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Abstract 
PNP models with an arbitrary number of positively charged ion species and 
one negatively charged ion species are studied in this paper under the as-
sumption that positively charged ion species have the same valence and the 
permanent charge is a piecewise constant function. The permanent charge 
plays the key role in many functions of an ion channel, such as selectivity and 
gating. In this paper, using the geometric singular perturbation theory, a flux 
ratio independent of the permanent charge is proved. 
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1. Introduction 

The cell membrane is a biological membrane that separates the interior of all 
cells from the outside environment and protects the cell from its environment. 
The cell membrane consists of a lipid bilayer that is semipermeable. It regulates 
the transport of materials entering and exiting the cell. Ion channels are large 
proteins embedded in cell membranes that have holes open to the inside and the 
outside of cells. The charged ions flow through the open channels and represent 
an electric current. These currents alter the distribution of charge and the vol-
tage across the membrane is changed. Ionic flow through ion channels can be 
described mathematically by the Poisson-Nernst-Planck model [1] [2]. A statio-
nary one-dimensional Poisson-Nernst-Planck model [3] [4] [5] is  
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where Φ  is the electric potential, ic  is the concentration for the ith ion spe-
cies, iz  is the valence, ( )Q x  is the permanent charge of the channel, ( )i xµ  
is the electrochemical potential, ( )h x  is the area of the cross-section of the 
channel, i  is the flux density, iD  is the diffusion coefficient, rε  is the rela-
tive dielectric coefficient, 0ε  is the vacuum permittivity, k is the Boltzmann 
constant, T is the absolute temperature, and e is the elementary charge.  

The boundary conditions are, for 1, 2, ,i n=  ,  

 ( ) ( ) ( ) ( )0 , 0 ; 1 0, 1 .i i i iV c L c RΦ = = Φ = =              (1.2) 

( )i xµ  in the classical Poisson-Nernst-Planck model takes the following form  

 ( ) ( ) ( )
0

ln i
i i

c x
x z e x kT

c
µ φ= +                  (1.3) 

which 0c  is a constant.  
The Poisson-Nernst-Planck model (1.1) is actually a simplified model which is 

derived from the Maxwell-Boltzmann equations [6] [7] and the Langevin-Poisson 
equations [8] [9] by capturing key features. Recently, the Poisson-Nernst-Planck 
model (1.1) has been studied [10]-[17] greatly. In [18], under the assumption 
( )Q x  is a piecewise constant function, the boundary value problems (1.1) and 

(1.2) have been analyzed based on the geometric singular perturbation theory 
[19] [20] [21]. However, due to the lack of the explicit formula for individual flux, 
it is difficult to analyze the properties of individual flux. In this paper, a property 
of individual flux, that is, a flux ratio is independent of the permanent charge, is 
identified under the following assumptions.   

(A1) 1 1 0nz z z−= = = >  and 0nz < .  
(A2) For 1 10 1i i m ma b a b a b< < < < < < < < <  , let ( ) 0Q x =  for  

10 x a< < ; ( ) 1Q x Q=  for 1 1a x b< < ; ( ) 0Q x =  for 1i ib x a− < < ; ( ) iQ x Q=  
for i ia x b< < ; ( ) 0Q x =  for 1i ib x a +< < ; ( ) mQ x Q=  for m ma x b< < ;  
( ) 0Q x =  for 1mb x< < ; where , 1, ,iQ i m=  , are constants and m is an arbi-

trary positive integer.  
By re-scaling,  
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The model (1.1) is reduced to a standard singularly perturbed system of the fol-
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1 dd
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d d
nJJ

x x
= = =                         (1.4) 

with the boundary condition, for 1, ,j n=  .  

 ( ) ( ) ( ) ( )0 , 0 , 1 0, 1 .j j j jV c L c Rφ φ= = = =               (1.5) 

Under the assumption that the permanent charge ( )Q x  is small, the effects 
of small permanent charges on individual flux are investigated in [22]. On the 
other hand, under the assumption that the permanent charge ( )Q x  is large, 
the effects of large permanent charges on individual flux have been also analyzed 
in [23] [24]. Actually, due to the assumption that the permanent charge ( )Q x  
is small or large, the solutions of (1.4) and (1.5) can be expanded with respect to 
( )Q x , therefore, the explicit formulae for the zeroth order approximation and 

the first order approximation of individual flux can be obtained. Based on these 
explicit formulae, the effects of small or large permanent charges on individual 
flux can be analyzed in [22] [23] [24].  

In this paper, under the assumptions A1 and A2 and without the assumption 
the permanent charge ( )Q x  is small or large, although it seems that there is no 
methods to get the explicit formula for kJ , but it still can be verified that a flux 
ratio is independent of ( )Q x , that is,  
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The rest of this paper is organized as follows. In Section 2, limiting fast and 
slow orbits for (1.4) and (1.5) are constructed. In Section 3, limiting fast and 
slow orbits for (1.4) and (1.5) in Section 2 are matched, which results in a series 
of very complicated algebraic equations. The main results in this paper are pre-
sented in Section 4. Some conclusions are given in Section 5. 

2. Limiting Fast and Slow Orbits for (4)-(5) over [0, 1] 

Let d
d

u
x

ε φ= , xτ = , system (1.4) becomes  
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By using the rescaling x εξ= , one has  

( ) ( ) ( )
( )

( )

1
1 1

1 1 1

1 1 1

, ,

,
             

,

n n n

n n n

u u zc zc z c Q x h h u

c zc u h J

c zc u h J

τ

τ

τ

φ ε τ τ

ε τ

ε τ

−
−

− − −

′ ′= = − + + + + −  
′ = − −

′ = − −





 

https://doi.org/10.4236/jamp.2023.111001


G. J. Lin 
 

 

DOI: 10.4236/jamp.2023.111001 4 Journal of Applied Mathematics and Physics 
 

( )
1

,
0, , 0, .

n n n n

n

c z c u h J
J J

τε τ
τ ε

′ = − −

′ ′ ′= = =

                     (2.8) 
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Then a solution to Equations (1.4) and (1.5) is to finding an orbit of Equation 
(2.7) or (2.8) from LB  to RB . 

By letting 0ε = , we analyze the limiting fast and limiting slow orbits of Equ-
ations (2.7) and (2.8) on intervals [ ]10,a , [ ]1 1,a b , [ ]1,i ib a− , [ ],i ia b , [ ]1,i ib a + , 
[ ]1 1,i ia b+ +  and [ ],1mb  respectively due to the fact that ( )Q x  is a piecewise 
constant function. 

Let ( ) ia
iaφ φ= , ( )1 1
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ic a c= ,  , ( ) ia
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iac ,  , ia
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Then limiting fast and slow orbits of Equation (2.7) or (2.8) from LB  to RB  
will consists of several parts: limiting fast and slow orbits over the interval 
[ ]10,a  connecting orbit from LB  to 

1aB , limiting fast and slow orbits over the 
interval [ ]1 1,a b  connecting orbit from 

1aB  to 
1b

B , limiting fast and slow or-
bits over the interval [ ]1,i ib a−  connecting orbit from 

1ibB
−

 to 
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fast and slow orbits over the interval [ ],i ia b  connecting orbit from 
iaB  to 

ibB , limiting fast and slow orbits over the interval [ ]1,i ib a +  connecting orbit 
from 
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1iaB
+

, limiting fast and slow orbits over the interval [ ]1 1,i ia b+ +  
connecting orbit from 

1iaB
+

 to 
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+

, and limiting fast and slow orbits over the 
interval [ ],1mb  connecting orbit from 

mbB  to RB .  
For convenience, let ( ) ( )1

0
d
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H x h s s−= ∫ . 

2.1. Limiting Fast and Slow Orbits on [ ]a10,  Where ( )Q x 0=  

In this section, we will construct limiting fast and slow orbits that connects LB  
to 

1aB  by letting 0ε =  in Equations (2.7) and (2.8). As shown in [25], limiting 
fast and slow orbits that connect LB  to 

1aB  are satisfied by: 
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where 1, , 1k n= −  and  
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2.2. Limiting Fast and Slow Orbits on [ ]i ib a−1 ,  Where ( )Q x = 0  

In this section, we will construct limiting fast and slow orbits that connects 
1ibB
−

 
to 

iaB  by letting 0ε =  in Equations (2.7) and (2.8). Limiting fast and slow or-
bits that connects 
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where 1, , 1k n= − , 2, ,i m=   and 
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2.3. Limiting Fast and Slow Orbits on [ ]i ia b,  Where ( ) iQ x Q=  

In this section, we will construct limiting fast and slow orbits that connects 
iaB  

to 
ibB  by letting 0ε =  in Equations (2.7) and (2.8). Limiting fast and slow or-

bits that connect 
iaB  to 

ibB  are satisfied by: 
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2.4. Limiting Fast and Slow Orbits on [ ]mb ,1  Where ( )Q x = 0  

In this section, we will construct limiting fast and slow orbits that connects 
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where 1, , 1k n= −  and 
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3. Matching Limiting Fast and Slow Orbits on [ ]0,1  

Based on Sections 2.1-2.4, to obtain limiting fast and slow orbits from LB  to 

RB , the following algebraic equations should holds simultaneously:  
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   (3.19) 

Note that the total number of the unknown parameters  

1 1, , , , , , , , 1, ,i i i i i ia a a b b b
n nc c c c i mφ φ =    

and  

1, , nJ J  

is ( )2 1m n n+ + . Also, the total number of Equations (3.18) and (3.19) is exactly 
( )2 1m n n+ + , which matches the total number of the unknown parameters. 

It can be seen that Equations (3.18) and (3.19) are very complicated nonlinear 
algebraic equations, which are intricately difficult to be solved, however, alge-
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braic Equations (3.19) can be solved in the next section. 

4. Main Results 

In this section, the main results of this paper, that is, the ratio of kJ  to 

1 1nJ J −+ +  is independent of the permanent charge ( )Q x , will be proved. As 
shown in the following, to justify the main results, it is sufficient that only Equa-
tions (3.19) are used. 

Theorem 4.1. Under the assumptions A1 and A2, let 0ε =  in Equations (2.7) 
and (2.8), then one has  
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          (4.20) 

where 1, , 1k n= − , which indicates that the ratio of kJ  to 1 1nJ J −+ +  is 
independent of the permanent charge ( )Q x .  

Proof. Substitute the formulae for  
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in Equations (2.11), (2.13), (2.15) and (2.17) into algebraic Equations (3.19), 
then direct calculations show that 
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biφ

      (4.21) 

where 1, , 1k n= −  and 1, ,i m=  .  
Again, substitute the formulae for  

, , 1, , ; 1, , 1i ia b
k kc c i m k n= = −   

in Equations (4.21) into algebraic Equations (3.19), then the statement in Theo-
rem 4.1 can be obtained.                                            □ 

Remark 4.2. The remain parameters 1 1
i ia a

nc c −+ + , ia
nc , 1 1

i ib b
nc c −+ + , ib

nc , 

1 1nJ J −+ + , nJ , iaφ , , 1, ,ib i mφ =  , are determined by nonlinear algebraic 
Equations (3.18), and it seems that it is extremely difficult to get the explicit 
formulae for these parameters.  

5. Conclusion 

In this paper, PNP models with an arbitrary number of positively charged ion 
species and one negatively charged ion species are investigated under the as-
sumptions A1 and A2. By using the geometric singular perturbation theory and 
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solving Equations (3.19), it is proved that the ratio of kJ  to 1 1nJ J −+ +  is 
independent of the permanent charge ( )Q x . Also, it can be seen that although 
Equations (3.18) are not used in the proof of Theorem 4.1, the number of solu-
tions to the boundary value problems (1.1) and (1.2) is determined by Equations 
(3.18). However, due to the fact that Equations (3.18) are very sophisticated al-
gebraic equations, it is very challenging to solve Equations (3.18). 

Acknowledgements 

The author was supported by the NNSFC 11971477. 

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this pa-
per. 

References 
[1] Gillespie, D. and Eisenberg, R.S. (2001) Modified Donnan Potentials for Ion Trans-

port through Biological Ion Channels. Physical Review E, 63, Article ID: 061902.  
https://doi.org/10.1103/PhysRevE.63.061902  

[2] Horng, T.L., Lin, T.C., Liu, C. and Eisenberg, B. (2012) PNP Equations with Steric 
Effects: A Model of Ion Flow through Channels. The Journal of Physical Chemistry 
B, 116, 11422-11441. https://doi.org/10.1021/jp305273n  

[3] Gillespie, D., Nonner, W. and Eisenberg, R.S. (2003) Density Functional Theory of 
Charged, Hard-Sphere Fluids. Physical Review E, 68, Article ID: 031503.  
https://doi.org/10.1103/PhysRevE.68.031503  

[4] Liu, W. and Wang, B. (2010) Poisson-Nernst-Planck Systems for Narrow Tubu-
lar-Like Membrane Channels. Journal of Dynamics and Differential Equations, 22, 
413-437. https://doi.org/10.1007/s10884-010-9186-x  

[5] Nonner, W. and Eisenberg, R.S. (1998) Ion Permeation and Glutamate Residues 
Linked by Poisson-Nernst-Planck Theory in L-Type Calcium Channels. Biophysical 
Journal, 75, 1287-1305. https://doi.org/10.1016/S0006-3495(98)74048-2  

[6] Barcilon, V. (1992) Ion Flow through Narrow Membrane Channels: Part I. SIAM 
Journal on Applied Mathematics, 52, 1391-1404. https://doi.org/10.1137/0152080  

[7] Im, W., Beglov, D. and Roux, B. (1998) Continuum Solvation Model: Electrostatic 
Forces from Numerical Solutions to the Poisson-Bolztmann Equation. Computer 
Physics Communications, 111, 59-75.  
https://doi.org/10.1016/S0010-4655(98)00016-2  

[8] Aboud, S., Marreiro, D., Saraniti, M. and Eisenberg, R.S. (2004) A Poisson P3M 
Force Field Scheme for Particle-Based Simulations of Ionic Liquids. Journal of Com-
putational Electronics, 3, 117-133. https://doi.org/10.1007/s10825-004-0316-8  

[9] Chung, S. and Kuyucak, S. (2001) Predicting Channel Function from Channel 
Structure Using Brownian Dynamics Simulations. Clinical and Experimental Phar-
macology and Physiology, 28, 89-94.  
https://doi.org/10.1046/j.1440-1681.2001.03408.x  

[10] Barcilon, V., Chen, D.-P., Eisenberg, R.S. and Jerome, J.W. (1997) Qualitative Proper-
ties of Steady-State Poisson-Nernst-Planck Systems: Perturbation and Simulation 
Study. SIAM Journal on Applied Mathematics, 57, 631-648.  
https://doi.org/10.1137/S0036139995312149  

https://doi.org/10.4236/jamp.2023.111001
https://doi.org/10.1103/PhysRevE.63.061902
https://doi.org/10.1021/jp305273n
https://doi.org/10.1103/PhysRevE.68.031503
https://doi.org/10.1007/s10884-010-9186-x
https://doi.org/10.1016/S0006-3495(98)74048-2
https://doi.org/10.1137/0152080
https://doi.org/10.1016/S0010-4655(98)00016-2
https://doi.org/10.1007/s10825-004-0316-8
https://doi.org/10.1046/j.1440-1681.2001.03408.x
https://doi.org/10.1137/S0036139995312149


G. J. Lin 
 

 

DOI: 10.4236/jamp.2023.111001 12 Journal of Applied Mathematics and Physics 
 

[11] Ji, S. and Liu, W. (2012) Poisson-Nernst-Planck Systems for Ion Flow with Density 
Functional Theory for Hard-Sphere Potential: I-V Relations and Critical Potentials. 
Part I: Analysis. Journal of Dynamics and Differential Equations, 24, 955-983.  
https://doi.org/10.1007/s10884-012-9277-y  

[12] Wang, X.-S., He, D., Wylie, J. and Huang, H. (2014) Singular Perturbation Solutions 
of Steady-State Poisson-Nernst-Planck Systems. Physical Review E, 89, Article ID: 
022722. https://doi.org/10.1103/PhysRevE.89.022722  

[13] Liu, W. and Xu, H. (2015) A Complete Analysis of a Classical Poisson-Nernst-Planck 
Model for Ionic Flow. Journal of Differential Equations, 258, 1192-1228.  
https://doi.org/10.1016/j.jde.2014.10.015  

[14] Mofidi, H. and Liu, W. (2020) Reversal Potential and Reversal Permanent Charge 
With Unequal Diffusion Coefficients via Classical Poisson-Nernst-Planck Models. 
SIAM Journal on Applied Mathematics, 80, 1908-1935.  
https://doi.org/10.1137/19M1269105  

[15] Mofidi, H., Eisenberg, B. and Liu, W. (2020) Effects of Diffusion Coefficients and 
Permanent Charges on Reversal Potentials in Ionic Channels. Entropy, 22, Article 
No. 325. https://doi.org/10.3390/e22030325  

[16] Gwecho, A.M., Wang, S. and Mboya, O.T. (2020) Existence of Approximate Solu-
tions for Modified Poisson Nernst-Planck Describing Ion Flow in cell Membranes. 
American Journal of Computational Mathematics, 10, 473-484.  
https://doi.org/10.4236/ajcm.2020.103027  

[17] Chen, B., Wu, J. and Chen, H. (2012) Numerical Investigation of Traveling Wave 
Electroosmotic Flows in a Microchannel. Journal of Biomaterials and Nanobio-
technology, 3, 280-285. https://doi.org/10.4236/jbnb.2012.322034  

[18] Liu, W. (2009) One-Dimensional Steady-State Poisson-Nernst-Planck Systems for 
Ion Channels with Multiple Ion Species. Journal of Differential Equations, 246, 
428-451. https://doi.org/10.1016/j.jde.2008.09.010  

[19] Jones, C. (1995) Geometric Singular Perturbation Theory. In: Johnson, R., Ed., Dy-
namical Systems, Vol. 1609, Springer, Berlin, 44-118.  
https://doi.org/10.1007/BFb0095239  

[20] Jones, C. and Kopell, N. (1994) Tracking Invariant Manifolds with Differential 
Forms in Singularly Perturbed Systems. Journal of Differential Equations, 108, 64-88.  
https://doi.org/10.1006/jdeq.1994.1025  

[21] Kuehn, C. (2015) Multiple Time Scale Dynamics. Vol. 191, Springer, Cham.  
https://doi.org/10.1007/978-3-319-12316-5  

[22] Lin, G. (2021) Effects of Small Permanent Charge on PNP Models. Journal of Ap-
plied Mathematics and Physics, 9, 2321-2333.  
https://doi.org/10.4236/jamp.2021.99147  

[23] Zhang, L., Eisenberg, B. and Liu, W. (2019) An Effect of Large Permanent Charge: 
Decreasing Flux with Increasing Transmembrane Potential. The European Physical 
Journal Special Topics, 227, 2575-2601.  
https://doi.org/10.1140/epjst/e2019-700134-7  

[24] Zhang, L. and Liu, W. (2020) Effects of Large Permanent Charges on Ionic Flows 
via Poisson-Nernst-Planck Models. SIAM Journal on Applied Dynamical Systems, 
19, 1993-2029. https://doi.org/10.1137/19M1289443  

[25] Lin, G. (2020) PNP Models with the Same Positively Charged Valence. Journal of 
Applied Mathematics and Physics, 8, 1930-1948.  
https://doi.org/10.4236/jamp.2020.89145 

https://doi.org/10.4236/jamp.2023.111001
https://doi.org/10.1007/s10884-012-9277-y
https://doi.org/10.1103/PhysRevE.89.022722
https://doi.org/10.1016/j.jde.2014.10.015
https://doi.org/10.1137/19M1269105
https://doi.org/10.3390/e22030325
https://doi.org/10.4236/ajcm.2020.103027
https://doi.org/10.4236/jbnb.2012.322034
https://doi.org/10.1016/j.jde.2008.09.010
https://doi.org/10.1007/BFb0095239
https://doi.org/10.1006/jdeq.1994.1025
https://doi.org/10.1007/978-3-319-12316-5
https://doi.org/10.4236/jamp.2021.99147
https://doi.org/10.1140/epjst/e2019-700134-7
https://doi.org/10.1137/19M1289443
https://doi.org/10.4236/jamp.2020.89145

	A Flux Ratio Independent of the Permanent Charge in PNP Models
	Abstract
	Keywords
	1. Introduction
	2. Limiting Fast and Slow Orbits for (4)-(5) over [0, 1]
	2.1. Limiting Fast and Slow Orbits on  Where 
	2.2. Limiting Fast and Slow Orbits on  Where 
	2.3. Limiting Fast and Slow Orbits on  Where 
	2.4. Limiting Fast and Slow Orbits on  Where 

	3. Matching Limiting Fast and Slow Orbits on 
	4. Main Results
	5. Conclusion
	Acknowledgements
	Conflicts of Interest
	References

