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Abstract

An L(h,k) -labeling of a graph G is an assignment of non-negative integers
to the vertices such that if two vertices z and vare adjacent then they receive
labels that differ by at least 4, and when uzand vare not adjacent but there is a
two-hop path between them, then they receive labels that differ by at least k.
The span A of such a labeling is the difference between the largest and the
smallest vertex labels assigned. Let A4‘(G) denote the least A such that G
admits an L(h,k) -labeling using labels from {0,1,---,4}. A Cayley graph of
group is called circulant graph of order n, if the group is isomorphic to Z,.
In this paper, initially we investigate the L(h, k) -labeling for circulant graphs
with “large” connection sets, and then we extend our observation and find the
span of L(h,k) -labeling for any circulants of order n.
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1. Introduction

1.1. Background

In the past few decades, rigorous works have been carried out in the area of
L(h,k) -Labeling. There is a note to the reader that while defining the L(h,k)
-Labeling, some authors prefer to use 2 length path, instead of using the concept
of distance 2 (although in this paper we have use the concept of disf). The reason
behind this is the situation when h <K . In this case, the vertices of any triangle
in the graph must be colored by three colors at least max{h,k} apart from each
other. Note that it works fine whenever h >k . Griggs and Yeh considered the
special case h=2 and k=1, and proposed the conjecture [1] A (G)<A?,
where A>2 is the maximum degree of the graph G, which has been verified
for various families of graphs [2] [3] [4] [5] over the past decade. It was estab-
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lished that finding the exact value of the A, is NP-hard even for families of
simpler graphs like planar graphs, bipartite graphs and chordal graphs [1] [6].
Obviously no one expects L(h,k) -Labeling problems (h >k >1) is any easier
than L(2,1).

In terms of bounds of the span for L(h,k)-labeling, AX>h+(A+1)k [7].
The structure of the graphs with ¥ =h+(A+1)k for A>1 is studied in [7],
and they are called A -minimal graph. Also another interesting fact for r-regular
graph G is that it can be easily observed that A*(G)>h+(2r-2)k if h>rk,
and 4(G)>h+(r—2)k otherwise. In 2008 Havet, Reed and Sereni [8] proved
Griggs and Yeh’s conjecture for sufficiently large values of A (A>10%) for
any A and k They also provided the upper bound of 4} (G) to be &°+c(h)
for any A, where c(h) is a constant, depending on the parameter A. For a de-
tailed survey on k) -Labeling readers may be read [6].

In this paper, we have considered the Cayley graphs of Cyclic groups. L(2,1)
labeling of Cayley graphs were investigated by Zhao [9] [10] on abelian groups,
by Bahls [11] on more general groups. Recently Li et al [12] investigated the
L(2,1) labeling of cubic Cayley graphs on dihedral groups. We observed that
compared to other families of graphs, L(h,k) -labeling of Cayley graphs has not
been explored at all. To start with, we first narrow down our focus into circu-
lants, since it would surely give us a flavor of the general situation for all Cayley
graphs. Connected circulants with smallest connection set are nothing but cycles,
bounds of L(h,1) -labeling for which are already been established [13]. It is
comparatively more challenging to find the bounds when there are more edges.
Hence we emphasize on circulants with /arge connection sets. We obtained the
bounds for the spans of the L(2,1) [14] and L(3,1) [15] labeling of circulants
previously and we wish to further extend our observation. In this paper, we aim
to examine the upper bounds for the span of L(h,k) labeling of circulants and
hence extend our work to propose to bounds for L(h,k) labeling of the Cayley

graphs in general, in future.

1.2. Preliminaries

In this section, we shall discuss basic definitions from the graph labeling as well
as the Cayley Graphs.

Definition 1.1. L(h,k) -labeling of a simple connected and undirected graph
I'=(V(),E(I)) isan assignment f:V([)—>Z" w{0} such that for any pair
of vertices X,y eV(I)

h, if xyeE()
k

|f(x)_f(”|2{, if d(x,y)=2

Definition 1.2. Let Z, be a cyclic group and S cZ, such that {0}¢S.
Define a graph I'=T'(Z,,S) by V(I)=Z, and E()={(,v):v-ueS}.
Such a graph is a circulant graph of order n with connection set S. Note that
S=S"'={-s:seS} forcirculant graphs.

We start our work with “large” connection sets, and finally generalize the re-
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sults for any connection set, S. Note that |S| <n-1, since {0}¢S (no loops).
Also when |S| =n-1, then I' becomes a complete graph (K ), one can easily
verify that A*(K,)=h(n-1).

The rest of paper is structured as follows. Section (2) consists of the main re-
sults in the form of theorems and supporting lemmas describing the upper
bounds of the span for the circulants with the connection sets with cardinalities
N-2,n—3 and n-4 respectively. In Section (3) we provide the algorithms for
assignment of vertex labels to generalized cases followed by providing the lower

bounds as well.

2. Main Results

First we define the notations that we will be using throughout this paper. For the
vertices i eV (') and aeV([')\S (without loss of generality we will assume
that aeZ,,\S), let d=gcd(n,a). Also let ¢, =i%d , and we can rewrite it
as 0, =0,(d/2)+r, (when dis even), where q,,, €Z, for each i€Z,. It can
be observed that g, €{0,1}, and r, €{0,1,---,d/2-1}. For any aeV(I)\S,
let p; and p’ are the smallest non-negative integers for which
al(np,+(—+¢,)) and a|(np’+n/2—a—-d/2) respectively. Note that p’ is
constant for fixed a, and n.

Theorem 2.1. If |S|=n-2 then A (I)<n(h+k)/2-h.

Proof. We begin this proof with the observation that 1 needs to be even. Since
{0}eS, S| =n-2 is only possible when n/2¢S. Now we introduce the
function f:V(G)—>Z.

(h+ k)i, if ie{O,l,u-,g—l}

f(i)=
. (h+K)(i—n/2)+k, ifie{g,g+l,---,n—1}
Our claimis f = L(hk), ie |f(i)— f(j)|2 h if j—ieS and
|f(i)— f(j)| >k if dist(i, j)=2. Let us first consider that i, j e{O,l,'--,g—l},
then |f(i)— f(j)|=|(h+k)(i—j)|>h, for i# ] which clearly satisfies the re-
quirement. Similarly the assumption i, j e{g,g+1,---,n—1} also meets the
requirement.

. n
Now it remains to consider the case when ie{0,1,:-- ’E_l}’ and

. nn
j e{E,E+1,-~, n—-1} or vice-versa. Without loss of generality we can assume

the former one. In that case |f(i)— f(j)|=|(h+Kk)(n/2+i-j)—K|. As, it can be
easily verified that fis injective, |(h +k)(n/2+i-j)— k| is greater than % only
if j—i=n/2, thatis, dist(i, j)=2. Otherwise, for any other choice of i, j it
is obvious that |f(i)— f(j)| >h. Moreover, as it can be easily observed that

max,_, f(i)=(h+k)(n/2-1)+k ,we getthat A*(T)<n(h+k)/2-h.O
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Next we will consider |S| =n-3, which is possible only if {0,a,n—a}¢S5S,
where a is any non-negative integer. For this specified connection set, we define
the vertex labeling function fbelow, and prove that fprovides a L(h,k) -labeling
in Theorem (2.2), and Theorem (2.3). But first we need to consider the following
lemma [14], which is very useful to proceed further in this paper.

Lemma 2.1. There exists a non-negative integer p;<ald such that
al(np, +(i—¢,)) forany ieZ,.

Now we propose the function that will assign the L(h,1)-labeling to the
I'=Cir(n,S), where |S|=n-3. For the sake of simplicity, for any ieV(I')

np, +(i—1¢,)

we consider C, = =~ Note that C, <(n/d-1).

C. —hb s n .
. s(——)+kb + 7. (h+=(—-1-€e)+ek), ifn=3d
Ck+(h+2k)¢,, if n=3d
h, ifh>2k 0, if C, iseven
where s= . , b= ) . , and
2k, if h<2k 1, if C, isodd

B 1, ifn/diseven
~|o, ifn/disodd

First we will consider the case n=23d . It can be easily observed that fis injec-
tive. Now f(i)— f(j)=kC; +(h+2k)¢;, where C; =C, -C;, and
0y =10, — ;. Note that, as |C”.|s (n/d-1)=2 if ¢; =0, then
|f()—f(j)|<h, only when i—j=a, or 2a which is impossible. Otherwise
(¢; #0), without loss of generality we may assume that ¢; >0. In this case,
using Lemma (2.1), f(i)- f(j) > -2k +(h+2k)¢; > h. Thus we have
| f@i)y—f (j)| >h if i—jeE(I). Finally, it can be easily observed that
max;_, f(i)<(n/d-1)k+(h+2k)(d-1)=(h+2k)d-h (since d=a,if
n/d =3). From above discussion we can derive Theorem (2.2).

Theorem 2.2. If |S|=n-3, and n=3d then fadmitsa L(h,k)-labeling on
[, and AX(T)<(h+2k)d-h.

Theorem 2.3. If |S|=n-3, and n+3d then f provides a L(h,k) -labeling

on I'. Moreover

sn/2+(h+k—s)d—h, if Liseven
() <
s(h—d)/2+h(d -1), ifgisodd

Proof. In this proof, we skip the part to show that | f@i)—f (j)| >k, if
dist(i, j) = 2, since it is easy to verify. Also without loss of generality we assume
that f(i) > f(j). Note that

£() - f(j) :%(Cij —b,)+kb, + 7, (h+%(n/d “1-e)+ek) )

First consider the case that /; =0. Note that if C; —b; >3, the from Equa-
tion (1) immediately implies f(i)—f(j)>h. Now we first notice b; =0, if

DOI: 10.4236/jamp.2023.115094

1451 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.115094

S. Mitra, S. Bhoumik

C; is even. Thus 0<C; —b; <2, only when one of these four possibilities oc-
curs, viz. (Cy,by;) are either (3,1),(2,0),(1,-1), or (1,1). The former two cases
provides us f(i)— f(j) > h. The latter two cases C; = (np; —(i—j))/a=1 im-
plies i— j=a, which is a contradiction.

On the other hand if /; #0, is can be easily deduced that /; >0. Hence

from Equation (1), we get
f(i)—f(j)z%(Cij+g—bij —1-e)+h+Kkb; +ek (2)

Now if n/dis even, then e=1, and Cij =C, —Cj >—(n/d —1). But note that
in this case b; =-1. Hence Inequality (2) implies that f(i)—f(j)>h. The
case n/dis odd, follows similarly.

Finally it remains to verify the upper bound for A (I'). Consider n/dis even,
weget e=1.Also C; <0-(n/d-1)=1-n/d.Butin thiscase b =1.Thus

max{f (i)} = ringx{s(C‘T_b'H kb, + ¢, (h +§(§—1—e)+ek)}

s n s n
=2 (G2 +ked-Dh+ (-2 +K)

Hence it is easy to verify that when n/dis even then
AX(C)<sn/2+(h+k—s)d —h. On the other hand, it can be easily derived that
AX(C)<s/2(n-d)+h(d -1) when n/disodd. O
Corollary 2.2, Ifa is coprime to n then
A0 < {s(n 12-1)+k ?f n ?s even
s(n-1)/2 if nisodd

The above corollary follows immediately from Theorem (2.3), hence we skip
the proof. Next we consider the case when |S| =n—4. First note that in this case
nmust be even, and the connection set $should be such that
7Z,\S={0,a,n/2,n—a} for some ae Z;. Without loss of generality, we as-
sume a is the smallest integer in the set Z \S. It can be easily observed that
when n/d=2m for m>2, then n/2=dme(a). As a consequence the ver-
tex labeling, and hence the upper bound of (') will be same as that of
|S| =n-3 case. So in the rest of this section we restrict n/d to be odd. Let us
first prove a lemma before we propose the function that assign the labeling to
r.

Lemma 2.3. Ifd does not divide n/2 then d must be even.

Proof. Let us consider the prime power decomposition of n=2%.p& ... p
where a,>1. Let us also consider d =2%.pZ...p*, where b <a for all
ie{0,1,---,k}. Butas d 1 (n/2), then it is clear that b has at least a prime fac-
tor that does not divide n/2=2%".p¥...p*, which is only possible when
b, >a, —1>0. Hence dis even integer. [
np’'—a+(n-d)/2

a ,

Forany ieV(I') letusdefine F, = and
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C/=C,+0q((n/d)(1+t)—F,), where

t =

0 C=>F,
1 C<F

We can easily figure out the bounds for C/,and F,, such that
0<C/<2n/d-1 forany ieV('),and 0<F,<n/d-2,as
p;, p'<a/d—-1. Now the following function will assign L(h,k) -labeling to the
graph I, which we will show in the following theorem.

. E(Ci'—bi)+kbi+I’i(h+s(m—1)+k), if n=3d
F(i)=42 d
kC; + (s +k)g; + (h+s+3Kk)r, if n=3d

We claim that this function assigns the L(h,k) -labeling to the circulants T’
with |S| =n-4, as well as provided a bound of the A*(I'). First we prove the
claim for n=3d in Theorem (2.4), and then in Theorem (2.5) we prove the
same for the case n#3d. For our convenience, we will use the notations
Ci=C-C;, py=p—-pj> L;=0;—L;, O; =0, —Q; and fi=h—r when-
ever required.

Theorem 2.4. If [S|=n-4 (ie, {0,a,n/2,n-a}¢S for any aeZ,,)
and N=3d then Fdefinesa L(h,K) labeling on T . Moreover,

X)) <d(h+s+3k)/2-h.

Proof. Without loss of generality, we assume that F (i) > F(j). Now,
F(@i)—F(j) =kC; +(s+k)q; + (h+s+3k)r; . Based on our assumption we clear-
lyhave 1, >0.1If r; >0, then we have
F(@i)-F(j) 2kC; +(s+Kk)g; +(s+h+3K)r; > -2k —(s+Kk)+(s+h+3Kk)r; >h.
On the other hand if r; =0, then either g; =0, 0r g; =1. Now if

f(i()-f(j)<h then q;=0 implies that C; =(np;+(i—j))/a=1, or 2,
which is only possible either i—j=a, or 2a Finally when ¢; =1, then
F(@i)-F(j)<h implies C;+h+1<h, which is only possible when C; =-2.
Hence we get (np; +(i— j)—/;;)/a=-2, which simplifies to

j—i=2a-¢; =2a-al2=n/2, which is absurd.

Finally it is easy to verify that
@) <k(n/d=1)+(s+k)+(h+s+3k)(d/2-1)=d(h+s+3k)/2-h.O

Theorem 2.5. If |S|=n-4 (ie, {0,a,n/2,n-a}e¢S for any aeZ,,)
and n/d=2k+1,k>2 then Fdefinesa L(hK) labelingon T . Moreover,
K@) <s(n—d)/2+d(h+k)/2—-h.

Proof. Lemma 2.3 suggests that d can’t be odd, as d { n/2. In this proof, we
will show that |F(i)—F(j)|>h when (ij)e E(G), ie. j—ieS. Establishing
the fact that |F(i) - F(J)| >1 when dist(ij)=2 is very similar, and hence
omitted here.

F(J)-F(@i)=s/2(C —b;)+kb; +r;(h+s(n/d -1)+k) (3)

In this proof, without loss of generality, we assume that F(i) > F(j), which
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immediately implies that r; >0 . First we consider that r; >0, which gives us,
F@)-F(j)=r(h+s(n/d-1)+k)—s/2(C] —b;) - kb,
2(h+s(n/d-1)+k)—s/2(C; +q;((1+t;)n/d - F,)—b;) —kb;
>h+s(n/d-1)+k-s/2(n/d-1+n/d-b;)-kb,
=h+(s/2-k)(b; -1)

Note that in this case we have assumed C;| =2n/d -1, which implies b; =1,
thus we get F(i)—F(]) > h. Now we consider the case r; =0 simplifies Equa-
tion (3) to

F(J)—-F()=h/2(Cj —b;)+b;

Now it can be easily observed that in order to have |F(i)—F(j)|<h, either
Cj—b; <2, or Cj-b; =2, and by =-1. Note that the latter case implies
C; =1 immediately. From the former case, it can be easily deduced that
Ci—b; =0 (as C;—b, iseven forall k), and hence by =1 (as we have already
assumed that F(j) > F(i) ), hence we have same conclusion that C{ =1. Now
the following claim proves the rest.

Claim: Cj =1 onlywhen i-jeS°.

First we simplify Cj =1 into,

Cij+n/d(qi(1+ti)_qj(1+tj))_qijl:a:1 (4)

Once again we use our assumption F(i) > F(j) to conclude that g, >q;.
Now if g; =q; =0, Equation (4) implies that C; = (np; +(i—j))/a=1
(£ =0), which is only possible when i—j=a. Now if g, =q; =1, Equation
(4) simplifies to (np; +(i—j))/a+n/d =1, which implies
i—j=a-(a/d-pj)n. This is again possible when either i—j=a or
j—i=n-a.

Finally it remains to consider that case ¢ > ;. Obviously in this case ¢, =1,
and q i =0. This gives us (from Equation (4))

C;+(+t)n/d-F, =1 (5)

First of all we note that C, > F,, because otherwise t =1, which implies
(Ci-F,+n/d)+(n/d-C;)>1, a contradiction. Thus C; >F, implies t, =0,
which provides us (np;; +(i—j)—¢; —np’+a-n/2+d/2)=1-n/d Using the
fact that in this case ¢=d /2, and after some simplification, we finally arrive at
i—j=n(p'—p;—al/d)+n/2. Thus the conclusion we can draw here is
i-j=n/2.0

Finally (it remains to verify that) if n#3d, we have,

A =2(C )+ 41+ s 1) +10}
<s/2(@n/d-1-1)+k+(d/2-1)(h+s(n/d —1)+k)
=s(n—d)/2+d(h+k)/2—h

3. Generalization

In this section we will generalize the result for any circulant, ie. we provide a
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way to assign the vertex labeling that satisfies the L(h,k) criteria (Algorithm
(1) and (2)). Later in Theorem (3.1), we investigate the condition on the connec-
tion set Sin order to have the exact value of A(T’).

Algorithm (1) and Algorithm (2) together provide us the L(h,k) -labeling for
circulants with any connection set S, such that
S¢=72,\S={a,a,,---,4,n-a,n-a,,,--,n—2a,,n—3a,} and immediately we
can figure out the upper bound for A‘(I') for those circulants. Here we denote
dalaz---ak =gcd(a,a,,---,a,) . First, Algorithm (1) takes the connection set S as
input, immediately calculate the non-connection set S°={b,,b,,---,b.}, and
then finds the minimal non-connection set S'={a,,a,,---,a,}< S°; where
m<(n —|S|) /2,and {a,a,,---,a,} isthe smallest set such that
gcd(ay,a,,-+,a,) =gcd(b,b,,---,b, ) . Next, Algorithm (2) assigns the L(h,k)
-labeling to the circulant graph of order n. First of all, note that for any aeZ,,
the circulant graph I'=T'(Z,.{a}) is just d =gcd(n,a) many disconnected
cycles is of order n/d. Also observe that the groups of integers modulo z; (a,)
is a cyclic subgroup of Z, with order n/d, , and (a,a,) is a subgroup of
Z, with order n/d,, . It is easy to verify that (&) <(a;,a,), and hence
(a,a,) /() = dﬁ11 /dallaz . Similarly for any t<m,

(a, 8y, a,)/(a,a,,,a,_,) =da1a2ma[ /dalaz»‘-a[_l' According to Algorithm (2),
we first label all vertices of {i,a, |i, € Z, /dal} (mod n) in this fashion
{0,k,s,s+K,2s,--} (sis defined in Lemma 2.1). Once we are done with labeling
n/d, many vertices in this manner, we label f(a,—-a)=f(n—-a)+h. We
continue labeling the remaining vertices a, +i,a as

{f(n-a)+h+k f(n-a)+h+s,f(n-a)+h+s+k, f(n-a)+h+2s,--}, for
i, >0. It can be easily observed that this pattern of labeling can be repeated
d,/d,, many times. Hence after labeling n/d,, in this fashion, we then
iterate this method for {a,,a,,---,a,}. Since according to the Algorithm (2),
consecutive labels are only being used in difference of &,a,,---,a,, or a,,

any two adjacent vertices have the difference of labeling of at least 2. Hence Al-

gorithm (2) providesa L(h,k) -labeling to the graph T'.

Algorithm 1

1: Input: The number n, and the connection set S.
2: Output: a set {a1, a2, - ,an}
3: procedure MINIMAL NON-CONNECTION SET
+ —
4 Set Z, \ S = {br,ba, by}
5: Compute dp, = ged(n, b;)
6: Set aj = b; such that d,, = min ged(n, b)), d:=dq,, k=1
b €LY \S
if d =1 then
: Go to 13
9: while d > debQ...b’ , do
10: Find b; such that dg,gy-q6, = min  ged(ar,ag, -+, ak,bs)
s€{1,2,,m"}
11: Set ap1q by
12: Set d < ged(ar,ag, -+, apt1)
13: Print {a1,a9, - ,am}
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Algorithm 2 L(h, k)—labeling
1: Input: The number n, and ay, a9, -+ , G-
2: OQutput: L(h,1)-labeling of the graph T’
3: procedure VERTEX LABELING
4: Set i:=0,0:=0, m :=0d:=dgayan
5: while d > 0 do p
6: for i,, := 0 to ——2m=1 _ 1 do

da‘[ ag--am

. d
for i,,_1 :=0to FA2—"=2 1 do
ajag: - am_1

9: for i := 0 to dfTLQ —1do

10: i < (i +1i9ag +i3a3 + - - - + imay,) mod (n)
11: f0ri1::0toﬁ—1do

12: i 4 (i +i1a1) mod (n)

13: f(’L) «~0b

14: if h|(b —mk) then

15: Set b+ b+ k

16: else

17: Set b+ b+s—k

18: .................................
19: d+—d-1
20: b—b+h
21: if 2|;—"—— then

a1ag--am

22: Set m<+ m+1

We now have only one more result to discuss in terms of the exact value of
Ay ().

Theorem 3.1 Let S°=7,\S={a,a,,---,a,}, and d=gcd(a,a,,--,a,) -
Then if a,+a, #a, (modn) forall a,,a,,a, €S°, then

pr g
ns/2+d(h+k-s)—h if n/diseven
A4 =4s/2(n—d)+h(d -1) if n/disodd,and|S° |is odd

ns/2+d/2(h+k-s)—h if n/disodd,and|S°|iseven

Proof. First we consider the case d =1. Let £ be a function that assigns
L(h,k) -labeling to the graph I'. Rearrange the set V(I') as {Xy, X, ", X,4}»
such that 0= f(x,) < f(x)<---<f(X,,). Now let us assume that for some
keZ,q, T(X.)—T(X)> T(Xuo)— (X)) T(X.,)— (X)), all are less than
s, which implies that {X,_;— X, X .» — X,1: X,» — X} € S°. But this leads to a
contradiction to our assumption. Hence we conclude that f(x,,,)— f(x)>s.
Thus

f(x,4)> (X, 3)+s
> f(x,5)+2s

. f(%)+s(n-1)/2 if nisodd
| f(x)+s(n—2)/2 ifniseven

Hence if n is odd then Af(I')>s(n—1)/2. On the other hand f(x)>Kk,

because otherwise there exist another x" eV ('), such that
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X =X, X =X, % —X, €S°, which is a contradiction to our assumption. Hence if
niseventhen AN()>s(n-2)/2+k.

Next we are going to consider the case that d > 2. In this case, first let us de-
fine an orbit O cV(I'), so that none of vertices in an orbit is connected to
every other vertex in that same orbit. Thus if X €O then there exist yeO
such that x—yeS°. Also note that if @ and O are two orbits, then any
vertexin () is connected to all the vertex of O, and therefore
|[f(x)—f(y)|=h if xeO,and yeO . Now when S° is odd, then it is clear
that the maximum possible size of an orbit n/d, and there are d many of them.
Thus if n/dis odd, then

f(X,) = F(X,_ng)+s/2(n/d-1)
> f(X,_yg1)+h/2(n/d-1)+h
2 f(Xyonga)+2-5/2(n/d-1)+2-h

> f(x,,)+(d-1)-s/2(n/d-1)+(d-2)-h
> f(X,,y,)+(d-1)-s/2(n/d-1)+(d-1)-h
> f(x,)+d-s/2(n/d-1)+(d-1)-h
>s/2(n—d)+h(d -1)

On the other hand if S° is even, then there are d/2 orbits of maximum poss-
ible size 2n/d, since n/2¢S . Hence similar to the previous computation, one
can easily check A4‘(I)>ns/2+d/2(h+k—s)—h. Finally when n/d is even,
then clearly n is even, and dis odd. In this case, n/(2d)=m for some meN,
which implies that n/2=md (d) . Thus there are d orbits of maximum possi-

ble size n/d. Hence,
lﬁ(l‘)zd(s/2(n/d—2)+k)+(d -Dh=ns/2+d(h+k-s)-h. O

4. Conclusion

In this paper, we have worked on the L(h,k) -Labeling of the family of circulant
graphs, which is an obvious generalization of L(2,1) -Labeling. In fact, results in
[14] can be easily verified from this paper, as a particular case substituting
h=2,and k=1. Also in this paper, the obtained L(h,k) -labeling is tight, as
long as h>k . In the case of h <k, the tightness is no more applicable. For in-
stance, in contrast to the Theorem 2.1, when [S|=n-1, A7(I') isalso n-1.
Thus, the case h <Kk, can be investigated in future for the same family, or even

for generalized Cayley Graphs.
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