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1. Introduction and Main Results
In this paper, we consider the following quasilinear equation of choquard type
_div(A(x,u)|Vu|p72 Vu)+%A (x,u)[Vu]” +V (ex)|u"*u

=(Ia*|u|q)|u|q’2u,XERN W

u(x)—0, |X|—)oo
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where A(X,t) is given real functions on RN xR and A(x,t):gA(x,t) with

N . N
N>3, 1<p<N, max{N-2pli<a<N, ugq<pa: p( +0‘))

2N 2(N-p)
and &>0 isasmall parameter, | :R" — R is the Riesz potential defined by

L) "3 s

Fm N e W
—|n?2 |X|
2

and T isthe Gamma function.
In the mathematical literature, very few results are known about Equation (1).
Since the classical variational approach fails if A (X,t)#0. In reference [1], the

author considered the following quasilinear equation

_div(A(x,u)|Vu|p_2 Vu)+%A (x,u)|vul® +|u|p_2 u=g(xu), xeR", (2)

In fact, the natural functional associated to (2) is
1 1
J(u) :BJRN A(x,u)[vul? dX+BJ'RN |u? dx—j]RN G(x,u)dx,

which is not defined in W“’(RN) for a general coefficient A(X,t) in the
principal part. Moreover, even if A(X,t) is smooth strictly positive bounded
function, the corresponding energy functional is well defined in W*"" (RN ) , if
A (xt)#0 itis Gateaux differentiable only along directions of

W“’(RN )r\ L (RN) [1]. More recently, if Q is a bounded subset of R" a
different approach has been developed which exploits the interaction between
two different norm on Wol‘p (Q)ﬁ L (Q) [2] [3] [4]. So, use the interaction
between the norm |-|, and the standard one on W*” (RN ), if G(xt) hasa
subcritical growth, we state that 7 satisfies a weaken version of the Cerami’s
variant of the Palais-Smale condition in X,. We note that, in general, J
cannot verify the standard Palais-Smale condition, or its Cerami’s variant, as Pa-
lais-Smale sequences may converge in the W™P (RN ) -norm but be unbounded in
L (RN ) [4]. For this reason, we know that there is a bounded radial solution of
Equation (2) under certain assumptions.

For the Choquard equation

—Au+V(x)u:(Ia*|u|p)|u|p’2u, xe R (3)
where pe (ZNN_ il , 2I\l:l _;J . When the potential V'is a positive constant, Lieb

[5] obtained the existence and uniqueness of positive radial ground states for (3),
Lions [6] established the existence of infinitely many radial solutions, Ma and
Zhao [7] studied the radial symmetry and uniqueness of positive ground states
for (3) in higher dimension space via the method of moving planes. For more
related results, we refer to [2] [8] [9] [10] [11] [12] and references therein.
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In this article, we consider the existence of sign-changing solutions for the
quasilinear Choquard Equation (1) by using the method of invariant sets of des-
cending flow and the perturbation method. Byeon-Wang type penalization me-
thod [13] can be used to deal with multiple localized nodal solutions for semic-
lassical Schrodinger equations. Additional coercive term [14] can be used to
make the perturbed functional has necessary compactness properties in changed
space.

From now on, Let A:R" xR — R be such that

(Ao) A(xt) isa C' Carathéodory function, i.e.

A(~,t) xeRY > A(X,t) e R is measurable forall teR,

A(X,~):t eR— A(X,t) eR is C' forae xeR";

(A) A(X,t) and A (X,t) are essentially bounded if #is bounded, Ze.

sup A(',t)| el” (RN ) sHup|A (t)| el” (RN) forany r > 0;
ti<r

t)<r

(A;) Exists a constant C;,C, >0 such that
¢, <A(xt)<c, aexeR";
(As) Exist constants R>1 and ¢, >0 such that
PA(Xt)+A (X )t = A(x,t) aeinRY,if [t|>R;
(A4) Exist constants x> p and «, >0 such that
(£-p)A(xt)-A(xt)t=a,A(xt) aeinR", forallteR.
The potential function Vsatisfies the following assumptions:
(V) VecCt (RN ,R) and there exist constants b>a >0 such that
a<V(x)<b, xeR";

(V) There exists a bounded domain M c R" with smooth boundary oM
such that

<WXG),VV (x)> >0, XeoM.

where (X) is the outer normal of OM at x. according to condition (V,) that
A={xeM|VV(x)=0}=@. (see[15])
and A is a closed subset of M, without losing generality, we assume that

0OeA.

Foranyset BeR" andany & >0, we denote
5 _ N[ i i _
B _{XER |d|st(x,B)._|yr21;|x y|<5},
B, ={xeR" [sxeB}.

The main results of this paper are as follows:

Theorem 1.1 Assume that A(X,t) satisty conditions (Ao)-(As), the potential
function V satisties (V1) and (V,), for any positive integer k, there exists &, >0
such that if 0< & <g, , the problem (1) has at least k pairs of sign-changing solu-
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tions tu; ., j=12,--- k. In addition, for any & >0 there exist u>0,c=c, >0
and & (6)>0 suchthatif 0<e<g (5), then it holds that

lu

Scexp{—ydist(x,(A")g)}, j=12-k xeR".

e

2. Preliminaries

We note that Equation (1) corresponding energy functional is
1 1 1
I, (u) :BIRN A(x,u)[vu|” dX+EIRNV (ex)|u]” dx—E . (la >z=|u|q)|u|q dx (4)

We use the penalization method due to Byeon and Wang [13]. Let £ €C” be
a cut-off function, ¢ (t)=0 for t<0; {(t)=1 for t>1; 0<¢'(t)<2 and
0< é’(t)Sl. Define

0, XeM,
Z. (%)= {gpg(dist(x,/\/lg)), xe M,

In order to overcome the lack of compactness condition, we set the workspace
as X, =W"P (RN )r\ LT (]RN ), where L] (RN ) is a weighted space defined as

L7 (RY) = {u e L"(R")| [, exp{(m— p)dist (&x, M)}|u" dx < +oo},

The corresponding norm is defined as
1

[m () = (LRN exp{(m— p)dist (ex, M)}]u|" dx)a.

which p<m<min{2,q} if 1<p<2; p<m<q if p>2.
Define

Ju

S T

(=)

Meanwhile, We add the forced disturbance term such that |, has the neces-
sary compactness property on X,, introduce some auxiliary functions. Let
EeC” (R,[O,l]) be a smooth, even function, such that §(t) =1 if |t| <1,
cf(t):O if |t| 22, and ¢ is decreasing in [1,2] . For ¢ 6(0,1] , XeR",
t e R, we define

b, (x,t) = &(cexp{dist(ex, M)}t), m, (x,t) = j;bg (x,7)dz,

t

Kk, (x.t) :(WJM 17"t K, (xt) = [k, (x7)dz.
Now, we define the perturbation functional:
Fg(u):%fRN A(x,u)|vu|® dx+%IRN E(ex)u)” dx+o [ K, (x,u)dx
gl 2 OO 1) =5 (1l o, wex,

where p<pB<q, E(X)=V(Xx)-o, >0 sufficiently small, £ satisfies the
assumptions (V) and (V,).

©)
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Note that for any ve X,

&

(2 (u)v) = [ AQxu)vul wwm%jw A (x,u)v|vul® dx
+ [0 E(eX)uf wvdx+ o[, k, (x,u)vdx

o 2 OO =) [z ()l uve

= o (e #lul" )l wvebe

We will use the abstract critical point theorem to prove the existence of the in-
finitely variable sign solution of Equation (1). However, when verifying the con-
ditions of the theorem, we encounter essential difficulties, that is, we can’t guar-
antee that the positive cone and the negative cone are flow-invariant, so we fol-
low the idea of literature [14] [16] [17] and use truncation method to truncate

the nonlocal term. First, we define the following auxiliary functions:

b, (t)=£(at), m,(t)=['b, (r)dr,

0,(0="Y 1, ()=, ()5, (1)

Define the perturbation functional:

FM(u):%J‘RN A(x,u)[vu|? dx+%jRN E(ex)|uf® dx+ o[ K, (xu)dx
7)

1

1 p B1 1
+p_ﬂ(.[]RN Z: (%)l dx—1)+ T (vlz (U)]v/(U), ueX,
where w(u)= J.RN (|a *|u|q)|u|q dx.
By the definition of b, g,, it is easy to prove that g, (t) satisfies the fol-

lowing properties:
Lemma 2.1 [15] For t>0,0< A <1, it holds

(1) g, (t)=1 g} (t)=0 if O<t<%;
(@) g;(t)t+g, (1) =b, (t);

, c, J:f(r)dr
(3) gl(t)t+gi(t)sT,bi(t)t£gl(t)tsg,where G ="
VveX,,since g (t)t+g,(t)=b,(t),wehave

, ] 1
(r., (u),v>=_[]RN A(x,u)|[vul" VUVVdX+EJRN A (x,u)v|vul” dx
+ [ E(ex)|u)"? uvdx+o [, k, (x,u)vdx

(e 2 OO 1) L 2 (0l uvei ®

[ 0 ol e

According to Hardy-Littlewood-Sobolev inequality and Sobolev inequality

DOI: 10.4236/jamp.2023.114074 1128 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.114074

D. Wang et al.

N

w2 (u) < cfulfssony

1
Therefore, when ||u||w1‘p(RN) < (éjq, thereis I', ,(u)=T,(u) and
T, (u)=T"(u); when |u(x)|<&"exp{-dist(ex,M)} and
(f 2z (X)lul" dx=1) =0, thereis T (u)=1,(u) and Il (u)=1(u). Hence,
finding the solution of the Equation (4) translates into finding the critical point
of T, ,(u).
We describe the abstract critical point theorem in detail below [15].

Let X be a Banach space and fbe an even C' functional on X. Let P,Q are

two open convex sets of X, Q=—P . Set
W=PuQ, X£=0PnaQ.

Assume

(I,) fsatisfies the (PS) condition.

1) ¢ = ixrg f (X) > 0. And assume there exists an odd continuous map
F:X — X satistying the following:

(F1) given Cy,by >0, there exists b=b(c,,by)>0 such that if ||f'(x)|| > Dy,
| f (X)| <c,, then

<f'(x),x—Fx>2b||x—Fx||X >0.
(F,) F(6P)cP, F(Q)=Q.
Define
l"j:{E|Ecx:Ecompact,—E=E,;/(Emn’l(z))zjforneA},

A={77|neC(X,X):770dd,77(P)c P,n(Q)cQ,n(X):Xif f(x)<0}.
where y is the genus of symmetric sets, defined by
7(E)=inf {n | there exists an odd map 77: E — R" \{O}}.
Assume
() 7, j=12,--- is nonempty.
We define
¢, =inf sup f(x), j=12:-,

Eel'j xeE\W
K, ={x] f'(x)=0, f(x)=c}, K] =K \W.

Theorem 2.2 ([18], Theorem 2.5) Assume (1), (I,), (F.), (F»), (T) hold, then
(1) ¢ >c’, K;‘j =0,

(2) ¢; >, for j—ooo.

(3) 7(K)2k,if ¢j=cj,=-=C,,=C.

3. Existence of Sign-Changing Critical Points

In this section, we first introduce some important properties of auxiliary func-
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tions, then prove that I', , satisfies the (PS) condition, and then use Theorem B
to prove the existence of the critical pointof T, ,.
Lemma 3.1 ([19], Lemma 2.2), ([20], Lemma2.1) For xeR"

(1) Osbg(x,t)swsl;

(2) If [t| <& exp{-dist(ex, M)}, then m, (x,t)=t;

If & exp{-dist(ex, M)} <[t|<2¢ " exp{-dist(¢x,.M)} , then
&t exp{—dist(ex, M)} <|m, (x,t)| < ce ™ exp{~dist (£x, M)} ;

If [t|>2¢ " exp{—dist(ex, M)}, then |m, (x,t)|=cs ™ exp{-dist(ex, M)};
where C= jf )ydz;

¢ (1+ £" P exp{(m- p)dist(gx,/\/l)}|t|m_p)|t|p'2 t<k, (xt)
A3) ;
<c, (1+ g™ exp{(m— p)dist (ex, M)}[t|" " )|t|p’2 t

1 1
(4) Etkg (xt) <K, (xt) sgtkg (xt);

5) (K, (xt)=k, (xt,))(t,—t,) = ce™ P exp{(m— p)dist(ex, M)}[t, -t,|",
p=>2;
|T1"[2|2

(k. (xt) =k, (xt,))(t, —t,) 2 ce" P exp{(m— p)dist(sx,/\/l)}m,

l<p<2;
© ké_(x,ti)—kg(x,tz)|
6 2 -2 m— m-2 >
sc(|t1|p* +lp|" 4 2™ exp{(m— p)dist (ex, M)}t +[t,|” ))|tl—t2|
p=>2;

K, (xt) =k, (%)

, 1<p<2.
< c(|t1 ~t,|"" +&™ P exp{(m - p)dist(sx, M)}|t, —t2|m’1) P

Lemma 3.2 Let {U,} = X, be a Palais-Smale sequence of the functional T, ,,
then {u,} isboundedin X,.
Proof: According to (7), (8) and assumptions (A4), (A,) and Lemma 3.1 (4)

(3), we have

ur,; (un ) _<F;,ﬂ (un ) ) un>

:;{% AUV, [ dx+%J'RN E(x)|u,|” dx+o K, (x.u,)dx
Loz ox1) -y (u) )
pﬁ rN A& n . 2q A n n
= [ AU, ) VU, [P dx == j A (.U, )U, [Vu, | dx = [ E(£X)u, | dx

_(fRN 7. (%) |un|pdx—1)+ 1IRN 2. (%)|u,|” dx
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1
ok s 501 o) )
:if (1= P)A(xU, )~ A (x,,)u, ) [Vu,[” e+ 2P [ VE (ex)|u, | dx
p RN H—P 1M »Yn JHn n P &N n
B
+o (/lKg(Xlun)—kg(x,un)un)dx+ﬁ( o ;(g(x)|un|pdx—1)+
p-1

~(fo 2o OOl P ox=1) 7 [ 2 (0P

1

2

v )20, v ) )

?ZJ' (x,uy)[Vu,|” dx+ _ppIRNE(gx)|un|pdx

(——1) )undx+c<_[]RN ;(S(x)|un|pdx—l)f—c

> Clgz [ dx + £ > P [ E(&)]u,l? dX+C(J.RN 2o (%)]u,|” dx—l)f

_C+C_[RN Cl(l+ gmP exp{(m— p)diSt(gx,M)Hun'mw)|un|p dx
m B
e el 2

B
> C”Un"f(E(RN) + C(J.RN s (X)|un|p dx—l)+ -C

2 o{ o e+,

Thus, The (PS) sequence {un} of functional I', ; isboundedin X,. W
Lemma 3.3 The embedding X, < L' (]RN ) (1S r< p*) is compact.
Proof: Let {u,} be the (PS) sequence of functional I',, u, = X, satisfy
r,,(u)—>c, I ,(u)—>0 in (Xg), , by Lemma 3.2, there is a constant
7. >0 independent of & suchthat ||u,| <7 and
(I AL |un|p dx—l)f <7, . Up to subsequences, suppose U, —U in X, and

u, > Uu in Llroc( )(1£r< p*). First prove U, —>U in Ll(]RN), for any
R>0 that

J.RN\BOR | |dX

=[ " a(oR) xp{ r;pdist(.sx,/\/l)}~exp{—mr;pdist(esx,/\/t)}-|u|dx
<(J'R (o) exp{(m— p)dist (ex, M)} |u|" dx)l

m-1

m-p . m
.[J’RN\B(OYR)exp{— o) dlst(ex,M)}dxj
m-1

m-p .. "
= "u"LQ" (BM) [IRN\B(O,R)eXp{_ m-1 dISt(gX’M)}de
=0g (1)’

Hence
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IRN|un—u|dx _[ |u —u|dx+j
=0, (1)+0R (1)—>o.

N\BOR —u|dx

For 1<r< p*,

_[RN| —ul dx= _[ |u, - |r6+1€ dx

0 . x-0)r
(Lol ] o -of |
< c(jRN lu, —u|dx)r9 0.

1-6

* -

where 0<60<1, l:0+
r

Lemma 3.4 Forevery ¢>0, I',, satisfies the Palais-Smale condition.

Proof: Let {u,} < X, be a Palais-Smale sequence of the functional T, ,, so
T,,(u)[<c and T.,(u,)—>0(n—> ), We will prove that {u,} has a con-
vergent subsequence in X, . According to Lemma 3.2, U, —U in X_, then by

assuming A,, A,, Hardy-Littlewood-Sobolev inequality, Holder inequality and
Lemma 3.3, there are

o(1)= (%, (u,)~T%, (u),u, ~u)

= [ (A(x, u,)[Vu, | vu, — A(x,u)|vu"* vu,vu, —Vu)dx

+%IRN (A (X’un)|vun|p _A (X,U)|Vu|p U, —U>dX

+ [ E(ex)(Jun] " 0, o ., —u)dx
+0 [ (K, (xU,) =k, (x,u))(u, —u)dx

)u,|” dx— 1) l_[RN 2, ()|u,|" ™ u, (u, —u)dx

#{fn 2. (x
_(IRN Z: (%)|u]” dx— 1) IRN 2 ()|ul" " u(u, —u)dx
_%hﬂ (V/; (u, )JJRN (Ia *|Un|q )(|Un|m2 u, (u, —U))dX
: [l 0t

(Vu > ’vu e\l Vu,Vu —Vu)d
E

+

h

+j £X (|u |p “u, —Jul” u,un—u)dx
+ [ o k, (x,u))(u, —u)dx+o(1).
Thus

[ (|Vun|p*2 vu, —|vu["”* vu,vu, —Vu)dx —0;

[ (|un|p72 u, —[u|" " u,u, —u)dx —0;
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J.RN (kg (x,u,) =k, (x,u))(un —u)dx — 0.

In the following proof process, the following basic inequalities will be used
[21].
Vy,zeR",when p>2 thereis

o322yt

2y <o+ -2 Y
when 1< p<2 thereis
(W7 vl 2y=2)=ely = [y 412 ) "o
Iy y=[2 22 <cly-2"".

For p=2,by(9) we have
[V (u,—u) <cl., (|Vun|p'2 vu, —|vu|"* vu,vu, —Vu)dx -0,

i

Jowluy —u” <cf, (|un|p72 u, =" uu, —u)dx—>0.

In addition, it follows from Lemma 3.1 (5) that

[wexp{(m— p)dist(&x, M)}u, —u]"
<cf (K, (xu,) =k, (xu))(u, —u)dx — 0.

For 1< p<2,by(10) we have

Jun ¥ o )

2 »
< C.[RN (|Vun|p’2 Vun —|Vu|p’2 VU’VUn _Vu)z (|vun|2—p +|Vu|2—p )2 dx

P
< C(fRN (|Vun|p'2 vu, —|Vu|p’2 Vu,Vu, —Vu)dx)2

.(IRN (|VUn|2"’ +[vuf* )ﬁ de
p

= C(IR“ (|Vun|p72 vu, - [vu]"* vu, v, —VU)dX)E -0,

2-p
2

Similarly,

P
Jonluy —u)” < C(IRN (|un|p72 u, —[ul” " uu, —u)dx)2 —0.
It follows from Lemma 3.1 (5) that
(k. (x,u) =k, (x,u))(u, —u)

> ce™ P exp{(m- p)dist(ex, M)}

, —uf

then
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exp{(m- p)dist (x, M)}|u, —u["

<exp {wz(m—p) dist(ex,/\/l)}.(|un|2m +|u|2*m )E
[0 ()~ (), ~u) 2
Thus
[ exp{(m— p)dist (&3, M)} |u, ~u["

< C[IRN exp{(m- p)dist(gx,M)}(|un|2—m +|u|z,m )% dxj 2

m

(k. Ot ) =K, (10 (0, ) )2

m

< c(jRN (k. (x.u,) =k, (x,u))(u, —u)dx)E —0.

So, u, »u in X,, I',, satisfies the Palais-Smale condition. W

Next, we will prove the existence of the critical point of the functional T, ,

by using the descending invariant set method Theorem 2.2. Before verifying the

condition of Theorem 2.2, we will give a few important Lemmas:

Lemma 3.5 Zet max{N-2p,l}<a<N, p<q<p,, i u, cW"?(R"),
u, —Uu in Wl’p(RN), and u,(X)—>u(x) ae xeR", then there is a subco-

[umn still marked as {un } , which satisties

(1) jRN(|a *|un|q)|un|q = o (1 #u, —u|q)|un —uf [ (1, *|u|‘*)|u|°' +0,(1),

(2)
=0, (1)||¢||W1'F(RN) :

where ¢eCf(RN),as n—o, 0,(1)—>0.
To prove Lemma 3.5, we also need the following results:

[on [(Ia =x<|un|q)|un|m2 u, —(Im *|u, —u|q)|un —u["*(u, —u)—(la *|u|c')|u|q*2 U:|(p

Lemma 3.6 ([22], Theorem 4.2.7) Let QcR" be a domain and {un} is
bounded in °(Q) for some q>1,If u,(X) > u(x) ae XeQ, then u, —u

in 1'(Q).
Lemma 3.7 ([23], Theorem 2.5) If {u,} is bounded in W*? (RN ), u
in WhP (]RN ) and u,(x)—>u(x) ae xe RN, then for p<q<p,

N
(1) fRN Ju | =[u, —u]* =[u[*|¥** dx — 0,
N
(2) IRN Ju | +[u, =y =Ju[*|¥ dx — 0,

2Np
(N+a)p-2N+2p dx = 0.

(3) J.RN |un|(k2 u, _|un _u|m2 (un _u)_|u|q72 u

Lemma 3.8 ([24], Theorem2.6) Let O<a <N, Se [1, Ej , and let
a
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{un} cl! (RN )ﬁ L (RN ) be bounded and such that, up to a subsequence, for
any bounded domain QcR", u, —0 in L°(Q) as n—>o. Then, up to a
subsequence if necessary, (1,*U,)(x)—>0 ae. Xe R as n—o.

Proof of Lemma 3.5:

(1) We note that:

I T T e TR TR U Y
- 1., (|a (Jun[ +]u, —u|q))(|un|q ~Ju, =u") (1, oo

By the Hardy-Littlewood-Sobolev inequality, for sufficiently small 6>0,

there exists K, >0, which makes

Jo (1

Using the Hardy-Littlewood-Sobolev inequality again, we have

Jo (1ol "+ =) s~

£§;Q1 ::{XERN :|u(x)|2 Kl}.

Nea Nea
2N \7N 2N 2N
<o ool | {1 o
N+a
2N \2N
SC(N,oz){J'Q |u,|* = |u, —uf* N*“j
1
N+a

2N YN
SC(N,a)(jﬂl|u|N+aj ,
For the above &, when K, islarge enough, there is

Jo (1 ("t =) * =, =)

Similary, let Q, = {x eR" :|x| > R} \Q,,let R>0 belarge enough so that

o (ol

<

o
.

o
S_r
6

and
S

<—

Jo (1 (el =0l ) e, ~ul*)

For K, >K,, let Qs(n)i={X€RN :|u(x)|2 Kz}\(Qlqu). If Q(n)=¢,
then VxeQq(n), there is |u(x)[<K, and |x|<R. Observed, u,(x)—u(x)
a.e. XeQ. By Severini-Egoroff theorem, U, converges to u in By (0), thus

|Q3 (n)| — 0. So, for a large enough n

)
Jooy 1 #lu" | <
and
Foso o # (o =) o, —u ) <<
QS(") a n n n n - 6
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Finally, we estimate that

Joo (Vo # (" =) =y =)= (1, "

where Q,(n)=R"\(Q,uQ,UQ,(n)), Q,(n)cB(0).
It follows from Lebesgue dominated convergence theorem that

2N

- m ) N
I!LrIJ:J.Q4(n)|u” —U|N+a =0 and I|mJ‘QA(n) |Un|q _|u|q N+a _ 0.

nN—oo

This means that by the Hardy-Littlewood-Sobolev inequality,

J.Q“(n)( Ia *(|u”|q +|un _u|q ))'Un —U|q

N+a

2N
SC(N,a)(J'Q - N+ij " o,
4(n

Joo e ("t =) ) (J " =)

N+a

2N \2n
sc<N,a>[Im(n)|un|“—|u|‘* ] 0.

Let H, =|u,[*+[u, —u|" —|u[*, then

] O R Tt P W R PR )

n—ow dQ(n

=lim{ (I,*H, )l

n—o0 dQu (N

2N

Because H, is bounded in LNT“(]RN) and H, >0 ae. xeR“, by

2N 2N
Lemma 3.6, H, —0 in LW(RN),thus I,*H —0 in LE(RN),SO
!m QA(H)(Ia*Hn)|U|q —0.

Thus, summing up, we obtain that

timsup| [ (1, =l )luf* = (1, *lu, =0 Ju, =uf* = (1, =" )ul*| < 5.
n—oo
By the arbitrariness of &, conclusion (1) is established.
(2) According to Lemma 3.7, we have
ﬂ
1 o -l ey =o.
thus
IRN (Ia =!=(|un|q —|un —u|q —|u|q ))Vn¢) =0, (1)||¢7"W1,p(RN) ) (13)

where V, = |Un|q_2 Uy, |u, _U|q_2 (u,—u) or |u|q—2 u.
Similarly,
2Np

|un|q*2 u, —|u, —u|q*2 (u, —u)—|u|q’2 u[(ap-2nze gy

lﬂl IR”
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thus

jRN (1, *W, )(|un|q—z u, —|u, _U|H (u, —u)—|u[*? u)q)‘ =0, (1)||¢||W1,p(RN) , (14)

where W, =|u,|* Ju, —u[* or |u
The direct calculation of (13) + (14) is

R L L PR A A O B (R Y (Yt
= o (1 =0 Y v [ (", =0 (- 0)
+ 0n (1)"¢)"\N1"(RN) .

According to Rellich theorem, there is a subcolumn, which may as well still be

|q

recorded as {un} , for any bounded region Q c R", we have |un —u|q —0 in
2N

LN+ (Q). By Lemma 3.8, 1, *|u,—u[' >0 ae. xeR",from Hardy-
Littlewood-Sobolev inequality it follows that

I, *|u, —ul’

sup L%(RN) < sunp|||un —u|||L§—§ﬂ(RN) < .
2Np-2N+2p

Np
W0 in L P (RY), with

By Lemma 3.6, we have

1, *[u, —ul’

2Np—-2N+2p o1
(N-a)p

Np(q—l) 2Np-2N+2p
N —2N+2 N
Because |u|Np—N+p e L(NFa)p-2N+2p (R ), SO

[ (Ia *|u, —u|q)|u|'k2 up

Np-N+p

Np

< J'RN(IQ *|u, —u|q)m

=0, (1)||¢"Wl'p(RN) :

Np(q-1) p
ulNe-N-+p dx ~||go||wl‘p(RN)

In a similar way, we can verify that
oo (e Yy =™ (1, =) = 0, (D)l

Therefore, conclusion (2) is established. W
Let

T, (u) :%IRN A(x,u)|[Vul® dx+%fRN E(ex)u)” dx+o ] K, (x.u)dx.

The definition operator F: X, — X,, v=Fue X, is the only solution of
the following equation.
1 ' 2 A1 -2
E(JE (u)+J.(v)-dJ, (u—v),77>+(.[]RN 2 (X)|ul? dx—l)+ Jow 2. V)™ v

1 (15)

1
:Eh‘ (Wz (u)jJRN (Ia >x<|u|q)|u|q*2 unpdx, VneX,
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Lemma3.9 Vu,ve X,
(1) For p>2,

(7 ()-T:(v).0)

< o{Jul oy ) Jla =y e

i+l

g [T e iy

For 1l<p<2,

(72 v).0)
s(w wmpw|
(2) For p>1,
(72(2):0) o o Wl + Bl oo )
(3) For p>2,
(72 (u)=T!(v),u-v)> C("U ~Vlgu sy +u -V||Tg(RN))'

For 1<p<2,

Li(lRN) "(DHL?(RN))‘

(72(0)- 72 (v).u-v)
2 ofu o) () e )

1o T e (e ¥ e
Proof: (1) From V,, A and Holderinequality it follows that

(T1(W)-T:(v).0)

=[x (A(x,u)|Vu|p*2 Vu-A(x,v)[vy"? Vv)Vgodx
+lIRN (A (x,u)[vul® - A (x,v)|Vv|p)¢dx

+[on E(ex (|u|p fu-pv" )¢adx+o—j (x,u)—k, (x,v))epdx

“vu-|wy" Vv‘~|Vgo|dx+cj .

|(/7|dx+oj (x,u) =K, (x,V))pdx

Ui

|p_2 vu —|Vv|p_2 Vv

1.

p-1
P p
+C[ BN v|P1 dX] "(Z)”Wl,p(RN)

+0 [ (K (xu) =K, (x,V))pdx.

For p>2,from (9) we have

“dﬂ”ndmww)

P u-pp
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p-1
P p
i o
P
p-2 b-2\pa £ P
<c I]RN (|Vu| +[Vv| )p | Vu = vv[e-1 dx

o , .
< C[(IRN [vul’ dx)pT ([ V° dX)p"J-(jRN [Vu-vyf’ dx)?
= C(HUM P(rM) +”V”mp/1p RN )"u _V"W“’(RN) '

similarly,
p-1

P
{RN vqu Il ey o~

For 1< p<2, from (10) we have
p-1

[ p Jp
-1 dx
RN

p-1
SC(IRN|VU—VV|de)p <clu- v||W1pIRN)

|Vu|p_2 vu —|Vv|p_2 Vv

[ u-pp”

|Vu|p72 Vu—|Wy| "2y

p-1
P o1

P
{ it pldx} p Sc(j |u— v|pdx) P<cfu- V||W1p ot
In addition, by Lemma 3.1 (6) and Hélder inequality, for p>2,
aj (x,v))edx
< cJ' v exp{(m- p)dlst(gx,/\/l }(|u|m’2 +|v|m’2)|u — V||| dx

S f Il * M) o =Vl B
For 1<p<2,
O'I (x,v))pdx
<c_[ exp{(m- p)dlst(gx,/\/l }|u—v|m'1|¢|dx

o

<ofu vt oo

(2) Take v=0 in (1) to get (2).

(3) From assume A,, A,, we have
(T (u)=T.(v).u=-v)
:j N(A (x,u) |Vu|p_2 Vu—A(x,v)|Vv|p_2 Vv)(Vu—Vv)dx
+ ( (x,u)[Vul® — A x,v)|Vv|p)(u—v)dx
W E(&x) (|u|p u- |v|ID 2v)(u—v)dx

+0J' (k, (x.u X,v))(u—v)dx
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2 [, (IVu|"’2 Vu=[Vv]" 9v) (Vu - vv)dx
+ CIRN (|u|p_2 T v)(u —v)dx
o (k () =k, (x))(u-v)de
For p> 2, from (9) we have
[ (|Vu|p_2 vu-|w|*’ Vv)(Vu —Vv)dx

>cf o [Vu-vv" dx>clu —v|k‘;1‘p(RN) ,

.[]RN (|U|p—2 u —|V|p‘2 V)(U —V)dX > C”U _V|L/’\)/1'p(]RN) .
From Lemma 3.1 (5), we have

Jon (K. (x,u) =k, (x,v))(u=v)dx

> cJ'RN exp{(m- p)dist (x, M)}|u—v|" dx = c|u —v||T?(]RN) .

Similarly, from (10) and Lemma 3.1 (5) can prove the case of 1< p <2, so (3)
holds. B

Lemma 3.10 If ”u”xg is bounded, then "Fu"xg :"v"XE is bounded.

Proof: By (15)

||FU||valvp(RN) + ||FU||Tg(RN)
<c(J!(v),v)<ch, {V/; (u)jJ'IRN (Ia *[uf* )|u|q'2 uvdx

29-1
S Y LY WP Y
thus ||Fu||x_ is bounded. W
Lemma 3.11 Fis odd, well defined, and continuous on X, .
Proof: From the definition of operator F it is easy to know that Fis an odd
operator. Definition

G(v)= 27, (v)+ 57, (v=u)+5(7!(u).v)

+%(IRN 2 ()" dX—l)fil Jow 2 ()] dx

1 2 -
—Ehﬂ [l//z (U)JIRN (Ia *|u|q)|u|q “uvdx, VveX,

Equation (15) has a unique solution Vv = Fu, which can be obtained by solv-
ing the minimization problem inf {G(v)|ve X, | . Since
1 1,
6(1)> 23, (V) + 291 (8) V), > Mo~ M) .
thus G'is coercive.
Let {Vn} c X, be a minimizing sequence for the functional G, v, >V in

X, . By the lower semicontinuity

G(v)<liminfG(v,)=inf{G(v)|ve X, |

n—o
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so vis a solution of (15). Assume V;,V, are solutions of (15), taking V, —V, as
the test function, we have

%<‘7$, (vl)_js' (Vz),Vl—V2>+%<j; (vl_u)_jg' (Vz _u)7V1_Vz>

([ OO =) [ 2 Ol vl v ) v, =0

Hence

(72 (4) =T (v2) v =v;) =0,

By Lemma 3.9 (3), for p>2
<~7£ (V)= T (v2) v _V2> 2 c(||v1 _v2||\;\)ll'p(]RN) +-v, "T?(RN))’
for 1<p<2
(7L (W)=T! (V) v =v,)
S T I (1 A X i

)

Then Vv, =V, , we prove that Equation (15) has a unique solution of v="Fu.
The following proves that Fis continuous, taking 7 =V, —v in (15), we have

0 e e (e

1

E(Jg’ (u=v)=J,.(u,-v,),(u=v)—(u, —vn)>+%(j; (v,) =T (v),v, _\,>
(1w 2o OOl 0-2)" [ 2 (0l vy~ 7 v) (v, )
=T T2 0, w0 -0) 5 ST 0) -T2 ()9

{(.[RN ;(g(x)|un|pdx—l)f_l—(.[RN ;(g(x)|u|pdx—l)+ﬁl}jRN ;gg(x)|v|p’2v(v—vn)dx(l6)
+%h,1 (W;(UH)JIRN ((| Y 0, = (1, *|u|“)|u|q*2u)(vn V) dx
+§[m[wi<un)j—m (ﬁ(u)}]fw(la ool o u(v, V).

Suppose U, =>U in X,,byLemma 3.9 and Lemma 3.10, for p> 2, we have

<‘7'(u—v)—‘7’(un —vn),u—un>+<j;(un)—j;(u),v—vn>

< o Ju vl oyl =l ) Jla =t =
+C(|
o e+l o jnun—uuwl.p(RN)||v—vn||wl,p(RN)
o {Julsfer) e Jn =l Vol

<clu, vl =0,(1),

)+ =Vl Jla =0 0 0= e

(17)
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Similarly, for 1< p <2, we have
(T (u=v) =T (U, =V, ) u=u, ) +(T! (U,) =T, (u) V=V, )
<C(IIu V=Uy 4, i 0 = oy 0 =Y =t [ -,
+c("uﬂ "\/pv1p RN ||V_Vn"vv1vp(RN)+”u u”L’“ R) ”V v "Lm ]RN)j
=0,(1).

By Lemma 3.10 and Hardy-Littlewood-Sobolev inequality, we obtain that

|:(IRN xg(x)|un|pdx_1)ﬂ_1_(fRN ;(g(x)|u|pdx—1)+ﬂl}j]RN 2 (O v(v-v, )dx
e L (A R )| ORI POt

By Lemma 3.5 and Lemma 3.10, we have

0 (A1) (A T R (AP A O

:—h [ %( n)JJ'RN(I{Z*|un—u|q)|un—u|qz(un—u)(vn—v)dx (20)
=0,(1).

Thus the right-hand side of (16) satisfies
RHS =0, (1) (21)

o)

+

(19)

N | =

Next, we estimate the left-hand side of (16), for p>2, by (9)
LHS 2 (7 (4,) =T (v)-% V)

p . (22)
= C("Vn _V"wLD(IRN) +"Vn _V"LZJ(RN))'
for 1< p<2,by(10)
LHS > (j; (v))= T (v),v, —v>
S LA A [ A ey @)

-1
=l (Bl + M )

From (21) to (23), for p >1, we obtain

vy =], —0,asn— .

n Xg

Therefore, Fis continuous. W
We verify the condition (F,) in Theorem 2.2
Lemma 3.12 If ue X_,v="Fu, then

(1) (F"M (u),u —v> > c("u _V”\IPVLP(RN) +[u-v

)
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F;,l(u)||£c(l+ r,, (u)|+||u—v||xg) ||u—v||X£, p>2
I )] <clu-
where a:max{p,m, p[)’}

Proof: (1) By (15), Vne X, we have

(Tr (u)m)
= (72 (w)m) ([ 2 () dx—l)ffl [ 220 ()] umax
~S{T W)= Ti(v)+ T (v-u)m)
_(IRN Z: (X[’ dx—l)fil [ 2. ()M vl (24)
1

, 1, '
S O

# ([ 2 OO d=1) [z () (= )

2

l<p<2

Hence
(T (u),u-v)
— (T =v)u=v)+ T (1) =T (v) u-v)
(o 2 P a1 L2 () (" v) (v i
2 o{Ju Vo) + I Mager) )
(2) For p=2,by (7) (15) we have

4T ()= (T (0)=T1(v)+ 7. (u=v).u)
=ul,, (u)—%(j; (u),u>+%h{

1

01 o
—(IRN 2, (x)]u]” dx —l)iH [ 2 () vudx

L PG A R 0 A o

+ouf K, (xu)dx—of  k, (xu)u+ :ﬁ(J'RN ;(g(x)|u|pdx—1)ﬂ
—(I v Ze (%) |u|pdx—1)ﬂ 1j o 2, ()" vudx

L 1

2 2

n[vr s 2o, [v 0 o

o(u-m s
> cfJufl 2 () * ( - )-[]RN kg(x,u)udx+ﬁ(j]RN ;(g(x)|u|pdx—1)+

—(IRN 2 (X)|ul® dx—l)lH [on 2 (V" udx,

while
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o(u—m)
m
>cj exp{(m- p)dist (&x, M)}[u[" dx = c|Jul|;

IRN k, (x,u)udx

L'“ ]RN)

By Hoder inequality and Young inequality, we obtain that
L(I V4 (X)|u|pdx_1)ﬂ_(f X (X)|U|de—1)/H_[ 7 (X)|V|p_2VUdX
s gN Ae . gN Ae . Jen e
ﬂ ﬂ,
:piﬂ(fRN pACII dX—1)+ —(IRN 2 ()u? dX—l)+ lfRN 2. (%)|u|” dx
+(IRN 2 (x)uf” dx_l)fil [Ry2 (X)(|u|p72 T v)udx
> c(j]RN Ze (X)ul? dx—l)f —c( 2 (x)(|u|p’2 V7 u _v||u|dx)'g ¢
z C(-[]RN 2 (X)|uf” dx—1)f —C(IRN 2 (X)|u=v|® dx)ﬂ -,
Hence
qu,E(U)—%U;(u)—j; (v)+7.(u=v),u)
> o el o) I ) {2 O 05-2) el

In addition, by Lemma 3.9
4T (0) =T ()= T (v) .7 (=) v)
< el () ol + IR ) e =g Moo
o)+ M) =g Ml
T (T v T TR e T Y

< C|F£,/1 |'i'C"u”v’\)/1p ]RN ”U v"w1p ]RN +C||u"|_”‘ RN "U _V”Lg‘(RN)
+C(”U V|w1p "u"vv“’ ]RN +||U V"L’“ RN "u"L?(]RN)j (26)
(W)+ (nunwlp o Iy el =l = )

(25)

<c

that is
(ol o)l {2 0l 06 -1) =l =Vl -
Eo (W o{ o)l € Ju = - LT<RN))-

<cC

Thus
m B
e Bl (o 22 0P 03

< C(1+|Fm ()] + 0 =) * =Vl )+ =l )

By (24) and Lemma 3.9(1), (27) and Young inequality, we have

(27)
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L ()] <51 v
+(1M<x>|u|pdx—1) 1IRNzg<x)(|u|’”u—|v|”v)dx
[t e 2 OO 051) ) ) I oy oo
R (R Ay TR PR (TR A T ety
o[t ez OO 06-1) ) ) oy o,
oy Il Jlu =,

e Y T P PR IRY TR ey P

roo@+fu-vly, ) Ju-vly,

where o =max{ps, p,m}.
For 1< p<2,by(24) and Lemma 3.9 (2), we have

Wl<3 v)]
* (IRN 2 (X’ dx-1)+ " xg(x)(|u|p*2u_|v|"*2v)dx
(IIu Vi h(n ))+c||u Vi oo (jRNzg(x)|u|pdx_1)f’l
<c(||u v|L,pv T@’(RN))

<c|u —v||X£ .

Sc@+

|
From Lemma 3.12, we can get the following corollary:
Corollary 3.13 Forall b, ¢, >0, there exists b=b(b,, c))>0 such that if

T (W) =eo T, (u)] 2 by

then

(T, (u).,u-Fu)=bu—Ful, >0,u-Fu=0.
we denote

D(f,g)z.[RNjRNdedy

Lemma 3.14 ([5], Theorem9.8) If N>3,0<a <N, and
D(f, f), D(g,g)<oo, then

ID(f.g)] <D(f,f)-D(g.9)

onlywhen g #0, f =cg, the equal sign holds, where cis a constant.
For 6 >0, define convex cones Pand Q.
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+

P::{u|UEX5(RN), u

Lm( )<5} QZZ{U|UE X, (R"),Ju”

o a) <0 }
We verify the condition (F) in Theorem 2.2
Lemma 3.15 For 0< A <1, there exists 6, >0, such that for 0<6 <9, , we
have

F(BP)CP,F(@Q)CQ.

Proof: We only prove F(6P)cP,VuedP, let v=Fu, taking 7=V" in
(15), by Hardy-Littlewood-Sobolev inequality and Lemma 3.14 have

l:;lvp(RN) <[v | ﬁ(j’(v),v*>

Xé‘
(u) (. ( l, >1<|u|0')|u|q’2 uv*dx

+ +

\') \

<ch, (//%(u) [ (I *|uf* ) utv*dx

+

e u+v+dx); (IRN (Ia *|ul’ )|u|q dx);

v+))u
A a-t a2 3
=ch,| y2(u) z//z(u)('[RN(la*(u+ u*v*)) ut u*v*dxj
< +|-t +
- Cl Lqr(RN) Lqr(]RN)
o
it q- 1 a-p
then |v Lqr(RN)SCi u” qu(JRN) Just taking o, = . ,thenfor 0<d <9,
A

1

+|9-t p-1 -1 %
u Lq'(RN)j <(c;67)rt<s

o (o
Hence F(oP)cP
Similarly available: F (8Q) cQ 1
We verify the condition (I,) in Theorem 2.2
Lemma 3.16 There exist 6, >0 and 0< ¢ =c¢ (5) , such that for any
0<o6 <6, have

r,,(u)=c, YuedPnaQ.
Proof: YV uedPnoQ, we have

r,, (u)z%jRN A(x,u)[vul? dx+%jRN E(ex)|ul’ dx—%g,1 (y/; (u)]z//(u)

mini{a,,a
STV 1

p

T ) =0l

> [M_ c052q—p ]"U"VF:,L;:(RN)

cp
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min a
Taking &, is small enough to make c,57% " M

, then for
2cp

0<d < 6,,wehave

mln {a,.2 ” "WwRN min{ao,a}(Sp e

r u > > :
ot ( 2cp 2cp 0
|

Finally, we verify the condition ' in Theorem 2.2
Let

Jo(u)zé.[ (a|Vu|p+b|u| )dx+aj exp{(m— p)[x|}|u]" dx
—Ziqgl[wz(a)]w(a)

where ¢=["¢(z)dr, B (0)={xeR"|X<1}, ueX,(B(0), d=u in
B,(0), 0=0 in (B1 (O))C. Let {en}(::1 be a family of linearly independent
functions in C; (B, (0)), exist an increasing sequence R, so that

Jo(u)<0, YueH,,|u|>R,

where H, =span{e,--,e,}, choose the appropriate ¢ to make B, (0)c= M

L -

Define
¢, €c(B,.C; (B,(0)))
(pn(t):RnZn:tiei, t=(t,-t,)eB, ={t|teR" |t| <1}
=
Note
r, —{E|Ecx E is compact set, —E = E, for n € A, ;/(Erm }
A={n|neC(X,,X,),nisodd function, 7(P) = P, 7(Q) = Q,n(u) =uif T, , (u)<0}.

Lemma 3.17 Theset T';, j=12,--- is nonempty.
Proof: The proof is similar to ([25], Lemma 4.2).

So far, we have verified all the conditions of theorem 2.2 and obtained the fol-
lowing existence theorem.

Theorem 3.18 Assuming that the conditions V| and V, hold, then there exist
0<&<1 and 0<A<1, such that when 0<s<&, 0<A<A, the functional
I, , has infinitely many sign-changing critical points, the corresponding criti-

cal values are

¢,(e4)=inf sup T, (u), j=12,- (28)

Eel'j yeE\Ww

Moreover,

(1) Existence of m;, j=12,--- independentof ¢,1 such that
¢ (e4)<m;, j=1,2,- (29)
@) If ¢;(&,4)=-=C(s,4)=C,then »(K])=k,with
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K =K \W, K, ={x|dT, , (u)=0T,, (u)=c}.

Proof: All the assumptions of Theorem 2.2 are satisfied, by Theorem 2.2 we
know (2) is true. We only need to prove (29). It’s easy to verify that {c J.} is in-
crem~ental, and E; = ¢j+1<Bj+1) el;, for t/je B, Uep,(t),exists 0<& <~1 ,
0<Z<1, such that ([, 7 (X)u]’dx-1) =0, then if 0<z<&, 0<A<i,

for UE(pM(BH) has T, , <J,(u), thus
c;(e,4)<m; =supJ,(u)

uek;

4. The Proof of Theorem 1.1

In this section, we will prove the main result of this paper, that is, when &, 4 is
small enough, the critical point of I', ; is also the critical point of |, . In order
to prove the perturbation functional TI', ; and the original functional |, have
a common critical point, we will prove the following theorem.

Theorem 4.1 (1) Suppose T, , (u)<L, T, (u)=0, then there is a constant
H=H (L) such that ||u||w1,p(RN) <H;

(2) Suppose T, (U)S LT (u)=0, then exists constant u>0, C=C(L),
Forany 5>0, thereis ¢=¢(8)>0, and when 0<¢<¢g(5), we have

Ju(x)| soexp{—ydist(x,(A‘y)E)}, v xeR".

Proof (1) It is easily obtained by Lemma 3.2.

(2) Refer to ([19], Lemma 5.1-Lemma 5.5), results (2). It is necessary to esti-
mate the uniform boundedness of the solution of the truncation problem. With
the help of the technique of section decomposition ([26], Theorem 2.1, Theorem
3.3), through Moser iteration [14] [15] [16] [17], we can get, if T',, (un)S L,
Il ,(u,)=0,thenexists c,u independent of n makes:

lu, (%) < cexp{-uR}, x e QY.

we note R (x)=min {|X— Yok

|keA},then

u, (x)| < cexp{-uR, (x)},V xe QY.
Because &,Y,, — Yy €A, thereis £(6)>0 forany &>0,when
&, <&(5), wehave &Y, € A°, thus
|un (x)| <cexp{-uR,} < cexp{—y dist(x,(A5)£ )} vxeR". A
Corollary 4.2 (1) Suppose T', ,(u)<L,T. (u)=0, then there is a constant
A=A(L) suchthat T, ,(u)=T,(u) and T,(u)=0 if 0<A<2Z;

(2) Suppose T, (u)<L,I",(u)=0, then there is a constant & =2 (L) such
that T, (u)=1_(u) and 1/(u)=0 if O<e<z.

Proof (1) By Theorem 4.1(1), if 0<A<A(L) :% , then
C
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1 1

ey < H = {M_L(L)J“ L ( % jq

thus ', (u)=T,(u) and I",(u)=0.
(2) By Theorem 4.1(2), there exists x>0, C=C(L) such that for any
5>0,thereis ¢=¢(5)>0,when O<e<e(5) have

|un(x)|SCexp{—,udist(x,(A")E)}soexp{—ydist(x,/\/ls)}
we note d=diSt(A5,6./\/l),thenfor X & M., we have
dist(x,(A”) ) dist (x, M, ) +d&™

thus,as € —>0

[ ;gg(x)|u|”dectc:”’J.]RN\M |u]” dx
<[, exp{—ypdist(x,(A‘*)g)}dx
sog’pexp{ ude” } - exp{ (p—l)dist(x,(A‘i)g)}dx

<ce Pexp{-ude }jRN\Mexp{—y(p—l)dist(x,A’S)}dx
<cz Pexp{-ude }

In particular, thereisa & sothatwhen 0<e& <&, wehave
(IRN 2, (X)|u]” dx—1)+ =0

thus I, (u)=T,(u) and T’ (u)=1/(u)=0. m

Proof of Theorem 1.1 Given a positive integer & by Theorem 3.18, there is
0<é<1 and 0<A<1, such that when 0<g<&, 0<A</, the functional
r,, has k pairs of sign-changing critical points tu;,, j=12,---,k, and the
corresponding critical values satisfy:

0<c(&d)<--<c(&,4)<m,

By Corollary 4.2(2), there is & =&, (m,)>0, when 0<¢ <& =min{g, &},

[,(u)<m, and I',(u)=0, we have
I (8)=1, (u),1: () =0

By Corollary 4.2(1), there is 4, =4 (m,)>0, when 0< A< 4, =min {ik,ﬂ:} ,

I,,(u)<m and I, ,(u)=0, we have
I, (4)=T, (u). I} (u) =0

Hence, when O<e<§,,0<A< ﬂ:k , which u;, =u; (5,/1), j=12,---k is

also the critical point of functional |, . Further, according to Theorem 4.1, there

is a constant x>0, C:C(mk), so that for any ¢ >0, there is &, (5)>0,
when 0<é&<g (5),wehave

u;.|<cexpi-udist(x,(A°) |{, VxeR".
ui.| (4°),
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