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Abstract 
This research focused on the study of heat and mass transfers in a two-phase 
stratified turbulent fluid flow in a geothermal pipe with chemical reaction. 
The derived non-linear partial differential equations governing the flow were 
solved using the Finite Difference Method. The effects of various physical pa-
rameters on the concentration, skin friction, heat, and mass transfers have 
been determined. Analysis of the results obtained indicated that the coeffi-
cient of skin friction decreased with an increase in Reynolds number and so-
lutal Grasholf number, the rate of heat transfer increased with an increase in 
Eckert number, Prandtl number, and angle of inclination, and the rate of 
mass transfer increased with increase in Reynolds number, Chemical reaction 
parameter and angle of inclination. The findings would be useful to engineers 
in designing and maintaining geothermal pipelines more effectively. 
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1. Introduction 

In two-phase systems like power plants, nuclear reactors, oil and gas pipelines, 
and refrigeration equipment, a stratified flow regime is regarded as one of the 
basic and simple flows. When brine and steam are present in the fluid flow, 
two-phase flows take place in geothermal pipelines. When brine is positioned at 
the bottom and steam is positioned at the top of a geothermal pipe, the fluid flow 
is said to be stratified. 
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In vertical and horizontal pipelines, many flow regimes, such as plug, stratified, 
and annular, can occur. [1] studied two-phase flow in geothermal wells using sev-
eral models to establish flow regimes. Results of models of pressure drop were 
compared with experimental values. They discovered that stratified wavy flow de-
pended on the flow velocity and the void fraction, which was the most prevalent 
flow regime in a horizontal pipe. Furthermore, [2] investigated the flow regime 
transitions and flow structure of downward two-phase flow in large-diameter 
pipes. The following three flow regimes—cap-bubbly, churn turbulent, and an-
nular flow—were observed in a downward flow, whereas pseudo-slug, plug, and 
stratified flow regimes were seen in a horizontal section. 

Mass transfer is the movement of molecules within a mixture from a high- 
concentration area to a low-concentration area. The study of thermal energy 
transfer between physical systems when there is a temperature difference is known 
as heat transfer. Several researchers have reported on heat and mass fluxes in 
various available literature. When there is a temperature difference between bo-
dies, heat transfer occurs between the different parts of the same body. Mass 
transfer results due to species concentration gradient in the geothermal fluid. In 
order to predict temperature and pressure profiles, two-phase flow and heat 
transfer models were used by [3] to study two-phase fluid flow and heat transfer 
in vertical geothermal, oil, and gas wells. The governing equations of continuity, 
momentum, and energy were solved while taking into account a bubbly flow re-
gime. According to the results, an increase in mass flow rate caused a rise in tem-
perature. [4] employed a drift flux approach method to examine two-phase fluid 
and heat flow in geothermal wells. Modeling heat transfer from the well-bore 
fluid to the surroundings involved treating the well-bore as a heat sink. One- 
dimensional flow and an annular flow regime with no slip approach were taken 
into account. Analysis was done on heat transfer resistances caused by different 
well-bore components. The findings showed that greater heat transfer caused a 
decrease in enthalpy. Despite the analysis demonstrating that various models func-
tioned similarly, the newly presented model was superior. 

Modeling of a single and two-phase fluid flow with silica scaling deposition in 
geothermal wells was done by [5]. Temperature was a key factor in the formula-
tion of the model that they suggested to predict fluid movement, heat transfer, 
and silica deposition. The solubility of silica in the solution decreased, according 
to the results, as the temperature decreased. [6] examined an angular two-phase 
flow with heat and mass transfers in a geothermal pipe. An annular flow regime, 
non-linear viscosity, and a two-dimensional incompressible laminar flow were 
taken into account. The nonlinear governing equations were solved using the 
BVP4c collocation method. The findings showed that a rise in Reynolds number 
had an impact on the coefficient of skin friction, mass, and heat transfer. 

[7] examined a two-phase flow in order to comprehend heat transmission and 
phase transition processes in a scaled geothermal well-bore. For the vapor and 
liquid phases, the mass, momentum, and energy equations were solved using a 
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six-equation model that is accessible in ANSYS Fluent. It was observed that the 
scaling zone had a high mass transfer rate. The impact of Reynolds numbers on 
the hydrodynamic and thermal parameters of a turbulent flow with heat transfer 
in an inclined circular channel was examined by [8]. The two-phase mixture 
model, the finite volume method, and the second-order difference scheme were 
used to solve the governing equations. According to the suggestion of [9], the κ-ε 
turbulence model was employed to simulate the turbulence. The results demon-
strated that as the Reynolds number rose, the coefficient of skin friction dropped 
but the rate of heat transfer coefficient increased. In a turbulent flow via a tube, 
heat transmission was examined by [10]. The turbulent fluid flow model devel-
oped by Spalart Allmaras was used to examine the movement of fluid inside the 
tube. The results showed that the rate of heat transfer increased when both the 
Prandtl number and the Reynolds number increased. [11] examined the effects 
of chemical reaction and a uniform heat source on the Soret-Dufour and ther-
mophoresis on MHD mixed convective mass and heat transfers of a semi-infinite 
plate. With an increase in the chemical reaction parameter, the rate of heat 
transfer and the coefficient of skin friction decreased. [12] studied a continuous 
three-dimensional flow with heat transfer of nanofluidic due to the stretched 
sheet in the presence of a heat source and a magnetic field. The Runge Kut-
ta-Fehlberg scheme was used to numerically solve the governing equations. The 
findings showed that as the thermal conductivity value increased, temperature 
and velocity rose. 

Different models can be used to simulate the turbulent fluid flow that occurs 
in geothermal pipelines. A two-phase stratified smooth turbulent flow through a 
circular pipe was studied by [13]. A low Reynolds turbulence model was used to 
solve a stable 2-dimensional momentum equation. Governing equations for 
non-linear systems were solved using the Newton-Raphson method. The find-
ings of the research revealed that the profile of both κ and ε near the interface 
was higher in the gas phase than it was in the liquid phase. It was also reported 
that the interface acted as a moving wall and reduced fluid flow resistance be-
tween it and the pipe wall. 

[14] investigated the void fraction and two-phase unstable turbulent flow pat-
terns in both vertical and horizontal pipes. The Volume of Fluid (VOF) model 
and the ANSYS FLUENT program were used to examine unstable turbulent flu-
id flow. The κ-ε (realizable) model was utilized to solve the slug and bubble flow 
regimes while the RNG κ-ε model was used to solve turbulent fluid flow with 
annular and churn flow regimes. They deduced from the findings that the air 
superficial velocity affected how the flow patterns transitioned. [15] used com-
putational fluid dynamics to study steady 3-dimensional turbulent fluid flow in a 
conduit. Two models were compared, κ-ω and κ-ε. The results showed that κ-ε 
provided better center-line velocities approximations and was adequate for esti-
mating turbulent flow in a pipe. 

The aforementioned investigations on geothermal pipes have usually ignored 
inclined geothermal pipes, variable viscosity, variable thermal conductivity, and 
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chemical reaction effects. In geothermal plants, heat and mass transport result 
from variations in temperature and concentration. 

The rationale behind the current work is covered in the novel aspects that fol-
low. Firstly, formulation of a two-phase, stratified, viscous, non-Newtonian, tem-
perature-dependent, incompressible fluid flow with heat and mass transfers in a 
geothermal pipe. Due to the topography, the geothermal pipe is inclined at a 
slight inclination α. Variable thermal conductivity is also taken into account. The 
second step is to use MATLAB to implement the results of solving non-linear 
partial differential equations using the finite difference method. Lastly, ascer-
taining how skin friction, heat, and mass transfers are impacted by flow parame-
ters. 

2. Mathematical Model 

Let us consider a two-phase stratified turbulent fluid flow with heat and mass 
transfers in a geothermal pipe inclined at a slight angle. Buoyancy forces are con-
sidered because of the pipe’s slope. The gaseous phase is at the top of the pipe, 
and the liquid phase is at the bottom as shown in Figure 1. The flow is assumed 
to be unsteady, incompressible, and turbulent. The momentum equation takes 
into account a non-linear viscosity that relies on tangential direction and tem-
perature in both the liquid and gaseous phases. Thermal conductivity, which is a 
function of temperature, is taken into account in the energy equation. The mod-
el’s cylindrical coordinates are ( , ,r zθ ), where z is along the pipe axis. 

Using the aforementioned assumptions as a guide, the precise governing equ-
ations in cylindrical coordinates as presented by [16] are as follows: 

The equation of continuity: 

( ) ( ) ( )1 1 0,
w v ru
z r r rθ

∂ ∂ ∂
+ + =

∂ ∂ ∂
                   (1) 

 

 
Figure 1. Geometry of the flow problem. 
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where w, v and u are velocities in the z, θ and r directions respectively. 
Momentum equation in the radial direction: 

( ) ( )

2

2 2

2 2 2 2 2

* *
2 2

1 1 2

1 1 cos ,T c

u u v u u vw u
t z r r r

u u p u u vr
r r r rr z r r

u v v T T C C
r rr r

ρ
θ

µ µ
θθ

µ ρ α β β
θ θ ∞ ∞

 ∂ ∂ ∂ ∂
+ + + − ∂ ∂ ∂ ∂ 

  ∂ ∂  ∂ ∂ ∂ ∂ = − + − + + −   ∂ ∂ ∂ ∂∂ ∂    
∂ ∂ ∂   + + − + − + −   ∂ ∂ ∂ 

g

   (2) 

where μ denotes the dynamic viscosity, ρ denotes the fluid’s temperature, α de-
notes the angle of inclination, and g  is the acceleration brought on by gravity. 
The coefficients of thermal and mass expansion are denoted by *

Tβ  and *
Cβ , 

respectively. 
Equation of momentum in the θ-direction: 

2 2

2 2 2 2 2 2 2

2 1 1 22 ,

v v v v uv vw u
t z r r r

u v v v v v ur
r r rr r r r z r

ρ
θ

µ µ
θ θ θθ

∂ ∂ ∂ ∂ + + + + ∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + + − + + +   ∂ ∂ ∂ ∂ ∂∂ ∂    

   (3) 

Equation of momentum equation in the z-direction: 

( ) ( )

2 2

2 2 2 2

* *

1 1 1 1

sin ,T c

w w v w ww u
t z r r

v w w w wr
r z r r rr z r

T T C C

ρ
θ

µ µ
θ θ θ

ρ α β β∞ ∞

∂ ∂ ∂ ∂ + + + ∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + + + +   ∂ ∂ ∂ ∂ ∂∂ ∂    

 + − + − g

         (4) 

Equation for energy: 

2 2 2

2

2 2 2

2 2 2 2

1

1 1 ,

p
v T T T TC w u
r z r t

T T T
T r T T zr

T T T T
r r r r z

ρ
θ

κ κ κ
θ

κ
θ

∂ ∂ ∂ ∂ + + + ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂ ∂ ∂     = + +     ∂ ∂ ∂ ∂ ∂ ∂     
 ∂ ∂ ∂ ∂

+ + + + +Φ ∂ ∂ ∂ ∂ 

  



             (5) 

where κ   is the fluid’s thermal conductivity and pC  is the specific heat at 
constant pressure. 

The equation for concentration: 

( )
2 2

2 2 2

1 1 ,c r

C C v C Cu w
r z r t

C C CD r k C C
r r rr z

θ

θ ∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
 ∂ ∂ ∂ ∂ = + + − −  ∂ ∂∂ ∂  

          (6) 

where cD  denotes the diffusion coefficient while rk  denotes the chemical 
reaction parameter. 
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Since the fluid is non-Newtonian, the power law model, as used by [17], has 
been utilized to characterize the viscosity; 

( )1
0 , ,af f fµ µ θ−= =                      (7) 

where 0µ  represents the flow consistency index and a represents the power law 
index. 

Due to the two-phase nature of the fluid flow under consideration in this 
work, a modified piece-wise function has been employed according to [18] to 
define the flow; 

( )
( )

( )

1 , for 0, 0;
,

, for 0, 0.
1

T T
f T

T T

η

η

θ λ λ η
θ θ λ η

λ

∞

∞

 + − < ≠  
= 

> ≠ + −

           (8) 

η and λ are constants, f represents the velocity gradient. 0λ <  and 0λ >  
represent the viscosity of gas and liquid phases respectively. 

According to [19], thermal conductivity κ   is temperature-dependent and is 
described as 

( )
1 ,

T T
T

ω
κ κ ∞

∞

− 
= + ∆ 

                     (9) 

where ω is a tiny parameter that can take positive or negative values depending 
on whether it’s a liquid or a gas. The fluid’s thermal conductivity is κ∞ . 

2.1. Reynolds Decomposition and Turbulence Modeling 

Equations (7)-(9) are substituted into (1), (2), (3), (4), (5) and (6) in order to 
simplify them. For turbulent flows, the simplified governing equations obtained 
are decomposed into time average and fluctuating parts (velocity, temperature, 
pressure, and concentration parameters which are important for the analysis in 
engineering). To derive the Reynolds Averaged Navier Stokes equations (RANS), 
the momentum equations are replaced by the mean and fluctuating velocities, 
then each equation is multiplied by the fluctuating velocities in their respective 
directions. The decomposed equations are time-averaged again and then Rey-
nolds decomposition rules are applied.  

According to [20], the Reynolds stresses are stated in the mean flow quantities 
in order to solve the RANS equations. The modeling statements utilized are as 
follows: 

( ) ( )( )T 2 ,
3T iju u kν δ′ ′− = ∇ + ∇ −u u                 (10) 

ijδ  is the Kronecker delta 

, , ,

, , .

T
T T

c
c c

T T Tu T v T w T
r r z
C C Cu C v C w C
r r z

ϕ
ϕ ϕ

θ
ϕ

ϕ ϕ
θ

∂ ∂ ∂′ ′ ′ ′ ′ ′− = − = − =
∂ ∂ ∂
∂ ∂ ∂′ ′ ′ ′ ′ ′− = − = − =
∂ ∂ ∂

          (11) 

The Reynolds Navier Stokes equations are subjected to modeling statements 
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(10) and (11), and only the final form is provided; 
Averaged momentum equation for the gas phase in the radial direction: 

( ) ( )
( ) ( )

1 2 2
0

2 2 2 2 2

2 10
2 2

* *

2 1 1

1 1 11 1

cos ,

a

T

a a

T c

u u v u u v vu w
r z r t r

f v u u u ur
r r rr r r z

p u v va f T T
r r rr r

T T C C

θ
µ

ν
ρ θ θ

µ
η θ λ

ρ ρ θ
α β β

−

− −
∞

∞ ∞

∂ ∂ ∂ ∂
+ + + −

∂ ∂ ∂ ∂
   ∂ ∂ ∂ ∂ ∂ = + − + + − +    ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂  − + − + − − +  ∂ ∂ ∂ 
 + − + − g

  (12) 

where , ,u v w  are the time-averaged velocities in the radial, tangential and axial 
directions respectively, T  is the time average temperature, C  is the time av-
erage concentration, p  is the time average pressure and Tν  is the eddy vis-
cosity. 

Averaged momentum equation for the liquid phase in the radial direction: 

( )
( )

( ) ( )

1 2 2
0

2 2 2 2 2

2 1
0

2 2

* *

1 1 2

11 1 1
1

cos ,

a

T

a

T C

u v u u v v uw u
z r r r t

f u u u v ur
r r rr r r z

a fp u v v
r r rr rT T

T T C C

η

θ
µ

ν
ρ θθ

η θµ
ρ ρ θλ

α β β

−

− −

∞

∞ ∞

∂ ∂ ∂ ∂
+ + − +

∂ ∂ ∂ ∂
   ∂ ∂ ∂ ∂ ∂ = + − + + − +    ∂ ∂ ∂∂ ∂   

−∂ ∂ ∂ − + + − ∂ ∂ ∂+ −  

 + − + − g

     (13) 

The averaged momentum equation for the liquid phase in the tangential di-
rection: 

( )
( )

2 1 1
0 0

2 2

2 2

2 2 2 2 2

1 22
1

1 2 1 1 ,

a a

T

uv v v v v vu w
r r z r t

a f fu v
T T r r

v v u v v pr
r r r rr r z r

η
θ

η θµ µ
ν

ρ λ θ ρ

θ ρ θθ

− − −

∞

∂ ∂ ∂ ∂
+ + + +

∂ ∂ ∂ ∂
−  ∂ = + +  + − ∂   

 ∂ ∂ ∂ ∂ ∂ ∂ × − + + + + −  ∂ ∂ ∂ ∂∂ ∂  

      (14) 

The averaged momentum equation for the gas phase in tangential direction: 

( ) ( )2 10
2 2

1 2 2
0

2 2 2 2 2

2 11 1 2

2 1 1 ,

a

a

T

uv v v v v vu w
r r z r t

v u pa f T T
rr r

f u v v v vr
r r rr r z r

η

θ
µ

η θ λ
ρ θ ρ θ
µ

ν
ρ θ θ

− −
∞

−

∂ ∂ ∂ ∂
+ + + +

∂ ∂ ∂ ∂
∂ ∂ = − + − + −    ∂ ∂ 

   ∂ ∂ ∂ ∂ ∂ + + − + + +    ∂ ∂ ∂ ∂ ∂   

    (15) 

The averaged momentum equation for the liquid phase in the axial direction: 

( )
( )

2 1
0

2

1 1
1

a

w v w w ww u
z r r t

a f v w pr
z zr T T

η

θ
η µ θ

θ ρρ λ

− −

∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
− ∂ ∂ ∂ = + − ∂ ∂ ∂   + − 
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( ) ( )

1 2
0

2 2 2

* *

1 1

sin ,

a

T

T c

f w w wr
r rr z

T T C C

µ
ν

ρ θ

α β β

−

∞ ∞

   ∂ ∂ ∂ ∂ + + + +    ∂ ∂∂ ∂   
 + − + − g

          (16) 

The averaged momentum equation for the gas phase in the axial direction: 

( ) ( )

( ) ( )

2 1
0

2

1 2
0

2 2 2

* *

11 1

1 1

sin

a

a

T

T c

w w v w ww u
t z r r

a fp w vT T r
z zr

f w w wr
r r z r

T T C C

η

θ
η µ θ

λ
ρ θρ

µ
ν

ρ θ

α β β

− −

∞

−

∞ ∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
−∂ ∂ ∂  = − + + − +  ∂ ∂ ∂ 

   ∂ ∂ ∂ ∂ + + + +    ∂ ∂ ∂ ∂   
 + − + − g

      (17) 

Averaged energy equation: 

22 2

2

2 2 2

2 2 2 2

1

1 11

,

p

T
p

p p

T T v T Tw u
t z r r

T T T
C T r zr

T T T T T T
C T r r r r z

C C

θ

κ ω
ρ θ

κ ω ϕ
ρ θ

ε
ρ

∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
     ∂ ∂ ∂  = − + +     ∆ ∂ ∂ ∂     

   − ∂ ∂ ∂ ∂
+ + + + + +    ∆ ∂ ∂ ∂ ∂    

Φ
+ +





     (18) 

2 2 2

2 2 2

12

1 1 ,

u w u v
r z r r

u v v w v u w
r r r r z z r

µ
θ

µ
θ θ

 ∂ ∂ ∂     Φ = + + +      ∂ ∂ ∂       
 ∂ ∂ ∂ ∂ ∂ ∂     + − + + + + +      ∂ ∂ ∂ ∂ ∂ ∂       





     (19) 

where Tϕ  is turbulent thermal diffusivity and Φ  is the viscous dissipation. 
Averaged concentration equation: 

( ) ( )
2 2

2 2 2

1 1 ,c c r

C C v C Cw u
t z r r

C C CD r k C C
r r rr z

θ

ϕ
θ ∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
  ∂ ∂ ∂ ∂

= + + + − −  ∂ ∂∂ ∂  

       (20) 

where rk  is a chemical reaction parameter, cD  is a diffusion coefficient, and 

cϕ  is the turbulent mass diffusivity. 
The -ε  turbulence model is used to calculate the turbulent viscosity. Giv-

en in (21) is the relationship between turbulent viscosity ( Tν ), turbulent kinetic 
energy ( ), and dissipation (ε). 

2

,T

f
C µ

µν
ε

=


                        (21) 

where 0.09Cµ =  and fµ  are empirical constant and turbulent model functions 
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respectively. 
Derivation of   and ε equations was explained in [21]. The momentum eq-

uations are first replaced with the mean and fluctuating velocities, and then each 
equation is multiplied by the fluctuating velocities in the corresponding direc-
tions to produce the turbulent kinetic energy equation. Time-averaged Reynolds 
decomposition rules are used together with the decomposed momentum equa-
tions. To form a single equation, the three equations obtained from the processes 
are added. The   equation is formed by this summation. The  -equation 
according to [21] and [22] is given as a vector in (22): 

[ ] ,T
Tu

t
µ

ρ ρ µ µ φ ρε
σ

  ∂
+ ⋅∇ = ∇ ⋅ + ∇ + −  ∂    


           (22) 

where the local change in turbulent kinetic energy is represented by the first 
item on the left and the convection of turbulent kinetic energy is represented by 
the second term. The diffusion of turbulent energy is represented by the first 
term on the right-hand side, the production of turbulent kinetic energy is 
represented by the second term, and the dissipation of turbulent kinetic energy 
is represented by the last term. σ  is the turbulent Prandtl number for 
-equation. 

In vector form, the ε-equation is presented as follows, according to [13]: 

[ ]
2

1 ,1 2 ,2 ,T

u
t

f C f Cε ε
ε

ερ ε ρ

µ ε εµ ε φ ρ
σ

∂
⋅∇ +

∂
  

= ∇ ⋅ + ∇ + −  
     

           (23) 

where the wall model functions 2f  and 1f  are utilized to adjust the -ε  
model’s eddy viscosity behavior. 

Turbulent kinetic energy and dissipation equations can be written in cylinder 
coordinates using Equations (23) and (22). Substituting Equations (19) and (8) 
into (23) and (22), only the final form is given. 

The  -equation for gas phase: 

( ) ( )2 1
02

1 2 2
0

2 2 2

2 2 2

2

1 1 1

1 1

12

1

a

a
T

T

T

vu w
t r r z

a f T T
r

f
r r r r z

u v u w
r r r z

u w u v v
z r r r r

η

θ

µ η θ λ
θρ

µ ν
ρ σ θ

ν
θ

ν
θ

− −
∞

−

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
∂ = − + −  ∂

   ∂ ∂ ∂ ∂ + + + +    ∂ ∂ ∂ ∂   
 ∂ ∂ ∂     + + + +      ∂ ∂ ∂       

∂ ∂ ∂ ∂ + + + − + ∂ ∂ ∂ ∂ 



   



  

2 21 ,w v
r z

ε
θ

 ∂ ∂   + + −    ∂ ∂     

     (24) 

The  -equation for liquid phase: 
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( )
( )

2 1 1
0 0

2

2 2 22 2

2 2 2

2

11 1
1

1 12

1

a a
T

T

T

vu w
t r r z

a f f
r

r r rr T T

v u u w
r r r zz r

u w u v v
z r r r r

η

θ
η θµ µ ν

ρ θ ρ σλ

ν
θθ

ν
θ

− − −

∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
−  ∂  ∂ ∂ = + +   ∂ ∂ ∂+ −   

 ∂ ∂ ∂ ∂ ∂     + + + + + +       ∂ ∂ ∂∂ ∂         

∂ ∂ ∂ ∂  + + + + −  ∂ ∂ ∂ ∂  



   

 

 

2 21 ,T
w v

r z
ν ε

θ

   ∂ ∂  + + −     ∂ ∂        

   (25) 

The ε-equation for gas phase: 

( ) ( )
2 1 1

0 0
2

2 2 22 2

1 ,12 2 2

1 ,1

1 11

1 12

1

a a
T

T

T

vu w
t r z r

a f f
T T r

r r rr

u v u uf c
r r r zz r

u v vf c
r r r

η

ε

ε

ε

ε ε ε ε
θ

µ η θ µ νε ελ
θ ρ σρ

ε ε ε ν
θθ

ε ν
θ

− − −

∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
−  ∂  ∂ ∂  = + − + +     ∂ ∂ ∂  

 ∂ ∂ ∂ ∂ ∂     + + + + + +       ∂ ∂ ∂∂ ∂         

∂ ∂+ + −
∂ ∂





2 2 2

2

2 ,2

1

,

v w w u
z r r z

f cε

θ

ε

 ∂ ∂ ∂ ∂    + + + +      ∂ ∂ ∂ ∂       

−


 (26) 

The liquid phase ε-equation: 

( )
( )

2 1 1 2
0 0

22

2 2 22

1 ,12 2

1 ,1

1 1
1

1 12

1

a a
T

T

T

vw u
t z r r

a f f
r

r r r zr T T

u w v uf c
r z r rr

v u vf c
r r r

η

ε

ε

ε

ε ε ε ε
θ

µ η θ µ νε ε ε
θ ρ σρ λ

ε ε ν
θθ

ε ν
θ

− − −

∞

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
−  ∂  ∂ ∂ ∂ = + + +   ∂ ∂ ∂ ∂   + −   

 ∂ ∂ ∂ ∂     + + + + +       ∂ ∂ ∂∂         

∂ ∂
+ − + +

∂ ∂





2 2 2

2

2 ,2

1

,

w v u w
r z z r

f cε

θ

ε

 ∂ ∂ ∂ ∂     + + + +      ∂ ∂ ∂ ∂       

−


   (27) 

where σ , ,1cε , εσ , ,2cε  and cµ  are [23] model constants, which are listed 
as 0.09cµ = , 1σ = , ,1 1.44cε = , 1.3εσ =  ,2 1.92cε = . 

According to [23], the following modeling functions have been incorporated 
because turbulent eddies cause damping close to the walls. 

( ) 2 20.51 exp 0.0165 1 ,
t

f R
Rµ

 
= − − +    

 
               (28) 

3

1
0.051 ,f

fµ

 
= +  
 

                       (29) 
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( )2
2 1 exp ,tf R= − −                       (30) 

where tR  and R  are turbulent Reynolds numbers. 

2.2. Boundary Conditions 

The following are relevant boundary conditions to the problem under consider-
ation as applied successfully by [13] and [21]. The geothermal pipe’s walls and 
the gas-liquid interface don’t have a slip condition. 

At the pipe wall, 
2

Dr
+

= : 

0, , 0, , 0w wu w v T T C C ε= = = = = = =  

The fluid interface is regarded as a moving wall when 0r = . 

, , , , 0, , 0.C C u U T T v U w U
r r

ε
∞ ∞ ∞ ∞ ∞

∂ ∂
= = = = = = =

∂ ∂


 

2
Dr

−

=  at the wall of the pipe 

0, 0, , 0, 0,w wu w C C v T Tε= = = = = = =  

0z =  at the entrance 

, , 0, 0, ,w U C C v u T T∞ ∞ ∞= = = = =  

( )
3

1 3 22 8 43 , 0.16 , ,
2 0.07

U I I Re C
Dµε

−

∞= = =



 

where I is the turbulent intensity. 
According to [24], at the outlet z = ∞ , all variable gradients are zero in the 

axial direction i.e., 

0, 0, 0, 0, 0, 0, 0u v w T C
z z z z z z z

ε∂ ∂ ∂ ∂ ∂ ∂ ∂
= = = = = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂


 

2.3. Local Nusselt Number, Coefficient of Skin Friction and  
Sherwood Number 

The local skin friction coefficient, Nusselt number, and Sherwood number are 
quantities of interest for the current engineering problem in terms of practical 
application. The definition of the mean wall shear stress (skin friction coeffi-
cient) is: 

( ) 2

2
,

r

w
fC

U
τ

ρ ∞

= −                        (31) 

where the skin friction on the pipe wall is given by, 

2

.w Dr

u
r

τ µ
=

∂ =  ∂ 
                       (32) 

Substituting Equations (32) into (31) we have; 
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( ) 2

2

2 .
rf Dr

uC
rU

µ
ρ =∞

∂ = −  ∂ 
                    (33) 

Since viscosity is a variable, by Equations (7) and (8) Equation (33) can be ex-
pressed as; 

( )
( ) ( ) 110

2

2

2
1 ,

r

aa
f Dr

uC T T
rU

ηµ
θ λ

ρ
−−

∞
=∞

∂  = − + −    ∂ 
          (34) 

( )

( )

( )

1
0
2 1

2

2
.

1
r

a

f a Dr

uC
rU T T

ηµ θ
ρ λ

−

−
=∞ ∞

∂ = −  ∂  + − 

            (35) 

Skin friction for the gaseous and liquid phases are represented by Equations 
(34) and (35), respectively. 

Another crucial parameter of the current engineering problem is the local 
Nusselt number which is defined as: 

( )
,w

u
w

Dq
N

T Tκ ∞

= −
−




                     (36) 

where wq  is heat flux given as follows; 

2

.w
Dr

Tq
r

κ
=

 ∂
=  ∂ 

                        (37) 

2

.
Dw r

D TNu
T T r∞ =

 ∂
= −  − ∂ 

                   (38) 

Sherwood number is defined as: 

2

.
Dw r

D CSh
C C r∞ =

 ∂
= −  − ∂ 

                   (39) 

3. Non-Dimensionalization 

To solve the problem, the governing equations are converted to non-dimensionless 
forms. The following dimensionless quantities are introduced: 

2

3 2

, , , , , , ,

, , , , , ,

, .

T T
T T

w

c
c

w

tUu v w p zu v w t p z
U U U D DU

T Tr Dr T
DU D T T DU U U

C CC
DU C C

θ θ
ρ

ν ϕ εν ϕ ε

ϕ
ϕ

∞

∞ ∞ ∞ ∞

∞

∞ ∞ ∞ ∞ ∞

∞

∞ ∞

= = = = = = =

−
= = = = = =

−

−
= =

−

      

     

 


   (40) 

Using these non-dimensional values, the boundary conditions and the go-
verning equations are then non-dimensionalized and represented as follows. 

For the gas phase, the dimensionless momentum equation in the r direction 
is: 
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( )

( ) ( )

2

11 2

2 2

122

2 2 2

2 2

1 1

1 11 2

1 1

aa

T

aa

u u v u u vw u
t z r r r

T u u ur
Re r r r r z

a Tu v p
Rer r r

v u v
r r r r

η

η

θ
θ λ

ν

η θ λ

θ θ

θ

−−

−−

∂ ∂ ∂ ∂
+ + + −

∂ ∂ ∂ ∂
  +   ∂ ∂ ∂  = + − + +   ∂ ∂ ∂     

 − +∂ ∂ ∂  + − − +∂ ∂ ∂

∂ ∂
× − + +

∂ ∂

     
 

     

   
 

    

  

    

  

   
( ) ( )

2 2cos ,T cr r

e

G G
T C

Re R
α
  
 + +      

 


     (41) 

where 
U DRe
ν
∞

∞

=  is Reynolds Number, 
( )

( )
2T

T w
r

T T
G

β
ν

∞

∞

−
=

g 

 is Thermal 

Grasholf Number and 
( )

( )
2c

c w
r

C C
G

β
ν

∞

∞

−
=

g 

 is solutal Grasholf Number. 

Dimensionless momentum equation for the liquid phase in radial direction: 

( )

( ) ( )

2

1

1 2

22 2

2 2 2 2 1

2 2

2 1

1

11

1

1 1

a

Ta

a

a

u u v u u vw u
t z r r r

v ur
r r r rRe T

au u u p
z r r r Re T

v u v
r r r r

η

η

θ

θ ν
θλ

η θ
θ λ

θ

−

−

−

−

∂ ∂ ∂ ∂
+ + + −

∂ ∂ ∂ ∂
    ∂ ∂ ∂ = + − +    ∂ ∂ ∂     +  

−∂ ∂ ∂
+ + − − +∂ ∂ ∂   + 

∂ ∂
× − + +

∂ ∂

     
 

     

 
 

    

   

     

  

   
( ) ( )

2 2cos ,T Cr rG G
T C

Re Re
α
  
 + +      

 


     (42) 

Dimensionless momentum equation for the gas phase in the θ-direction: 

( ) ( )

( )

12

2 2

11 2

2 2

2

2 2 2

2 1 1 1 1

1 2 1

1 ,

aa

aa

T

v v v v v v uw u
t z r r r

n T v u p
Re r r r

T v u vr
Re z r r r r

v v
r r

η

η

θ
η θ λ

θ θ

θ λ
ν

θ

θ

−−

−−

∂ ∂ ∂ ∂
+ + + +

∂ ∂ ∂ ∂
 − +  ∂ ∂ = + − ∂ ∂ 

  +   ∂ ∂ ∂ ∂  + + + +    ∂ ∂ ∂ ∂     
∂

+ − ∂ 

      
 

     

   

    

   
 

     

 

  

   (43) 

Dimensionless momentum equation for the liquid phase in the θ-direction: 

( ) ( ) ( )2 1

1 2 2 1

2 2

2 2 2 2 2

1 2 12
1 1

1 1 2

a a

Ta a

v v v v v v uw u
t z r r r

a u v p
r r rRe T Re T

v v v v ur
r r r z r r r

η η

θ

η θ θ ν
θ θλ λ

θ θ

− −

− −

∂ ∂ ∂ ∂
+ + + +

∂ ∂ ∂ ∂
 −  ∂ ∂  = + − + +   ∂ ∂      + +    

  ∂ ∂ ∂ ∂ ∂
× + + − +  

∂ ∂ ∂ ∂ ∂   

      
 

     

  


     

    


         ,


 (44) 
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Dimensionless momentum equation for the liquid phase in the z-direction: 

( ) ( ) ( )

( ) ( )

2 1

1 12

2

2 2 2 2 2

1

1 1

1 1 sin T C

a a

Ta a

r r

w w v w ww u
t z r r
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G Gw w wr T C
r r r z r Re Re

η η
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η θ θ ν
θλ λ

α
θ

− −

− −

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂

 −  ∂ ∂ ∂  = + − + +   ∂ ∂ ∂      + +    

  ∂ ∂ ∂ ∂
× + + + +  ∂ ∂ ∂ ∂    

    
 

    

  
 

    

  
  

      ,



 

  (45) 

Dimensionless momentum equation for the gas phase in the z direction: 

( ) ( )

( )

( ) ( )

12

2

11 2 2
*

2 2 2 2

2 2

1 1 1

1 1 1

sin T C
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η

η

θ

η θ λ

θ
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ν

θ

α

−−

−−

∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂

 − +  ∂ ∂ ∂ = + − 
∂ ∂ ∂ 

  +  ∂ ∂ ∂ ∂  + + + + +   ∂ ∂ ∂ ∂    
 

+ + 
  

    
 

    

   


   

    

     

  ,

   (46) 

The energy equation in its dimensionless form for the liquid phase: 

( )

2 2 2

2

12 2 2
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T
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 ∂ ∂ ∂ ∂
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 ∂
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2 2 2
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1

a
c
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w u v v u v
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E v w w u E
Re z r r zT
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θ θ

θ ε
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−

−

       ∂ ∂ ∂ ∂  + + + + −      
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    ∂ ∂ ∂ ∂ + + + + +   ∂ ∂ ∂ ∂      +   

     

       

   


    

 (47) 

where 
( )

2

c
p w

UE
C T T

∞

∞

=
−

 is Eckert Number and *
p

r

C
P

µ
κ
∞=  is Prandtl Num-

ber. 
Dimensionless form of the gas phase energy equation: 
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( )
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112 2 2

2 2 2 2

2 2 2 2

*

11

11 1

1 12

1 1

aa

aa

Ec TT T T T
Rer r r r z

w u u v v u v
rz r r r r r

Ec T w
Re r

η

η

θ λ

θ

θ θ

θ λ

θ

−−

−−
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2 2

,c
v u w E
z z r

ε
    ∂ ∂ + + +   ∂ ∂ ∂     

  


  

  (48) 

Dimensionless concentration equation: 

2 2 2

2 2 2 2

1 1 1
c c

c

C C v C Cw u
t z r r

C C C C k ReC
S Re r r r r z

θ

ϕ
θ
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+ + +

∂ ∂ ∂ ∂
   ∂ ∂ ∂ ∂
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    (49) 

where 
c

Sc
D
ν∞=  is the Schmidt Number and 2

r
c

kk
U
ν∞

∞

=  is the Chemical Reac-

tion Parameter. 
Dimensionless  -equation for liquid phase: 

( ) ( ) ( )2 1 2

1 1 22
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ν ε
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      ∂ ∂ ∂ ∂ ∂ ∂ + − + + + + + −     
∂ ∂ ∂ ∂ ∂ ∂       

      
 

        

 (50) 

Dimensionless  -equation for gas phase: 

( ) ( ) ( )1 12 1

2

2 * 2 2

*2 2 2 2
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1 1 1
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T
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 ∂ ∂ ∂ ∂
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      ∂ ∂ ∂ ∂ ∂ ∂ + − + + + + + −     ∂ ∂ ∂ ∂ ∂ ∂       

      
 

        

 (51) 

Dimensionless ε-equation for liquid phase: 
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( ) ( ) ( )2 1 2

1 1 * * 22

2 22 2

1 ,12 2 2

1 1

1 1

1 12

a a
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a a

e
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vw u
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u v uf c
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η η

ε
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θ
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∂ ∂ ∂ ∂
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    ∂ ∂ ∂ ∂
+ + + + +   ∂ ∂ ∂ ∂    
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2
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1 1

.

T

w
z

u v v u w w vf c
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f c

ε

ε

ε ν
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ε

  ∂ +  
∂   

      ∂ ∂ ∂ ∂ ∂ ∂ + − + + + + +     
∂ ∂ ∂ ∂ ∂ ∂       

−





       


         









(52) 

2

T
c fµ µν

ε
=





                        (53) 

The equivalent dimensionless form of the Skin friction coefficient, the local 
Nusselt number, and the Sherwood number. 

( )

( ) 11

0.5

2 1
,

r

aa

f
r

T uC
Re r

ηθ λ
−−

=

 +  ∂ = −  ∂ 

 


              (54) 

( )

( )1

1
0.5

2 ,
1r

a

f a
r

uC
rRe T

ηθ

λ

−

−
=

 ∂
= −  ∂   + 





               (55) 

Equations (54) and (55) represent, for the gas and liquid phases, the dimen-
sionless form of skin friction. 

0.5

.
r

TNu
r =

 ∂
= − ∂  



                      (56) 

0.5r

TSh
r =

 ∂
= − ∂  



                       (57) 

Dimensionless Boundary Conditions 

Pipe wall, 0.5r +=  

0, 0, 0, 0, 1, 0, 1v w u C Tε= = = = = = =        

The fluid interface, = 0r   

1, 0, 1, 0, 1, 0, 0u T v C w
r r

ε∂ ∂
= = = = = = =

∂ ∂

 
    

 



 
0.5r −= , wall of the pipe 

0, 0, 0, 0, 0, 1, 1u w v T Cε= = = = = = =        

Inlet, 0z =  
3

1 3 2
2 8 431, 0, 0, 0, 0, , 0.016 , .

2 0.07
w v u T C I I Re Cµε

−
= = = = = = = =       
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Outlet z = ∞  

0, 0, 0, 0, 0, 0, 0u C w v T
z z z z z z z

ε∂ ∂ ∂ ∂ ∂ ∂ ∂
= = = = = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂

      

      



 

4. Methodology 

The governing Equations (41) to (52) cannot be solved analytically due to their 
complex nature. An explicit finite difference method has been employed to solve 
the coupled nonlinear PDEs that govern the flow. PDEs have been solved using 
the finite difference approach due to its accuracy, stability, and quick conver-
gence. The derivatives of the dependent variables appearing in the PDEs are ap-
proximated by Finite differences. A cylindrical mesh has been used to discretize 
the domain. Let’s say that ( ), , ,u r z tθ  is described at the point ( ), , ,i n k s  and 
( ), , ,u r z tθ  as , ,

s
i n ku . In order to build the mesh, it’s assumed there exist S 

points along t, Z points along z, N points along θ, and I points along r. 
Let the step size along r be Δr, along θ be Δθ, along z be Δz and along t be Δt. 

0ir r i r= + ∆ , 0kz z k z= + ∆ , 0n nθ θ θ= + ∆  and 0st t s t= + ∆  where  
1,2,3,4, ,s S= � , 1,2,3,4, ,i I= �  and 1,2,3,4, ,k Z= � , 1,2,3,4, ,n N= � . 

The forward finite difference scheme with respect to time is 
1

, , , ,
s s
i n k i n ku uu

t t

+ −∂
=

∂ ∆
                      (58) 

The central finite difference approximation scheme with respect to space 

1, , 1, , ,
2

s s
i n k i n ku uu

r r
+ −−∂

=
∂ ∆

                     (59) 

( )

2
1, , , , 1, ,

2 2

2
.

s m s
i n k i n k i n ku u Uu

r r
+ −− +∂

=
∂ ∆

                 (60) 

Substituting Equations (58) to (60) into Equations (41) to (52) we have the 
following linear algebraic equations: 

Discrete form of the momentum equation for the liquid phase in the radial 
direction: 

( )
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   (61) 

multiplying Equation (61) by Δt and rearranging so that the values at time s + 1 
are on the left. 
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1, , , ,,s s
i n k i n ku u+  and 1, ,

s
i n ku −  hence 1

, ,
s
i n ku +  can be computed explicitly. 

Discrete form of the momentum equation for the gas phase in the radial di-
rection: 
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Momentum equation for the liquid phase in discrete form in the θ direction: 
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, 1, , ,,s s
i n k i n kv v+  and , 1,

s
i n kv −  are known thus 1

, ,
s
i n kv +  can be computed explicitly. 

Momentum equation for the gas phase in discrete form in the θ direction: 
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Momentum equation in z-direction for liquid phase in discrete form: 
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Momentum equation in z-direction for gaseous phase in discrete form: 
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Energy equation in discrete form: 
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Concentration equation in discrete form: 
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Discrete  -equation for the liquid phase: 

( ) ( )

( ) ( ) ( )

( )

( )

1
, , , , 1, , 1, , , , , 1, , 1, , ,

2

, , 1 , , 1 , , , 1, , 1,1 2

, ,

1

1

, ,

2 2

1
2 21

1

s s s s s s s s
i n k i n k i n k i n k i n k i n k i n k i n k

i

a
s s s s s
i n k i n k i n k i n k i n kas

ie i n k

a
T

as
e i n k

t tu v
r r

at tw
z rR T

R T

η

η

θ

η θ
θλ

νθ
σλ

+
+ − + −

−

+ − + −−

−

−

∆ ∆
= − − − −

∆ ∆

−∆ ∆
− − + −

∆ ∆ + 

+ +
 + 

     

   

( )
( )

( )
( )

( )

( )
( )

( )
( )

1, , , , 1, ,2

1, , 1, , , 1, , , , 1,22

2

, , 1 , , , , 1 1, , 1, ,2 2

2

2
2

2 2
4

s s s
i n k i n k i n k

s s s s s
i n k i n k i n k i n k i n k

i i

s s s s s
i n k i n k i n k T i n k i n k

t
r

t t
r r r

t t u u
z r

θ

ν

+ −

+ − + −

+ − + −

   ∆  − +  ∆   

∆ ∆
+ − + − +

∆ ∆

 ∆ ∆
+ − + + − 

∆ ∆  



  

    

  

 

( )
( ) ( ) ( )

( )
( )

( )
( )

( )( )

2 2

, 1, , 1, , 1, , 1, , , , ,2 2 22

2 2

, , 1 , , 1 , 1, , 1,2 22

, 1, , 1, 1, , 1, , 2

4

4 4

2

s s s s s s
i n k i n k i n k i n k i n k i n k

i ii

s s s s
i n k i n k T i n k i n k

i

s s s s
i n k i n k i n k i n k

i i

t t tv v v v u u
r rr

t tw w u u
z r

t tu u v v
r r r

θθ

ν
θ

θ

+ − + −

+ − + −

+ − + −

∆ ∆ ∆
+ − + − +

∆∆

 ∆ ∆+ − + − 
∆ ∆  

∆ ∆
+ − − −

∆ ∆
( )

( )
( ) ( ) ( )

, 1, , 1, , ,

2 2

1, , 1, , 1, , 1, , , , , ,2 224

s s s
i n k i n k i n k

s s s s s s
i n k i n k i n k i n k i n k i n k

i i

u u v

t t tv v v v v v
r r rr

θ + −

+ − + −

−
∆

∆ ∆ ∆
+ − − − +

∆∆

 

( )
( )

( )
( )

( )( )
( )

( )

( )( )
( )

2 2

, , 1 , , 1 , 1, , 1,2 22

2

, , 1 , , 1 , 1, , 1, 1, , 1, ,2

1, , 1, , , , 1 , , 1 , , 1 , ,2

4 4

2 4

4 4

s s s s
i n k i n k i n k i n k

i

s s s s s s
i n k i n k i n k i n k i n k i n k

i

s s s s s
i n k i n k i n k i n k i n k i n

t tv v w w
z r

t tv v w w w w
r z r

t tw w u u u u
r z z

θ

θ

+ − + −

+ − + − + −

+ − + − +

∆ ∆
+ − + −

∆ ∆

∆ ∆
+ − − + −

∆ ∆ ∆

∆ ∆
+ − − + −

∆ ∆ ∆
( )2

1

, , ,

s
k

s
i n kε

−





−

(70) 

Discrete  -equation for the gas phase: 
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( ) ( )

( ) ( ) ( )

( )
( )

1
, , , , 1, , 1, , , , , 1, , 1, , ,

12
, ,

, , 1 , , 1 , ,

11
, ,

, 1, , 1,2

2 2

1 1

2

1

2

s s s s s s s s
i n k i n k i n k i n k i n k i n k i n k i n k

i
aa s

i n ks s s
i n k i n k i n k

e
aa s

i n ks s T
i n k i n k

ei

t tu v
r r

a Tt w
z R

Tt
Rr

η

η

θ

η θ λ

θ λ ν
θ

+
+ − + −

−−

+ −

−−

+ −

∆ ∆
= − − − −

∆ ∆

 − +∆  − − +
∆

 +∆  × − + +
∆

     

 

 

( )
( ) ( )

( )
( )

( )
( )

1, , , , 1, , 1, , 1, ,2

, 1, , , , 1, , , 1 , , , , 12 22

2
2

2 2

s s s s s
i n k i n k i n k i n k i n k

i

s s s s s s
i n k i n k i n k i n k i n k i n k

i

t t
r rr

t t
r z

σ

θ

+ − + −

+ − + −

 
 
  
 

 ∆ ∆
× − + + −

∆∆
∆ ∆

+ − + + − + 
∆ ∆ 



    

     

 

( )
( )

( )
( )

( ) ( )
( )

( )

( )
( )

2 2

1, , 1, , , 1, , 1,2 22

2 2

, 1, , 1, , , , , , , 1 , , 12 2 2

2

, 1, , 1, , 1,22

2
4 4

4

24

s s s s
T i n k i n k i n k i n k

i

s s s s s s
i n k i n k i n k i n k i n k i n k

i i

s s s
T i n k i n k i n k
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t tu u v v
r r

t t tv v u u w w
r r z

t tu u u
r rr

ν
θ

θ

ν
θθ

+ − + −

+ − + −

+ − +

 ∆ ∆
+ − + −

∆ ∆
∆ ∆ ∆

+ − + + − 
∆ ∆ 
 ∆ ∆+ − + −

∆ ∆∆
( )( )

( )
( )

( )

, 1, 1, , 1, ,

2

, 1, , 1, , , 1, , 1, ,2 24

s s s
i n k i n k i n k

s s s s s
i n k i n k i n k i n k i n k

i

u v v

t tU U v v v
r rθ

− + −

+ − + −

−

∆ ∆
− − + −

∆ ∆

 

( ) ( )
( )

( )

( )
( ) ( )( )

( )
( )

2 2

1, , 1, , , , , , , , 1 , , 12 2

2

, 1, , 1, , , 1 , , 1 , 1, , 1,22

2

1, , 1, , 1, ,2

2 4

24
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s s s s s s
i n k i n k i n k i n k i n k i n k

i i

s s s s s s
i n k i n k i n k i n k i n k i n k
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s s s
i n k i n k i n k i

t t tv v v v v v
r r r z

t tw w v v w w
r zr

t tw w w w
r zr

θθ

+ − + −

+ − + − + −

+ − +

∆ ∆ ∆
− − + + −

∆ ∆
∆ ∆

+ − + − −
∆ ∆∆

∆ ∆
+ − + −

∆ ∆∆
( )( )

( )
( )

1, , , , 1 , , 1

2

, , 1 , , 1 , ,2 ,
4

s s s
n k i n k i n k

s s s
i n k i n k i n k

u u

t u u
z

ε

− + −

+ −

−

∆ + − −
∆ 

(71) 

Discrete ε-equation for the liquid phase: 

( ) ( )

( ) ( ) ( )

( )
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1
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1
2 21

1

s s s s s s s m
i n k i n k i n k i n k i n k i n k i n k i n k
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θ
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−

−
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 + 
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ε

ε

ε ε ε ε

ε ε ε ε ε ε ε
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ε
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∆ ∆
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 ∆
+ −

∆
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( )2 2
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i n k i n k
i

t v v
r θ

+ −
∆

+ −
∆
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  (72) 

Discrete ε-equation for the gas phase: 
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  (73) 

Space discretization for the local Nusselt number, Sherwood number, and 
coefficient of skin friction as provided in Equations (54)-(57) are performed 
based on the Finite Difference backward approximation and the results eva-
luated at 0.5r =  as follows: 

( )

( ) ( ) 11
, , , , 1, ,2 1

,
r

aa s s s
i n k i n k i n k

f

n T u u
C

Re r

ηθ λ
−−

−
 +  − = −  

∆  
         (74) 
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, ,
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f as
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u uj
C
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−

 −
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            (75) 

, , 1, , ,
s s

i n k i n k
u

T T
N

r
−−

= −
∆

                     (76) 

, , 1, , .
s s
i n k i n kC C

Sh
r

−−
= −

∆
                     (77) 

5. Results and Discussions 

This section explains how the different flow parameters affect concentration, 
skin friction, Nusselt number, and Sherwood number physically. The Prandtl 
number is chosen to be 0.71 for air and 6.9 for water. 

5.1. Flow Parameter Effects on Concentration Distribution 

For both phases, Figure 2 demonstrates that the concentration distribution in-
creases as the Reynolds number increases. Since both the fluid velocity and tem-
perature increase as Re increases, the molecules will diffuse at an extremely rapid 
rate. The concentration boundary layer increases as species diffusivity increases. 

Figure 3 demonstrates that for both the gaseous phase and the liquid phase, 
concentration profiles increase as α, the angle of inclination, increases. The con-
centration boundary layer thickness grows as the angle of inclination increases, 
increasing concentration profiles. 

The influence of the solutal Grasholf number on concentration is depicted in 
Figure 4 for the gas phase and the liquid phase, respectively. It is important to 
note that as the solutal Grasholf number increases, so does the concentration 
distribution. The concentration boundary layer thickness increases as the solutal 
Grasholf number rises. 
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Figure 2. Reynolds number’s effect on the concentration distribution. 
 

 
Figure 3. Effect of inclination angle on concentration distribution. 
 

 
Figure 4. Solutal Grasholf number’s effect on concentration distribution. 

5.2. Effect of Flow Parameters on Heat, Mass, and Skin Friction 
Transfers 

From Table 1, it is crucial to remember that a decrease in skin friction for both 
phases is caused by an increase in the Reynolds number, thermal Grasholf number,  
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Table 1. Local skin friction values for different physical parameters. 

Re ( )r TG
 ( )r CG

 α Lf
C

 gf
C

 

4500 7,200,000 10,400,000 
6
π

 
0.096789 0.306544 

5000    0.087412 0.276841 

5500    0.079590 0.252063 

4500 7,200,000 10,400,000 
6
π

 
0.096789 0.306544 

 11,200,000   0.094689 0.299893 

 15,200,000   0.092589 0.293232 

4500 7,200,000 10,400,000 
6
π

 
0.096789 0.306544 

  14,400,000  0.091718 0.290488 

  15,200,000  0.086648 0.274431 

4500 7,200,000 10,400,000 
6
π

 
0.096789 0.306544 

   
4
π

 
0.098585 0.312235 

   
3
π

 
0.100927 0.319651 

 
and singular Grasholf number. Increasing the Reynolds number causes the 
viscous forces to decrease. Because skin friction is inversely related to viscous 
forces, it becomes less significant as skin friction increases. An increase in incli-
nation angle leads to an increase in skin friction coefficient. 

The data in Table 2 were obtained by numerical simulations of various phys-
ical parameter values for the local Nusselt number. Increase in the Reynolds 
number (Re), Eckert number (Ec), Prandtl number (Pr), and angle of inclination 
(α) results in an increase in the rate of heat transfer. As the Reynolds number 
rises, the flow velocity rises as well, which in turn causes the temperature gra-
dient to rise and the Nusselt number to rise. The thickness of the thermal boun-
dary layer decreases as the angle of inclination, Prandtl number, Eckert number, 
and Reynolds number rise. The rate of heat transfer is enhanced by reducing the 
thermal boundary layer. As the power law index rises, the rate of heat transfer 
reduces. The thickness of the thermal boundary layer increases as the power law 
index rises. The rate of heat transfer is unaffected by the chemical reaction pa-
rameter. 

For various values of the physical parameters, numerical values of the local 
Sherwood numbers for the gas and liquid phase are shown in Table 3. The rate 
of mass transfer increases with an increase in the chemical reaction parameter, 
Reynolds number, and angle of inclination but decreases with an increase in  
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Table 2. Nusselt number numerical values for physical parameters. 

Re cE  ( )grP
 ( )LrP

 n α cK  LuN
 guN

 

4500 0.07 0.76 6.95 3 
6
π

 
0.011 23.821997 23.803601 

5000       24.040211 24.023957 

5500       24.196294 24.181731 

4500 0.07 0.76 6.95 3 
6
π

 
0.011 23.821997 23.803601 

 0.09      24.290212 24.272932 

 0.11      24.758406 24.742260 

4500 0.07 0.76 6.95 3 
6
π

 
0.011 23.821997 23.803601 

  0.81 7.00    23.822043 23.805282 

  0.86 7.05    23.822088 23.806756 

4500 0.07 0.76 6.95 3 
6
π

 
0.011 23.821997 23.803601 

    4   23.820358 23.802061 

    5   23.819943 23.800878 

4500 0.07 0.76 6.95 3 
6
π

 
0.011 23.821997 23.803601 

     
4
π

 
 24.012741 23.994429 

     
3
π

 
 24.261327 24.243133 

4500 0.07 0.76 6.95 3 
6
π

 
0.011 23.821997 23.803601 

      0.013 23.821997 23.803601 

      0.015 23.821997 23.803601 

 
Table 3. Sherwood number numerical values for values of physical parameters. 

Re ck  cS  n α LhS
 ghS

 

4500 0.011 0.037 3 
6
π

 
446.053639 446.053639 

5000     590.323064 590.323064 

5500     754.802869 754.802869 

4500 0.011 0.037 3 
6
π

 
446.053639 446.053639 

 0.013    718.896116 718.896116 

 0.015    1055.738593 1055.738593 
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Continued 

4500 0.011 0.037 3 
6
π

 
446.053639 446.053639 

  0.052   441.405529 441.405529 

  0.067   439.439021 439.439021 

4500 0.011 0.037 3 
6
π

 
446.053639 446.053639 

   4  446.053639 446.053639 

   5  446.053639 446.053639 

4500 0.011 0.037 3 
6
π

 
446.053639 446.053639 

    
4
π

 
446.148990 446.148990 

    
3
π

 
446.273254 446.273254 

 
Schmidt number. An increase in Reynolds number ,e cR k  and α implies there is 
more interaction of the species concentration with the momentum boundary 
layer. Larger values of the Schmidt Number result in a slower rate of mass trans-
fer. The rate of mass transfer is unaffected by the power law index, n. 

6. Conclusion 

This study examined the impact of various flow parameters on two-phase tur-
bulent fluid flow in a geothermal pipe with a chemical reaction. The numerical 
findings for the Sherwood number, Nusselt number, and coefficient of skin fric-
tion have been tabulated. From the findings, the following significant points may 
be made: 
• Concentration distribution could be enhanced with increase of Solutal Gra-

sholf number, angle of inclination, and Reynolds number. 
• An increase in inclination angle increases the coefficient of skin friction. 
• Higher values of Reynolds number and solutal Grasholf number result in a 

reduction of skin friction. Hence, there is enhanced efficiency of the system. 
• Heat transfer rate increases by increasing Eckert number, Prandtl number, 

Reynolds number, and angle of inclination. 
• The rate of mass transfer is unaffected by the power law index. 
• When the Reynolds number, Chemical reaction parameter, and angle of in-

clination rise, the amount of mass transfer also rises but falls as Schmidt num-
ber rises. 
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