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Abstract 
In this paper, we have studied several classes of planar piecewise Hamiltonian 
systems with three zones separated by two parallel straight lines. Firstly, we 
give the maximal number of limit cycles in these classes of systems with a 
center in two zones and without equilibrium points in the other zone (or with 
a center in one zone and without equilibrium points in the other zones). In 
addition, we also give examples to illustrate that it can reach the maximal 
number. 
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1. Introduction 

It is an important problem to study the limit cycles of differential systems, which 
is related to Hilbert’s 16th problem [1] on the maximal number of limit cycles 
for polynomial differential systems. In 1977, Arnold [2] proposed the weakened 
Hilbert’s 16th problem, which is to investigate the maximal number of simple 
zeros of the Abelian integral for piecewise differential systems. Recently, piece-
wise smooth systems are widely studied by researchers from different fields and 
it has a large number of applications in biology [3] [4] [5], mechanics [6] [7] and 
control theory [8] [9] [10]. 

One of the most important problems is that if a piecewise smooth differential 
system exists limit cycles and the maximal number of limit cycles. It is known 
that discontinuous piecewise linear differential systems having a straight line as 
separation manifold can have three limit cycles, see [11]-[16]. It is still an open 
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problem if there are more limit cycles for this class of systems. In 1998, Freire et 
al. proved that a continuous planar piecewise linear system whose switching 
manifold is a straight line can have at most one limit cycle. In 2015, Llibre et al. 
[17] proved that there are at most two limit cycles when a discontinuous piece-
wise linear differential system has a focus, center, or weak saddle with a switch-
ing line. In particular, there are many distinguished results about the differential 
piecewise systems separated by two parallel straight lines. In 2020, Fonseca et al. 
[18] show that planar piecewise linear Hamiltonian systems separated by two 
parallel straight lines and without equilibrium points in each zone can have at 
most one crossing limit cycle. In [19], it proved that the piecewise differential 
systems continuous and separated by two parallel straight lines do not have limit 
cycles, and the piecewise differential systems discontinuous having two parallel 
straight lines with either two centers and one saddle, or two saddles and one 
center can have at most one limit cycle. 

Motivated by the above research, the main purpose of this paper is to study 
how we can get the maximal limit cycles when the switching manifold is two pa-
rallel straight lines, and it has subsystems with a center in two zones and without 
equilibrium points in the other zone (or with a center in one zone and without 
equilibrium points in the other zones). We can divide plane into the following 
three zones:  
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                    (1) 

And we have the following main results.  
Theorem 1. The following statements hold.  
1) A continuous piecewise differential system separated by two parallel 

straight lines, which has subsystems with a linear Hamiltonian center in two re-
gions and a subsystem without equilibrium points in the other region has no 
limit cycle.  

2) A discontinuous piecewise differential system separated by two parallel 
straight lines, which has subsystems with a linear Hamiltonian center in two re-
gions and a subsystem without equilibrium points in the other region has at 
most one limit cycle.  

Theorem 2. The following statements hold.  
1) A class of piecewise differential system separated by two parallel straight 

lines, which has a subsystem with a linear Hamiltonian center in one region and 
subsystems without equilibrium points in the other regions has no limit cycle.  

2) A discontinuous piecewise differential system separated by two parallel 
straight lines, which has a subsystem with a linear Hamiltonian center in one re-
gion and subsystems without equilibrium points in the other regions has at most 
one limit cycle.  

Theorem 1 is proved in Section 3 and Theorem 2 is proved in Section 4.  
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2. Preliminaries 

Firstly, to prove Theorem 1, we introduce the following lemmas proved in [20] 
and [18], which provide the normal form of the planar differential system with a 
linear Hamiltonian center and without equilibrium points separately.  

Lemma 3. An arbitrary planar differential system with a linear Hamiltonian 
center can be written as  

 , ,x bx y d y x by cδ α= − − + = + +                    (2) 

where , , ,b c d α  and δ  are all real constants, and 2 2bδ ω= +  with 0ω ≠ . 
The corresponding Hamiltonian function is  

 ( ) 2 2
1

1, .
2 2

H x y x bxy y cx dyδ
= − − − − +                 (3) 

Lemma 4. An arbitrary planar differential system without equilibrium points 
can be written as  

 2, ,x hx hy g y hx hy fλ λ λ= − + + = − + +                 (4) 

where , ,f g h  and λ  are all real constants, f gλ≠  and 0h ≠ . The corres-
ponding Hamiltonian function is  

 ( ) 2 2 2
2

1, .
2 2

hH x y hx hxy y fx gyλ λ= − + − + −             (5) 

Now, we begin to prove each statement of Theorem 1.  

3. Proof of Theorem 1  

Considering the symmetry of the system, there are two cases with respect to the 
class of equilibrium points on each zone to discuss here. Firstly, we consider the 
following planar piecewise system:  

 

( )

( )1 1 1 1 2
2
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,
 , , 1,3,

,

,
 , ,
,
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x b x y d
x y U i
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x h x h y g
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y h x h y f

δ
α

λ
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∈ = = + +

= − + + ∈
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             (6) 

where 1 1 1 1, , , , , , , , , 1,3i i i i if g h b c d iλ α δ =  are all real constants with 2 2
i i ibδ ω= + , 

0iω ≠ , 1,3i = , 1 1 1f gλ≠  and 1 0h ≠ . The corresponding Hamiltonian func-
tions are  

 
( )

( )

2 2

2 2 21
2 1 1 1 1 1 1

1, , 1,3,
2 2
1, .
2 2

i
i i i iH x y x b xy y c x d y i

hH x y h x h xy y f x g y

δ

λ λ

= − − − − + =

= − + − + −
         (7) 

We are supposed that system (6) has a limit cycle intersecting the two parallel lines 
1x = −  and 1x =  at exactly four points, denoted as ( )11, y− , ( )21, y− , ( )31, y  

and ( )41, y  respectively with 1 2y y<  and 3 4y y> . These points satisfy  

( ) ( )
( ) ( )

1 1 1 2

2 2 2 3

1, 1, 0,

1, 1, 0,

H y H y

H y H y

− − − =

− − =
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( ) ( )
( ) ( )

2 4 2 1

3 3 3 4

1, 1, 0,

1, 1, 0,

H y H y

H y H y

− − =

− =
                    (8) 

which can be written as the expansions  

 

( ) ( ) ( )( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( )( )( )

1 2 1 1 1 1 2

2 2
1 1 1 1 2 1 1 1 3 1 2 3

2 2
1 1 1 1 4 1 1 1 1 1 4 1

3 3 3 3 4 3 4

2 0,

4 2 2 0,

4 2 2 0,

2 0.

y y b d y y

f h g y h g y h y y

f h g y h g y h y y

b d y y y y

δ

λ λ

λ λ

δ

− + − + =

− − + − − − − =

+ − + + − − =

− + + − =

        (9) 

Assume that system (6) is continuous, one has  

 1 1 1 1 1 3 1
2 2

1 1 1 1 1 3 1 1 1 3

, , 1,3, , ,

, .
i ib h h i d g d g

c h f c h f

λ δ

λ α λ α

= = − = = =

= + + = − + −
             (10) 

From (9) and (10), we have the following expressions of 2 3 4, ,y y y :  

 
( )1 1 1 1 1 1 1 1 1

2 1 3 4
1 1 1 1 1

2
, , ,

h g h g h gy y y y
h h h h h

λ λ λ+ − −∆ ∆
= − − = ± = −    (11) 

where ( ) ( )( )2 2
1 1 1 1 1 1 1 1 1 1 12 4h g h h y h g y fλ λ∆ = − + + + + . Since the points  

2 3 4, ,y y y  are all continuous with respect to 1y , there is a continuum of period-
ic orbits. It implies that if system (6) is continuous, it has no limit cycles. 

In the other way, let us now consider the case where system (6) is disconti-
nuous. From (9), we have the relations as follow  

 ( ) ( )3 31 1
1 2 3 4

1 3

22
, .

d bb d
y y y y

δ δ
−+

= − = −             (12) 

Substituting the expressions of 1y  and 3y  into the second and third equations 
of (9) and introducing the notion 1L  and 2L , one has  

 

( )( ) ( )( )
( ) ( ) ( )( )
( )

22
1 1 3 1 1 1 3 3 3 1 3 3

2 2
3 1 1 1 2 1 3 3 3 1 1 1 3 4

2 2 2
1 3 2 4

4

2 2 2

0,

L f h g d b h d b

h g y h d b h g y

h y y

δ λ δ

δ λ δ λ δ

δ

= + − − − −

+ + + − − −

+ −

=

    (13) 

and  

 

( )( ) ( )( )
( ) ( )( )
( ) ( )

22
2 1 1 1 1 1 1 1 1 1 1 1

2
1 1 1 1 1 1 1 1 2

2 2 2 2
1 1 1 1 4 1 1 2 4

4

2 2

2

0.

L f h g b d h b d

h g h b d y

h g y h y y

δ λ δ

λ δ δ

δ λ δ

= + + + + +

− + + +

+ − + −

=

         (14) 

Let 2 2
3 1 1 3 2 0L L Lδ δ= − = , we obtain  

 0 2
4 2

1 1

,P Py y
P P

= +                        (15) 

where  
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( )( ) ( )( )( ) ( ) ( )
( ) ( )( )
( ) ( )( )

2 22 2
0 1 3 3 1 1 1 1 1 1 1 1 1 3 3 1 1 3 3 3 1 1 1

2
1 1 3 1 3 3 1 1 1 3

2
2 1 3 1 1 1 1 1 1 1

,

,

.

P h g b d h g d b h d b h b d

P h d b h g

P h g h b d

δ δ δ λ δ λ δ δ

δ δ λ δ

δ δ δ λ

= + + − − − + − + +

= − − −

= − + + +

(16) 

If 1 0P = , it has ( ) ( )1 3 3 1 1 1 3 0h d b h gλ δ− − − = . Substituting it into 3 0L = , one  

has 1 1
1 2

1

b dy y
δ
+

= =  which leads to contradictions. Hence, we have 1 0P ≠ . 

Then, substituting (15) into (13), we have the following expression of 2y :  

 1 1
2

1 3

,
2

b dy
Pδ±

′+ ∆
= ±                       (17) 

where  

( ) ( )( )( ( ) ( )( ) )2 22 4 2 2 4
3 1 3 1 3 3 1 4 1 3 1 1 1 1 3 1 1 1 1 1 1 1 ,P h b d d h g h b d h g hδ δ δ δ λ δ δ δ λ= − + + + − − + + +  

( ) ( )( )( ) ( )( ( )((
( ) )) ( )(( ( ))) ( ) (( ) )

( )( ) ( )( )( )( ( )

( ) ) ( ) ( )( )( ))

22 2 2
3 1 3 1 3 3 1 1 1 3 1 1 1 1 3 1 3 3

2 2
1 1 1 3 1 3 1 1 1 1 1 1 1 1 3 3 3 1 1 1 3

22 2
1 3 1 3 3 1 1 1 1 1 1 1 1 1 3 3 1 1 3 3

222 2 2
3 1 1 1 1 3 1 1 1 1 1 1 1 1 3

2 2

2

2

4

h d b h g h g h d b

h g h g h b d h d b h g

h h g b d h g d b h d b

h b d h g h b d h

δ δ δ λ δ λ δ δ

λ δ δ δ δ λ δ λ δ

δ δ δ δ λ δ λ δ

δ δ δ δ λ δ

′∆ = − − − + + −

− − − + + + − − −

− + + − − − + −

+ + − + + + − (( ( )2
1 3 1 3 3h d bδ δ −

 

( ) )) ( ( )( ( ))) ) (( ( )(

( ) )) ( )( ) ( )( ) ( )(( (

) ( )( )) ( ) ( ) ) ( )((
( ) )) ( ) ( )( )

2 22 2
1 1 1 3 1 3 1 1 1 1 1 1 1 1 3 1 3 3

2 22
1 1 1 3 1 3 1 1 1 3 3 3 1 3 3 1 3 3 1 1 1 1

2 22 2 2
1 1 1 1 1 3 3 1 1 3 3 3 1 1 1 1 3 1 3 3

2 2
1 1 1 3 1 3 3 3 1 1 1 3 1 3 1

4

2

2

h g h g h b d h d b

h g f h g d b h d b h g b

d h g d b h d b h b d h d b

h g h d b h g h

λ δ δ δ δ λ δ δ

λ δ δ λ δ δ δ δ λ

δ λ δ δ δ δ

λ δ δ λ δ δ δ δ

− − − − + + + −

− − + − − − − + +

+ − − − + − + + −

− − − − − − ( )( )((
( )( )) ( ) ( ) )

3 3 1 1 1 1 1

22 22 2
1 1 1 1 3 3 1 1 3 3 3 1 1 1 ,

h g b d

h g d b h d b h b d

δ λ

δ λ δ δ

+ +

− − − + − + +

(18) 

whenever 3 0P ≠ , and if 3 0P = , there is at most one solution ( )1 2 3 4, , ,y y y y  of 
(8). 

When 3 0P ≠ , given  

 
( )1 1 1 1

1 2 2
1 1 3

2
,

2
b d b dy y y

Pδ δ± ±

+ ′+ ∆
= − = =



            (19) 

it exists at most one solution ( )1 2 3 4, , ,y y y y  of (8) with 1 2y y<  and 3 4y y> . 
As a result, we have proved that there is at most one limit cycle system (6) can 
have in discontinuous case. Thus we have completed the proof of Theorem 1 for 
systems can be written as (6). 

To end this part of proof, now we provide an example to illustrate that system 
(6) can have exactly one limit cycle when it is discontinuous. The Hamiltonian 
functions are given by the following expressions:  

 

( ) ( )
( )
( )

22
1

2
2

2 2
3

, 2 ,

, ,

, 1,

H x y y y x y

H x y y x y

H x y y x y

= − − +

= + −

= − + + −

                 (20) 
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and the corresponding piecewise Hamiltonian system can be written as  

 

( )

( )

( )

1

2

3

4 10 1,
 , , 

2 4 ,

2 1,
 , , 

1,

2 1,
 , .

2 ,

x x y
x y U

y x y

x y
x y U

y

x y
x y U

y x

= − − +
∈ = +

= −
∈ = −

= − +
∈ =













                (21) 

Since the determinant of the linear part of each subsystem is 4, 0 and 4, it implies 
that system (21) is without equilibrium points in 2U  and has a linear Hamiltonian 
center in 1U  and 3U . We verify that system (21) only has one limit cycle in-
tersecting the two parallel lines 1x = −  and 1x =  at exactly four points ( )11, y− , 
( )21, y− , ( )31, y  and ( )41, y  respectively, where ( ) ( )1 2 3 4, , , 1,2,1,0y y y y = −  
with 1 2y y<  and 3 4y y> . Furthermore, we can also verify that this solution 
satisfies Equation (9). The limit cycle we obtain is given in Figure 1. 

We now proceed to prove the second half of Theorem 1. According to the 
conditions of Theorem 1, we consider the other class of planar piecewise systems 
as follow:  

 

 
Figure 1. The limit cycle of discontinuous piecewise Hamiltonian system (21) having 
subsystems with a linear center in 1U  and 3U , and a subsystem without equilibrium 
points in 2U . 
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( )

( )1 1 1 1 3
2

1 1 1 1 1

,
 , , 1,2,

,

,
 , ,
,

i i i i

i i i

x b x y d
x y U i

y x b y c

x h x h y g
x y U

y h x h y f

δ
α

λ

λ λ

= − − +
∈ = = + +

= − + + ∈
= − + +









              (22) 

where 1 1 1 1, , , , , , , , , 1,2i i i i if g h b c d iλ α δ =  are all real constants with 2 2
i i ibδ ω= + , 

0iω ≠ , 1,2i = , 1 1 1f gλ≠  and 1 0h ≠ . The corresponding Hamiltonian func-
tions are:  

 
( )

( )

2 2

2 2 21
3 1 1 1 1 1 1

1, , 1,2,
2 2
1, .
2 2

i
i i i iH x y x b xy y c x d y i

hH x y h x h xy y f x g y

δ

λ λ

= − − − − + =

= − + − + −
         (23) 

If the corresponding piecewise differential system has a limit cycle intersecting 
the two parallel lines 1x = −  and 1x =  at exactly four points respectively, de-
noted as ( )11, y− , ( )21, y− , ( )31, y  and ( )41, y  with 1 2y y<  and 3 4y y> , 
then the Hamiltonian functions must satisfy the following relations:  

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

1 1 1 2

2 2 2 3

2 4 2 1

3 3 3 4

1, 1, 0,

1, 1, 0,

1, 1, 0,

1, 1, 0,

H y H y

H y H y

H y H y

H y H y

− − − =

− − =

− − =

− =

                 (24) 

which can be written as the expansions:  

 

( ) ( ) ( )( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( )( )( )

1 2 1 1 1 1 2

2 2
2 2 2 2 2 2 3 2 2 3

2 2
2 2 2 4 2 2 1 2 4 1

1 1 1 1 3 4 3 4

2 0,

4 2 2 0,

4 2 2 0,

2 0.

y y b d y y

c b d y b d y y y

c b d y b d y y y

h g h y y y y

δ

δ

δ

λ

− + − + =

+ + + − − − =

+ − + + + − =

− − + − =

       (25) 

Assume that system (22) is a continuous piecewise system, which means the 
subsystems in 1U  and 2U  are coincide in the line 1x = − , and the subsystems 
in 2U  and 3U  are coincide in the line 1x = . Therefore it has  

 2 1 1 1 2 1 1 2 1 1
2

2 1 2 1 1 1 2 1

, , ,

,

b b h d d g h

c c h f

λ δ δ

α α λ α

= = = = = = −

= + − = − − +
             (26) 

From (25) and (26), under the precondition that 1 2y y< , then we get the ex-
pressions of 2 3 4, ,y y y  as follow:  

 1 1 1 1 1 1 1 1 1
2 1 3 4

1 1 1 1 1

2( ) , , ,h g h g h gy y y y
h h h h h

λ λ λ+ − −∆ ∆
= − − = ± =    (27) 

where ( ) ( ) ( )( )2 2 2
1 1 1 1 1 1 1 1 1 1 1 1 2 12 4h g h h y h g y h fλ λ λ α∆ = − + + + − + − . Since the 

points 2 3 4, ,y y y  are all continuous with respect to 1y , There is a continuum of 
periodic orbits. It implies that if system (22) is continuous, it has no limit cycles. 
So Theorem 1 is proved when (22) is continuous. 

Now, assume that system (22) is discontinuous. From (25), we can get  
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 ( ) ( )1 1 1 1 1
1 2 3 4

1 1

2 2
, .

b d h g
y y y y

h
λ

δ
+ −

= − = −             (28) 

Substituting the expressions of 1y  and 3y  into the second and third equations 
of (25) and introducing the notion 1L  and 2L , then one has  

 

( ) ( )( )( )
( ) ( ) ( )( )
( )

22
1 2 1 2 1 1 1 1 1 1 2 2 1

2 2
1 2 2 2 1 1 1 2 1 2 2 1 4

2 2 2
1 2 2 4

4

2 2 2

0,

L c h h g h g b d h

h b d y h g h b d h y

h y y

δ λ λ

λ δ

δ

= + − + − −

+ + − − − −

− −

=

    (29) 

and  

 

( ) ( )( )( )
( ) ( )( )

( ) ( )

22
2 2 1 2 1 1 1 1 1 2 2

1 1 2 2 2 1 1 2

2 2 2 2
1 2 2 4 1 2 2 4

4

2 2

2

0.

L c b d b d b d

b d b d y

b d y y y

δ δ δ

δ δ δ

δ δ δ

= − + + + +

− + − +

+ − − −

=

        (30) 

Let 2 2
3 1 1 1 2 0L L h Lδ= − = , we obtain  

 0 2
4 2

1 1

,P Py y
P P

= +                        (31) 

where  

 

( ) ( ) ( )( )
( ) ( ) ( )( )
( )
( ) ( )( )

2
0 1 1 1 1 2 1 1 1 1 2 2

2
1 1 1 2 1 1 1 2 2

2
1 1 2 1 1 1 1

2
2 1 1 1 2 2 2 1 1

,

,

.

P h g h g h b d

h b d b d b d

P h h g

P h b d b d

δ λ δ λ

δ δ

δ δ λ

δ δ δ

= − − + −

+ + + + +

= −

= + − +

            (32) 

If 1 0P = , it has 1 1 1 0h gλ − = . Substituting it into 3 0L = , one has  
1 1

1 2
1

b dy y
δ
+

= =  which leads to contradictions. Hence, we have 1 0P ≠ . Then, 

substituting (31) into (29), we have the following expression of 2y :  

 1 1
2

1 3

,
2

b dy
Pδ±

′+ ∆
= ±                        (33) 

where  

( ) ( )( )(
( ) ( )( ) )

2
2 4 2 2

3 1 3 1 3 3 1 4 1 3 1 1 1

24
1 3 1 1 1 1 1 1 1 ,

P h b d d h g h

b d h g h

δ δ δ δ λ

δ δ δ λ

= − + + + −

− + + +
 

( ) ( ) ( ) ( )( )( )
( ) ( )( ) ( )(

( ) ( ) ( )( )
( ) ( )( ) ( )( )

222 4 2 4 2
2 2 1 1 2 1 1 1 1 1 1 2 2 1 1 1 2

2 2 24 2 2 2 4 2
1 2 1 1 1 1 1 2 1 1 2 1 2 1 1 1 1

22
2 1 2 2 1 1 1 1 2 1 1 1

2 2
1 1 1 1 1 2 2 1 2 1 1 1 1

2 2

4 4

2 2

b d h h g h h b d b d

h g h h b d h g h

c h b d h g h g h

h g h b d h h g h

δ δ λ δ δ δ

δ δ λ δ δ δ δ λ

λ δ λ

δ λ δ λ

′∆ = + − + − + +

− − + + + − +

× + − − + + − +

− − + − − + − +
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( ) ( ) ( )( )(
( ) ( ) ( )( )
( ) ( )( ) ) ( )
( ) ( ) ( )( )

( ) ( ) ( )( ) ( )( ) )

2
1 1 1 2 2 1 1 1 2

2
1 1 1 1 2 2 1 2 1 1 1

22 4 2
1 1 2 2 1 1 1 2 2 1 2 1 1 1 1

2 2
1 2 1 1 1 2 2 1 1 1 2

22 2 2
1 1 1 1 2 2 1 2 1 1 1 1 2 1 1 2 2 1 ,

b d h b d b d

g h b d h g h

h b d b d y h g h

h b d h b d b d

g h b d h g h h h b d

δ δ

δ λ δ λ

δ δ δ δ δ λ

δ δ δ

δ λ δ λ δ δ δ

+ + + + +

+ − + − + − +

+ + − + − +

+ + + + +

+ − + − − + +

(34) 

whenever 3 0P ≠ , and if 3 0P = , there is at most one solution ( )1 2 3 4, , ,y y y y  of 
(24). 

When 3 0P ≠ , given  

 
( )1 1 1 1

1 2 2
1 1 3

2
,

2
b d b dy y y

Pδ δ± ±

+ ′+ ∆
= − = =



            (35) 

there exists at most one solution ( )1 2 3 4, , ,y y y y  of (24) with 1 2y y<  and 

3 4y y> . As a result, we have proved that there is at most one limit cycle system 
(22) can have when it is discontinuous. Then we give an example to illustrate 
that there can exist one limit cycle when system (22) is discontinuous. 

The Hamiltonian functions are given by the following expressions:  

 

( )
( )
( )

2 2
1

2 2
2

2
3

, ,

, ,

, ,

H x y y x y

H x y x y x y

H x y y x y

= − −

= − + − −

= − − +

                   (36) 

and the corresponding piecewise Hamiltonian system can be written as  

 

( )

( )

( )

1

2

3

2 1,
 , ,

2 ,

2 1,
 , , 

2 1,

2 1,
 , .

1,

x y
x y U

y x

x y
x y U

y x

x y
x y U

y

= − +
∈ =

= − +
∈ = +

= − +
∈ =













                    (37) 

Since the determinant of the linear part of each subsystem is 4, 4 and 0, it means 
that system (37) is without equilibrium points in 3U  and has a linear Hamilto-
nian center in 1U  and 2U . We verify that system (37) only has one limit cycle 
intersecting the two parallel lines 1x = −  and 1x =  at exactly four points 
( )11, y− , ( )21, y− , ( )31, y  and ( )41, y  respectively, where the solution  
( ) ( )1 2 3 4, , , 1,2,1,0y y y y = −  with 1 2y y<  and 3 4y y> . The limit cycle is shown 
in Figure 2. This ends the proof. 

4. Proof of Theorem 2  

Considering the symmetry of the system, similar to the way of proving Theorem 
1, there are two cases with respect to the class of equilibrium points on each zone 
to discuss here. Firstly, we consider the following planar piecewise system:  

( )2

,
 , , 1,3,
,

i i i i i

i i i i i

x h x h y g
x y U i

y h x h y f

λ

λ λ

= − + + ∈ =
= − + +
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 ( )2 2 2 2

2 2 2

,
 , ,

,
x b x y d

x y U
y x b y c

δ
α

= − − +
∈ = + +





               (38) 

where 2 2 2 2 2, , , , , , , , , 1,3i i i ib c d f g h iα δ λ =  are all real constants with 0ih ≠ , 

i i if gλ≠ , 1,3i =  and 2 2
2 2 2bδ ω= + , 2 0ω ≠ . The corresponding Hamiltonian 

functions are  

 
( )

( )

2 2 2

2 22
2 2 2 2

1, , 1,3,
2 2
1, .
2 2

i
i i i i i i i

hH x y h x h xy y f x g y i

H x y x b xy y c x d y

λ λ

δ

= − + − + − =

= − − − − +
      (39) 

Assume that system (38) has a limit cycle intersecting the two parallel lines 
1x = −  and 1x =  at exactly four points, denoted as ( )11, y− , ( )21, y− , ( )31, y  

and ( )41, y  respectively with 1 2y y<  and 3 4y y> . Then we have  

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

1 1 1 2

2 2 2 3

2 4 2 1

3 3 3 4

1, 1, 0,

1, 1, 0,

1, 1, 0,

1, 1, 0,

H y H y

H y H y

H y H y

H y H y

− − − =

− − =

− − =

− =

                   (40) 

 

 
Figure 2. The limit cycle of discontinuous piecewise Hamiltonian system (37) having 
subsystems with a linear center in 1U  and 2U , and a subsystem without equilibrium 
points in 3U . 
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that is  

 

( ) ( ) ( )( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )( )( )

1 2 1 1 2 1 1 1

2 2
2 2 3 2 2 3 2 2 2 3

2 2
2 4 1 2 4 1 2 2 4 1

3 3 4 3 3 3 3 4

2 0,

2 4 2 0,

2 4 2 0,

2 0.

y y h y y h g

b y y y y c d y y

b y y y y c d y y

h y y h g y y

λ

δ

δ

λ

− + + + =

+ − − + + − =

+ + − + − − =

+ − − − =

           (41) 

Assume that system (38) is continuous, we get  

 2 2 2
2 2

2 1 1 1 2 3 3 3 3 2

, , , 1,3,

, .
i i i ib h h d g i

c h f c h f

λ δ

λ α λ α

= = − = =

= + + = − + −
                (42) 

From (41) and (42), we have the following expressions of 2 3 4, ,y y y :  

 
( )1 1 1 2 2 2 2

2 1 3 4
1 2 2 2 2

2
, , ,

h g d b d by y y y
h

λ
δ δ δ δ

+ − −∆ ∆
= − − = ± =      (43) 

where ( ) ( )( )2 2
2 2 2 2 1 2 2 1 22 4b d y b d y cδ δ∆ = − + − + − . Since the points 2 3 4, ,y y y  

are all continuous with respect to 1y , there is a continuum of periodic orbits. It 
implies that if system (38) is continuous, then it has no limit cycles. 

Additionally, let us consider the case that system (38) is discontinuous. From 
(41), the following relations are derived:  

 ( ) ( )3 3 31 1 1
1 2 3 4

1 3

22
, .

h gh g
y y y y

h h
λλ −+

= − − = −            (44) 

Substituting the expressions of 1y  and 3y  into the second and third equations 
of (41) and introducing the notion 1L  and 2L , we can obtain that  

 

( )( ) ( )
( ) ( )( )
( )

22
1 3 2 2 3 3 3 2 3 2 3 3 3

2
3 2 2 2 3 2 3 2 3 2 3 3 3 4

2 2 2
2 3 2 4

4 4 4

2 2 2

0,

L h b d h g c h h g

h b d y h b h d h h g y

h y y

λ δ λ

δ λ

δ

= − − + + −

+ + − − + −

− −

=

     (45) 

and  

 

( )( ) ( )
( ) ( ) ( )( )
( )

22
2 1 2 2 1 1 1 2 1 2 1 1 1

2
1 2 2 4 1 2 2 1 1 1 1 2 2

2 2 2
2 1 2 4

4 4 4

2 2 2

0.

L h b d h g c h h g

h b d y h b d h h g y

h y y

λ δ λ

λ δ

δ

= − + + + − +

+ − − + + +

− −

=

     (46) 

Let 2 2
3 1 1 3 2 0L h L h L= − = , we obtain  

 0 2
4 2

1 1

,P Py y
P P

= +                        (47) 

where  

 

( )( ) ( )( )( )
( ) ( )( )
( ) ( )( )
( ) ( )( )

0 1 3 1 2 2 3 3 3 3 2 2 1 1 1

2 22 2
2 1 3 3 3 3 1 1 1

2
1 1 3 2 3 3 3 3 2 2

2
2 1 3 1 2 2 2 1 1 1

,

,

.

P h h h b d h g h b d h g

h h g h h g

P h h h g h b d

P h h h b d h g

λ λ

δ λ λ

δ λ

δ λ

= − − + + +

+ − + +

= − + −

= + + +

      (48) 
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If 1 0P = , it has ( ) ( )2 3 3 3 3 2 2 0h g h b dδ λ − + − = . Substituting it into 3 0L = , one  

has 1 1 1
1 2

1

h gy y
h

λ +
= = − , which leads to contradictions. Hence, we have 1 0P ≠ . 

Then, substituting (47) into (45), we have the following expression of 2y :  

 1 1 1
2

1 3

,
2

h gy
h P

λ
±

′+ ∆
= − ±                    (49) 

where  

( ) ( )( )( )(
( ) ( )( )( ) )

22 2
3 2 3 1 3 1 2 2 2 1 1 1

22
1 3 2 3 3 3 3 2 2 ,

P h h h h b d h g

h h h g h b d

δ δ λ

δ λ

= + + +

− − + −
 

( ) ( )( )( ) ( )(
( ) ( )( )( ) ( )((

( ))) ( ) ( )( )
( )( ) ( )( )( )(

22 2
3 1 3 2 3 3 3 3 2 2 2 2

2 2
1 3 2 3 3 3 3 2 2 1 3 1 2 2

2 1 1 1 3 3 2 2 2 3 3 3

1 3 1 2 2 3 3 3 3 2 2 1 1 1

2

2

2

2

h h h h g h b d b d

h h h g h b d h h h b d

h g h h b d h g

h h h b d h g h b d h g

δ λ

δ λ

δ λ δ λ

λ λ

′∆ = − + − +

− − + − +

+ + − + −

+ − − + + +

 

( ) ( )( )) ( )((
( ))) ) ( ) ( )( )( )(

( ) ( )( )( ) ) ( )(((
( ))) ( )( ) ( )( )

2 22 2 2
2 1 3 3 3 3 1 1 1 1 3 1 2 2

2 22 2 2
2 1 1 1 2 3 2 3 1 3 1 2 2 2 1 1 1

22 2
1 3 2 3 3 3 3 2 2 1 3 2 3 3 3

2 22
3 2 2 3 2 2 3 3 3 2 3 2 3 3 3

4

4 4 4

h h g h h g h h h b d

h g h h h h h b d h g

h h h g h b d h h h g

h b d h b d h g c h h g

δ λ λ

δ λ δ δ δ λ

δ λ δ λ

λ δ λ

+ − + + +

+ + − + + +

− − + − −

+ − − − + + −

 

( ) ( )( )( ) ( )(
( )) ( )( ) ( )( )( )(
( ) ( )( )) ( )( )((

( )( )) ( ) ( )( ))

2
1 3 2 3 3 3 3 2 2 3 3 2 2

2 3 3 3 1 3 1 2 2 3 3 3 3 2 2 1 1 1

2 22 2 2
2 1 3 3 3 3 1 1 1 2 3 1 3 1 2 2 3 3 3

22 22 2
3 2 2 1 1 1 2 1 3 3 3 3 1 1 1

2

2

,

h h h g h b d h h b d

h g h h h b d h g h b d h g

h h g h h g h h h h b d h g

h b d h g h h g h h g

δ λ

δ λ λ λ

δ λ λ δ λ

λ δ λ λ

− − + − −

+ − − − + + +

+ − + + + − −

+ + + + − + + 


(50) 

whenever 3 0P ≠ , and if 3 0P = , there is at most one solution ( )1 2 3 4, , ,y y y y  of 
(40). 

When 3 0P ≠ , given  

 
( )1 1 1 1 1 1

1 2 2
1 1 3

2
,

2
h g h gy y y
h h P

λ λ
± ±

+ ′+ ∆
= − − = − =



          (51) 

there exists at most one solution ( )1 2 3 4, , ,y y y y  of (40) with 1 2y y<  and 

3 4y y> . Thus, we have shown that there can be at most one limit cycle when 
system (38) is discontinuous. 

To finish this part of proof, now we provide an example to show that system 
(38) can have exactly one limit cycle when it is discontinuous. The Hamiltonian 
functions are given by the following expressions:  

( ) 2
1 , 2 2 2 ,H x y y x y= − −  
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( )
( )

2 2
2

2
3

, 1,

, ,

H x y x y x y

H x y y x y

= − + + −

= + −
                   (52) 

and the corresponding piecewise Hamiltonian system can be written as  

 

( )

( )

( )

1

2

3

4 2,
 , ,

2,

2 1,
 , , 

2 1,

2 1,
 , ,

1,

x y
x y U

y

x y
x y U

y x

x y
x y U

y

= −
∈ =

= −
∈ = − −

= −
∈ = −













                    (53) 

Since the determinant of the linear part of each subsystem is 0, 4 and 0, it implies 
that system (53) is without equilibrium points in 1U  and 3U  and has a linear 
Hamiltonian center in 2U . We verify that system (53) has only one limit cycle in-
tersecting the two parallel lines 1x = −  and 1x =  at exactly four points ( )11, y− , 
( )21, y− , ( )31, y  and ( )41, y  respectively, where ( ) ( )1 2 3 4, , , 1,2,1,0y y y y = −  
with 1 2y y<  and 3 4y y> . In addition, we can check that this solution satisfies 
Equation (41). And the limit cycle we obtain is given in Figure 3. 
 

 
Figure 3. The limit cycle of discontinuous piecewise Hamiltonian system (53) having a 
subsystem with a linear center in 2U , and subsystems without equilibrium points in 1U  
and 3U . 
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Now start to prove the latter part of Theorem 2. Under the conditions of 
Theorem 2, we consider the following planar piecewise system  

 
( )

( )

2

3 3 3 3

3 3 3

,
 , , 1,2,
,

,
 , ,

,

i i i i i

i i i i i

x h x h y g
x y U i

y h x h y f

x b x y d
x y U

y x b y c

λ

λ λ

δ
α

= − + + ∈ =
= − + +
= − − +

∈ = + +









             (54) 

where 3 3 3 3 3, , , , , , , , , 1,2i i i ib c d f g h iα δ λ =  are all real constants with 0ih ≠ ,  

i i if gλ≠ , 1,2i =  and 2 2
3 3 3bδ ω= + , 3 0ω ≠ . The corresponding Hamiltonian 

functions are:  

 
( )

( )

2 2 2

2 23
3 3 3 3

1, , 1,2,
2 2
1, .
2 2

i
i i i i i i i

hH x y h x h xy y f x g y i

H x y x b xy y c x d y

λ λ

δ

= − + − + − =

= − − − − +
       (55) 

If system (54) has a limit cycle intersecting the two parallel lines 1x = −  and 
1x =  at exactly four points respectively, denoted as ( )11, y− , ( )21, y− , ( )31, y  

and ( )41, y  with 1 2y y<  and 3 4y y> , then the Hamiltonian functions must 
satisfy the following relations:  

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

1 1 1 2

2 2 2 3

2 4 2 1

3 3 3 4

1, 1, 0,

1, 1, 0,

1, 1, 0,

1, 1, 0,

H y H y

H y H y

H y H y

H y H y

− − − =

− − =

− − =

− =

                    (56) 

which can be written as the expansions:  

 

( ) ( ) ( )( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( )( )( )

1 2 1 1 1 1 1 2

2 2
2 2 2 2 2 2 2 2 3 2 2 3

2 2
2 2 2 2 4 2 2 2 1 2 4 1

3 3 3 3 4 3 4

2 0,

4 2 2 0,

4 2 2 0,

2 0.

y y h g h y y

f h g y h g y h y y

f h g y h g y h y y

d b y y y y

λ

λ λ

λ λ

δ

− + + + =

+ + + − + − =

+ − + + − − =

− − + − =

       (57) 

Assume that system (54) is continuous, it has  

 3 2 2 3 1 2 3 1 2
2

1 2 1 2 3 2 2 3 2

, , ,

, , .

b h d g g h h

f f c h f

λ δ

λ λ λ α

= = = = − = −

= = = − − +
                 (58) 

From (57) and (58), under the precondition that 1 2y y< , we get the expressions 
of 2 3 4, ,y y y  as follow:  

 
( )1 1 1 3 3 3 3

2 1 3 4
1 3 3 3 3

2
, , ,

h g d b d by y y y
h

λ
δ δ δ δ

+ − −∆ ∆
= − − = ± =      (59) 

where ( ) ( )( )2 2
2 2 2 2 2 1 2 2 2 1 22 4h g h h y h g y fλ λ∆ = − + + + + . Since the points  

2 3 4, ,y y y  are all continuous with respect to 1y , there is a continuum of period-
ic orbits. It means that if system (54) is continuous, it has no limit cycles. 

Now, assume that system (54) is discontinuous. From (57), one can obtain 
that  
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 ( ) ( )3 31 1 1
1 2 3 4

1 3

22
, .

d bh g
y y y y

h
λ

δ
−+

= − − = −            (60) 

Substituting the expressions of 1y  and 3y  into the second and third equations 
of (57) and introducing the notion 1L  and 2L , then one has  

 

( )( ) ( )( )
( ) ( ) ( )( )

( )

22
1 3 2 3 2 2 2 3 3 2 3 3

2
2 2 2 3 2 3 3 2 2 2 2 3 3 4

2 2 2
2 3 2 4

4

2 2 2

0,

L f h g d b h d b

h g y h g h d b y

h y y

δ δ λ

λ δ δ δ λ

δ

= + − − − −

+ + − − − −

+ −

=

   (61) 

and  

 

( )( ) ( )( )
( ) ( ) ( )( )
( )

22
2 1 2 1 1 1 1 2 2 2 2 1 1 1

2
1 2 2 2 4 1 1 2 2 2 2 1 1 1 2

2 2 2
1 2 2 4

4

2 2 2

0.

L h f h h g h g h h g

h h g y h h h g h h g y

h h y y

λ λ λ

λ λ λ

= − + + + +

+ − − + − +

+ −

=

  (62) 

Let 2 2
3 1 1 3 2 0L h L Lδ= − = , we get  

 0 2
4 2

1 1

,P Py y
P P

= +                         (63) 

where  

 

( )( ) ( )( )
( )( ) ( )( )
( ) ( )( )

( ) ( )( )

22
0 1 3 2 2 2 3 3 2 3 3

22
3 1 1 1 1 2 2 2 2 1 1 1

2
1 1 3 3 2 2 2 2 3 3

2 2
2 3 1 2 2 2 1 2 1 1 1

,

,

.

P h h g d b h d b

h h g h g h h g

P h h g h d b

P h h g h h h g

δ λ

δ λ λ λ

δ δ λ

δ λ λ

= − − − −

+ + + − +

= − − −

= + − +

          (64) 

If 1 0P = , it has ( ) ( )3 2 2 2 2 3 3 0h g h d bδ λ − − − = . Substituting it into 3 0L = , one  

has 1 1 1
1 2

1

h gy y
h

λ +
= = − , which leads to contradictions. Hence, we have 1 0P ≠ . 

Then, substituting (63) into (61), we obtain the following expression of 2y :  

 1 1 1
2

1 3

,
2

h gy
h P

λ
±

′+ ∆
= − ±                        (65) 

where  

( ) ( )( )( )

( ) ( )( )( )

22 2
3 1 3 1 3 3 2 2 2 2 3 3

22 2
3 1 2 2 2 1 2 1 1 1 ,

P h h h g h d b

h h g h h h g

δ δ δ λ

δ λ λ


= − − −


− + − + 


 

( ) ( )( ) ( )((
( ) ( )( ) ( )(

( )) ( ) ( )( ))

22 2
1 3 3 2 2 2 2 3 3 2 2 2 3

2 2 2
3 1 3 3 2 2 2 2 3 3 3 1 2 2 2

2

1 2 1 1 1 3 2 2 2 2 3 3

2

2

2

h h g h d b h g

h h g h d b h h g

h h h g h g h d b

δ δ λ λ δ

δ δ δ λ δ λ

λ δ λ

′∆ = − − − +

− − − − +

− + − − −
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( ) ( )( )(
( ) ( )( ) ) ( )((

( )) ( )( ) ( )( )
( )( ) ( )( )

( )( ) ( )( ) ( )(

22 2
2 3 1 3 3 2 2 2 2 3 3

22 2 2
3 1 2 2 2 1 2 1 1 1 1 3 3 2 2 2

2 22
2 3 3 3 2 3 2 2 2 3 3 2 3 3

22
3 1 3 2 2 2 3 3 2 3 3

22 2
3 1 1 1 1 2 2 2 2 1 1 1 1 3 3 2 2 2

4

4

2

h h h g h d b

h h g h h h g h h g

h d b f h g d b h d b

h h g d b h d b

h h g h g h h g h h g

δ δ δ λ

δ λ λ δ δ λ

δ δ λ

δ δ λ

δ λ λ λ δ δ λ

− − − −

− + − + −

− − + − − − −

− − − − −

+ + + − + −

 

( )) ( ) ( )( )
( )( ) ( )( )

( )( ) ( )( )

2 3 3 3 2 2 2 2 3 3

22 2
2 3 1 3 2 2 2 3 3 2 3 3

222
3 1 1 1 1 2 2 2 2 1 1 1

2

,

h d b h g h d b

h h h g d b h d b

h h g h g h h g

δ λ

δ δ λ

δ λ λ λ

− − − − −

− − − − −

+ + + − + 


           (66) 

whenever 3 0P ≠ , and if 3 0P = , there is at most one solution ( )1 2 3 4, , ,y y y y  of 
(56). 

When 3 0P ≠ , given  

 
( )1 1 1 1

1 2 2
1 1 3

2
,

2
b d b dy y y

Pδ δ± ±

+ ′+ ∆
= − = =



                (67) 

there exists at most one solution ( )1 2 3 4, , ,y y y y  of (56) with 1 2y y<  and 

3 4y y> . Therefore, we have proved that there can be at most one limit cycle 
when system (54) is discontinuous. In addition, an example of (54) with exactly 
one limit cycle is given below. 

The Hamiltonian functions are given by the following expressions:  

 

( )
( )
( )

2
1

2
2

2 2
3

, ,

, ,

, ,

H x y y x y

H x y y x y

H x y x y x y

= − −

= + −

= − + +

                    (68) 

and the corresponding piecewise Hamiltonian system can be written as  

 

( )

( )

1

2

3

2 1,
 , ,

1,

2 1,
 , , 

1,

2 1,
 ( , ) ,

2 1,

x y
x y U

y

x y
x y U

y

x y
x y U

y x

= −
∈ =

= −
∈ = −

= −
∈ = − −













                    (69) 

Since the determinant of the linear part of each subsystem is 0, 0 and 4, it 
means that (69) is without equilibrium points in 3U  and has a linear Hamilto-
nian center in 1U  and 2U . We verify that system (69) only has one limit cycle 
intersecting the two parallel lines 1x = −  and 1x =  at exactly four points 
( )11, y− , ( )21, y− , ( )31, y  and ( )41, y  respectively, where the solution  

( ) ( )1 2 3 4, , , 1,2,1,0y y y y = −  with 1 2y y<  and 3 4y y> . And the limit cycle is 
shown in Figure 4. This ends the proof. 
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Figure 4. The limit cycle of discontinuous piecewise Hamiltonian system (69) having a 
subsystem with a linear center in 3U , and subsystems without equilibrium points in 1U  
and 2U . 

5. Conclusion 

We have studied a class of planar piecewise Hamiltonian systems with a center 
in two zones and without equilibrium points in the other zone separated by two 
parallel straight lines and the maximal number of limit cycles it can have. Ac-
cording to the type of equilibrium point for each subsystem, we discussed this 
problem in two cases. When these systems are continuous, it proved that there 
are no limit cycles for each case. In the other hand, when the systems are discon-
tinuous, we show that they can have at most one limit cycle in each case. Subse-
quently, we discussed another class of planar piecewise Hamiltonian systems 
with a center in one zone and without equilibrium points in the other zones se-
parated by two parallel straight lines in a similar way. In addition, we give the 
examples of the systems with exactly one limit cycle and provide their figures.  
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