4

Journal of Applied Mathematics and Physics, 2022, 10, 3424-3461

““ Scientific https://www.scirp.org/journal/jamp

0 “ Research :
94% Publishing ISSN Online: 2327-4379
* ISSN Print: 2327-4352

Structure of Essential Spectra and Discrete
Spectrum of the Energy Operator of
Six-Electron Systems in the Hubbard Model.
First Quintet and First Singlet States

S. M. Tashpulatov

Institute of Nuclear Physics of Academy of Science of Republic of Uzbekistan, Tashkent, Uzbekistan

Email: sadullatashpulatov@yandex.com, toshpul@mail.ru, toshpul@inp.uz

How to cite this paper: Tashpulatov, S.M.
(2022) Structure of Essential Spectra and
Discrete Spectrum of the Energy Operator
of Six-Electron Systems in the Hubbard Mod-
el. First Quintet and First Singlet States. Jour-
nal of Applied Mathematics and Physics, 10,
3424-3461.
https://doi.org/10.4236/jamp.2022.1011227

Received: October 24, 2022
Accepted: November 27, 2022
Published: November 30, 2022

Copyright © 2022 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

[ONom

Abstract

We consider the energy operator of six-electron systems in the Hubbard
model and investigate the structure of essential spectra and discrete spectrum
of the system in the first quintet and first singlet states in the v -dimensional
lattice.
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1. Introduction

The Hubbard model first appeared in 1963 in the works [1] [2] [3]. The Hub-
bard model is a simple model of metal was proposed that has become a funda-
mental model in the theory of strongly correlated electron systems. In that mod-
el, a single nondegenerate electron band with a local Coulomb interaction is
considered. The model Hamiltonian contains only two parameters: the parame-
ter B of electron hopping from a lattice site to a neighboring site and the para-
meter U of the on-site Coulomb repulsion of two electrons. In the secondary

quantization representation, the Hamiltonian can be written as
H=B) a, a

m,y “m+z,y

+ +
+Uzam,Tam,Tam,¢am,¢’ (1)
m

mz,y

where Bis the transfer integral between neighboring sites, 7 =+¢;,j=12,---,v,

here €; are unit mutually orthogonal vectors, which means that summation is
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taken over the nearest neighbors, Uis the parameter of the on-site Coulomb in-

teraction of two electrons, y is the spin index, y =T or y=4, T and |

1 1
denote the spin values > and > and a, and @,, denote Fermi opera-

tors of creation and annihilation of an electron with spin 7 on a site meZ",

here Z" v -dimensional integer valued lattice, v -lattice dimensionality.

The model proposed in [1] [2] [3] was called the Hubbard model after John
Hubbard, who made a fundamental contribution to studying the statistical me-
chanics of that system, although the local form of Coulomb interaction was first
introduced for an impurity model in a metal by Anderson [4]. We also recall that
the Hubbard model is a particular case of the Shubin-Wonsowsky polaron model
[5], which had appeared 30 years before [1] [2] [3]. In the Shubin-Wonsowsky
model, along with the on-site Coulomb interaction, the interaction of electrons
on neighboring sites is also taken into account. The simplicity and sufficiency of
Hamiltonian (1) have made the Hubbard model very popular and effective for
describing strongly correlated electron systems.

The Hubbard model well describes the behavior of particles in a periodic po-
tential at sufficiently low temperatures such that all particles are in the lower
Bloch band and long-range interactions can be neglected. If the interaction be-
tween particles on different sites is taken into account, then the model is often
called the extended Hubbard model. In considering electrons in solids, the
Hubbard model can be considered a sophisticated version of the model of
strongly bound electrons, involving only the electron hopping term in the Ha-
miltonian. In the case of strong interactions, these two models can give essen-
tially different results. The Hubbard model exactly predicts the existence of
so-called Mott insulators, where conductance is absent due to strong repulsion
between particles. The Hubbard model is based on the approximation of strong-
ly coupled electrons. In the strong-coupling approximation, electrons initially
occupy orbital’s in atoms (lattice sites) and then hop over to other atoms, thus
conducting the current. Mathematically, this is represented by the so-called
hopping integral. This process can be considered the physical phenomenon un-
derlying the occurrence of electron bands in crystal materials. But the interac-
tion between electrons is not considered in more general band theories. In addi-
tion to the hopping integral, which explains the conductance of the material, the
Hubbard model contains the so-called on-site repulsion, corresponding to the
Coulomb repulsion between electrons. This leads to a competition between the
hopping integral, which depends on the mutual position of lattice sites, and the
on-site repulsion, which is independent of the atom positions. As a result, the
Hubbard model explains the metal-insulator transition in oxides of some transi-
tion metals. When such a material is heated, the distance between nearest-neighbor
sites increases, the hopping integral decreases, and on-site repulsion becomes
dominant.

The Hubbard model is currently one of the most extensively studied multie-

lectron models of metals [6] [7] [8]. Therefore, obtaining exact results for the
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spectrum and wave functions of the crystal described by the Hubbard model is
of great interest. The spectrum and wave functions of the system of two elec-
trons in a crystal described by the Hubbard Hamiltonian were studied in [6]. It
is known that two-electron systems can be in two states, triplet and singlet [6]

[7] [8]. The work [6] is considered the Hamiltonian of the form
H=AYa a, +B)> a, a,, +U>a ,a.a a. )

m.y my m

Here A is the electron energy at a lattice site, B is the transfer integral between
neighboring sites, 7 =xe;, j=12,---,v, where €; are unit mutually ortho-
gonal vectors, which means that summation is taken over the nearest neighbors,

Uis the parameter of the on-site Coulomb interaction of two electrons, y isthe
spin index, y = T or y={, T and | denote the spin values % and —%,
and a,, and @, are the respective electron creation and annihilation oper-
ators at a site me Z" . It was proved in [6] that the spectrum of the system Ha-
miltonian H' in the triplet state is purely continuous and coincides with a
segment [m,M]=[2A—4Bv,2A+4Bv]|, where v is the lattice dimensionality,
and the operator H® of the system in the singlet state, in addition to the con-
tinuous spectrum [m,M ], has a unique antibound state for some values of the
quasimomentum. For the antibound state, correlated motion of the electrons is
realized under which the contribution of binary states is large. Because the sys-
tem is closed, the energy must remain constant and large. This prevents the
electrons from being separated by long distances. Next, an essential point is that
bound states (sometimes called scattering-type states) do not form below the
continuous spectrum. This can be easily understood because the interaction is
repulsive. We note that a converse situation is realized for U <0: below the
continuous spectrum, there is a bound state (antibound states are absent) be-
cause the electrons are then attracted to one another.

For the first band, the spectrum is independent of the parameter U of the
on-site Coulomb interaction of two electrons and corresponds to the energy of
two noninteracting electrons, being exactly equal to the triplet band. The second
band is determined by Coulomb interaction to a much greater degree: both the
amplitudes and the energy of two electrons depend on U and the band itself
disappears as U -0 and increases without bound as U — . The second
band largely corresponds to a one-particle state, namely, the motion of the
doublet, i.e., two-electron bound states.

The spectrum and wave functions of the system of three electrons in a crystal
described by the Hubbard Hamiltonian were studied in [9]. In the three-electron
systems are exists quartet state, and two type doublet states. The quartet state
corresponds to the free motion of three electrons over the lattice with the basic
functions qr3n/'2nyp =ar;’Tan*vTa;¢(po. In the work [9] is proved that the essential
spectrum of the system in a quartet state consists of a single segment and the
three-electron bound state or the three-electron antibound state is absent. The

doublet state corresponds to the basic functions zdrln/i‘p =a,+a, 3 10, and

DOI: 10.4236/jamp.2022.1011227

3426 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1011227

S. M. Tashpulatov

Zdﬁ’p =a;+a,58 ¢ If v=1 and U >0, then the essential spectrum of the
system of first doublet state operator H/ is exactly the union of three segments
and the discrete spectrum of H, consists of a single point, ie, in the system
exists unique antibound state. In the two-dimensional case, we have the analog-
ous results. In the three-dimensional case, or the essential spectrum of the sys-
tem in the first doublet state operator H! is the union of three segments and
the discrete spectrum of operator H, consists of a single point, i.e., in the sys-
tem exists only one antibound state, or the essential spectrum of the system in
the first doublet state operator H,' is the union of two segments and the dis-
crete spectrum of the operator H! is empty, or the essential spectrum of the
system in the first doublet state operator H is consists of a single segment,
and discrete spectrum is empty, Le, in the system the antibound state is absent.
In the one-dimensional case, the essential spectrum of the operator HJ of
second doublet state is the union of three segments, and the discrete spectrum of
operator H{ consists of no more than one point. In the two-dimensional case,
we have analogous results. In the three-dimensional case, or the essential spec-
trum of the system in the second doublet state operator Hj is the union of
three segments and the discrete spectrum of operator HJ consists of no more
than one point, Ze, in the system exists no more than one antibound state, or
the essential spectrum of the system in the second doublet state operator H{ is
the union of two segments and the discrete spectrum of the operator H{ is
empty, or the essential spectrum of the system in the second doublet state oper-
ator H{ is consists of a single segment, and discrete spectrum is empty, i.e., in
the system the antibound state is absent.

The spectrum of the energy operator of system of four electrons in a crystal
described by the Hubbard Hamiltonian in the triplet state was studied in [10]. In
the four-electron systems are exists quintet state, and three type triplet states,
and two type singlet states. The triplet state corresponds to the basic functions
Mnor = 8018018008 @y, lyn o =8, 580,80 18050,,

Tonpr = 8012018518, 10,

If v=1 and U >0, then the essential spectrum of the system first triplet
state operator 'H/ is exactly the union of two segments and the discrete spec-
trum of operator 'H; is empty. In the two-dimensional case, we have the ana-
logous results. In the three-dimensional case, the essential spectrum of the sys-
tem first triplet-state operator 'H! is the union of two segments and the dis-
crete spectrum of operator 'H! is empty, or the essential spectrum of the sys-
tem first triplet-state operator 'H! is single segment and the discrete spectrum
of operator 'H! isempty.If v=1 and U >0, then the essential spectrum of the
system second triplet state operator “H is exactly the union of three segments
and the discrete spectrum of operator 2H! is consists no more than one point. In
the two-dimensional case, we have the analogous results. In the three-dimensional
case, the essential spectrum of the system second triplet-state operator 2H! is
the union of three segments and the discrete spectrum of the operator ?H! is

consists no more than one point, or the essential spectrum of the system second
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triplet-state operator “H! is the union of two segments and the discrete spec-
trum of the system second triplet state operator 2H! is empty, or the essential
spectrum of the system second triplet-state operator ?H! is consists of single
segment and the discrete spectrum of the operator *H} is empty.

If v=1 and U >0, the essential spectrum of the system third triplet-state
operator *H! is exactly the union of three segments and the discrete spectrum
of the operator *H| is consists no more than one point. In two-dimensional
case, we have analogous results. In the three-dimensional case, the essential
spectrum of the system third triplet-state operator *H! is the union of three

segments, and the discrete spectrum of the operator *H! is consists no more

t
than one point or the essential spectrum of the system third triplet-state opera-
tor °H! is the union of two segments, and the discrete spectrum of the operator
*H! is empty, or the essential spectrum of the system third triplet-state operator
*H! is consists of single segment, and the discrete spectrum of the operator
*H! is empty. We see that there are three triplet states, and they have different
origins.

The spectrum of the energy operator of four-electron systems in the Hubbard
model in the quintet, and singlet states were studied in [11]. The quintet state
corresponds to the free motion of four electrons over the lattice with the basic
functions q;‘n'p'r =a; 48,2 +a "+, . In the work [11] proved, that the spec-
trum of the system in a quintet state is purely continuous and coincides with the
segment [4A—8Bv,4A+8Bv], and the four-electron bound states or the four-
electron antibound states is absent. The singlet state corresponds to the basic

. 1.0 + + + + 2.0
functions “S; =a,48,48, 8 Py, Sy

=a,+a,,37,8 ¢, and these two
singlet states have different origins.

If v=1 and U >0, then the essential spectrum of the system of first sing-
let-state operator 'H; is exactly the union of three segments and the discrete
spectrum of the operator 'H; is consists only one point. In the two-dimensional
case, we have the analogous results. In the three-dimensional case, the essential
spectrum of the system first singlet-state operator 'H; is the union of three
segments and the discrete spectrum of the operator ‘H; is consists only one
point, or the essential spectrum of the system of first singlet-state operator *H
is the union of two segment and the discrete spectrum of the operator 'H; is
empty, or the essential spectrum of the system of first singlet-state operator "H;
is consists of single segment and the discrete spectrum of operator 'H is empty.
If v=1 and U >0, then the essential spectrum of the system of second sing-
let-state operator 2H is exactly the union of three segments and the discrete
spectrum of operator *H; is consists only one point. In two-dimensional case,
we have the analogous results. In the three-dimensional case, the essential spec-
trum of the system second singlet-state operator “H; is the union of three
segments and the discrete spectrum of the operator *H; is consists only one
point, or the essential spectrum of the system of second singlet-state operator

?H; is the union of two segment and the discrete spectrum of the operator
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’H; is empty, or the essential spectrum of the system of second singlet-state
operator “H; is consists of single segment and the discrete spectrum of opera-
tor ?H{ isempty.

The structure of essential spectra and discrete spectrum of the energy operator
of five-electron systems in the Hubbard model in the fifth doublet state were
studied in [12].

In the five-electron systems exists the sextet state, and five type doublet states,
and four type quartet states.

The structure of essential spectrum and discrete spectra of the energy operator
of five-electron systems in the Hubbard model in the doublet state were investi-
gated in [13] and [14].

The structure of essential spectra and discrete spectrum of the energy operator
of five electron systems in the Hubbard model in a sextet and quartet states were
studied in [15]. The spectrum of the energy operator of two-electron systems in
the impurity Hubbard model in the triplet and singlet state was studied in the
work [16].

The spectrum of the energy operator of three-electron systems in the impurity
Hubbard model in the second doublet state was studied [17]. The structure of
essential spectra and discrete spectrum of three-electron systems in the impurity
Hubbard model in the Quartet state were studied in [18]. The structure of essen-
tial spectra and discrete spectrum of four-electron systems in the impurity Hub-
bard model in the first triplet state were studied in [19].

Consequently, in previous works, the spectrum of the energy operator of two,
three, four and five electronic systems in the Hubbard model was studied, and
the spectrum of the energy operator of two and three electronic systems and
four-electron systems for first triplet state in the Impurity Hubbard model was
investigated. Naturally, similar problems should be considered for the energy

operator of six electronic systems in the Hubbard model.

2. Hamiltonian of the System

We consider the energy operator of six-electron systems in the Hubbard model
and describe the structure of the essential spectra and discrete spectrum of the
system for octet state, and first quintet and first singlet states in the lattice. The
Hamiltonian of the chosen model has the form (2).

In the six electron systems has a octet state, and quintet states, and triplet
states, and singlet states. The energy of the system depends on its total spin S.

Along with the Hamiltonian, the N, electron system is characterized by the total
S :&, Shmin :0,1.
2

SpinS: S=S Smax _1"”’Smin’ max 2

max !

Hamiltonian (2) commutes with all components of the total spin operator
S= (S+ ,$7,8° ) , and the structure of eigenfunctions and eigenvalues of the sys-

tem therefore depends on S. The Hamiltonian A acts in the antisymmetric Fock
space H,.
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3. Six-Electron Octet State in the Hubbard Model

Let ¢, be the vacuum vector in the space H, . The octet state corresponds to

the free motion of six electrons over the lattice with the basic functions
3
p,q.r.t,k,nez”

octet state is the set of all vectors of the form

o _ 3 as as
Vs _Zp,q,r,t,k,nez“ f (p’q’r’t’k’n)op,q,r,t,k,nezv , feld®, :vhere I;° is the sub-
space of antisymmetric functions in the space |, ((Zv) . We denote by HjJ

=a,,8,,8,8,8 ;@ ,¢,. The subspace 7{;, corresponding to the

the restriction of operator A to the subspace H; .

Theorem 1. The subspace H; is invariant under the operator H, and the re-
striction H; of operator H to the subspace H; is a bounded self-adjoint op-
erator. It generates a bounded self-adjoint operator HY acting in the space 13*

as
Hows =6Af (p,a.r,tk,n)+BY.[ f(p+z.q.r.t.kn)+f(p,g+7,r.tkn)

+f(p.a,r+ztkn)+f(p,qgrt+zkn) (3)
+f(p.artk+z,n)+f(pagrtkn+r)].

The operator H, actsonavector w; € H; as

Hows= Y (HSf)(p.a, rtknjol .. (4)
p.q.r.t.k,nez”

Proof. We act with the Hamiltonian A on vectors y; € H; using the stan-
dard anticommutation relations between electron creation and annihilation op-
erators at lattice sites, {am', , aﬁ,ﬂ} =0nn0, 45 {amyy , anﬁ} = {a;w , a;ﬁ} =0, and
also take into account that a, ¢, =6, where 0 is the zero element of 7 .
This yields the statement of the theorem. [

Lemma 1. The spectra of the operators Hy and HJ coincide.

Proof. Because the operators H? and H are bounded self-adjoint opera-
tors, it follows that if A€ O'(H; ) , then the Weyl criterion (see [20], chapter
VII, paragraph 3, pp. 262-263) implies that there is a sequence {!//i }:il such that
|wi=1 and lim;,, (H;’ —/l)t//i H =0. We set

Vi=2 arikn i (p.a.rtk, n)a;ﬁa;ﬁar}at}a;ﬁan*ﬁ(po . Then
((Hao _ﬂ)‘//i:<H30 _)“)'//i)

J(e -2
> l(Hs=2)fi( p,q,r,t,k,n)”2

p,q.r.t,k,n

+ At At At At At + At At At At oAt
X (ap,Taq,Tar,Tat,Tak,Tan,T¢0 , ap,Taq,Tar,Tat,Tak,Tan,T¢0)

2

(Hf—/l)Fi(p,q,r,t,k,n)

p.q,r.t.k,n
+ At At At At ot
x (an,Tak,Tat,Tar,Taq,Tap,Tap,Taq,Tar,Tat,Tak,Tan,T(pO , %)

as |1 — o, where
Y (s =4)F (p.a.r.t.k,n)

p.q,r.t.k,n

= Zp,q,r,t,k,n

2
X(%l%)

(HS —/I)Fi(IO,q,r.t,k,n)H2 0,
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F= Zpyq’mk‘n f(p.a,r,t.k,n). It follows that Ae O'("_lg) . Consequently,
o-(H;)c a(l-_lg).
Conversely, let Ae 0<|'_|§ ) . Then, by the Weyl criterion, there is a sequence

{Fi}:il such that ||Fi||:1 and lim.

I—>©

Fi = Zp,q,r,t,k,n fi ( P.q, s k’ n) ’ "Fl ” = (z p.q.r.t.k,n
This means that 4 € G( H;) and hence G(I‘Té’) c G( H; ) These two relations
imply O'(H;)zo(l-_i;).m

We call the operator H. the six-electron octet state operator in the Hubbard

(|-_|§ _Z)y/i “ =0. Setting

1
1:i ( p,q,r,t,k,n)|2)2 » WE con-

clude that || =[F|=1 and |(F5-Z)F

(I—T;—Z)!//iu—)o as i—>w.

model.

Let f:lz((ZV)e)—> Lz((TV>6)E7-t3° be the Fourier transform, where T"
is the v -dimensional torus endowed with the normalized Lebesgue measure
da,ie A(T")=1.

We set I:lé’ = .7:H_§ F'. In the quasimomentum representation, the operator

_ 6
H acts in the Hilbert space L3 ((TV) ), where L3 is the subspace of anti-

6
symmetric functions in L, ((Tv) ) .
Theorem 2. The Fourier transtorm of operator H{ is an operator

HS = FHSF™ acting in the space L5 ((T Y )6 ) be the formula

Hows =h(4 07,00, 2) T (A 17,01, %),
where
h(4 s,7.6,1, %)
=6A+2BY"" [cos(4 )+cos(u)+cos(y)+cos(6,)+cos(n)+cos(x )], and

6
LS is the subspace of antisymmetric functions in L, ((Tv) ) .

Proof. The proof is by direct calculation in which we use the Fourier trans-
formation in formula (3). [

The spectrum of operator H{ is a purely continuous and coincide with the
interval [6A—12Bv,6A+12Bv].

4. Structure of the Essential Spectrum and Discrete
Spectrum of Operator First Quintet State 'H 5

The first quintet state corresponding to the free motion of six electrons over lat-
tice and their interactions with the basic functions

142

At At At ot At At
U rsknezy = BpdBrrBia8 18 18, 10 )

The subspace "Hj , corresponding to the first quintet state is the set of all
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vectors of the form

wi= Y f(prstkn)ig fel?, (6)

p.rt;sk,nez”’
p,r.s,t.k,neT”

6
where I3* is the subspace of antisymmetric functions in the space |, ((Zv) )

We denote by 'HY the restriction of operator A to the subspace “Hj .

Theorem 3. The subspace “Hy is invariant under the operator H, and the
restriction *Hj  of operator H to the subspace “H; is a bounded self-adjoint
operator. It generates a bounded self-adjoint operator *HJ acting in the space

I;° as
'Hilws =6Af (p.r.s,tk,n)+BY.[ f(p+z,rstkn)+f(pr+zstkn)

+f(p.r,s+ztkn)+ f(prst+zkn) )
+f(pr.stk+z,n)+f(prstkn+r)]

+U [5P-q +5p,r +5p,t +5p,k +5p,n:| f (p1 I’,S,t,k,n).

lgq 1.q q
The operator 'HY acts onavector 'yw{ e "HJ as

L ERZESEDY (lH_gf)(p,r,s,t,k,n)lq2 : (8)

p,r.s,t,k,nez”
p,r.s,t.k,nez”

Lemma 2. The spectra of the operators *HJ and 'H{ coincide.
The proof of the lemma 2 similarly to proof the lemma 1.

We set 'H = F'HIF . In the quasimomentum representation, the opera-

- 6
tor 'HY acts in the Hilbert space L5 ((TV) ), where L3 is the subspace of

6
antisymmetric functions in L, ((T V) ) .
Theorem 4. The Fourier transform of operator "HJ is an operator

. _ 6
‘HY = F'H{F ™, acting in the space L ((Tv) ) be the formula

i =h(A oy, 0, 7) (2w 7,0,m,2)+U[ [ f(s,4+u-5,7.017)
+f (s, d+y=50,n 1)+ (s .y, A+0-51.7%) 9)
+ £ (s, 1,70, A+n-5,7)+ T (5,11,7.0,m, A+ y —s)]ds,
where
h(4 a,7.6.1, %)

—BA+ ZBZi”:l[cos(ﬂ,, )+cos (24 )+c0s (7, )+cos(8,)+cos(n,)+cos( )] »and

6
LS is the subspace of antisymmetric functions in L, ((Tv) ) .

Proof. The proof is by direct calculation in which we use the Fourier trans-
formation in formula (7).

Using tensor products of Hilbert spaces and tensor products of operators in
Hilbert spaces [21], and taking into account that the function f (/”L, m,v,0,1m, ;()
is an antisymmetric function, we can verify that the operator 'HJ can be

represented in the form
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'Hi =H;, ®1®1+1®H; ®I+I®I®H;, , (10)
where
(H3., fAl)(ﬂ):{2A+4B§cos%cos[%—&j} fo (A)+U ] T, (s)ds, (11)
here A, =1+,
(1, )(r) - {2A4Bz%[%y ]} f ()-20, 1, (5)ds, 12
here A,=y+0,
(A3, f, ) ()= {2A+ 4BZCOSA7;COS[A7;—7A j} fo, (m)+20 ], f, (s)ds, (13)

here A, =7+ y,and 7is the unit operator in space H, .

Consequently, we must investigate the spectrum of the operators H;Al ,
HZ, ,and H:

205 2Ag *

Let the total quasimomentum of the two-electron system A+u=A, be

fixed. We let L, (F Al) denote the space of functions that are square integrable
on the manifold T’y = {(/1,,11) A+u= A1} . It is known [22] that the operator
H} and the space Hi=L, ((Tv)z) can be decomposed into a direct integral
|-|; = G—)LV H~;/\1dAl , 7;(,21 = ®IT" 7‘~L21/\1d/\l of operators |:|;,\1 and spaces

7:L21A1 =L, (F Al)’ such that the spaces ﬁllAl are invariant under the operators

|:|; n, and each operator I:lé A, acts in 7?21,\1 according to the formula
(H;Al fAl)(/1)={2A+4BZ?_1003A—1005[A—1—4} fo, (ﬂ)+Uf , f (s)ds,

2 2 ™
where f, (X) =f (X, Al—x). Therefore, the function f(4,u,7,0,n,x) is an
antisymmetric function of parameters A,u,7,0,n,y , and all parameters
A, u,7,0,nm, 7 achanged in the v-dimensional torus T, because all integral’s

» f/\i (S)dS,i =m are equal.

First, we investigate the spectrum of the operator H ; A
It is known that the continuous spectrum of I:I; A, is independent of the pa-

rameter Uand consists of the intervals

q v v v v Ai v Ai
oo (3, ) =G, =[ My M) ] = 2A—4Bzi:1cos7l, 2A+ 4Bzilcos?1} .

Definition 1. The eigenfunction ¢, €L, (T" ><T") of the operator H;Al
corresponding to an ejgenvalue 1, ¢ le is called a bound state (BS) (anti-
bound state (ABS)) of H~§ with the quasi momentum A, and the quantity
z,, iscalled the energy of this state.

We consider the operator K, acting the space 7:(21[\1 according to the for-

mula
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U

(KAl(z) fA1)(x):_|'TV

. : f, (t)dt.  (14)
. AN (A :
2A+4Bzi:1cos?cos 7—ti -1z

. . . qJ1 v
It is a completely continuous operator in H;, for z2¢G, .
We set

dsds, ---ds,

D}, (z)=1+U] (15)

2A+4Bziv_1cos[;1cos[1;1— s, J— z

Lemma 3. A number 1, ¢ le Is an eigenvalue of the operator I:lé A, ifand
only ifit is a zero of the function Dy (2), ie, Dy, (z,)=0.
Proof. Let the number Z=17, ¢ GXl be an eigenvalue of the operator H ; A
and ¢, (x) be the corresponding eigenfunction, Le,
C AL (A
{2A+ 4BiZl:cos7cos(7—ﬂ,I j}g% (2) +UI L@, (8)ds =20, (2).  (16)

Let w, (x)= {2A+4Bziv_lcos%cos[%—i,j— Z |p,, (x) - Then

vy, ()+U ], 1i [i v, (s)ds=0, (17)

2A+ 482::1005%005 %—ﬂ, -1

ie, the number £ =-1 is an eigenvalue of the operator K, (z). It then
follows that Dy (z,)=0.

Now let z=12, be a zero of the function Dy (2), ie, Dy, (z,)=0. It fol-
lows from the Fredholm theorem than the homogeneous equation

1

v (X)+U], W, (s)ds=0

v AL A
2A+4B) " cos—tcos| L-4 |-z
=2 2
has a nontrivial solution. This means that the number z =1z, is an eigenva-
lue of the operator H, A U
We consider the one-dimensional case.

Theorem 5.
a) Let v=1 and U <0, then for all values of parameters of the Hamiltonian,

~ A
the operator H, s, has a unique eigenvalue z, =2A- \/U ? +16B% cos® 71 , that is

below the continuous spectrum of the operator Hj, ,ie, Z <m, .
1 1

b) Let v=1 and U >0, then for all values of parameters of the Hamiltonian,

~ A
the operator H, A, has a unique eigenvalue 7, =2A+ \/U ? +16B” cos’ 71 , that

is above the continuous spectrum of the operator H; a o Les 4> M ,1\1 .

Proof. If U <0, then in the one-dimensional case, the function D,l\l (Z) de-

creases monotonically outside the continuous spectrum domain of the operator
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H,,. , ie, in the intervals (—oo,mi ) and (M[l\ ,+OO). For z<m, the func-
1 1 1 1

. 1 1

tion DAl(Z) decreases from 1to —oo, DAl(Z)—)l as z——ow,

D/l\1 (Z) —> -0 as Z—> mil —0. Therefore, below the value mil , the function

A
Dy, (2) has a single zero at the point z=z = 2A—\/U ? +16B? cos® ?1 <my .

For Z> Mil , and U <0, the function Dil(z) decreases from +oo to 1,
D} (z) > +0 as z—>M; +0, Dy (z)>1 as Z—>+00 . Therefore, above
1 1 1
the value Mjl\l, the function Dil (z) cannot vanish. If U >0, and z< my, »
the function Dj (z) increases from 1 to +®©, D/l\ (Z) -1 as z> -,
1 1
Dfl\1 (Z) —>+0 as Z—> mil —0. Therefore, belove the value mil , the function
D; (z) cannot vanish. For z> M} , and U >0, the function Dj (z) in-
1 1 1
creases from - to1, D} (z)>1 as 7>+, D () >0 as
1 1

7> M,l\1 +0. Therefore, above the value M,1\1 , the function Dll\l (z) vanishes

on a single point z=17 = 2A+\/U2 +16B? COSZ% O

In two-dimensional case, we have analogously results. We now consider the
three-dimensional case. Let v=3,and U <0.We denote

ds,ds.ds.
m/\ :J‘T3 U9 M93

1 i i
.37 cosﬁ 1+cos A S,
= 2 2
ds,ds,ds,

NS _ : :
f_lcosg{l— cos[lzl =5 D

Theorem 6. Let v =3.

,and

a)If U<0,and U< —ﬁ, then the operator H;M has a unique eigenva-
m,,

. . 3 ) 3
lue z,, that is below the continuous spectrum of H; Ao Ly Ty <My

b) If U <0, and _48 <U <0, then the operator H;M has no eigenvalue,
m,,

that is below the continuous spectrum of H ; A

oIf U>0,and U > 48

Ar

, then the operator H, A, has a unique eigenva-

5 . . . 5 3
lue 7, that is above the continuous spectrum of H, ,ie, Z,>M; .

d).If U>0,and 0<U < 48

A

, then the operator H; A, has no eigenvalue,

that is above the continuous spectrum of H; A

Now, we consider the operator H~22 A, » and investigated the spectra this oper-

ator. We set
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ds,ds, ---ds

D}, (z)=1-2U[, - . (18)

i i
2A+ 482:10051\22003(/\22— s, ]— z

It is known the continuous spectrum of the operator |:|22 A, > I8 consists of the

y . Al . Al
segment o, (HZZA2 ) = {2A—4BZHCOS72, 2A+ 4Bzi1COS72} .

Theorem 7. a) Let v=1 and U <0, then for all values of parameters of the

. . 72 . .
Hamiltonian, the operator H,, has a unique eigenvalue

A -
z, =2A+ 2\/U ? +4B? cos® 72 , that is above the continuous spectrum of HZZ,\2 ,

. 1
ie, ,>Mj .

b) Let v=1 and U >0, then for all values of parameters of the Hamiltonian,

5 A
the operator H; A, hasa unique eigenvalue 7, =2A- 2\/U ? +4B%cos® 72 , that

. . q2 . 5 1
is below the continuous spectrum of H,, ,ie, Z, <mj .

The proof of Theorem 7 are similarly the proof of Theorem 5.
ds,ds,ds,

> cos 22| 1+ cos ﬁ—si
=2 2

ds,ds,ds
M/\z = .[T3 i — i '
3 Az Az
D008 2| 1—-cos| ~ 2 -5,
= 2 2

Theorem 8. Let v =3.

,and

We denote m, = ITB

a) If U<0,and U <- 2B

Az

, then the operator H 22 A, has a unique eigen-

. . 2 3
value 7, , that is above the continuous spectrum of H,, ,ie, z, >Mj .

b) If U<0, and -2

Az

<U <0, then the operator |:|22 A, has no eigenva-

lue, that is above the continuous spectrum of I:Iz2 Ay -

c)If U>0,and U > 2B

m,,

, then the operator I:IZZA2 has a unique eigenvalue

Z, , that is below the continuous spectrum of H22 Ay 165 Lo < miz .

d)If U>0,and 0<U < 2B

, then the operator Hz2 A, has no eigenvalue,
mA
2

that is below the continuous spectrum of H 22 Ay -

Now, we consider the operator H;’ A > and investigated the spectra this oper-

ator. We set

ds,ds, ---ds

o . (19)

D, (z)=1+2U], RN
2A+4Bzr_lcos;cos[23— S, j— z
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It is known the continuous spectrum of the operator H~23 A, > 18 consists of the
1 Y v cos s
segment o, (H3,, )= 2A—4Bzi:1cos7,2A+4E32Hcos7 :
Theorem 9. a) Let v=1 and U <0, then for all values of parameters of the

S 53 . .
Hamiltonian, the operator H,, has a unique eigenvalue

A -
7, =2A- 2\/U ? +4B% cos’ 73 , that is below the continuous spectrum of H23A3 ,

Le, 13 < m/1\3 .
b) Let v=1 and U >0, then for all values of parameters of the Hamilto-

. 13 . .
nian, the operator H has a unique eigenvalue
27,

A -
Z, = 2A+ 2\/U ? +4B% cos’ 73 , that is above the continuous spectrum of HZSA3 ,

. 1
e, 1> l\/lA3 .
In the two-dimensional case, we have analogously results.

We consider the three-dimensional case.

ds,ds,ds
We denote mAB:f B -

T3 i i
Zf_lcos A{H cos (/\3 -5, D
- 2 2

M. = .[ ds, ds,ds,
v 23 cosA—i3 1—cos A—;—s |
=D 2

Theorem 10. Let v =3.

,and

a)If U<0,and U<- 2B , then the operator I:lg',\3 has a unique eigenva-

mA3

lue Z,, thatis below the continuous spectrum of HS Ay s L€ I3 < mig .

b)If U<0,and 2B

m,,

<U <0, then the operator H~23 A, has no eigenvalue,

that is below the continuous spectrum of H 23 As -

¢)If U>0,and U > 2B , then the operator I:lz3 A, has a unique eigenva-

Az

lue Z3, thatis above the continuous spectrum of H23 Ay 165 L3> M,?'\3 .

d)If U>0,and 0<U < 2B , then the operator H J A, has no eigenvalue,

Az

that is above the continuous spectrum of H23 As -

Now, using the obtained results and representation (10), we describe the
structure of essential spectrum and discrete spectrum of the energy operator of
six electron systems in the Hubbard model in the first quintet state.

Theorem 11. Let v=1. Then

A)If v=1 and U <0, then the essential spectrum of the operator 'HJ is
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consists of the union of seven segments:
o (*H3)=[a+c+eb+d+ flufatctzy,b+d+z,]
Ula+e+z,,b+ f+z,]ufa+z,+2;,b+2, + 7]
Ulc+e+z,d+f+z]|ufc+z,+72,d+27,+17]

Ule+z,+12,, f+2,+7,],

and the discrete spectrum of the operator 'H{ is consists of no more one ei-

genvalue: O'disc( H q) {Zl +2,+ Z3} , OF Ogige (1|:|§)= . Here and hereafter

A A A
a= 2A—4Bcos?l, b= 2A+4Bcos?1, c:2A—4Bcos72,

A A
d =2A+4Bcos%, e=2A—4Bcos73, f=2A+4Bcos73,and

7, = 2A—\/U2 +16B° cosz%, 7, =2A+ 2\/u2 +4B?cos? D2 |

A
z, = 2A—2\/U2 +4B? cos? =2

B) If v=1,and U >0, then the essential spectrum of the operator ‘HJ is

consists of the union of seven segments:
ess( Hq):[a+c+e,b+d+ flula+c+Z,b+d+7]
Ula+e+Z,,b+ f+7,]ula+Z,+7,b+7,+ 7]
Ulc+e+z,d+f+Z|ulc+Z+7,d+2 + 7]

Ule+z,+7,, f+7+17,],

and the discrete spectrum of the operator 'HJ is consists of no more one ei-

q
2
genvalue: Oy, (ng ) ={ZL+7,+4},0r oy ( ) =(J . Here

A
7, = 2A+\/U2 +16B? cos” =+,

A
Z, :ZA—Z\/UZ +4Bzcosz%, z, :2A+2\/U2 +4B%cos® =

Proof. A) It follows from representation (10), and from Theorems 5 and 7
and 9, that in one-dimensional case, if U <0, then the continuous spectrum of

. .
the operator H;, is consists from

O ont ( Hi, ) = [ZA —-4B Cosﬁ, 2A+4Bcos ﬁ} and discrete spectrum of the
' 2 2

1 . . . . .
operator Hj, is consists of unique eigenvalue z,, the continuous spectrum of

J2 . .
the operator H, A, is consists from

Coont (H 2 ) = [ZA— 4B Cosﬁ, 2A+4Bcos &} , and discrete spectrum of the
2 2

2 . . . . .
operator H,, is consists of unique eigenvalue z,, and the continuous spec-

33 .
trum of the operator H, A, IS consists from
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Teont (H3, ) = [ZA— 4Bcoss 21 4B cosﬁ} , and discrete spectrum of the
$ 2 2

3 . . . .
operator H2A3 is consists of unique eigenvalue z,. Therefore, the essential

spectrum of the operator "HJ is consists from of the union of seven segments:

o (*H3)=[a+c+eb+d+ flufatctz,,b+d+z]
Ula+e+z,,b+ f+z,]ufa+z,+2;,b+2, + 7]
Ulc+e+z,d+f+z]ufc+z,+72,,d+27,+17]

ule+z,+2, f+2,+1,],

and discrete spectrum of the operator "HJ is consists is the no more then one
eigenvalues: O (1|:|2q ) = {Zl +Z,+ 23} , O Ogig (1I:I;) = . These is given to
the proof of statement A) from Theorem 11.

The statements B) from Theorem 11. are proved similarly. []

In the two-dimensional case, we have the analogously results.

Now, we consider the three-dimensional case.

Theorem 12. Let v =3. Then

A)If v=3 and U<0,and U<—4B

mA1

,and

1
;and M >Em,\1

1
M,, <m, ,or U<-— , and MA2<EmA1,and m, <2m, ,or

Az

U<—ZB

1
,and M, >m, ,and M, <—m,, then the essential spectrum of
mA 2 3 2 2 1
3

the operator 'H. is consists of the union of seven segments:

s (*H3) =[a, +¢ +e.by +d, + f,]U[a, +¢ +23,b +d, +24]
Ula,+e +2,,b + fi+2,]ula, +2, +25,b + 2, + 24
ule +e +z,d + fL+z]Ufe +2,+2,,d, +2,+ 24
ule+z+2,, f+2,+1,],
and the discrete spectrum of the operator "HY is consists of no more one ei-
genvalue: adisc(ll:lg):{zl+zz+z3}, or o-disc(llfi;‘):ﬁ Here and hereafter
A

a = 2A—4BZ?:lcos71 ,

A A
b = 2A+4BZi3:1cos71, ¢ = 2A—4Bzf:lcos72,

s Al s A s A
d, = 2A+4Bzizlcos72, e = 2A—4Bzizlcos73, f, = 2A+4Bzizlcos73 ,
and 7, Z,, and Zz; are the eigenvalues, correspondingly, the operator’s

1 72 33
H;, » Hay, and Hyy .

B)If v=3,and U <0, _48 <U<- 2B ,and M, <m,_,or
mA1 Ap 2 3
_ 2B <u <—£,and m, <2m, ,or _2B <U<- 2B , and
Ap m,, m,, Ay

m,, >2M, , then the essential spectrum of the operator 'HJ is consists of the

DOI: 10.4236/jamp.2022.1011227 3439 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1011227

S. M. Tashpulatov

union of four segments:

o-ess(lHNQ):[a1+cl+e1,bl+dl+ f]ula, +c¢,+25,b +d, +2;]
Ula, +e +2,,b + fl+zz]u[a1+zz+23,bl+zz+z3]’

aess(ll:lg):[a1+cl+e1,bl+dl+ flula, +¢ +2;,0 +d; +2,]
Ule,+e +7,d, + fl+zl]u[cl+zl+z3,dl+zl+z3]’

s (*H3) =[a +c +e, b+ + f]U[a 6 +2,, b+ f, +2,]

ule +e +z,d + fi+z|ule +2,+7,, fi+2,+7,]

, and the discrete

spectrum of the operator 'HJ is empty set: Oy (1|:|§ ) =0,

2B <U<— 2B

Ay mA3

C)If v=3,and U<0,and —

,and m, <2M, ,and

, Or —ESU <-—

mAl I’]’IA3

2B £U<—4B

Ay mA1

m,, >M

Ay ,and m, <2m, ,and m, >2M, ,andor

,and M, >m, , and m, >2M then the essential
2 3 1

A ?
spectrum of the operator "HY is consists of the union of two segments:
0w (H7)=[a +o re b +d + f]ufa +o 2,0+, + 2],

or
oess(ll:lg):[a1+cl+el,b1+dl+fl]u[a1+el+zz,b1+fl+zz],

or
'Hi)=[a +c +e,b+d, + f,]u[c, +e +2,d, + f, +2,]
Oess | M2 & +C +E, (VG +e+Z,0+ T+,

and the discrete spectrum of the operator 'HY is empty: Oy, (1|:|2cI ) =0,
2B
m

D) If v=3, and U<0, and -

<U<0, and m, >2M, , and
Az

4B

m,, <2m, ,or U<0,and - <U<0, M, >m, ,and m, >2M, ,or

m/\1

U<0, and - 2B

Az

<U <0, m, <M, , then the essential spectrum of the

operator 1H§ is consists of single segments:
O s (1|:|2CI ) = [31 +C +e,b +d, + fl] , and the discrete spectrum of the operator
'HY is empty set: Oy (1H~§ ) =0.

Theorem 13. Let v =3, then

A)If v=3 and U>0,and U > 2B

Az

,and M, >2m, ,and
1 2

2B
M,, <m, ,or M, <2m, ,and M, >2M, ,or U>0,and U > , and

mA2

M, >2M, ,and M, >m, ,or M, <2M, ,and M, >2m, , or U>0,

U>4B

Ay

;and m, <M, ,and M, <2m, ,or M, <m, ,and
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M, <2M, , then the essential spectrum of the operator 'H3 is consists of the
union of seven segments:
1,3 ~ ~
s ("H3) =[a, +c +e,by+d, + f]U[a, +¢ +2,b +d, + 7]

Ula,+e+2,,b+fi+72,|ula,+2,+7,b + 7, + 7,
Ule,+e+7,d + fL+Z]ufc +2+2,d +7 +7]
Ule+2,+7%,, f+7,+17,)],

and the discrete spectrum of the operator "H{ is consists of no more one ei-

genvalue: Oy, (1|:|;1 ) = {Zl +7,+ 23} » OF O (1|:|§ ) = . Here and hereafter

A A A
a = 2A—4Bzi3:lcos71 , b= 2A+4Bzi3:1cos71 , €= 2A—4BZ?:1C0872

i Ai Ai
d, = 2A+4Bzi3:1cos% . 8= 2A—4Bzi3:100573 . f=2A+ 4BZLC0573

-

and 7, Z,, and Z, are the eigenvalues, correspondingly, the operator’s

J1 ) 53
H2A1’ Hz/\z and H2A3'

B).If v=3,and U >0, 2B <U < 2B ;and M, <m, ,and
m,, Az
M, >2m, ,or U>0, £<US 2B ;and M, >2M, ,and
A Ag
M, <2m, or U >0,and 2B <U§28,and MA1>2MA3,and
As m,,
m,, <M, ,or U>0,and 48 <U < 2B ,and MA1>2mA2,and
A mAz
MA1<2MA3,0r U>0,and £<US 4B ,and mA2<MA3,and
m,, A
2B 4B
M, <2m, ,or U>0, <U < ;and M, <2M, ,and M, <m,,
Az A

then the essential spectrum of the operator 'HY is consists of the union of four

segments:
oess(lH§)=[a1+cl+el,bl+dl+fl]u[a1+e1+22,b1+f1+22]
ule,+e+7,d + f+Z|ule+Z,+2, f+7,+7,],
or
1199\ _ 5 5
0o (*H3) =[a, +c, +e.ly +d, + f,]Ufa + + 2, b +d, + 2]
Ula,+e+2,,b+ f+2,]ufa +7,+ 2,0+ 7, + ],
or
O ("H3 ) =[a, + +eb +dy+ f]Ufa +¢ +2;,b +d +2,]
Ule,+e+7,d + f+Z Ul +2+7,d +7,+7,],
and the discrete spectrum of the operator 'HJ is empty set: O'disc(ll-];)=@.

C).If v=3,and U >0,and 48 <U< 2B

A mAz

» M, >2m, ,and
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M,, <m, or U>0,and B <U< 4B ,and M, <2m, ,and
My, Ay
M, >2M, ,or U>0,and 4B <U< 2B ;and M, >2M, ,and
Ay Ag
m, <M, ,or U>0 and 2B <U< 4B ,and M, <2M, and
2 3 1 2
Ag A
M, >2m, ,or U>0 and 2B <U< 2B ;and m, <M, and
Az mAz
B 2B
M, <m,, or U>0 and <U< ,and M, <m, and
my,, Ag
M,, <2M,_ , then the essential spectrum of the operator 'H3 is consists of the

union of two segments:

ess(1Hq) [a,+¢ +e b +d, + f]U[c,+e +7,d, + f, + 7],
or

aess(ll:lg)z[a1+cl+el,bl+dl+fl]u[a1+cl+23,b1+d1+23],
or

ess(1Hq) [a,+c +e,b +d, + f]ua, +e+Z,,b + f, +2,],
and the discrete spectrum of the operator 'HJ is empty: O'disc(ll:lé1 ):@.

D)If v=3,and U>0,and 0<U < 48

A

;and M, >2m, ,and

n>m ,or U>0,and O<U < 2B
3 2

M <m or M
A >
s he m

;and M, <2m, ,

Az
and M, >2M, ,or M, <m, ,and M, <2M, ,or U>0 and
0<U< 2B ;and M, <2M, ,and M, >2m, ,or m, <M, and
Az

M,, <2m,, , then the essential spectrum of the operator '"HJ is consists of
single segment: O, (1|:|;‘ ) =[a,+c,+e,b +d, + f,], and the discrete spectrum
of the operator 'HY is empty set: O, (1|_~|;) =0,

We now consider the three-dimensional case, while as A =<Af,Af,Af).

Then the continuous spectrum of the operator H, A, 18 consists of the segment:

0

A? Ay
(H;A) {ZA 12Bcos 21 2A+1ZBCOS7:|. We consider the Watson

cont

3dxdyd
integral [23] W = ij xdydz ~1,516.
0 3-Cc0SX—C0SYy—CoSz

Theorem 14. Let v=3 and A, = (Af,Af,Af) . Then

Al

12Bcos—- y
A)If U<0,and U<- , then the operator H;Al has a unique
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eigenvalue z, the below of the continuous spectrum of the operator H~; - I

0
IZBcosﬁ B
U<0,and —————=-<U <0. then the operator H}, has no eigenvalue
W 1

of the below the continuous spectrum of the operator H, A -

0
12B COSﬁ N
B)If U>0,and U > —w then the operator H;Al has a unique ei-

genvalue Z, the above of the continuous spectrum of the operator H ;Al' If

0
12Bcos )
U>0,and 0<U <———~= then the operator H,, has no eigenvalue of
W 1

the above the continuous spectrum of the operator I:lé A
We now consider the three-dimensional case, while as A, =(A2,A2,Ag).

Then the continuous spectrum of the operator H~22 A, 1s consists of the segment:

0 0

~ A A
o-c(,m(szAz)z{zA—lzscosf,2A+12|3cos72 :

Theorem 15. Let v=3 and A, = (Ag,/\g,l\g). Then
0
6B cos& B
A) If U<0, and U <——2, then the operator HZ, has a unique
W 2

eigenvalue z, the above of the continuous spectrum of the operator |:|22 A, - IE
AO
6Bcos—= ;
U<0,and —————=-<U <0, then the operator H, has no eigenvalue of
W 2

the below the continuous spectrum of the operator sz Ay

0
6B cosh B
B)If U>0,and U > —2, then the operator HZ, has a unique ei-
W 2

genvalue Z, the below of the continuous spectrum of the operator H? A I

0
GBcosﬁ

U>0,and O<UZ< TZ, then the operator H~22 A, has no eigenvalue of

the below the continuous spectrum of the operator |'~|22 Ay -
We now consider the three-dimensional case, while as A; = (Ag : Ag , Ag) .

Then the continuous spectrum of the operator |:|§’ A, IS consists of the segment:
~ AO Ao
oot (F3, ) = 2A—12800573, 2A+1ZBcos73} :

Theorem 16. Let v =3 and A;= (Ag,Ag,Ag). Then
0
6B cosg _
A) If U<0, and U <—T2, then the operator H23A3 has a unique
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eigenvalue 2z, the below of the continuous spectrum of the operator Hj Ay - IE

0
BBcosﬁ

U<0,and ——— = <U <0, then the operator |'~|23A has no eigenvalue of
W 3

the below the continuous spectrum of the operator |:|23 As -
AO
6Bcos— y
B)If U>0,and U > —2, then the operator H;, has a unique ei-
W 3

genvalue Z, the above of the continuous spectrum of the operator H J e I

AO
6Bcos—

U>0,and O<UZ< —w then the operator H~§ A, has no eigenvalue of

the above the continuous spectrum of the operator H23 As -

Theorem 17. Let v=3 and Alz(Af,Af,Af), A2=(A2,A;’,A2), and
Ay =(A3,AS,A3). Then
AO
12Bcos— A 1 A
A)If U<0,and U <—T2,and cos—=>=cos—>, and

AO
0 0 AL 0 6800572
C0S—2 < COS—>, or COS—2>cos—,or U <0, U<-
2 2 2 2

0 0 AO 0 AO AO
c0s—%>cos—2,and cos—t<=cos—>,or €cOS—->=cos—,or U <0,
2 2 2 2 2 2

0

A
6Bcos—2 AD 0 0 0
U<-— 2 3 1 2
<——% | c0s—2<c0s—, COS—:<=C0S—2, or
W 2 2 2 2 2
0 0

C0571 > 500572 , then the essential spectrum of the operator *HJ is consists
of the union of seven intervals:
s ("H3) =[a, +¢ +e,by +d, + f,]U[a, +¢ +2,b +d, +24]
Ula, +e +2,,b+ fi+z,]ula, +2, +25,b + 2, + 24
Ule +e +z7,d + fL+z]Ufc +2,+2,,d, +2,+24]
Ule+z,+2,, f+2,+7,)],
and discrete spectrum of the operator *H{ is consists of no more then one ei-

genvalue: O'disc(ll:lg>:{zl+22+23}, or o-disc<1l:|§):®. Here and hereafter
0 0 0
a = 2A—1ZBcosA—21, b, = 2A+1ZBcos%, C = 2A—1ZBCOS%,

0

A Ay As
d, =2A+12Bcos—=, e =2A-12Bcos—, f =2A+12Bcos—, and z,,
2 2 2

- 1 g2 3
Z,,and 2z, are the eigenvalues of the operators H;, ,H;, ,H;, , correspon-

dingly.
A? A
12Bcos—L 6Bcos—2 0 0

B)If U<0, ——=<U<—=, cosﬂ>—cos&,and
W W 2
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A? A
A0 0 12Bcos—+ 6Bcos—
cos—% >cos—,or U<0, ————~4-<U <——2,
2 2 W W

AO AO 0 AO
cos—L >—cos—>, and cosTZ<cos73,or U<o0,

AO AO
6B cos—2 6Bcos—2 A A0 A0 AC
<U<—% cos—2<=cos—%,and cos—=% >cos—>, or
2 2 2 2 2
Ad AL
6B cos—2 12Bcos—L A1 A
U<o0, 2 <y <-——% | c0s—L <=c0s—%, and
W " 2 2 2
Al A?
A0 A 6Bcos— 12Bcos—
cos—~>=cos—,or U<0, -———=-<U <——2,
2 W W

AP Al A° A°
cos—L < =cos—%,and cos—->=cos—=,or U <0,
2 2 2 2 2 2

Al AS
6Bcos—= 6B cos—2 A0 0 A 0
2 <y <—-———% c0s—2<cos—,and cos—: <=c0S—%,
W W 2 2 2 2 2

then the essential spectrum of the operator 'HY is consists of the union of four
o-ess(lﬂ;‘)z[a1+cl+el,bl+d1+ flula, +c¢,+24,b +d, +2,]
Ula,+e +2,b+ f+7,|Ufa + 2, + 25,0 + 2, + 7, ]
Ous (A7) =[a,+c +e, b +d + f]U[a + +23,b +d +2,]
e +e +z,d + fi+z Ul + 2, +2;,d, + 2, + 74
0w ('HF) =[a,+c +e b +d, + f]U[a +6 +2,,b + f,+2,]

ule +e +z,d + fi+z|ule +2,+ 2, i +2,+ 7,

intervals: , Or

, and discrete

spectrum of the operator 1H~§ is empty set: Oy, (1|:|§ ) =0.
0 A°
GBcosﬁ 6Bcos— A0 A?
Q) If U<0, ———2 <Uc—— 2 coss2cos22 | and
W W 2 2 2
A A
0 0 6Bcos—> 6Bcos—2 0 0

A
cos—2>cos—, U<0, - <U<- , COS—LX > =cos—=2,
w W 2 2 2

AL A2
0 0 12Bcos—% 6800573

and cos&<cos—3,or U<0, ——& <U<——&|
2 w W

A° Al A° AS
cos—L >=-cos—2,and cos—:<=cos—2,or U <0,
2 2 2 2 2 2
Al A?
6B cos— 12Bcos—% A0 A0 A 0
<U<—% | cos—L<=cos—2, and cOsS—2 > Ccos—>, or
W 2 2 2 2 2
0 0

6B cos Ay 12Bcos A A0 A0
U<0, 2 <y <——%  and cos—Y <=cos—=%, and
" " 2 2 2
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A? A
A0 A 12Bcos—~ 6B cos—2
cos—2 <cos—>,or U <0, —— 2 <y <——2,
2 2 w W

0 0 0 0
3

A A A
Cos7l>acos72, and 00572< cos > then the essential spectrum of the

operator "HJ is consists of the union of two intervals:
aess(ll:lg)z[a1+cl+e1,bl+dl+ fJula +¢+25,b +d,+2,], or

0w (*HY)=[a +c +e b +d, + f]Ua +e, +2,b + f+2,], or

Ouss (1I-~I§)=[a1 +c +e,b +d + f]Jufc +e +27,d, + f, +2], and discrete

spectrum of the operator "HJ is empty set: Oy (1|:|§ ) =0,
AU
6Bcos— A0 0
D)If U<0, 2 <y <0, cos—%>cos—,and
W 2
AO
0 0 0 0 6Bcos—2

cosﬂ>—cos&,or cosi<—cos&,or U<0, —— 2 <u <0,
2 2 2 2 2 2 W

AO 0 AO 0 AO 0
and cos—% <cos—>,and cos—: >=C0S—>,0or COS—:<—=C0S—>, or
2 2 2 2 2 2 2 2

AO
12Bcos—L A AO A0 0
U<0, ———~4 <U <0, cos—L<=cos—%,and cos—Z >cos—>, or
" 2 2 2 2 2

COSA?(Z) < COS7g , then the essential spectrum of the operator 'HY is consists
of unique interval: O (1|:|;1 ) = [a1 +C +e,b+d + fl] , and discrete spectrum
of the operator 'HY is empty set: Oy (1I:|§) =0.
Theorem 18. Let v=3 and A, =(A},A},A]), A, =(A3,A3,A), and
Ay =(A3,AS,AS). Then
A°

6Bcos—2 0 0 0 0
A A A
A)If U>0, U>—% | cos—2<cos—>, and cos—: < =cos—=%, or
W 2 2 2 2
AO
A0 Al 6Bcos—2 A0 0
cos—+>=cos—2,or U>0, U>—~% cos—2 >cos—%, and
2 2 W 2
AO
0 0 0 0 12Bcos—L

cosﬁ<—cos&,or cosﬁ>lcos&,or U>0,and U>—— £ |
2 2 2 W

0 0 0 0 0 0
A
00571 > 500573, and cos—% <cos—%, or COS—2 > 00573 , then the essen-

tial spectrum of the operator 'HJ is consists of the union of seven intervals:
s ("H3) =[a, +c +e by +d, + f]U[a, +¢ +2,b +d, + 7]
Ula,+e +Z, b+ f+Z|Ufa+2,+ 2,0+ 7, + 7,
Ule +e+7,d + f+Z]ufc +Z+2,d +7 +7]

ule+74+2,,f+7+17,],
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and discrete spectrum of the operator "HJ is consists of no more then one ei-

genvalue: O (1|:|2q ) = {21 +Z,+ 23} , OF Oy (1|:|2cl ) =(J . Here and hereafter
0 0

0

a1=2A—1ZBcos%, b1=2A+1ZBcos%, cl:ZA—lZBcosﬁ,

A A3 A3
d1:2A+1ZBcos72, 91:2A—12Bcos73, f1:2A+1ZBcos73,and z,

Z,,and Z; are the eigenvalues of the operators

H;Al, HZZA2 , |:|§A3 , correspon-
dingly.
AS Al
6B cos —2% 6B cos— 0 0
B) If U>0, and <U<—% | cos—2<cos— and
w w 2
AL Al
0 Al 12Bcos—1 6800573 A0 A0
cos—L <=cos—=%, or U >0, <U<—~% | cos—2<cos—>
2 2 2 w 2 2
AO 0
0 0 6Bcos—2 GBcosﬁ
and COS%<%COS£,01‘ U>0, W <U< W ,
0 0 0 0
cos%<cos% and cosﬁ<lcosﬁ,or U>0,
A? AS
12Bcos—1 6B cos —2 0 0 0 0
A A A A
W <U< W 2 , cos7l<%cos72,and cos71>%cos73,or
AO AO
6B cos— 12Bcos—+ 0 A
Uus>0, 2 .y <— £ cos—:>=cos—2, and
w w 2 2
0 0
A0 AO 6B cosﬁ 1ZBcosﬁ
cos—2 <cos—>,or U >0, <U< 2 ,
2 2 w w
AO 0

0 0
00871 > 500572 , and 00573 < 00572 , then the essential spectrum of the

operator 'HJ is consists of the union of four intervals:

O ('H7) =[a, + +e, b+ 0+ f]U[a 16 + 2, + £+ 2,] iy
u[cl+e1+21,dl+f1+21]u[e1+21+22,f1+Zl+ZZ]’

s (*H3) =[a + ¢ +e, b +dy+ f]Ufa +0 + 2,y +d, + 2] iy
u[cl+el+21,dl+f1+Zl]u[cl+21+23,dl+fl+73]’

)=[a1+cl+e1,b1+dl+fl]u[a1+c1+z3,bl+dl+23]

, and discrete
Ula,+e +Z, b +d + 7, |Ula + 7, +Z,b + 7, + 7, ]

1134
O-ESS( H2

spectrum of the operator 'HJ is empty set: Oy (1H§ ) =0.

AL Al
12Bcos—+ 6B cos—2 A0 A0

C) If U>0, and <U< 2 , C0s—Y<=cos—% and

Al A?
A A 6Bcos—2 12Bcos—1 AL 0
cos—2<cos—, or U>0, <U 3—2, COS—2 < COsS—
W 2
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AO AO

A0 A0 12Bcos—+ 6Bcos—

and cos—~>=-cos—=2,or U>0, ——— = <U<—%
2 2 2 w

0 AO AO 0
cos—L < =cos— and cos—* <cos—%,or U >0,
2 2 2 2 2

0 0
GBCOS% 1ZBcosh 0 0 0 0

A A A
<U< , C0S—~>=-cos—%,and cos—Z >cos—>, or
W " 2 2 2

A A°
6B c037Z 6Bcos—2 0 0

U0, ——<« <Ugs—<¢ | cosﬁ>—cosﬁ,and
W W 2 2 2
Al Al
0 0 6Bcos—= 6B cos—2 0 0

A A A
cos—2<cos—>, or U>0, ———~45<U<—% | cos—2<cos—2 ,
2 2 W W

and cos7f>§cos7g, then the essential spectrum of the operator 'HY is
consists of the union of two intervals:

O ("H5) =[a + ¢+, b +d,+ f]Ulc +& +2,d, + f+2,], or
aess(ll:lg):[a1+cl+e1,bl+dl+ fjula,+e+Z,,b+f+7,], or
aess(ll:lg):[a1+cl+e1,bl+dl+ fi]ua +¢ +7;,b +d, + 2], and discrete

spectrum of the operator 'HJ is empty set: Oy, (1|:|§ ) =,
0

A
12Bcos—1 A1 A
D)If U>0,and 0<U STZ, cosL < Zcos 22 and
AO
0 0 6Bcos—= 0 0
cos%<cos%,or U>0, 0<U STZ, cosﬁ>lcos& and
AO
0 0 12Bcos— 0 0
cos72<cos73,or U>0, 0<U< , cos7l<Ecos—3 and
AO
A0 0 6Bcos— A0 A0
00373<cos?2,or U>0, 0<U ST, cos—2>cos73,and
AO
0 0 6B cos—2 0 0
cos%<acos%,or U>0, 0<U gT, cosﬂ>1cosﬁ,and
AO
0 0 6Bcos—= 0 0
cos72<cos73,or U>0, 0<U ST, cos—3<cos72,and
AP 1 AS

00571 > 500572 , then the essential spectrum of the operator 'HJ is consists

of the unique interval: o (1|:|§ ) = [a1 +C +e,b+d + fl] , and discrete spec-

trum of the operator 1ﬁ§ is empty set: Oy, (1|-|§ ) =0,

5. Six-Electron First Singlet State in the Hubbard Model

Let ¢, be the vacuum vector in the space . The first singlet state corres-
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ponds to the free motion of six electrons over the lattice and their interactions

. . . 1.0
with the basic functions °s = . =a;+a:,3+a" & a ¢, The subspace
“H?, corresponding to the first singlet state is the set of all vectors of the form

!l ZZp,q,r,t,k,neZV f(p.a.r.t.k.n)’s’ f €1>® where IZ® is the sub-

p.q.rtk,nez”’

6
space of antisymmetric functions in the space |, ((Z V) ) .

Theorem 19. The subspace “H. is invariant under the operator H, and the re-
striction 'H?  of operator H to the subspace "H_ is a bounded self-adjoint oper-

ator. It generates a bounded self-adjoint operator "H? acting in the space 13* as
'H2 W) =6Af (p,q,r.t.k,n)+ BZ[f(p+r,q,r,t,k,n)+f(p,q+r,r,t,k,n)
+f(p,gr+ztkn)+f(pqrt+zkn)+f(partk+zn)

+ (P Atk n+7)|+U[ S, +8,, +3,,+ 0y, + 8y + 3y,
+5r,t +5r,k +5r,n:| f (pqur:t:kxn)-

(20)

The operator 'H?. acts on avector yw? e "H. as

HYO = > (HIf)(partkn)'s

p.q.r.t,k,nez”’
p,q.r,t,k,nez”

Lemma 4. The spectra of the operators "H? and 'H? coincide.

We call the operator 'H? the six-electron first singlet state operator.

Let F:l, ((TV)G) - L, ((TV)G) = ”HSO be the Fourier transform, where TV
is the v-dimensional torus endowed with the normalized Lebesgue measure
dA,ie A(T")=1.

We set 'H? = F'H’F ™. In the quasimomentum representation, the opera-

tor 'H? acts in the Hilbert space L% ((TV)S), where L5 is the subspace of
. . . . 6
antisymmetric functions in L, ((T") )

Theorem 20. The Fourier transform of operator *H{ is an bounded

self-adjoint operator "A? = F'HYF™ acting in the space “H° be the formula

Y =h(A 7,00, &)t (A 7,00, )+U[ [T (s, 1,7, 4+60-51,¢)
+f(su7.0,A+n—-58)+f(s,,7,.0,1,A+&-53)
+ T (A48, 7, u+0-5,1,E)+ F(4,8,7,0,u+1-5,&) (21)
+f (4870 u+&-s)+ (A s y+0-51,&)
+f (41,80, +7-5,E)+ T (A,1,5,0,n,7 +&~s)]ds,

where

h(Z,1,7,6,1,E)=6A+2BY) " [COS A +COS 11, +COS ¥, +COSE, +COS7; +COS& |

The proof Theorem 20, is straightforward of (20) using the Fourier transfor-
mation.

Taking into account that the function f(/l,,u,y,ﬁ,n,é) is antisymmetric,
and using tensor products of Hilbert spaces and tensor products of operators in

Hilbert spaces, we can verify that the operator 'H? can be represented in the
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form

'How? =H; (L, u0)® 1 ®1+1®H; (7,0)@1 +1®1®H; (n,¢)  (22)
where

(H3f) (A )= {2A+ ZBi(cosﬂ,I +COS 4 )} f(Au)+U[, f(s4+pu-s)ds

i=1

+U[ f(s,A+&=s)ds+U [, f(s,y+&-s)ds,

(H:f)(7.0) :{2A+ ZBZV:(COS;/i +00s 6, )} f(7,0)-U[ f(sA+6-s)ds

i=1

—UJTV f(s,u+6-s)ds—U[ f(s,u+&=s)ds,

(ij)(n,§)={2A+ ZBZV:[cosni +cos§i]} f(n,8)+U[, (s, u+n-s)ds

i=1

+U[ f(sy+0-s)ds-U[ f(sy+n-s)ds,

and 7is the unit operator in the two-electron space 7, .

Consequently, we must investigate the spectrum of the operators Hj, HZ,
and HJ.

Let the total quasimomentum of the two-electron system A+ =A, be fixed.

Welet L, (F A1) denote the space of functions that are square integrable on the
manifold I'y = {(ﬁ, /1) A+u= Al} . It is known that the operator H} and the
space M =L, ((TV )2) can be decomposed into a direct integral

I:lg = ®-[TV H;AldAl , 7:121 = ®ITV7:lzlAldA1 of operators H;Al and spaces

7?21,\1 =L, (F /\1)’ such that the spaces 7:Q1A1 are invariant under the operators

|:|; A, and each operator I:Ii A, actsin 7%21,\1 according to the formula
(I—EAl fo, )(/1) = {2A+ 482:1005%005{%;—1, J} f,, (4)+3U Lv fy (s)ds,
where f, (x)=f(x,A;-x).

It is known that the continuous spectrum of operator H ; A, isindependent of

the parameter Uand consists of the intervals
1 v v ongv y Al , Al
Ocont (H%Al ) = GA1 = [m,\l ) MAl :| = |:2A—4Bzi100371, 2A+ 4Bzi100$71:| .

ds,ds, ---ds

14

Weset D} (z)=1+3U 4 . .
A v Al Al
2A+4Bzivlcoszlcos[21— s, ]— z

Lemma 5. A number 7, ¢ GXl Is an eigenvalue of the operator H~§ n, ifand
only ifit is a zero of the function D (2), ie, Dy, (z,)=0.
The proof the Lemma 5 is analogously to the proof of Lemma 3 in the these

work.
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We consider the one-dimensional case.
Theorem 21. a) If v=1 and U <0, then for all values of parameters of the

. . qJ1 . .
Hamiltonian, the operator H, n, has a unique eigenvalue

A -
z, =2A- \/QU ? +16B% cos® ?l , that is below the continuous spectrum of H;Ai ,

. 1
Le, Zy <My .

b) If v=1 and U >0, then for all values of parameters of the Hamiltonian,

~ A
the operator H%Al has a unique eigenvalue 7, =2A+ \/QU ? +16B° cos’ 71 ,

. . q1 . 5 1
that is above the continuous spectrum of H;, ,ie, 7, >M, .

The proof of Theorem 21 are similarly the proof of Theorem 5.
In the two-dimensional case, we have analogous results.

We consider the Watson integral. Because the measure v is normalized,

T dxdydz

! _LHLJ*KS—cosx—cos y —C0S 7
nopnopn dxdydz _w
_LJ*J*H3+cosx+cosy+cosz -3

Let v=3,and A, =<Af,Af,Af).
It is known that the continuous spectrum of operator |:|; A, isindependent of

Uand coincides with the segment
J1 3 Af Af
Toont (H34, ) = G3, = 2A-12Bcos—L,2A+12Bcos - |.

Theorem 22. a) Let v=3 and U <0, and the total quasimomentum A,
of the system have the form A, = (Af ,Af ,Af ) . Then the operator I:li n, hasa

AO
4Bcos—-
unique eigenvalue 7, if U < —w that is below the continuous spec-

trum of operator l:lé A, - Otherwise, the operator H; A, ‘has no eigenvalue, that is

below the continuous spectrum of operator H ; A -

b) Let v=3 and U >0, and the total quasimomentum A, of the system
have the form A, = (Af , Af , Af ) . Then the operator |:|; n, has a unique eigen-

AO
4Bcos 71
value 7}, if U > —w that is above the continuous spectrum of operator

I:I; A, - Otherwise, the operator H; A, has no eigenvalue, that is above the con-

. ol
tinuous spectrum of operator H,, .

Welet A, =y+6.We now investigated the spectrum of the operator sz Ay>

Le., the operator

- v Al A
(HZZA2 fAZ)(;/)={2A+4B_21200572005[72—7/i]} f,, ()-3U L (s)ds.
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It is known that the continuous spectrum of the operator I:lz2 A, 1s indepen-

dent of Uand coincides with the segment
a1 v v v v Ai v Ai
Ocont (H22A2 ) =G,, = [mAz My, J = {2A—4Bzi_lcos72, 2A+ 4Bzi_lcos72} )

vV

2A+4BZiV_1cosA22cos(A22— s, ]— z

Weset Dy (z)=1-3U], dsldsz_mds
2 T

Theorem 23. a) If v=1 and U <0, then for all values of parameters of the

. . 72 . .
Hamiltonian, the operator H, A, hasaunique eigenvalue

A -
z, =2A+ \/QU ? +16B° cos? 72 , that is above the continuous spectrum of HZZA2 ,

. 1
ie, ,>M, .

b) If v=1 and U >0, then for all values of parameters of the Hamiltonian,

A
the operator szA2 has a unique eigenvalue 7, = 2A—\/9U2 +16B? C08272 )

that is below the continuous spectrum of |:|22 Ay b€y I < m,l\2 .
Now, we consider three-dimensional case. Let v=3 and A, = (A(zJ JAY, A;’) .
It is known that the continuous spectrum of |-~|22 A, is independent of Uand
coincides with the segment
< A, A,
Toont (H2r,) =G5, :{2A—125c0572,2A+128c0572}.
Theorem 24, a). Let v=3 and U <0, and the total quasimomentum A,
of the system have the form A, = (Ag LA, AZ) . Then the operator |:|22A2 has a
AO
4Bcos—%
unique eigenvalue 7, , if U < —TZ, that is above the continuous spec-

trum of operator |:|22 A, - Otherwise, the operator |:|22 A, has no eigenvalue, that
. . 32
is above the continuous spectrum of operator H, Ay -
b). Let v=3 and U >0, and the total quasimomentum A, of the system
_ (A0 AD A0 52 . )
have the form A, —(AZ,AZ,AZ). Then the operator HZA2 has a unique ei-
AO
4Bcos—*
genvalue z;, if U > —w that is below the continuous spectrum of op-
erator |:|22 A, - Otherwise, the operator |:|22 A, has no eigenvalue, that is above the
continuous spectrum of operator H; Ay

Let A;=n+¢&. We now investigated the spectra of operator H 23 Ay > 1€, the

operator

~ v Ai A
(H3., fa, ) () = {2A+4B§cos73005(73—77i J} fo, (m)+U[ £, (s)ds.
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It is known that the continuous spectrum of the operator H23 A, 18 indepen-

dent of Uand coincides with the segment

Coont (I—~|23AS ) =Gy, = [m,”\3 My ] = {2A—4Bzrlcos%, 2A+4Bzivlcos%} )

14

2A+4Bziv_lcos[;3cos[[;3—sij— z

Denote Dy (z)=1+U|, ds,05, ?”ds

Theorem 25. a). If v=1 and U <0, and for all values of parameters of the

o 53 . .
Hamiltonian, the operator H; s 1as a unique eigenvalue

A
z, =2A- \/U ® +16B% cos® 73 , that is below the continuous spectrum of opera-

3, 3
tor Hy, ,ie, z;<m, .

b) If v=1 and U >0, and for all values of parameters of the Hamiltonian,

~ A
the operator H23A3 has a unique eigenvalue 7, = 2A+\/U2 +16B° COSZ73 ,

that is above the continuous spectrum of operator |:|23 N Le, Iy> M,B\ .
3 3
Let v=3 and A3=(A2,A2,Ag).
It is known that the continuous spectrum of HZS A, is independent of U

and coincides with the segment
~ AO AU
Oeont (HfA3 )=G3, =| 2A-12B 00573, 2A+12B 00573} .

Theorem 26. a). Let v=3 and U <0, and the total quasimomentum A,

of the system have the form A, = ( AJ,AY,AS ) . Then the operator H§ A, hasa

AO
12Bcos —*
unique eigenvalue z;, if U < —w that is below the continuous spec-

trum of operator I5|§ A, - Otherwise, the operator H23 n, has no eigenvalue, that

is below the continuous spectrum of operator H 23 As -
b) Let v=3 and U >0, and the total quasimomentum A, of the system

have the form A, = (Ag,Ag,Ag) . Then the operator H2 A, has a unique ei-

AO
12Bcos—
genvalue 7, if U > —w that is above the continuous spectrum of op-

erator H 23 A, - Otherwise, the operator H23 r, has no eigenvalue, that is above the
continuous spectrum of operator H, As -

We now using the obtaining results and the representation (22), we can de-
scribe the structure of essential spectrum and discrete spectrum of the operator
of first six-electron singlet state operator "H:

Theorem 27. If v=1 and U <0, then the essential spectrum of the system
first six-electron singlet state operator "H? is exactly the union of seven segments.
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o ("HY)=[a+creb+d+ flufa+c+zy,b+d+z]
Ula+e+z,b+ f+z,]ula+z,+2;,b+2,+124]
Ulc+e+z,d+ f+z]uc+z+2,,d+2+24]
Ule+z,+2,, f+2,+25].
The discrete spectrum of operator 'H? consists of no more than one point:

s (1|—~|f):{zl+z2 +2,},0r Oy (1I:|°):®.

S

A A
Here and hereafter a =2A—-4B Cos?l, b=2A+4B Cos?l,

A A A
c:2A—4BcosTZ, d=2A+4BCOSTZ, e=2A—4BCOST3,

A A
f =2A+4B 00373, 7, = 2A—\/9U2 +16B? cos’ 71 ,

A A
7, = 2A+\/9U2 +16B? cos’ 72 z, = 2A—\/U2 +16B° cos’ 73

The proof of Theorem 27 are similarly the proof of Theorem 11.
Theorem 28. If v =1 and U >0, then the essential spectrum of the system
first six-electron singlet state operator 'H? is exactly the union of seven seg-

ments.
o (HY)=[a+c+eb+d+flufatc+z,b+d+7)

Ula+e+7Z,,b+f+7,]ula+Z,+7,b+7,+17]

Ulc+e+z,d+ f+Z|ufc+Z+2,d+7 +17,]
Ule+2,+7,, f+7,+17,).

The discrete spectrum of operator 'H? is consists of no more than one point:

O jisc (1Hs(,)):{zl +22 +Zs} > O Ojisc (1Hg):® .
A A
Here 7, = 2A+\/9U2 +16B° cos’ 71 Z, = ZA—\/QUZ +16B? cos® 72

A
z, :2A+\/U2+16Bz 005273

Let v=3,and A =(Af,Af,Af),and A, =(A2,A2,Ag),and
Ay =(A3 A5 A7)

Now, using the obtained results and representation (22), we describe the
structure of the essential spectrum and the discrete spectrum of the system first
six-electron singlet state operator 'H?:

0 A0 A0 0 A0 A0

Let v=3 and A, =(A{,A},A]),and A, =(A3,A,A]), and
Ay =(A3,A3,A3).

Theorem 29. The following statements hold.

0

A
4B cos— AO 0
a) Let U<0,and U <—T2, COS—1>COS72,and

4Bcos—Ag
A° A2 A? Al
cos7z>300573, or 00571>3cos73, or U<0,and U<- 2
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0 0 0 0 0 0
A A A A
cos71<cos72, and cos7l>3cos—3, or cos—1<3cos73, or U<O0,

AO
12Bcos —2 A0 AO AO 0
and U<————— % and cos—~<3cos—>, and cO0S—:>C0S—2%, or
W 2 2 2 2

0 0
00571 < COSTZ. Then the essential spectrum of the system first six-electron
singlet state operator *H? is consists of the union of seven segments:
1150
s (*HY) =[a +¢ +e,b +dy + fi]Ufa, +¢ +25,b, +d, + 23]
Ula, +e +25,b + f+z5|ula + 25+ 25,b + 2, + 24
e +e +z7),d + fL+z|Ufc +2 +235,d, + 2 + 24
Ule +z +25, f+2+25].
The discrete spectrum of the operator 'H? is consists of no more one point:

1170 ’ ' ' 150
O-disc( HS)={Zl+22+Z3},or Udisc( H ):@.

N
0 0

A A
Here and hereafter a, =2A—12800871, b, :2A+12800571,

0 0

A A AS
c, =2A-12B 00572, d, = 2A+12800372, e, =2A-12B 00573,

0
f =2A+12Bcos—>, and z; is an eigenvalue of the operator Hj, ,and z,
2 1

. . 72 . .
is an eigenvalue of the operator H,, ,and z] is an eigenvalue of the operator

13
H2A3'
A? AS
4Bcos—- 4Bcos—% AO 0
b) Let U<0, and 2 cy<—— 2 osSiscosiz,
" 2 2
A° A2
A A0 4B cos—+ 12Bcos—
c0s —2 >3c0s—, or U <0, and 2 .y <——2,a11d
2 2 W w
AO AO AO 0
cos —+ >3c0s—>, and €0s— >cos—=, or U <0, and
2 2 2 2
A° AP
4B cos —2% 4Bcos—- A 0
- 2 <U<-———*%  and cos—% <cos—2, and
W W 2 2
A° Al
A AO 4Bcos—2 12B cos —
cos—+ >3cos—, or U <0, and ——ZSU <——2,and
2 2 w "
AO 0 0 0
€0s—=>3cos—, and cos—t <cos—=2, or U <0, and
2 2 2 2
0 0
1ZBcosﬁ 4Bcosﬁ AP A° AC 0
2 <y<-———2 and cos—L<3cos—2, and COS—L >cos—2,
W W 2 2 2
Al AS
12Bcos—2 4B cos—= A0 AQ
or U<0,and ——————2 <U<——— 2 and cos—2 <3cos—%, and
W " 2
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0 0
00571 < COSTZ, then the essential spectrum of the system first six-electron

singlet state operator "R  is consists of the union of four segments:
o-ess(lﬁf)=[a1+c1+el,bl+dl+ flula, +e+25,b + f,+2;]
e +e +z,d + fL+z|ufe +7+12;, f +2) + 73],
or
oo ("HY) =[a, +¢ +e by +d, + f]U[a +0 + 2, +d, +24]
Ula,+e +25.b + fi+z;]Ufa + 2, + 23,0 + 75 + 23],
or
O (*HY) =[a,+ ¢, +e, by +dy + f,]U[a, +0, + 23,y +d, + 23]
ule +e +7,d + fi+z]]ufe + 7 + 23,0, + 2/ + 73],

and the discrete spectrum of the operator 'H? is empty: Oy (1|:| 0 ) =J.

S

AO AO
4B cos—2% 12Bcos — A 0
o Let U<O0, and 2y <——2, and cos—Y >cos—=2,
W 2 2
Al A°
A AO 12Bcos —* 4Bcos—2
c0s —2 >3cos—, or U <0, and 2 <y <——2,and
2 2 w w
AO 0 AO AO
€0s—- > cos—% and cos—r>3cos— or U <0, and
2 2 2 2
0 0
4Bcos£ 1ZBcosﬁ 0 0 A° 0
2 cy<- 2 and cos—L>cos—% and COS—L>3c0S—>
W 2 2 2 2
A° A?
12Bcos—* 4Bcos—L A 0
or U <0, and ——ZSU <——2,a11d COS—% < c0S—% and
W " 2 2
Al Al
A0 A0 4Bcos 4B cos —2
cos—L <3c0s—> or U<0,and ————2 <U<—— 2 and
2 2 w W
AO 0 AO AO
€0s—- > cos—% and cos—r<3cos—> or U <0, and
2 2 2 2
Al AL
4Bcos—2 4Bcos—% 0 0 0 0

A
- 2 <y<-— 2 and cos—:<cos—% and cOS—2>3cos—2
w w 2 2 2 2

then the essential spectrum of the system first six-electron singlet state operator

'H? is consists of the union of two segments.
oess(llflf):[a1+cl+el,bl+d1+fl]u[a1+cl+23’,bl+dl+23’],or
aess(lﬁf):[a1+cl+el,bl+d1+fl]u[a1+e1+zz’,bl+f1+zz'],or
aess(lﬁf)z[a1+cl+el,bl+dl+fl]u[cl+e1+zl',d1+f1+zl'] . The discrete

spectrum of the operator "H? is empty set. O, (1H~S° ) =0,
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AO
12Bcos — A 0
d) Let U <0, —TZSU <0 and c0571>cos72,and
A? A? A A° cosA—iJ > 3cosA—g
cosi>3cos§,or cos7l<cos7z,and 2 2 Jor U<0,and
AO
4Bcos—% 0 0 0 0

A A
2 cU<0 and cOS—L>cosZ, and cos—Z <3c0s—2, or
W 2 2 2 2
AO

AL A° 4Bcos—* AP A°
cos—L <3cos—2, or U<0, and ———2 <U <0 and COS—- < COS—2,

2 2 w 2 2

AL A° A° A2

and 00571<300873, or COS72<300573, then the essential spectrum of

the system first six-electron singlet state operator *H? is consists of single seg-

ments. O, (l|:|s0 ) = [81 +c +e,b +d + fl] , and the discrete spectrum of the

ess
operator 1|:|§/2 is empty set. O, (1|-~|S0 ) =0,
Theorem 30. The following statements hold-

AD
4Bcos—2% A° AO A AD
a) Let U>0,and U >T2 , and COS71 < cos72, and 0057l > 300573,

0
4B cos—+ 0 0
A? A2 A A
or cos—t<3cos—>, or U>0, and U>——% and cos— > cos—=,
2 2 W 2 2

0 0 0 0

A A A
and c0s—%>3cos—> , or c€0s—><3cos— , or U>0 , and
2 2 2 2
AO
12Bcos — 0 0 0 0
A A A A
U>——2% | and cos—~<3cos— , and cos—r>cos—2 , or
" 2 2 2 2
0 0

cos71 < cos72, then the essential spectrum of the system first six-electron

singlet state operator *H? is consists of the union of seven segments:

O (lHNS‘f'/Z)z[a1 +c +e b +d + f]ula +c +275,b +d, + 2]
Ula, +e +25,b + f+2)|Ufa +25 + 2, b + 2, + 23
ule +e +2/,d + f+ 2 |Ufe, + 2+ 2], d, + 2+ 2]
ule +z/+2;, f+2/+7;].

The discrete spectrum of the operator 'H? is consists of no more one point:

150 " " " 1170
Udisc( HS):{zl+zz+23},or Udisc( HS):Q.

. . 1 .
Here and hereafter, z" is an eigenvalue of the operator H;, ,and z; isan

s 72 . . <3
eigenvalue of the operator H; A,»and z isan eigenvalue of the operator H, As -
0 0

A A
4Bcos—L 4Bcos—2 AO 0
b) Let U >0, and <U < 2 , and €0S—- < cos—2%, and
W W 2 2
AS AS
0 0 12B cos73 4Bcos—2%

A A
cos—~>3cos—,0or U>0,and ———— % <U<— %  and
2 2 W W
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AO 0 AO AO
cos71<cos72,and cos71>300573, or U>0, and

A AP
4B cos —2 4B cos % A 0 A0 0
2 U< ,and C0S—- > c0s—=, and €0S—2 >3C0S—, or
" 2 2 2 2
AO AO
12Bcos — 4Bcos—- A A0
U>0, and —2<U <— ¢ and cos—~>cos—=, and
W W 2 2
A? AS
A AO 4Bcos—L 12Bcos —=>
c0s —2 <3cos—, or U >0, and <U< , and
2 2 W W

0 0 0 0
A A A
cos7l>cos—2,and cos—1<3cos73, or U>0, and

A° A°
4B cos —2% 12B cos—> A 0 AL 0
<U< 2 and cOS—L <coS—Z, and cOS—% <3cos—2,
W 2 2 2 2

w
then the essential spectrum of the system first six-electron singlet state operator

'H? s consists of the union of four segments:
O ("HY)=[a,+¢ +e,b +dy+ f]Ufa +¢ +2],b +d, +2]]
ule e+, d + fL+z2/|Ufc + 2/ +2,d, + 2/ +27],
or
s (HE) = [+ +eby +0y + f]U[a +0 +2,b +dy +2

Ula,+e +2;,b + fi+ 25| Ufa + 25 +25,b + 25 + 23],
or

aess(ll:lf):[a1+c1+el,bl+dl+ flula +e +z5,b + f +7;]
ule, +e +z.d + f+ 2l + 2+ 25, fL+ 2+ 73]

The discrete spectrum of the operator 'H? is empty set: Oy (1H~S0 ) =0,

A2 A?
12Bcos—> 4Bcos—- A 0
o Let U >0, and 2 <U < 2 ,and cos—Y < cos—2, and

W W 2 2

AO AO

AO A 4B cos—+ 12B cos —>

cos— >3cos—, or U >0, and 2 _u< , and
2 2 W W

0 0 AO AO
cos71<00572,and 00571<3cos73, or U>0, and

Al AS
12B cos —> 4B cos—2 A 0 A0 A
2 cU< 2 and cos=L>cos—Z, and cos—Z>3c0s—2,
W W 2 2 2 2
AO AO
4Bcos—2% 12Bcos —= A 0
or U>0, and <U < , and COS—Y>C0S—% , and
" W 2 2
A° A?
0 0 4Bc0572 4Bcos—L

A A
cos— >3cos—>, or U >0, and <U< , and
2 2 W w
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0 0 AO AO
cos7l>00372,and cos71<3cos73, or U>0,and

0 0
4Bcos—L 4Bcos—2 0 0 0 0
A A A
<U< 2 and cos7l<cos72, and cos7z<3cos73,

then the essential spectrum of the system first six-electron singlet state operator
'H? is consists of the union of two segments:
O (AT ) =[a +0; +e b+, + f]U[a +¢ + 2,0 +d, +2]], o
- (1I:|f)=[a1 +c +e,b +d + f]u[c, +e +2,d, + f, +2]], or
O (1I:|f): [a,+c +e,b +d + f ]U[a, +e +2;,b + f, +2]]. The discrete
spectrum of the operator "H? is empty set. O yq, (1H~S0 ) =J.
0

A
12Bcos—> A AO
d) Let U>0, 0<U STZ,and 00571>3cos73,and

AO
0 0 0 0 4Bcos —L
cos7l<cos—2, or cos—l>cos72, or U>0, and 0<U ST,

and
AO AO AO 0 0 0
cos7l<3cos—3, and cos71<cos72, or cos7l>cos72, or U>0, and

AO
2
ey A oM A oo
0<U<—% and c0s— < 3C0S—=, and COS—— > COS—=, or
w 2 2 2 2

0 0

00871 < 00572, then the essential spectrum of the system first six-electron

singlet state operator 'H{ is consists of single segments.

O s (1|:|§ ) =[a, +c, +e,b +d, + f,], and the discrete spectrum of the operator

'H? isempty set. O, (1H~50 ) =0.

6. Conclusion

In this paper, we consider six-electron systems in the octet, and first quintet and
first singlet states. In the six-electron systems, the total spin S takes the values
S$=3,2,1 and 0. The states with total spin value S =3 so-called the octet
state, and with total spin value S =2 so-called the quintet states, and with total
spin value S =0, so-called the singlet state. We proved in the octet state the
spectrum of the operator HY is purely continuous and coincides with the seg-
ment [6A-12Bv,6A+12Bv]. We proved in the first singlet state in the one-
dimensional case the essential spectrum of the system consists of the union of
seven segments and discrete spectrum of the system in this case consists of no
more than one eigenvalue, ie., or discrete spectrum of the system consists of
unique eigenvalue, or discrete spectrum of the system is empty set. In the
three-dimensional case, or the essential spectra of the system consist of the un-

ion of seven segments, and discrete spectrum of the system consists of no more
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than one eigenvalue, or the essential spectrum of the system consists of the un-

ion of four segments, and discrete spectra of the system is empty set, or the es-

sential spectrum of the system consists the union of two segments, and discrete

spectra of the system is empty set, or the essential spectrum of the system con-

sists of single segment, and discrete spectra of the system are empty set. We have

analogous results for the first quintet state. Note that the spectrum of the Ha-

miltonian in the first quintet state and in the first singlet state differs from each

other.
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