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Abstract

This paper studies the existence and uniqueness of local strong solutions to
an Oldroyd-B model with density-dependent viscosity in a bounded domain
QcRY, d=2 or 3, via incompressible limit, in which the initial data is
“well-prepared” and the velocity field enjoys the slip boundary conditions.
The main idea is to derive the uniform energy estimates for nonlinear systems
and corresponding incompressible limit.
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1. Introduction

The Oldroyd-B model is a fundamental set of equations in the field of fluid dy-
namics, which is used to characterize the motion of fluids that display complex
viscoelastic behavior under the influence of strain. In this paper, we consider the
Oldroyd-B model with density-dependent viscosity in a bounded domain
QcR’, d=2 or 3. For the incompressible fluids of Oldroyd-B type, the go-
verning equations are of the following form (see [1] [2], for instance):

divu =0, (1)
U, +u-Vu+Vvqg = pAu + g divz, (2)
7, +U-Vr+ar+Q(z,Vu) = u,I'(Vu), (3)

where U =(u,,+,Uy), ¢ 7 are velocity, pressure and elastic part of the tan-
gential stress tensor, respectively, and the density is usually set to be 1 without
the loss of generality; V denotes the gradient of a scalar field, and A is Lap-

lace operator, a,z4,u, and the viscosity coefficient u are positive constants,
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and
F(Vu):%(Vu+(Vu)T),
Q(r,Vu)=rW(u)—W(u)r—b(F(Vu)r+rF(Vu)),
where W(u):%(Vu—(Vu)T) and be[—l,l].

The motion of compressible fluids is governed by the following nonlinear eq-

uations:
ol +u*-Vp* + ptdivu’ =0, (4)
u/ +u*-vu* +%VP*
(5)
:p_ﬁ[div(zy(p)o(u*))+v(/1(p)divuﬂ)}+%diwﬂ,
rf+u‘-Vr‘+ar‘+p—llQ(r‘,Vu‘)=%F(Vu‘), (6)

where pﬂ , ut, 7t oare density, velocity and elastic stress tensor, respectively,
A=1/¢ is the non-dimensional constant, and ¢ is Mach number. Moreover,
the pressure P’ is given by the equation of states P” (p)= lzp( p)» where
p(p) satisfies p'(p)>0 for p>0. The constants u(p) and A(p) are
viscosity constants with ,u(p) >0, /I(p) >0 and y(p)+ dl(p)/Z >0. For
the derivation of the non-dimensional system (4)-(6), one may refer to [3] for
the details.

In the physical standpoint, as the Mach number tends to zero, the solutions of
the compressible system (4)-(6) converge to the solutions of the incompressible
system (1)-(3), it is known as the incompressible limit. However, rigorously
proving this limit process mathematically is a challenging problem. Since Ebin
[4] in the 1970s, researchers have made a lot of research achievements on the
incompressible limit of hydrodynamic models. Klainerman and Majda [5] estab-
lish a general framework for studying the incompressible limits of locally
smooth solutions. For further research on the incompressible limit problem of
hydrodynamics, refer to [6]-[12].

Currently, significant progress has been made in the research outcomes of the
Oldroyd-B model for the viscoelastic fluids. It is well known that long time exis-
tence of solutions to the viscoelastic equations depends on strong dispersive esti-
mates (see [13] [14] for instance). The results by Klainerman [13] provided some
answers for the wave equations based on the Lorentz invariance, and Sideris and
Thomases [15] studied non-Lorentz invariant systems in three-dimensional space
using weighted estimates method. However, none of these methods can be ap-
plied to Oldroyd-B model due to the existence of damping mechanisms. In H°®,
the existence and uniqueness of local strong solutions of incompressible fluid sa-
tisfying the Oldroyd constitutive law are given by Guillopé and Saut [16]. In Be-

sov spaces, Chemin and Masmoudi [2] studied the existence and uniqueness for
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local and global solutions.

In addition, Fang and Zi [17] investigated the incompressible limit of the Ol-
droyd-B model in the full space when the initial data and coupling constants are
sufficiently small. They verify that when the Mach number tends to zero, the
global solutions of compressible Oldroyd-B model converge to the solutions of
the corresponding incompressible model. This demonstrates the existence of the
solutions for the incompressible model, and the uniform estimates for the con-
vergence rate are obtained. Lei [18] proved the incompressible limit of the Ol-
droyd-B model with small and “well-prepared” initial data in T", as well as the
local and global existence of classical solutions. For the Oldroyd-B model in
bounded domain, Ren and Ou [19] proved the incompressible limit of local
strong solutions. It is worth noting that the existing conclusions on the incom-
pressible limit problem show that the viscosity coefficient is constant, while the
case of density-dependent viscosity has not been studied.

In this paper, the incompressible limit of local strong solutions of compressi-
ble Oldroyd-B model in a bounded domain QcR* or R® will be studied
when the viscosity coefficient depends on the density, so as to prove the exis-
tence and uniqueness of local strong solutions of the compressible Oldroyd-B
model. In a sense, it extends the result of constant viscosity coefficient in Ren
and Ou [19] to the case where the viscosity coefficient depends on density.
Moreover, compared with Ren and Ou [19], the density-dependent viscosity will
bring more difficulties to energy estimate. This is due to the fact that the boun-
dary effects produce more troubles in the estimates for high-order derivatives.
The main idea is to derive a uniform spatial-time energy estimate for the linea-
rized system of (4)-(6) which yields the uniform estimates for the nonlinear sys-
tem (4)-(6) and the corresponding incompressible limit, provided that the initial
data are well prepared and uniformly bounded with respect to the Mach num-
ber.

We impose the following initial condition
<pz,ul,rl)‘tzoz(pé,ué,z';)(x), XxeQ, (7)

and the slip boundary condition

u*-n=0 onaQ,
{ (8)

curlu* =0(d =2) or nxcurlu* =0(d =3) on aQ,

where QeR?(d=2,3) isthe bounded domain with smooth boundary 8Q, n
is the unit outer normal, and the vorticity curlu* =d,u; —d,u; for d =2 or
curlu” = (qu; —0,uz,0,u; —0,uf,a,u; —o,u )T for d =3. The boundary con-
dition (8) is a particular case of Navier’s slip boundary conditions which de-

scribe the interaction between a fluid and a wall,

u-n=0, s-S(u)-n+au-s=0 onaQ, 9)

where sis any unit tangential direction to Q.

The main results of this paper are as follows.
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Theorem 1.1 Let Q< R®(d =2,3) be a bounded domain with smooth boun-
dary 0Q. Suppose that the initial datum (pé1 (x),ug (x), 75 (X)) satisties that
for A2 A,, where Ay >0 Iisa sufficiently large constant,

i,H(at (2(#"(0)-1)).0u" (0).3i* (0))

Assuming that the following compatibility conditions are satistied for i=0,1
and?2,

C. (10)

IA

H 2-i (Q)

a,u* (0)-n=0 onoQ,

_ _ (11)
curloju” (0)=0 (d =2) or nxcurldu* (0)=0(d =3) onoQ,

There are positive constants T, =T, (d,Q,é) and C, =C, (d,Q,é) indepen-
dent of A > A, which make the initial-boundary problem (4)-(8) admit a unique
solution ( p)“ ut,rt ) satistying

i}”(a (4(p* -2)).a0u* 31" ) (1)

Remark 1.1 The initial data of the time derivatives p{ (0),u; (0),z; (0) are
determined by (4)-(6) and p;.uj.7;, eg, pf(0)= —(ug Vol +p§divué) . SI-
milarly, pg (0),ug (0),7; (0) are determined by (4)-(6) and the initial data of

the lower order time derivatives, e.g.,

pi(0)==[u (0)-Vp§ +ui -Vpi (0)+ p{ (0)divug + pgdivu/ (0) ].

<C,, 0<t<T,. (12)

+ ||8}ul
(@)

p2-i (0T0:H* ()

Theorem 1.2 Let all the assumptions in Theorem 1 be satisfied. Then, the so-
lution (,0’1 , ul,rl) to (4)-(8) satisfies thatas A — o,

p* —1in L”(0,T,;H?(Q))NLip([0,T,], H*(©)), (13)

(u',7%) > (u,7) weakly—= in L”(0,T,;H?(Q))Lip([0,T,],H'(Q)), (14)

(u',z*) > (u,7) in C([0,T,],H*(Q)), VO<&<1, (15)
where (U,7) is the unique solution to the following incompressible Oldroyd-B
system

divu =0, (16)
IT(u, +U-Vu—yAu — g divz) =0, (17)
T‘+U-VT+&T+Q(T,VU)=,UZF(VU), (18)

in Qx[0,T)] associated with the initial condition (U'T)L:o =(Up (), 75 (%))
and the slip boundary conditions (8), where I1 is the Leray-projection on the
divergence free vector fields and (Uy,7,) is the weak limit of (ugz'é) in
H?(Q).

2. Preliminaries and the Linearized Problem

During the subsequent proof, the following result is needed

Au = Vdivu -~ curleurlu = 2div(D (u)) - Vdivu, Vu=(u,u,,u)", (19
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where m:(az,—ﬁl)T for d=2, curl=curl for d=3.

Lemma 2.1 ([20]) Let Q be a bounded domain in R" with smooth boun-
dary 0Q and outward normal n. There is a constant C >0 independent of u,
such that

"u H3(Q) =

C (||divu

+ ||cur|u

+||u n

HyE o) + "u

. o ) 20

forany ueH®(Q).

Lemma 2.2 ([21]) Let Q be a bounded domain in R  with smooth boun-
dary 0Q and outward normal n. There is a constant C >0 independent of u,
such that

Ju

<C (||divu

Hei(a) +||cur|u

+|u

) @D

H*(Q) H (@ H 2 (oQ)

forany ueH*(Q)".
Remark 2.1 The general form of the conclusions of Lemma 2.1 and Lemma

2.2 in the range [20] [21] is: there is a constant C >0 independent of u, such
that

Ju

[yoo 0y < C(Jdivu

IWS,LP(Q) +||eurtu

+||u-n

st%,p @) T "U

wSP () wSP(Q) )
and

Ju

<C (||d|vu

+ ||cur|u

+||u><n

ws_E () +Ju

IWS’LP(Q) )

Wsp stl,p(ﬂ) Wslp

forany ueW*"(Q).
Lemma 2.3 ([3]). If f:R" >R is a smooth function with f (0) =0, then
forany keN, wehave f(u)eH"NL" with

[ @e = Clulle

provided that u e H* N\ ", where C depends only on £ k and ||u|||_w .
It follows that for any smooth function F(-) and any ueH “AL*, we can
deduce that

[ (u)

Lemma 2.4 ([22], Part 1, Theorem 10.1) Zet QRN be a bounded domain
with C-boundary, and let u be any function in W*" (Q)NL"(Q) with
1<r,q< . For any integer j with 0< j <Kk, and for any number a in the in-
terval [j / k,l], set

L < C||F(O)+(F(u)— F (0))||Hk <C(1+ully ). (22)

izl (__Lj (1_a)1
p N r N q
If k—j—N/r isnota nonnegative integer, then

[D%ul, o <Clulfs ol @)

If K—j—=N/r is a nonnegative integer, then (23) only holds for a= j/k.
The constant C depends only on €,r,q,k, j,a.
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In the following, we present some specific cases of Equation (23) in R® or
R3

1 1

< Cullis [vul

2= 2’

@1
<Cluffa ful, [

2 - 2’

||V2u

1 1 3 1
Julle < Clulls Nl - Nulle < ol ol

Furthermore, according to the Sobolev embedding theorem, we have
3 1 7 1
lull- <Cluflyse <Clufls: fulli: < Clulz ful? -

To simplify the calculations in this chapter, we will ignore the superscripts in

Equations (4)-(6). Let’s consider the linearization problem of Equations (4)-(6):
o, +V-Vp+£&divu =0, (24)

U +V-Vu+p'(£)EA%vp

- %[div(z,u(g) D(u)) +V(/1(§)divu)]+%diw,

(25)
q+v-vT+ar+éQ(aVV):%?r(VUy (26)

where (p,u,r) satisfies (7) and (8). When 4> 14, and i=0,1,2,forany T >0,
(&,v) and (&,v) satisfy the following inequalities:

(CIECE ) I @7
"Cfi1 (o (@) <M, (28)
|Hv <M, (29)

LZ(O,T;H:H (Q))

where &,v is a known function dependent on 1, H°(Q)=L*(Q). Applying
the method in [7] [15], we find that the existence of solutions (p,u,7) to the
linearized problem (24)-(26) satisfying the initial margin value conditions (7)
and (8) in bounded regions QX[O,T] can be proved, which is omitted here. In
the following, we will derive the uniform estimate for the solution (p,u,z) of
the linearized system of equations with respectto 4.

Lemma 2.5 Let ( P, z') be the solution to the linearized problem (24)-(26)
with (7) and (8) in QX[O,T] satistying the initial conditions (10), which are
defined recursively by (24)-(26), and the compatibility conditions (11). Then the
solution ( p,u,r) to the linearized problem satisfies the uniform-on-/ esti-
mates (12).

Remark 2.2 At the end of this section, we will introduce some notations for
energy estimate. Norms W*® and H* usually denote the commonly used
Sobolev spaces, and the positive constant C, C;(i=0,1,---) does not depend on
A . In addition, we usually assume that the constant n >0, and the constant

C, >0 only depends on n. It is worth noting that C and C, >0 depend on
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M. o, and 0; denote 2 and 2 respectively.

OX; OX;
3. Uniform Estimates for the Linearized Problem
3.1. The Basic Estimate

In this section, we derive the uniform-on- A estimates for (p,u,7) to the li-
nearized problem, which is stated in lemma 2.

Lemma 3.1 The fo]]owinginequa]jtyboldst
(t)+ J;(||r||i2 +divulf, +[eurtul?, )dx
<e?( || (o —1),u0,z'0) iz

Proof. Multiply both sides of Equations (24), (25) and (26) simultaneously by
A7 ( P —1) , & p'(& )_1 u and 7 respectively, then summarizing the integrals of

" plUr

(30)
VOt <T.

the resulting equations on (), and finally by integration by parts we obtain that:

el o [l
+[ ep(e)” [(Zy(§)+ A(&))|divuf* + y(§)|curlu|1dx = .Z:: 1,

(31)

where
1 _
1| :‘Ejaat (&' " )uf dx+ [ 4% (p-1)u-Védx
< ClG s I ol ol +Cele gl 150, Nz o
+Cla(p 1), Julle V&«
<nlulls +C, (Iells & Tl + 19 2l (o)

<nlulfs +c, (Il +[2 (o~ ).

1ol =3 [ 22w (o~ 4] ) div(£p'(£) v [
¢l (|2 (o =1e 2o -1z + el ]2

+C[]- Vel vl lull ulle +Clelle elle Ve Ve 1o el
+C[ele 1] 19Vl e ull

2
<rfulli +C, Jullz +C Vs (2 (o -1).0.7)].

L I‘Mjg[ﬁj (§p'(<§)_1)uifij +&p'(¢) vu :r}dx‘
< CVe] s Julle fulle +C el IVl lulle lulle +C el IVullz [le
<nlully +C, el
In,| :Uﬂé’lr-[yZF(Vu)—Q(r,Vv)}dx‘
<Cle]. ellz (Ivullz +19v].- Jell )

<nVullz +C, fleliz +C Vs Jeliz
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|I5| = —J'Qu [V(é p’(g)*l (2#(§)+ /1(5)))divu +V(§ p'(se)fl #(5))xcurlu}dx‘
+{[,&' (&) u[ 29 (1(£)) D (u)+V (2(£)) divu o
<C|[vele [Vullz Juls +Clelle fulls Vs (1P (W) +IVulle)

<full +C, Julls ol el
<1l +, Juliz

Note that lemma 2 is used in the above estimation, and the symmetry of 7 is
used for estimating |,. Thus, the lemma is proved by Gronwall’s inequality [23]
[24] and lemma 2. [

3.2. The Estimates of Low-Order Derivatives

Lemma 3.2 The following inequa]itybo]ds

2dt [“,/2;1 +/1 dIVU ”Mcurlu“;}
+—j £u, .uoix+H,/P'(§)§‘1/1pt 22

<ol + s + 196l )+, (ot ) +(2(0-2)0)
Proof. Integrating U-0, (5( 4)) on Q, one has

2dt[” 2u(&)+A(& dIVU “\/—curlu“ }
+aJ.Q§ut -udx+H,IP'(§)§’1/1pt .

:J'lep"(é)vgpt~udx+jﬂ§ut-utdx—jg[(§ ), - Vu+4? ”(é)ng] udx
[ E(v-u)u udx+ g [ dive, -udx— [ V(24(£)+A(£))divy, -udx

(32)

2
Ht )

[,V (1(2))eurty e [ 2, (200() +2(£) vl o
+% [, 0, (12(£))curtuf dx+ [ [2V (1(£))D(u,)+ v (4(£))divy, ]-udx
+In[div(26t (1(£))D(u))+V(2, (A(g))divu)]-udx
-3,
=
According to (24), it follows that
3 =C(Janlfe +(t+elfe J1avelr ol )
<C(Jaaifis +[ulf ).
[, = el i < Cluf:
RN {15 YA e Y W [
N 12&li 1wl + ol |

<C(|avall: +Iulf )
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|9,]< Ugdiv((fv)ut ~udx‘ +UQ (fv-utdivudx‘
< C Julfs+ (R Neiwwls +IE 19 2fh Jlne +l IE- Juf )
<C(Julfe +lulis )

In addition, based on the symmetry of 7 and the boundary condition
u- n|m =0, it can be deduced that

3| = \ [z: dex\ <C (||Tt||; +[vulf, ).
36| = ‘—J.QV(2;1(§)+/I(QE))divut ~udx—jQV(y(§))xcurlut -udx‘

d, (;z(§))|curlu|2 dx

+U zv ﬂ(g))D(ut)Jrv(/i(f))divut+div(28t(y(§))D(u))].udx
+[, V(8. (4(¢))divu)- udx‘

< luff + e + 9l o€, (0 em ) | p-2).0)

”\/7 &)ceurlu }

+—_[ £u, ~udx—j A*P' (&) pdivudx (33)

2
HY )

On the other hand, integrating the product of (24) with A°p’(&)&™p, yields

NIGERZ N

Summarizing (33) and (34), the lemma is proved. [

A direct calculation shows that

2dt“‘ 2u(&)+A(& dIVU

<ol + s +19ele )+, (ot ) +(2(0-2)0)

+ [ A2p'(€) pdivudx < Ap, > +C, [A(p ~. G4

Lemma 3.3 The following inequality holds

J2u(&)+2(&)yP'(¢)" evdivu ZL

<naivully +C, ([0, vu, v o), +Juli )+ Mo 12

1d
Ea”WP"iz +

(35)

Proof. Multiply V(24) by A*Vp and then integrate the resulting equation
on Q,we have

5 dt ||/1V ||LZ +j EAPV pVdivudx

<CIV- |49l +nlldivuls +C, |avels |aval: (36)
<Jdivull +C, [29pliz +C Vs 49

Based on the relation curlV =0 and the boundary condition (8), we can ob-
tain

IQVdivu -curleurludx = 0.
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Multiply both sides of (25) by p'(¢)” &?Vdivu and then integrate the re-

sulting equation on Q, it follows that

H\/ p'(£)" Ef2u(E)+A(&)vdivu
= [, p'(&)" & vdivu(u, +(v-V)u-¢& gdivr)d

— [ p'(&) " evdivu[ 2V (u(£))D(u)+V(A(&))divu |dx

+ [ p'(£)" u(&)curleurlu - Vdivudx

<nvdivull, +C, (Ju[fe +[Vulfz +[v el )+ Clél,. [Vaivul: [Vel,e [vul,s

2
. [, &vdivua®v pdx

(37)

<nvaivul +C, (Ju[f: +vulfs +|v el )

Therefore, with the above inequalities (36) and (37), the lemma is proved. [J
Lemma 3.4 The following inequality holds

1d
S5V el +alv el <alvulis +C, el +Clvle el (38)

Proof. Applying the operator V to Equation (26), multiplying the result by
V7 and then integrating it, we obtain

1d
>V el +alv el
=%fgdiw|Vr|z dx—IQVr-V(é‘l)Q(r,Vv)dx

_IQVT.g*lv(Q(r,Vv))dx+fQVr-V(ﬂz(ffl)r(Vu)dX
+ [,V & V(T (Vu))dx—[ (Vz-V)v-Vrdx

S

where

1< Cldiw]. [Veliz < €IV [Vl

o =c(veli: + e

2
A T

| <Clvd, (Iveli: + e

2
el )< M Il

[l <nlvvliy +C, & v elia Vel <nlvulls +C, 19 el

1| <n|v?u fz +C, e jx Vel <n|viu ; «C, |V,

1ol < ¢V [Veliz <V [V 2l

Thus, the lemma is proved. [J
Lemma 3.5 Let w:=curlu. We have

1d”\/EW

2 -
S L +a(&) i <n|vdivull; +C [(2p, vuvel,. (9

Proof. Applying the operator curl to Equation (26), multiplying the result by
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¢ and then integrating it, we deduce that
EW, +&E(V-V)w—u(&)Aw = g +curldivz, (40)

where
g= —éfo [div(Z,u(f) D(u))+V(ﬂ(§)divu)+ﬂldiVTJ

+V(u(€))xAu+V (u(&))x Vdivu+V(1(&))x Vdivu
—&V(p'()7)x(4°Vp)+vvxvu.

Multiply (40) by wand integrate it on L*(Q), one has

AW- wdx

g

= %jﬂ(gﬁ + diV(é:V))|W|2 dx + J'Q g - wax + jg curldivz - wdx

_ Z 3
where

|3 < 7wl +C,
35| <nwe + €, vl
Based on boundary condition (8), it follows that
19, = UQ g ~wdx‘
<C|ws [ 7. IV&].s (|wdivu]. +|curicurtu] . )]

e Vel Vel (Il +1v 71 )
+C| Wl [V&],s (Jau]z +[vdivul. )
+Cwls [V&ls 4Vl +C e ], (9 [Vl

< n|[vdivulf, +C, |(AVp, Vu, V7).

Thus, the lemma is proved by Lemma 2. [J
Lemma 3.6 The following inequality holds:

1d
2dte

+ﬂ2(

< 77||(/1pt’ut'rt "H1 +77"Vu"”1

Ap-1u)f,

[ﬂziz (&) ot +§(#z Juf +M|Ttlz)}d><+a;afg§|ﬂ|2 dx

“Fcurlu j @)

+lf )

Proof. Taking the derivatives of Equations (24) and (25) with respect to £ re-

2u(&)+ dIVU

+C, ("(lpt )

spectively, one has

Py +V-Vp, +&divy, =—v, - Vp—&divu, (42)
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E(uy +(v-V)u )+ A2P' (&) Vp,
=0, div(2u(£)D(u))+V(A(£)divu) |+ sdive, =& (u, +(v-V)u)  (43)
— &V -Vu-2%P"(&)EVp.

Then, multiply (26) by ¢ and take the derivative of the result with respect to

t, we have
é‘(z’n +(V-V)Tt)+a§2't
=—Q(7,, W)= Q(7. WV, )+ ,T' (VU ) = & (7, +(v- V) +ar) - &y, - Vr.

Multiply both sides of Equations (42), (43) and (44) simultaneously by
wARP (E)E7p,, mu, and 7, respectively, then summarizing the integrals

(44)

of the resulting equations on €, and finally by integration by parts we obtain
that:

li.[g['uﬂ’zpl(g)gilptz + f(/“z |ut|2 T |Tt|2 ):|dX + aMIQ§|Tt|2 dx

2dt
”\/7 &)curlu, J

+ﬂ2(

33,

i=1

u(&)+ d|vu

where

2

LG
£

|‘]1|S77||(ﬁ“pt'ut’ft)

e
52

2
H1+C’7[

+C, & Jurl
<nf(2pc .7 +C, (200007
C, {(lawvifs +[velia M- )laal
(el il +9 &l I o)
<nl(zpcuom )i+, (Ao )
[3al <l +C, v el ol <nlulis +c, lanl
3. <nlanlfs +C, (Ml 1avelfe +124 15 feivalf. )

<nlaalie +C, (1veli: +ldivul )

Jllé e 12

L L~

13, <n|(Apuz ), +

9ol <l +C s (e + I )+l s 9l #1260 129
<nulfs +C, (Iulfe +1vullz +14vo ).
195 <l e +C, [Vl Iz + 9 el
o L (G eV e T S H e M

<alllie+C, (Il +lelF ).
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|95 |_‘ [.V( A(&))divu, - ,u,dx - jv(y(g))xcurluthutdx‘
Ugum 2v<ﬂ<§)>o<ul>+v< (£))dive
+div(2y(§)l D(u))+V(/1(§)I divu)]dx‘
<CIvels [Vuele uells +C s e

<n(lulfe IVl )+, s

e[Vl Juells

e +Co

By applying the symmetry of 7 and integration by parts, one can derive that
J. =0. Therefore, the lemma is proved [
According to Lemmas 3.1-3.2 and Lemmas 2-2, it follows that

dt(" p-1).u) )

+||(z. divu, curlu) ||Hl +( 7., divu,, curly, )| B

+|| (AP b7 )|

<ol + VUl +leurtulls + (20 u 7 ),

2
LZ

) (45)

+||(lpt'ut’rt)

+C, ([(2(o-1)uo)f,

+C (vl 15l + V1o Il )

By Gronwall’s inequality [25], we obtain
Lemma 3.7 The fo]]owing Inequality holds

([CIPRSARTES R PYREY  IC)
+j (|| z,divu, curlu) || +(z,. divu,, curly,) || )ds (46)
<[ J(2p. 2, ds+e°w‘z_0:H(6} (A(p-1)),6u,8i7)(0) :H .

3.3. The Estimates of High-Order Derivatives

Lemma 3.8 The following fnequa]jtybolds

Zdt“JZy(é )+ A(E levu ——J &u, levudx+H1/ E)E /1th

< C(Ivelivulls + e +IVully 1Vl + Vol )

L (47)

Proof. Multiply 9, (&) by vdivu and then integrate iton L*(Q), one has

Zdt“JZy E)+A(& levu

=.[Q[ (&( v-V)u+§(vt-V)u+§(V-V)ut)+12P"(§)§th—,uidiVTt]-Vdivudx

d . , )
afﬂiut -Vdivudx— | A*P'(&)Vp, - Vdivudx

+J.Q|:—%(2/I(§)+/l(§))t vdivu + 4 (&) curleurly, + z (&), curleurlu
~2V(u(£))D(u)+V(A(&))divu, +2V (&), )D(u)

+V(A(£), )divu]vdivudx ~ [ &u, - vdivu,dx
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<C(Ivalls +lulfs +Ivull +127els )+ Clals Vdivul - [vdivul
+C[[VE]s feurtu |z [Velivul s +C V& |« flourtu] . [Vdivul].

: : (48)
+C[Ve)s [Vula [Vdivul e +C|vE 2 [Vul,. [Vdivul

< C{[vaivulf +[ufs + IVl +[4vos + V2 )

Then, integrate V(30)x p'(£)£74°Vp, on Q, this implies
H\/ p’(é)é‘lwptuiz + [, A2P'(€)Vp, - Vdivudx
= [, p' (&) avp, (V- V2 p+ VvV p+ Védivu ) dx (49)
<C{Javall: +Ivulls +1avaliy )

Therefore, the lemma is proved by (48) and (49). [
Lemma 3.9 The following inequality holds

2u(& +/1 §P % dIVU

2 dt
<7lullis +C IIVIIHs 149l (50)

—_— 2 )
+C, (HchrIcurIu ' +vivell, +|aV ol +lu s + IVl + )

Proof. By applying the operator V® to Equation (24), multiplying the result
by A°V?p and then integrating it, we arrive at

2;1 +A WEP' (& y? dIVU

zal”

:EJ'Q/lzdiw|Vzp| dx—.[Q/i Y p[V Wp +2VWV p]dx 51)

_ J'Q ,12v2p[v2§divu + 2V§Vdivu]dx

<lulls +C,| 7

Applying V to (25) and then integrate the resulting equation with
& p’(é)’l VZdivu leads to

HWWV dIVU
=[ &' 2dlvu(Vut +VV-Vu+v-VZu+ p"(&)VEETAVp

- p’(é)f‘zv&lzvp—é‘lediw— p'(£)EPVERVp— & pVdive )dx
+[,£p'() 71V2divu[— (2u(&)+A(&))Vdivu +V (u(&))curleurly
+ p(&)eurleurlu - V(2V( (£))D(u)+V(4(& ))dlvu)}dx

+j p'(&) vev divu[dlv(Zy( )D(u))+V (A (& )dIVU)]dX

)

5/1 V? pV2divudx

2

+[(u, vu, /Wp)

vl )

(
(” chrlcurlu VdIV‘r)

+C ||V§||Ls [veivul,. |72

€]z Ivul-
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\ (H(Vﬂcurlu,vdiw)”i2 +|(u, vu, 2vp) ZHl

.
+nfulls +C, Julls

Thus, this lemma is proved by (51) and (52) O
Lemma 3.10 The fo]]owing inequality holds

zdt\e“JP el dtndwutnwzum eV

<l IFs (53)

+C| M, ||m||iz +alle (Ivalfs +12701 )|

)..: +|| divz,, AV, )| .

Proof. According to (8), integrating (43) with &'Vdivu, , this implies

,/2;1 +/1 \/7Vd|vu H _[ E'p /1 Vp,Vdivu,dx
= [ —&vdivy, [,uldIVz't & (U +V-Vu)=&v,-Vu-A%p (f)é‘th Ev- Vu]
+I Evdivu, | u(&)eurleurlu, - 2,u(§)+/1(§)) vdivu+(u(£)), curlcurlu]dx

u [ u(s

+j §_1levu[ ~V(A(& ))dlvu]
[
C

dt ||d|vu ||L2 +3

+L}§1levut —ZV(,u(g‘))t ( ) V(4(£)), dlvu]dx
<oa - (a5 ol < )

+C||§_1||L°° [Vdivu, | - ( VU,

"L6 "VU "L3 +||V§t |||_2 "Vu”L >(54)

<nlulls +C, ([(4vp.vu.57) oy Jovel o)

Applying 0,V to (24) and then integrate the resulting equation with
APE? p'(§)th , it can be deduced that

2 dt +I E7p'(&)A°Vp, Vdivu,dx
< 77(||u||H3 +||d|vut Ihs )+c,, ||wpl||L2 55
+C (vl 2%l + e (B9l + 129 )

Therefore, the lemma is proved. [J

Lemma 3.11 Let w:=curlu. Then we have

[ e

< 77[||Vdivut I + H(Vdivumw)”;j (56)

Zahn

+C, (”(VuI ,AVp,,divz, )”i2 +||(Vu,in, divz')":l )
Proof. Differentiate (40) with respect to ¢to obtain
E(Wy +V-VW, ) — pAw, = h+curldivz,, (57)

where —h=&w, +(&v), -Vw—o, (,u(cf))AW+ g, - Base on (22) and ||(§||H2 <C,it
follows that
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lo.|<C {|;|[|vg|(|wivu| +[curin-+ dive] +[v £[[vu)+ |2V ][4V o]+ [Vl |
+|V§l|(|Vdivu| + ‘ﬂw‘ +|divz|+ |V§||Vu|)
+|V§|(|Vdivut|+‘ﬁwt‘+|dint|+|V§||Vut|)
+|AVE[ AV, | +|AV E || AV p| + |V, || VUl +|VV| |V u, |} :

Multiply (57) by w, and integrate it on L? (Q), one has

5 st N |V (Eyeurtn
- %jﬂ(; +div(&v))|w|* dx + [, hwdx

+ [ curldive, -wdx— [ V(p(&))xcurlw, - wdx

S,

2
L2

where

< C s +1lee Ve el oz < o+ €, e

[l < Clwe e [l (Bl + e 90l )+ e 9 |
+C &l o Il = Jo el
<C o 1o Iz + 1609 ) [z ] ] curiw)
+C, [Vu s +Cll& ] [V &l (IVdivul,e + ourad . +[dive] ) fw
+CJ& s i (127 ],s 1292l + Ve [Vu.2)
+Clels Vel IVEle [Vullz v e
+C|VE e el (Ivdivus +fourhd s +[divel|s )
+CIVE e el [V Elle [V ulle v
+C|w, .2 (||Vdivul .2 +[lcuriw, | - +||divz, . )||V§||LG
+Clw e [Vulle V€] +Clwels (129l +4V ] 2

curlcurlw

2
He

Havél: avels )+ Clwls (V%] IVuls +19ve [Vude )
< 77(||Vdivut 2 +|(w,, vdivu, curlw)"i|1 )
+C, ([(vu, 2Vadive ) +[(Vu, 29, dive)f, ).

In addition, according to the boundary condition &, (8), it can be deduced
that

15| =|[, dive, curiwax < [, +C, Jdive, ],
[l =1, ¥ (4e(£)) curha - wede| < s +C,

Thus, the lemma is proved. [J
Lemma 3.12 Let w:=curlu, We have
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I YN

< ,7(||Vdivu||g1 "

(58)

‘curlw

" e lavp v v, <l )

Proof. By integrating Aw-(40) on Q to obtain

Eourn, +aJaw],

- %J'Q & ‘aﬁw‘z dx+[_w, ~(ﬂwx V(f)dx

+ IQ Aw(-g —curldivz + &v- Vw)dx

3
J.

i
i=1

where

2 c legr 2
+C,|
wt o 2

[3:] <[] Jeuriw] ,

92| <9l o Jeo, < feurinl, -, |(curbw )

19:] < [aw],z {Jeurtdivelf, +[].. v« [Vl
+[Véle (vdivuls +Jourtwls +[V&],s [Vule +[dive],s )
H1avels [avels + [Vl [Vl )
< q(||Vdivu||§1 +ourtads )+ C, [(40, vu, V),
Therefore, the lemma is proved. [

We now star to estimate the second order derivative of 7.
Lemma 3.13 The fo]]owinginequa]itybo]ds

"V T

<n|ulf,s +C ||V T

7l < el 59

2 dt
Proof. Multiply V? (26) by V?r and then integrate on (), we obtain

.
5 L4 10elf, +alo,elf, =§ [, div]o,e[ B+ YK,

where
K| =[], 0y a.v.va”a,.v.vaiﬂauv.vT)dx\sc||vV||H2||vf||gl,
K| = I, £70,7(<0,Q (7. Vv) + 1,8,T (Vu) ) o]

<Cloyele (Jeh s +197lhe Il +

2
|Vz'L2

+ulhe)

<nlulfe +C, [oye]z +Clvle Il

ij (  (€1)(-Q(7 W)+ I (VU)o

o (Il 19 + 19l )

< ﬂIIUIIHs +Cn [oelz +CIvle Il
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By the symmetry of 7, one has
K,|= ‘zjﬂ 0578 (£7)(-0,Q(z, V) + ,uzajl"(Vu)))dX‘

)

<Cloyels (IV el IV¥lhz +lel e V2.

<nlulfs +C, Joyz]s + C Ve 71

Thus, the lemma is proved. O

According to 3.1-3.3, Lemmas 2-2 and Gronwall’s inequality, we obtain

|

+IO(||(r,divu,curIu)||H2 +(z.. divu,, curlu,)

(” p-1) Uz' +|| (Ao, z’t)

" )dt (60)

2
H |

Using the Gronwall’s inequality and invoking the constraint conditions of the

<et ["(1(,00 _1)’u0170) ,2_|2 +||(;L'Dt (0)’ut (O)’Tt (O))

initial data, the following lemma can be obtained.

Lemma 3.14 There is a positive constant C, such that

'[ t t '[
Z‘a ).du,diz) .. MOE |otu Hlorne @) < Cor 0SL=T, (61)
here T is sufficiently small.
Note that by the above estimates, we obtain
||'D_1"H2(t) <Cod™

According to the Sobolev imbedding H?< L*, one has
|p(X,t)—1| <c'a™
Hence, there is a sufficiently large constant 4, such that 42> 4, it can be
deduced that
Ch <[ (x1)[<Chy (x1)eQx[0,T]
for some constant C >0.
Then by estimating the second-order time, we can complete the energy esti-

mates of the solutions to the linearized system.

Lemma 3.15 The following jnequa]itybo]ds

L (Wr@eaa], +WVewl, )+ ul

< Idiva [ + )+Cq [2odllz +C (14 s+l +vel) (62

Y F e |

where K is a positive constant.
Proof. Multiplying 0, (24) by p'(£)£7'A°p, and then integrating on Q

to obtain
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>t H\/ E)ETA pn

:_J' |:(p’ & g‘l) +d|v( "(&)é V):||/Ipn| dx+j 22p"(£)V Ep,uydx )

= [, P (&) py [V -V +2v, -V, + & divu +2& divu, [dx.
3

NG 7

I
_'[\'_4

N

Let G,(¢&):= p'(§)§'l. It turns out by the (24) that
(p/(£)E™), +div(p'(§)E7V) =[G, (£)-G5(&)¢]diw,

This implies

ul=c(le: (Ol +le: (9] Il el 4oz < C I e

B 25 Y Y T T W N

Ll < Claaele (el 1270l + ] - [V 2]
#lAGue ldivul] + 26 e diva s

(64)
<C (Il +Wle ) (2200 290z 1291 )
s (Joffs +leivu s ) +C, V2o
Clearly,
St H\/ é‘lﬂpn . &) 22V py -u,dx
< +leivu +||u||H3 )+c,, ol (65)

+C (Mo + Wl + Vel )("(}‘pn AV, )"iz +Haveli, )
Multiply 6,£(25) by u, and then integrate the result on Q, it follows that

o S VN

2
= EIQ & |uy | dx —_[Q Ug {EuUy + 28Uy + EV-VU+2EY, -VU+2EV-VU + &Y, - VU

&)+A( ))||divun||i2 +y(§)||curlun||i2 +IQ p'(£) A VP, uydx

+28V, VU, +EV-VU, + IQ p"(&)EEAVP+p"(£)EAVP+2p"(E)EANVp,
=V (2u(&)+A(£€))divu, -V (u(&))xcurlu, +2V ((£))D(uy )
+V(4(&))divu, —2div(0, (1(£))D(u,)) -2V (8, (A(£))divu, )
—div(20, (1(£))D(u))- V(2 (i(f))divu)—yldiwn}dx (66)
<l +C, [(AV2. 2, w70 + IV [l ol
Therefore, the lemma is proved by (65), (66) and lemma 2. (]

Finally, multiplying 0, (26) by 7, in L?(Q) to obatin
Lemma 3.16 The following inequality holds
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1d
2dt

<n(Ivuelfs +IVulfe +17ulle )+, = (67)
+C (Mo + ulee Wl )l + el +1elie )

The calculations are quite similar as the above lemmas, here we omit the de-

Solmel +alls

tails. Summarizing (62) and (67) and using Gronwall’s inequality, we deduce
that
Lemma 3.17 The following inequality holds

2
H l/lptt’\/—utt’rtt) 2

where T is sufficiently small

+[o(K ol + 232 Jds < €, 0<t<T, (68)

Collecting all the lemmas proved in this section, Lemma 2 is obtained.

4. The Proof of Main Theorems

Proof of Theorem 1.1. The proof of this theorem is based on the use of the
method of successive approximations and uniform-on- 4 estimates obtained
in Lemma 2. Set po,uo,fo) =(py.Uy, 7y ) . For any fixed A(>4,), a sequence
{( ,z)r”l,u"”,z'””)}n>O is generated by the standard Picard iteration [26] that sa-

tisfies the following equations:

pln+1 +un 'Vpn+l +pndivun+1 — O, (69)

Un+1+U Vun+1 p (/3 )lzvpml
pn

(70)
=%[div(2,u(§)D( "))+ (4 (§)divu”*1)]+%diw"”,
Ttn+l+un Vel ar™ 4 inQ(TnJrl’Vun):;U_ir(Vuml) (71)
P P
with (7), (8), and
sup ﬁ o (g(pn _1)),a}un,a§7n N +[atur - <C,. (72)

0<t<T j=0

n+l n n+l n n+l

Denote (ﬁ”,U”,?”)Z:(p —-p ™ —u"r —z’”).Baseontheaboveequ—

ations, it can be deduced that

,0 +un+l Vpn+l+pn+1dlv—n+1 Vpn+1+pndlvun+l O (73)
n+l ’ n+l ’ n
Utn+1 n+l V—n+1 p (’0 )ﬂ V—n+1 n n+1 /12 [ p (il )_ p (f )]me-l
P P
= pil div(2,u(§)D(ul))+V(/1(§)divul)J+ it n+l (74)
1 1), _ 1 1), .
J{p”“ —F](dlv(Zy(g‘) D(U‘))+V(/1(c§)dlvu’1))+M(pn+l —Fjdwr t

DOI: 10.4236/jamp.2023.114064 968 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.114064

Q. L. Li, D. D. Ren

?l”+1+u”+1~Vz' +a1—_n+1 {%Q(TMZ,vun-v-l)_%Q(Tn-ﬂ,vun):|+Un_vz.m-l

. . (75)
- p‘fﬂ T(VE™)+ (F—FJF(VU””).
Estimating as before, we obtain
” i—n+1 Un+1, T n+1 + | —n+1 +||dlv—n+1 +||CUr|U n+1
2 dt
+C (lpml —n+1) +C (| —n+1 +H(ﬂ[5"’U”) iz) (76)
L cllymt ( (ﬂpml —n+1 n+1 +||ﬂ, j

According to Gronwall’s inequality, we obtain that

il

—n+1 n+l

H(ﬂﬁmljml’,?ml)

< exp[j;(c,, +|u Hs)ds}ﬁ[ﬂu
2

(L sl )

where 77 and 7are small enough.

, + ||d|vu -l

, + ||cur|u

)ds
L

n+l
LZ +Clu

n+l 2

zHl +C”(/1[7”,U”)

5[, }ds (77)

L+ sup
0<t<T

Therefore, there is a constant T, >0 such that
(p"u", ") > (p"ut, ") in L1°(0,T,;L%), and u" > u* in L*(0,Ty;H). (78)
Base on the estimate (72), (,0’1 u?, rl) satisfies (12). Therefore, Theorem 1 is
proved. [

Proof of Theorem 1.2. Due to the similarity of the proof process with the
previous article [19], it is not repeated here.
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