 2

2 2 2
0

2 2
0

1 ,

, ,

, , ,

m k m k m k
j j j

m m m k k k k
j j j j

m m k k m k k k
j j j j j j

D C A D D

B u k u D D D D

k u D D D D

ε ξ α βε η ξ

ε ξ η ε ξ η

η η β η η ε η η

+ + +

+

+

= − − − + +

+ ∆ − ∆ +

+ ∆ + ∆ ∆ −

 

( )

2 2 22 2 2

2 22 2 2 2 21 1 2

2 2 222

2 22 2
1 2

1 1
2 2

2 2 2 2 2

2

,

m k m k m k
j j j

m k k k k m k
j j j j j

k m k k
j j j

m k m k
j j

C A C AD D D

B B BD D D D D

B D D D

k D k D

α βε α βεε ξ η ξ

ε εξ η ξ η η

η β η ε η

ε ξ η

+ + +

+ +

+

+ +

− − + + − − + +
= − −

− − − − −

− + −

≥ − +

 

where 

1
1

1min , ,
2 2

mBC Ak λα βε − − − + +
=  

 
 

2
21 2 2

2
1
2 2 2 2 2

m mB B BC Ak α βε εβ ε λ λ− − − − + +
= − − + + + − 

 
 

( )( ) ( ) ( )( ) ( )
2 22 2

1 2, .
k

m k m k
j j j jE

k D k Dε τ ω τ ω τ ε ξ η+ +Λ Ψ ≥ − +    (69) 

Owing to the 

( ) ( ) ( )( )T
, , 1,2, ,j j j j nω τ ξ τ η τ= = � , 

is an orthonormal basis for ( ) ( ) ( ){ }1 2, , , nspan U t U t U t� , so 

( )( ) ( ) ( )( ) ( )
22

1
1 1

, ,
k

n n
m k

j j jEj j
F n k r Dψ τ ω τ ω τ ε ξ+

= =

′ ≤ − − +∑ ∑     (70) 

For any t, there is 
2 1

1 1
,

n n
k s

j j
j j

D ξ λ −

= =

≤∑ ∑  

So  

( )( ) ( ) 1
24

1
.

n
s

n j
j

TrF Q nC rτ τ λ −

=

′ Ψ ⋅ ≤ − + ∑               (71) 
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Let  

( ) ( )( ) ( ) ( )
0 0

00

1

1sup sup d , limsup ,
k j k

j Ek

t
n n n ntD E

q t trF S Q q q t
tη

η

τ τ τ
→∞Ψ ∈ ∈

≤

 ′= Ψ ⋅ = 
 ∫  

then  

1
24

1
.

n
s

n j
j

q nC r λ −

=

≤ − + ∑  

Therefore, the Lyapunov exponent 1 2, , , jµ µ µ� � ��  of 0kD  is uniformly bounded, 
and  

1
1 2 24

1
.

n
s

j j
j

nC rµ µ µ λ −

=

+ + + ≤ − + ∑� � ��                (72) 

There is a [ )0,1s∈ , such that  

( ) 1 1 24
24

1 1
.

8

n n
s s

j j j
j j

nCq nC r rλ λ− −

+
= =

≤ − + ≤ ≤∑ ∑            (73) 

where jλ  is the eigenvalue of ( )m−∆ , and 1 2 2mλ λ λ< < <� .  

124
24

124

2 71 .
2 16

n
s

n j
j

nC rq nC
nC

λ −

=

 
≤ − − ≤ − 

 
∑            (74) 

Then 

( )
1

2max .
7

j

j n
n

q

q
+

≤ ≤
≤                        (75) 

It can be concluded that n-dimensional volume elements decay exponentially 

in kE  and ( ) ( )2 4,
7 7H k F kd A n d A n< < , so the Hausdorff dimension and Frac-

tal dimension of the whole attractor family are limited. Theorem 5 is proved. 

4. Conclusion 

We prove the existence and uniqueness of the global solution and the existence 
of a family of global attractors, and estimate the upper bound of the Hausdorff 
dimension for the family global attractors, and obtain the global stability of the 
problem.  
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