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Abstract

In this work we investigate the possibility to represent physical fields as Ein-
stein manifold. Based on the Einstein field equations in general relativity, we es-
tablish a general formulation for determining the metric tensor of the Einstein
manifold that represents a physical field in terms of the energy-momentum ten-
sor that characterises the physical field. As illustrations, we first apply the gen-
eral formulation to represent the perfect fluid as Einstein manifold. However,
from the established relation between the metric tensor and the energy-mo-
mentum tensor, we show that if the trace of the energy-momentum tensor
associated with a physical field is equal to zero then the corresponding physi-
cal field cannot be represented as an Einstein manifold. This situation applies
to the electromagnetic field since the trace of the energy-momentum of the
electromagnetic field vanishes. Nevertheless, we show that a system that con-
sists of the electromagnetic field and non-interacting charged particles can be
represented as an Einstein manifold since the trace of the corresponding en-
ergy-momentum of the system no longer vanishes. As a further investigation,
we show that it is also possible to represent physical fields as maximally sym-

metric spaces of constant scalar curvature.
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1. Introduction

In physics, Einstein theory of general relativity is basically a theory of gravity
that describes the gravitational field in terms of differential geometry. The fun-
damental formulation of the theory is expressed in a mathematical form through

Einstein field equations that identify mathematical objects with physical entities
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which are, respectively, the Ricci curvature tensor and the energy-momentum
tensor. With this type of physical formulation of the gravitational field, space-
time continuum is assumed to be a four-dimensional differentiable manifold,
which is normally identified as a Riemann differentiable manifold, and solutions
to Einstein field equations are represented by metrics of the spacetime contin-
uum. It should be mentioned here that we always refer to differentiable mani-
folds endowed with a metric as Riemann differentiable manifolds regardless of
the signature of their metric tensors. Except for a few well-known solutions to
Einstein field equations, which are obtained by requiring symmetric conditions,
the complex system of Einstein field equations cannot generally be integrated
[1].

One particular class of Riemann differentiable manifolds that have been stud-
ied mathematically and applied physically in mathematical physics is the class of
Einstein manifolds where the Ricci curvature tensor is proportional to the metric
tensor [2] [3]. An Einstein manifold can be a Lorentzian manifold, as applied to
the spacetime continuum in general relativity, or a Euclidean manifold, as being
studied in gravitational instantons.

On physical attributes to these developments, in this work we discuss the pos-
sibility to represent physical fields as Einstein manifold. By using the Einstein
field equations in general relativity, first in Section 2 we establish a general for-
mulation for determining the metric tensor of the Einstein manifold that repre-
sents a physical field in terms of the energy-momentum tensor that characterises
the physical field. As an illustration, in Section 3 we apply the general formula-
tion to represent the perfect fluid as Einstein manifold. However, from the estab-
lished relationship between the metric tensor and the energy-momentum tensor
we can show that if the trace of the energy-momentum tensor associated with a
physical field is equal to zero then the corresponding physical field cannot be
represented as an Einstein manifold. A particular example is the electromagnetic
field, since the trace of the energy-momentum of the electromagnetic field van-
ishes therefore the electromagnetic field cannot be represented as an Einstein
manifold. However, as shown in Section 4, a system that consists of the electro-
magnetic field and non-interacting charged particles can be represented as an Ein-
stein manifold since the corresponding trace of such system no longer vanishes. As
a further discussion, in Section 5 we investigate the possibility to represent physi-

cal fields as maximally symmetric spaces of constant scalar curvature.

2. General Formulation

In this section we investigate the possibility to represent physical fields as Ein-
stein manifold. Based on the Einstein field equations in general relativity, we es-
tablish a relation to determine the metric tensor of the Einstein manifold that
represents a physical field in terms of the energy-momentum tensor that char-
acterises the field. In Einstein general theory of relativity, gravitational fields are

represented as Riemann differentiable manifolds whose geometric structures are
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determined by the Einstein field equations
1

where R, is the Ricci curvature tensor, T,, an energy-momentum tensor,
9,5 @ metric tensor, the trace T = g? T,5> and k a dimensional constant [4].
On the other hand, in differential geometry, Einstein manifolds are Riemann
differentiable manifolds whose Ricci curvature tensor is proportional to the met-

ric tensor expressed in the form
Raﬂ = ﬂ’gaﬂ (2)

Now, if we assume that the Riemann differentiable manifolds that satisfy the
Einstein field equations given in Equation (1) also possess the geometric struc-
ture of Einstein manifold given in Equation (2) then we obtain the following re-

lation
1
AQ,p = k[Taﬁ ) gaﬂTj (3)

For an n-dimensional Riemann differentiable manifold, by contracting this
relation with the inverse metric tensor g* , we obtain
A= (1 —lj KT (4)
n 2

In this work we will discuss the representation of physical fields for spacetime

continuum of dimension four, e, n =4, hence we have

kT
A = (5)

Then, the relation given in Equation (3) is simplified and reduced to the re-
quired relation which establishes the metric tensor for an Einstein manifold in

terms of the energy-momentum tensor

4
gaﬁ = ?Taﬁ (6)

It is seen from Equation (6) that physical fields associated with energy-mo-
mentum tensors which have vanishing trace, ie.,, T =0, cannot be represented
as Einstein manifold. For example, as shown in classical electrodynamics, the
energy-momentum tensor for the electromagnetic field without charged parti-

cles can be presented in the form [5]

Taﬂ :i(_FayFﬂy +£gaﬁF/waj (7)

Hy 4
And it can be shown that the trace 7 of this energy-momentum tensor is equal
to zero. However, as we will demonstrate in Section 4, if we consider instead the
energy-momentum tensor of a physical system that includes the electromagnetic
field and non-interacting charged particles then we can have T 0, and such a

system can be represented as Einstein manifold.
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3. Representation of Perfect Fluid as Einstein Manifold

In this section we discuss the possibility to represent perfect fluid as Einstein mani-
fold. It is shown in fluid dynamics that in the absence of the gravitational field the
energy-momentum tensor Taﬁ of a perfect fluid takes the form [6] [7] [8]

Ty = (p+cﬂzjuauﬂ = P9y (8)

where U, =0,,U” with the four velocity u” =dx”/dz being defined for a

comoving fluid element. Using the result g*u_u 5= ¢’ we then obtain
T =pc*-3p 9)

In general, we have T = pc’®—3p =0, and by applying the relation given in

Equation (6) we obtain the following relation

4 p
gaﬂ = pCZ _3p((p+c_2juau/>’ - pgaﬂj (10)

By rearranging Equation (10) for the metric tensor §,, we then obtain the

metric tensor of the Einstein manifold that represents the perfect fluid as

4
Uup =C—2uauﬂ (11)

The components of this metric tensor can be written in a matrix form as

X y z
2
4lcu, Uy uuouu,
gaﬁ:_z 2 (12)

c’fcu, uu, upoouu,
cu, uu, uu, u

z

By using the coordinate system (ct, XY, Z) , and with the metric tensor given
in Equation (11) in terms of the four velocity, the line element ds’ =g WdX" dx”
for the Einstein manifold that represents the perfect fluid can be specified and

written as follows

;iz[cz (cdt)” +uZdx? +u2dy?® +u?dz? + 2cu, (cdt ) dx + 2cu, (cdt ) dy

+2cu, (cdt)dz + 2u,u, dxdy + 2u,u,dxdz + 2uyuzdydz}

ds? =
(13)

4. Representation of System of Electromagnetic Field and
Non-Interacting Charged Particles as Einstein Manifold

In this section we show that it is possible to represent a system consisting of the
electromagnetic field and non-interacting charged particles as an Einstein mani-
fold. As mentioned above in Section 2, due to the fact that the trace 7 of the en-
ergy-momentum tensor of the electromagnetic field given in Equation (7) is equal
to zero therefore the relation given in Equation (6) for the metric tensor in terms
of the energy-momentum tensor cannot be used to represent the electromag-
netic field as Einstein manifold. However, when a system consisting of the elec-

tromagnetic field and non-interacting charged particles is considered then the
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total energy-momentum tensor T, of the whole system can be shown to take

the form [5]
1

1 ds
A Ao
Taﬁ :Iu—o(—FMFﬁ +ZgaﬁFMF J+puauﬂa

(14)

where T, (p)=pu,u,ds/dt is the energy-momentum tensor for non-interacting
charged particles with p = Zi m; (r—r;) being the mass density, and the trace
T of the total energy-momentum tensor T,, in this case can be shown as

T = ypc? (15)

where y =ds/dt = \/1-v?/c? . Furthermore, since the energy-momentum tensor
T,; given in Equation (14) for the system of the electromagnetic field and
non-interacting charged particles also satisfies the conservation law, therefore
we can apply the Einstein field equations of general relativity. In this case, by
using Equation (6), we obtain

4

=———  (F F/- u.u (16)
FAUFM—,LJO;/,DCZ( w g — Ho¥PU, /3)

gaﬂ

The components f,ypU, U, of this metric tensor can be written in a matrix

form as
¢ cu, cu, cu
2
cu, Uy uu, uu,
HorPU Mg = torp| T L (17)
y X7y y y-z
cu, uu, uu, ul

On the other hand, the components F, F*° and F, Fﬁi can be obtained
by using the electromagnetic field tensor given by
0 E,/c EJc EJc

~-E,Jc 0 -B, B

F, = % ¢ (18)
-E,/Jc B, 0 -B
~E,/Jc -B, B, 0

With the electromagnetic field tensor given in Equation (18), by applying the
Minkowski metric tensor with signature Nop = diag (l, —1,—1,—1) we can derive

the following results

0 -EJ/c -E//c -E,J/c
~E,Jc 0 -B B
F =Fn" = i . (19)
woom ~E,/c B, 0 -B,
~E,/Jc -B, B, 0

F,,F* =—E?/c? +B? (20)

—E?/c? E,B,/c-E,B,/c -EB,/c+E,B,/c EB,/c-EB,/c
EB,/c-E,B, /c E?/c*-B.-B> EE, /c*+BB, EFE,/c*+BB
FalFﬂl: y Z/ z y/ X/ , y z ; yz/ , X é X z/ , x Pz
-E,B,/c+E,B,/Jc EE, /c?+BB, E!/c?-B}-B} ESE,/c’+BB,
EB,/c-E/B, /c EE/c’+BB, EE,/c®+BB, E//c’-B-B’
(1)
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where E*=E?+ E; +E? and B*=B’+ B; +B?. It is important to emphasise
here that all relationships between the physical quantities related to physical fields
under consideration are still obtained by applying the Minkowski metric tensor as
in special relativity. We only use the final form of an energy-momentum tensor
associated with a physical field as a form for the metric tensor ¢,, to represent
the corresponding physical fields as Einstein manifold.

Also, by using the coordinate system (Ct, XY, z) with the metric tensor given
in Equation (16), together with the above results obtained for the components
HoyPU,\,, F, F* and F, Fﬁ’1 , the line element ds® = g, dx“dx" for the Ein-
stein manifold that represents the system of the electromagnetic field and non-
interacting charged particles can be written as

4 2
= —E?/c? — pyppc® )(cdt

—EZ/CZ+BZ—,uprC2 [( / Hoyp )( )

+(Ef/c* B —B? — pyypuf ) o
+(EJ /c* — B = B! - pyppu? ) dy?
+(E? [ =B =B} - uyypu? ) dz’

+2(E,B, /c—E,B, /c— uypcu, ) cdtdx

+2(~E,B, /c+E,B, /c— uyypcu, )cdtdy

ds?

+2(E,B, /c—E,B, Jc— uyypcu, )cdtdz

2
( ) )
+2(E,E, /¢’ +B,B, — ty7pu,u, ) dxdy

+2(E,E,/¢” +B,B, — ty7pu,u, ) dxdz

+2(E,E, /¢® +B,B, - typu,u, ) dydz

For the particular case in which there is only the electric field, e, B =0,
then the above line element reduces to
4

—E?/c? — o€

—4uoyp 2
W[(C(Cdt) + UXdX + Uydy + UZdZ) :|

On the other hand, for the case of magnetic field only with E =0, the line

ds? = [(—EZ/CZ)(cdt)2 +(E,dx+E,dy + Ezdz)z/c2

(23)

element given in Equation (22) reduces to

dsz = m[(BXdX-% Bydy + BZdZ)2 - B2 (dX2 + dy2 +d22 )j|
0
(24)
+#‘;ﬁ;&[(c(cdt)+uxdx+uydy+uzdz)2}

5. Representation of Physical Fields as Spaces of Constant
Scalar Curvature

In this section we investigate the possibility to represent physical fields as spaces
of constant scalar curvature. As shown in our previous work, by utilizing Ein-

stein field equations given in Equation (1), a system of general relativistic field
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equations for the Riemann curvature tensor can be obtained. In differential ge-

ometry, it is shown that the covariant Riemann curvature tensor R, satisfies
the Bianchi identities [9] [10] [11]
vl Raﬁ,uv + vv Raﬂi,u + v,u Raﬂvﬁ =0 (25)

The Bianchi identities given in Equation (25) can be contracted to give the
following relation between the Riemann curvature tensor and the Ricci curva-

ture tensor

V.R:, =V,R; =V,Ry, (26)
Employing Equation (26), we then suggest that a system of physical field

equations for the Riemann curvature tensor can be written in the form [12]

vy ngl = ‘Jﬂvi (27)

where the quantity J,, is identified as a third rank current as

3,,=V,R;,~V,R, (28)

The third rank current J;, defined in terms of the covariant derivatives of
the Ricci curvature tensor in Equation (28) is purely geometrical, therefore we
would need to identify the mathematical object V R, , with a physical entity.
For this purpose, we again employ the Einstein field equations of general relativity
given in Equation (1) to write the current Jj,, in terms of the energy-momentum

tensor T,; as
1 1
‘]/)’M =k Vv T[;’ —EgﬂlT —Vi Tﬂv —EgﬂvT (29)

Then the field equations for the Riemann curvature tensor given in Equation

(27) can take the form of physical field equations
V R, =KkIV T L T|-V,|T L T (30)
' pva T v| B _Egﬂ/l VvV /)’V_Egﬁv

For physical fields that can be represented as Einstein manifold, we can apply
the relation given in Equation (6), e, g,, =(4/T)T,,, and with the metric
condition V,g,, =0, then the equation for the third rank current J,, given

in Equation (29) can be rewritten in the form
k
g :_Z(gmva _gﬁszT) (31)

Since from the Einstein field equations given in Equation (1), we obtain
R =—KT , therefore, if the trace 7 of the energy-momentum tensor associated
with a physical field is constant then the Ricci scalar curvature R of the corre-
sponding Einstein manifold that represents the physical field is also constant, or
inversely. With the condition of constancy of the trace 7" of an energy-momentum
tensor, from Equation (31) we obtain J,, =0, and the field equations for the

Riemann curvature tensor given in Equation (30) are reduced to

V,RE, =0 (32)
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Again, using the metric identity V,g,, =0 and the symmetric properties
associated with the Riemann curvature tensor, particular solutions to the field
equations for the Riemann curvature tensor given in Equation (32) can be writ-

ten in the form
Ra/j,uv = K (gayg/jv - gavgﬁy) (33)

where K'is a dimensional constant. Using the relationship given in Equation (6)
between the metric tensor and the energy-momentum tensor, Equation (33) for
the Riemann curvature tensor can be expressed entirely in terms of the en-

ergy-momentum tensor as

R :16K(

e =77 (TaTpe T T ) (34)

au - pv av fu

In differential geometry, a differentiable manifold of dimension n whose Rie-
mann curvature tensor satisfies Equation (33) with K identified with scalar cur-
vature is called a maximally symmetric space, because the metric of such space
admits the maximal number of Killing vectors, which is n(n+1) / 2. In fact, it

can be shown that the Ricci curvature tensor R, ; and the Riemann curvature

tensor R, for maximally symmetric spaces take the forms [6]
R
af n gaﬂ ( )
R
Raﬂﬂv :m(gaﬂ gﬁv 0 gﬁy) (36)

And it can also be shown that for spaces of dimension three or higher the
Ricci scalar curvature R is constant. In this case, for our formulation we can
identify the constant K in Equation (33) with R/ n(n—1). In cosmology, spaces
that are characterised by the property given in Equation (33) are isotropic and

homogeneous, and from which the Robertson-Walker metric can be established

dr?
1—kr?

ds? :czdtZ_sz(t)( +r2(d92+sin29d¢2)j (37)

where k = K/|K| and the function S(t) is the scale factor [13] [14] [15].

6. Conclusion

In this work we have investigated the possibility to represent physical fields as
Einstein manifold. Based on the Einstein field equations, the objective of our
work is to introduce and establish a general framework to determine the metric
tensor in terms of the energy-momentum tensor of a physical field by assuming
that the differentiable manifold that is characterised by the physical field is also
an Einstein manifold. We then apply the general formulation to represent the
perfect fluid as an Einstein manifold. The general formulation can also be ap-
plied for a system that consists of the electromagnetic field and non-interacting
charged particles. However, the general formulation cannot be applied to the elec-

tromagnetic field since the trace of the energy-momentum tensor associated with
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the electromagnetic field is equal to zero. We have also shown that physical
fields that satisfy certain conditions for their associated energy-momentum ten-
sors can also be represented as spaces of constant scalar curvature. These spaces

are maximally symmetric with the maximal number of Killing vectors.
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