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Abstract

In this article, we use the Hausdorf distance to treat triple Simpson’s rule of
the Henstock triple integral of a fuzzy valued function as well as the error
bound of the method. We also introduce &-fine subdivisions for a Henstock
triple integral and numerical example is presented in order to show the ap-
plication and the consequence of the method.
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1. Introduction

Sugeno [1] was the first to introduce the concept of fuzzy integral. Numerical me-
thods have been developed in recent years in order to calculate a fuzzy integral.
Some numerical methods are proposed by Wu [2] [3], Allahviranloo [4] and Fari-
borzi [5] [6] in order to compute fuzzy integrals by using quadrature methods and
the definition of the set of levels. Wu and Gong [7] developed the Henstock
integral of a fuzzy numeric valued function, then they applied the notion of diffe-
rentiability of a fuzzy function. Bede and Gal in [8] have in turn applied the qua-
drature rule to calculate the integral of a function with fuzzy numerical value.

Some other integrals have been defined by Kumwimba ez al [9] [10] [11]. The
material of this article is based on ideas developed in the article [12] to evaluate a
fuzzy triple-valued function by applying the Simpson’s triple rule and introduc-
tion of the fuzzy version Henstock’s triple integral.

In Section 2, it will be a question of pinning down some basic definitions and
properties of fuzzy sets and fuzzy numbers as well as some basic theorems useful

for this work.
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We introduce in Section 3, Simpson’s triple rule to compute a fuzzy Hens-
tock-Kurzweil triple integral (FHTT).

At last, in order to explain an application of the proposed method, in Section
4, one triple fuzzy integral is evaluated in order to show the efficacy of the men-

tioned method.

2. Preliminaries

In this section, we talk about some basic definitions of fuzzy sets theory which
are being used in the following.

Definition 2.1. Let R be a real set. Given a function U:R—[0,1] satis-
tying the properties below:

1) 0 isnormal ie. 3%, € R such that G(XO) =1,

2) U isa convex fuzzy set, ie.,

G(Ax+(1-2)y)=min{d(x),9(y)} VvxyeR,1€[01],

3) U is upper semi-continuous,

4) the set {X eR: U(X) > 0} is compact, where B denotes the closure of B.

This function U Iis called a fuzzy number.

We denote by R the set of all fuzzy real numbers. We define
[a]” :{XER:G(X)Z(Z} and [U]O ={XeR:U(X)>O}, for 0<a <1, as the a-
cut and respectively the support of a fuzzy number such as U . Moreover, we de-
fine U, =inf[a]" and G =sup[d]".

A triangular fuzzy number U=(a,b,c) where, a<b<c and ab,ceR
is defined by U, =a+(b-a)a and G, =c—(c—h)a.

For 0,eR, and AeR, wecan define the sum U@V and the product
AOU by

[0@V]" =[0] @, [V]" and [2@0]" =20,[0]" Vae[01],

with [U]a it [V]a the usual addition of two intervals and l[ﬁ]a the usual pro-
duct between a scalar and a subset of R [13] [14].

Definition 2.2. Let be two fuzzy numbers (0 and V given. The Hausdorff
distance D:R. xR >R U{0} of G and V is defined by

}- sup fa, (o] (o7 ),

D(d,7) = sup max{|a, -V,, n
ae|0,1

ae[O,l]

~+ vt
a, —v,

with [0, ]= [L];,G;J,[\?]a :[\7;,\7;] cR and d, the Hausdorff metric. We
denote ||||= D(.,O), [15].

The following theorems will also be used.

Theorem 2.3.

1) If 0= Xo» then Oe Ry is a neutral element with respectto @, ie.
I®0=000=0 VueR,.

2) With respectto 0, none of GeR,,d #0 isinversible in R:.

3) Va,beR suchthat a,b>0 (or a,b<0), andany (GeR. We have
(a+b)ei=aci®bod.
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4) VAeR and VUVeR,, wehave AO(I®V)=A00@AOV.

5) VA, ueR and VOeR_, we have ﬂ@(u@ﬁ):(JQy)Gﬁ.

6) ||||F has the properties of a usual norm on R, ie. ||G||F =0 if 0=0,
loal, =il and [a©9], <[a], +[s],.

7) |a]. <D(0,V) and D(0,9)<|d|. +|v]. va.veR. [7].

Theorem 2.4.

1) (RF , D) Is a complete metric space,

2) D(U®V,y®W)=D(u,w) Vi,V,WeR.,

3) D(ko0,k®V)=|k|D(0,V) vaveR., VkeR,

4) D(0®V,W®E)<D(0,W)+D(V,6) Vva,v,WecR. [15].

The concept of the Henstock integral for a fuzzy number-valued function
were introduced by Wu and Gong [12]. We introduce this definition for a three-
dimensional fuzzy number-valued function.

Let f:[a,b]x[c,d]x[p,g] >Ry and A :a=X <X <X, < <X, =b,
A=Yy, <y <y, <--<y,=d and A :p=2,<7<Z,<---<z,=(Q be the
partitions of the intervals [a,b],[c,d] and [p,q] respectively.

Consider the points £ e[ 1 ,] i=12,---,m; 1 e[yH,yj], j=12,---,n;
Seelzenz ] k=125 and 5:[a,b]x [ ] [p,q]—>R*.

The divisions { [ | =12,

J =

Q= {([y,1 Y iy )ii=12 n} and R:{([zklzk] Jik=12,,5} deno-
ted shortly by P=(A,,¢&), Q—( w71) and R=(A,,{) are called & finesif

Xt ]=(8-0(E).8 +0(E)s [vy209, = (- 8(n;)m; +6(n;)) and
[Zk—llzk]—( K~ (gk)ngk +5(§k))-

Here we give our new view of fuzzy Henstock double integral on which a third
integral.

Definition 2.5. The function is said to be Henstock triple integrable on 1 e R,
if for every &>0 there is a function & [a,b] X [C, d ] X [ P, q] —>R* such that
for any 6-fine divisions P,Q and R we obtain

D(@L@?:l@izl(xi - Xi—l)(yj - yjfl)(zk ~2,4)® f~(§| 7 Lé,k )’ I ) <&

Then 1 is called the Fuzzy Henstock Triple Integral of f and it’s denoted by
(FHTI) I:Ld J's f(x,y,z)dxdydz.

Lemma 2.6.

1)If f and h are Henstock triple integrable mappings and if

D( f (x,y,2), ﬁ(x, Y, Z)) is Lebesgue integrable, then

D( (FHTI jbjdjqf x,y,z)dxdydz,(FHTI)I:Ld_[:ﬁ(x,y,z)dxdydz)

I .[ .[ ( (x,y,2),h(xy, Z))dxdydz.

2) Let f:[a,b]x[c,d]x[p,q] >R be a Henstock triple integrabe bounded
mapping.

Then, V(u Vv W)e
¢(uvw) [ ] [ ]
¢(UVW (X y Z) (

] [ ] [ p, q] the function
q] > R" defined by
W) (X Y, Z)) is Lebesgue integrable on

[a,
[P,
(uv

X
D(f
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[a.b]x[c.d]x[p.a].

Proof (2) If f is Henstock integrable and bounded on [a b] [C d] [p,q] ,
then it follows that fﬁ (X, Y,z ) and f+ (X,y, ) are Henstock triple integrable
with a e [0,1] . Therefore, f* (X, Y, Z) and f~+“ (X, Y, Z) are Lebesgue measura-
ble and uniformly bounded Vea e [0,1] , [7]. Moreover,

¢(X' y,z): D( f(xl' yl’Zl)’ f~()(2'3/2122))

= maxmax{[ 7 (x, Y1) = £ (% Y222 | £ (000, 2) = T (%00 v 2 )|
= max max | £ (x,¥,2) = 70 (% Y2, 2 )| T2 (%0 y0,2) = T2 (202 )

where the ¢, (neN) are the rational numbers in [0,1]. According to Lebes-
gue’s dominated convergence theorem, it follows that ¢(X,y,Z) is Lebesgue
integrable over [a,b]x[c,d]x[p,q] and what completes the proof.
O
Keeping now three integrals we reach the following definitions.
Definition 2.7. Let f :[a,b]x[c.d]x[p,q] > R; bea bounded mapping. Then

the function D a5e.dppa) ( f,, ,) R*"U0—>R" such that

[ab{e.d{p.a) ( F.6,.0,, 53)

=sup{D(f~(x1,yl,Z),f(xz,yz,zz));(xl,yl.z),(Xz,yz,zz)
e[a b] [Cd p Q] |X1 X2|<511|y1 y2|<§21|21 |—53}

is called the modulus of oscillation of f on [a, b] X [C, d ] X [ p, q] .

If f:[ab]x[c,d]x[p,a] >R iscontinuous on [a,b]x[c,d]x[p,q].
Then D (abp{odp{p.a]) ( f,6,,0,, 63) is called uniform modulus of continuity of f.
We can prove the following theorem from the definition 2.7.

Theorem 2.8. The following statements, concerning the modulus of oscilla-

tion are true.

1) D( (X1 Y112y )s (leyz! )) ([a.b]{c.d{p.q)) (f|X1_X2|!|y1_y2|1|21_22|)

)
V(%Y1 21).(%20 Y2 2,) €[a,b] x[c,d ] x [ p,a],
2) Opaspieapion) 5,52,5) is a non-decreasing mapping in 5,8, and §,,
3) Oaspieapipay(F:0.0.0)=0
49 O opfedhoal ( ,M&,,Nn5,, 56, )<mnsw([ab]x[c’d]x[p’q])(f,51,52,53)
Vvd,,0,,0,20 and mnseN,
5)

D (a.b}{e.d ] p.al) ( £, 46, 2,8,, ’7’353) <(A+1)(4 +1)(4 +1) D (a.b}{c.d ] p.cl) ( f.6.6, 53)

forany 6,,6,,0;,4,4,,4,20.
6) If [e, f]x[g,h]x[i,j]g[a,b]x[c,d]x[p,q], then

f,al,(sz,ag)s(o([ f,6,,6,.8,).

e, 114a.nbi.1)) ( abj{c.dlx{p.a]) (

Proof (6) According to the hypothesis,
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sup{D(f(Xl,yl,Zl), f(xzryzrzz));(xvylvzl)’(XZ’yZ’ZZ)
ele, f1x[g,h]x[i, i].[4 =%, | < S| ys = Yo| € 6,0|2 — 2, < 65}
<sup{ D(F (%, ¥2,2)s F (% Y2 22) )i (% V0, 2) (% ¥ 2)
ela,b]x[c,d]x[p.al.[x = X| <3|y, - V,| < 8,.|z - 2,| < 63}

which is prove the relation.

We can prove similarly the other statements.

Definition 2.9. A function f :[a,b] X [C, d]x [ D, q] — Ry s said to be
(Ll,LZ,LS) Lipschitz if for any (Xl,yl,Zl),(Xz,yz,Zz)e[a,b]x[C,d]x[p,q],

D(f(xlvyl'zl)' f(xz’)’zvzz))s L1|X1_Xz|+Lz|Y1_yz|+L3|21_Zz|-

3. Triple Simpson’s Rule for the Fuzzy Henstock-Kurzweil
Triple Integrals

In order to introduce triple Simpson’s rule for evaluating FHT, firstly we prove
the following theorem.

Theorem 3.1. Let f:[a,b]x[c,d]x[p,q]>R; be a Henstock integrable,
bounded mapping. Then, for any subdivision a=X, <X <X, <---<X,=b,
C=Yy <Y<Y, <-<Yy,=0d, p=2,<7<2Z,<-<Z,=0q andany points
¢ e[Xifl,Xi], 1; e[yH,yJ, Sy G[ZH,Zk] we have

D[(FHTI )f:j: j: f (x,y,z)dzdydx,

ééé(xu _Xi—l)(yj - yj—l)(zk ~2,4)® f(gi!npé/k )J

a)([xi,l,xi]x[yj,l,yj]x[zk,l,zk]) ( f~'(Xi - Xi—l)’<yj - yj—l)’(zk - Zk—l))'

Proof: Since that the Henstock integral is additive related to interval [16],

hence,

D[(FHTI )I: Ld JZ f (x,y,z)dzdydx,
ééé(xu _Xi—1)<yj - yH)(zk ~7,)0® f(fi”]jl?k)}

Yj-1

= D[Zmlzn:i(FHTl )j:lfy' lez:il f (x,y,z)dzdydx,

Since it’s clear that (FHTI)I:I:jskdzdydx=(b—a)(d—C)(q—p)@k for

any fuzzy constant k € R, we obtain
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D[( FHTI )_[: _[Cd _[s f (x,y,z)dzdydx,

@3

DOD(X %)%~ )le 5.0 T(Em)|

j=1k=

I
AN
AN

D[izn:i FHTI jx jy J'k x y, z)dzdydx,
i-1vYj-192%-1

=1 j=1k=1

M3

>3 SRR [ [ T (6, gk)dzdydxj

j=l1k=1

I
AN

By the fourth property of the theorem 2.4, we have

D i ZS: FHTI LI 1ij ILH (x,y,z)dzdydx,

i=1 j=1k=

(FHTO[ [ I (gi,nj,gk)dzdyde

n

H

S

M:

NN

:]_J

I
AN
.ﬁ

i=1 j=1k=1

<{izn“zs: D((FHTI) L jy Ik (x,y,z)dzdydx,
i-1vYYj-19%-1
F

Xi-1 Zk-1

(FHTO[ 0 T (:.,n,,ck)dzdydx]

Since the functions D( f(x, y.z), f(.f, /e )) are Lebesgue integrable for
i=1--,m;j=1---,n and k=1---,s fromlemma 2.6 we have

D((FHTI )j:_[: J'Z f (x,y,z)dzdydx,
éjé‘)é‘)(xi _Xifl)(yj - yH)(Zk _Zk—1)® f(éginnjvgk)j

SIS

( (x,y.2), f(fi,nj,g’k))dzdydx.

k1

From the first property of the theorem 2.8 applied to each of the above inte-
grals we have

D((FHTI )Lb Ld js f (x,y,z)dzdydx,

@@(‘B(Xl _Xifl)(yj - yH)(Zk ~2,,)0 f(‘fi:’?jv(k)j

= Zm:ii(xn - XH)(yj - yj—l)(zk ~ 1)
a)([xifMi]X[Yj—in]x[ZkaZk]) ( f’(xi B Xi*l)(yj a yjfl)(zk - Zk’l))'

which completes the proof.
O
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Corollary 3.2. Let f :[a,b]x[c,d]x[p,q] >Ry be a Henstock triple integra-
ble, bounded mapping. Then,

D(( FHTI )J': J': J': f (x,y,z)dzdydx,

@@@(XI _Xifl)(yj - YH)(ZK ~2,,)0 f(ﬁi'ﬂjié/k )j

f, b-a),(B-c) 7—p))
+(b=a)(B-c)(d=7) @ e [yq](f (b- a),(ﬂ—c)(q—y))
H(b-a S(F-a@-p).(- )

b—a)(d- ﬂ(q 7)a)[ab][ﬁd a]

for any aela,b],fe[c,d] and y<[p,q], (u,v.w)e[a,a]x[c,B]x[p.¥] and
(u’,V',W')e[a,b]x[ﬂ,d]x[y,q] where & =u, & =U"; n =V, 17,=V;
=W, &=
Proof It’s clear that for m=2,n=2 and s=2 in the theorem 3.1 the in-
equality stated above is obtained.
]
Theorem 3.3. Let f :[ab]x[c,d]x[p.q] >Ry be a Lipschitz mapping with
the constants L ,L, and L,. Then, for any subdivision
A, ia=Xy <X <X, <--<X,=Db, AjiC=Yy, <y, <Y,<---<y,=d

and

Aip=12,<7,<2,<-+<z,=(. V& e[X %], i=12m
E[yj' 1Y

j=12--n and ¢, €[z.,,2,].k=12,--,5;we have

i)
D[ FHTI I f f f X, Y, z)dzdydx,

g'%l : é_)_l(xl_x_l)( yj—l)(zk_zk—l)®f(é:i'ﬂj!é,k)j
Sgg;("i(yj - yj—l)(zk ~2,)(% _Xi—l)z

+L, (% = %) (2 _Zk—l)(yj - yj—1)2

+ Ly (% - Xi—l)(yj - yj—l)(zk _Zk—l)z)'

Proof Similar to the proof of theorem 3.1 we have
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D((FHTI )Lb Ld .fs f (x,y,z)dzdydx,

n

1(Xi _Xi—l)(yj _yj—l)(zk _Zk—1)® f(gi!ﬂjagk )j

i J.XuJ‘le szl ( XY, Z) f(éyﬁj,é'k))dZdydx.

k=1

3 'TL@B
M= T(—Dw

W

' 1 j=

We obtain by the definition of a Lipschitz mapping

i ) ki: J‘X'l".yj -1 sz 1 ( XY, Z) (éilnjvé’k ))dZdde

=1]j 1

' 1 j= 1( ‘[X|1-[y,1J.zk1|X_§i|dZdde
+ ZJ.XX' J.yjlj.zkl
Ixuljyj1.[1k |Z Ck|d2dydx)

It follows by direct computation that

303 3 (N M PR VS o S

i=1 j=1k=1

SR N
=_Zzn:z(l_1(yj _yj’l) Z A 1)[()( —fi)z—(xiil_ i)2j|

233G

y-n, | dzdydx

y—r;j|dzdydx

+1 XI_lel) Yi—VYia )& Zk—l)z)
O
Remark 3.4. If x, —x_, =hy,-y,, =k and z, -7, , =, then,
ZZ (L1(yj Yi 1)( Zk—l)(xi _Xi—l)z
i=L jo1k=l
2
+ L, (X = %) (% _Zk—l)(yj - yj—l) +L (% _Xi—l)(yj _yj—l)(zk _Zk—l)z)
LS S S (LI Lhk?I + k),
2idHia
where mh=b—a,nk=d—-c and sl =q- p. Therefore, we obtain
bpedpqg >
D((FHTI)L _[C Ip f (x,y,z)dzdydx,
6?6_)11@1()(' _Xi-1)(yJ' _yj—l)(zk _Zk—1)® f(éi’ﬂjlgk )j (1)
i=1 j=1k=

—o)(a- p)(L1h+ Lk+Ly).

sU(h,k,I)=(b_a)(d2
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4. Numerical Example

Let f:[O,l]x[l,Z]x[l,Z]—)RF, f(x,y,z):()”<®)~()®(§®)7)@(~®Z) where
f=(x-1xx+1); 1=(012); 3=(234); y=(y-Ly,y+1);
Z:(Z—l,Z,Z+l),and where (ai,az,as) is a triangular fuzzy number such that

X-a

-8

#(x) =1 8 =X
83— 8,
0 otherwise

a <x<a,

a, <x<a,

We must compute the integral

(FHTI ).[:LZLZ f(x, y, z)dzdydx
numerically.

Firstly we calculate

X® X

(x2 —1,%x%,%x% +2x +1)
3®y=(2y-23y,4y+4)
1®7=(0,2,2z+2),
s0
f~(x,y,z):(2y+x2 —3,3y+2+%x2,4y + 272+ 2X+ X* +7).
We obtain

[f(x,y,z)]f =a(y+z+3)+2y+x°-3

[f(x,y,z)]i =—a(y+2+2X+7)+4y+22+2x+X +7
Remark that
D(f(xl, Yi.2), T (%, yz,zz))
as;L[JOPl]max{ (%, y1,2,)- £ (xz,y2,22)|, (%, y0,2)- ¢ (xz,yz,zz)|}
asEL[JOF)l]max{a|(yl—y2)+(zl—zz)|+‘2(yl—yz)+(xf -x})
2% =%, )+(Y = Y2 ) +(z—2,)|
+‘2(x1—x2)+4(y1—y2)+2(zl—zz)+(x12 —xzz)‘}

< SL[JOpllmax{|y1— y2|(|xl+x2|,2a+2+|x1+x2|)}

[2

+ sup max{|y, - Y,|(a +2,a+4)} + sup max{|z, - 2,|(a,cx + 2)}
a€f0.1] ael0,1]

<B|%, —X,| +5|Y; — Yo| + 3|2, — 7, -
Le.

f isa Lipschitz mapping with L =6,L, =5 and L, =3. We have for
a=1:

=T = [ [7[7(% +3y + z)dzdydx = 6.33333

Table 1 shows the results for different ¢ and m=60,n=50 and s=30.
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Table 1. The results of example.

a e Tam,n,s
1 6.33333 6.33333
0.9 5.73333 7.43333
0.8 5.13333 8.53333
0.7 4.53333 9.63333
0.6 3.93333 10.73330
0.5 3.33333 11.83330
0.4 2.73333 12.93330
0.3 2.13333 14.03330
0.2 1.53333 15.13330
0.1 0.93333 16.23330
0.0 0.33333 17.33333

In this table, the notations 1™"° and 1™"° are the approximate values of a-
cut for (FHTI)J‘:LZLZ f(x,y,z)dzdydx obtained by the triple Simpson’s rule

b-a :d—c

with h=2"2 K and 1=92P [17].
m S

Wehave U (h,k,1)=0.15 from 3.1 in this case.

5. Conclusion

We generalize the evaluating of fuzzy Henstock double integral using double
Simpson’s rule [12] by introduce and evaluate Henstock’s fuzzy triple integral by
applying Simpson’s triple rule. Therefore, a theorem has been demonstrated to
show the upper limit of the distance between the exact and approximate values.
In the following, the Monte Carlo method [3] can be used for Henstock’s fuzzy
triple integral and thus compare the results of the methods with each other. We
finished our paper by a numerical example of a fuzzy function in wich triple

Simpson’s rule is used.
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