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Abstract

This article provides the numerical modeling of the dislocations in the Cos-
serat elastic plates based on the Cosserat Plates Theory developed by the au-
thors. The dislocation is modeled by a sequence of domains that converge to
the point of the dislocation and by a residual force distributed around that
point. The plate deformation caused by the dislocation is calculated using the
Finite Element Method. We also discuss the effect of the dislocation on the
cavities present in the Cosserat plates.
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1. Introduction

In the Classical Elasticity, the movement of the particles within the elastic body
is described by the displacement vector. Since there are no particle rotations
considered, each particle has only three degrees of freedom. The surface loads
are described by the force vector, which implies the symmetry of the corres-
ponding stress tensor.

It has been noted that such materials as foams, composites, concrete and hu-
man bones represent materials with microstructure and cannot always be de-
scribed by the Classical Elasticity [1] [2] [3] [4] [5] [6].

The theory that takes into account the size effect of the particles and their ro-
tations is Cosserat Elasticity. It employs three additional degrees of freedom for
material particles, which represent their microrotations. The description of the
surface loads is done by the force and moment vectors. The stress tensor is
asymmetric and an additional couple stress tensor is incorporated. A total of six
elastic constants are needed for the correct description of the Cosserat solid.

The Theory of Cosserat Elasticity starts with a pioneering work published by
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Eugene and Francois Cosserat at the beginning of the 20" century [7]. Since the
1960s, the number of publications on Cosserat Elasticity started to grow and has
not stopped since. The complete theory of three-dimensional asymmetric elas-
ticity gave rise to a variety of Cosserat plate theories. Naghdi obtained the linear
theory of Cosserat plate [8] and Eringen proposed a complete theory of plates in
the framework of Cosserat Elasticity [9]. Steinberg proposed to use the Reissner
plate theory as a basis for the theory of Cosserat plates in [10]. The finite element
modeling for this theory is provided in [11].

The first version of the Cosserat Plate Theory, presented by the authors in
[12], includes some additional assumptions leading to the introduction of the
splitting parameter. This parametric theory produces the equilibrium equations,
constitutive relations, and the optimal value of the minimization of the elastic
energy of the Cosserat plate. The paper [12] also provides the analytical solu-
tions of the presented plate theory and the three-dimensional Cosserat elasticity
for simply supported rectangular plates. The comparison of these solutions
showed that the precision of the developed Cosserat plate theory is similar to the
precision of the classical plate theory developed by Reissner [13] [14].

The numerical modeling of the bending of simply supported rectangular
plates is given in [15]. Here the Cosserat plate field equations and the exact for-
mula for the optimal value of the splitting parameter were developed. The solu-
tion of the Cosserat plate was shown to converge to the Reissner plate as the
Cosserat elasticity parameters tend to zero. The Cosserat plate theory showed the
agreement with the size effect, confirming that the plates of smaller thickness are
more rigid than is expected from the Reissner model.

The extension of the static model of Cosserat elastic plates to the dynamic
problems is presented in [16]. The computations predict a new kind of natural
frequencies associated with the material microstructure and were shown to be
compatible with the size effect principle reported in [15] for the Cosserat plate
bending.

The numerical study of Cosserat elastic plate deformation based on the para-
metric theory of Cosserat plates using the Finite Element Method is presented in
[17]. The paper discusses the existence and uniqueness of the weak solution,
convergence of the proposed FEM and its numerical validation by estimating the
order of convergence. The Finite Element analysis of clamped Cosserat plates of
different shapes under different loads is also provided. The numerical analysis of
plates with circular holes shows that the stress concentration factor around the
hole is less than the classical value, and smaller holes exhibit less stress concen-
tration as would be expected on the basis of the classical elasticity.

The Dynamics of Cosserat Plates of different shapes and orientations of mi-
cro-elements are given in the chapter [18]. The numerical computations of the
plate free vibrations showed the existence of the additional frequencies that de-
pend on the orientation of microelements. The comparison of the eigenvalue
frequencies with the three-dimensional Cosserat Elastodynamics shows a high

agreement with the exact values.
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The complete Cosserat Plate Theory has been recently published in the book
[19]. The text presents the classification of the Cosserat plates, the foundation
and the validation of the Cosserat Plate Theory, the exact solutions for statics
and dynamics, and the Finite Element computations. We also discuss such
unique properties of the Cosserat plates as plate stiffness, stress concentration,
plate resonances and dynamic anisotropy.

Linearly elastic bodies with defects in the form of dislocations are studied in
[20], where a two-dimensional problem is considered on the basis of the
three-dimensional Classical Elasticity ignoring the microstructure of the materi-
al. The gauge theory of dislocations and disclinations is developed in [21]. The
convection flow of unsteady Maxwell fluid in the course of a porous plate is in-
vestigated in [22]. Dislocations and their effects are studied at the level of quan-
tum mechanics in [23].

The current article provides the modeling of the dislocations in Cosserat
plates, ie two-dimensional structural elements made of materials with micro-
structure. Our approach is based on the continuum mechanics where quantum
effects are not considered. In this article the dislocations are studied in the
framework of Cosserat Elasticity in contrast to [20] that is based on Classical
Elasticity, ignoring the influence of microstructure and rotational effects of the
microelements. The numerical results of the deformation caused by the disloca-
tion are based on the Finite Element algorithm developed in [17]. The Finite
Element provides the accurate approximations of the kinematic variables,
stresses, couples, strains and torsions for Cosserat plates of arbitrary shapes (in-
cluding the plates with holes). The possible effect of the dislocation on a hole

incorporated into the Cosserat plate is discussed as well.

2. Cosserat Plate Theory

We study the deformation of the Cosserat body without body forces and body
moments. The corresponding Cosserat equilibrium equations are given as in
[15]:

o.. =0, (1)

Iy
O ik T Hji,j =0, (2)
where the o is the stress tensor, u; is the couple stress tensor, & and is
the Levi-Civita tensor.
The constitutive formulas for the Cosserat material are given in the following
form [19]:
oy =(u+a)yy+(u—a)yy+rd;, (3)
,Uji:(7+5)Zji+(7_5)}(ij+ﬂﬂ(kk5ij' (4)
where g, A are the Lamé parameters and «, S, y, ¢ are the Cosserat
elasticity parameters.

The strain-displacement and torsion-microrotation relations are given as in
[19]:
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Vi =Ui i + & (5)

Xi = ¢, i (6)

where U; and ¢ represent the displacement vector and the rotation vector
respectfully.

We consider the Cosserat plate P of thickness 2#and X, =0 representing its
middle plane. The top and bottom surfaces of the plate are contained in the
planes X, =h/2 and X, =-h/2 respectively. In the Cosserat Plate Theory we
assume that the variation of the components of the stressses o ;, couple stresses
;> displacements U; and rotations ¢ are represented by the polynomials of
the variable x; in such way that it is consistent with the equilibrium Equations
(1)-(2), constitutive formulas (3)-(4) and the strain-displacement relation (5)
and torsion-microrotation relation (6). Here we will provide the summary of the

Cosserat Plate assumptions given in [19]:
Oup =My (X1, %,)C
O35 =Up (lexz)(l_gz)
Ous =0 (%% ) (1-¢7)+ 6, (%, %,)

éf?:

O3 :%[é’_?j p*(Xl,X2)+% P(X:% )¢+, (%, %)

Hap =T (%% ) (1= ) + B (0%, )
Haz = Sq (X%, )¢
Hyp =0
)
U, =¥, (%% )¢
U3:W*(Xi,XZ)(1—§2)+W(Xl,X2)
B, =0, (%% )(1-87)+ @, (X, %)
¢ =0, (%, %)<
where
P (% %) =1P(X. %), 7)
(%% )=(1=7)p(X. %) (8)

and 7 is called the splitting parameter.
The substitution of the stress assumptions into the three-dimensional Cosse-
rat equilibrium Equations (1)-(2) results in the following equilibrium system of

equations for Cosserat Plate [19]:

M,z —Qs =0, (9)
Q,,+p =0, (10)
Q,.+p=0, (11)
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R;B,a + &3, (Q; - Qy ) =0, (12)
FEaﬂ,oz + g3ﬂyéy =0, (13)
Syu +E3,M, =0, (14)

Here

M,,,M,, —bending moments,

M,,, M, —twisting moments,

Q, —shear forces,

Q.. Qa —transverse shear forces,
R’,,R;,,R,,R,, —Cosserat bending moments,
R, R}, Ry,, R, —Cosserat twisting moments,
Sa —Cosserat couple moments,

are related to the Cosserat plate assumptions as follows:

h2
Maﬂ=€maﬂ,
2h
Qa_?qai
* _2_h *
Qa - 3 qa’
~  2h .
Qa_?qa’
* 2h *
Raﬁz?rap,
A 2h
Raﬂz?raﬂ,
2
5, =s .
6
The constitutive formulas for the Cosserat Plate are given as in [19]:
3 3 6p" +5p)Ah?
LS W SR Ul N
3(l+2y) ’ 6(/1+2y) ’ 60(ﬂ+2y)
(el H(a+u) s ab’
Mﬂa = 12 ‘Pa,ﬂ+ 12 \Ilﬁ,a+(_1) TQB’ (16)
h - N _
Qa=5 (a+,u)\Pa+5(,u a)hwa+5(,u a)hWZ
’ 5h ° 5h | | (17)
a . a -
+(—1)ﬂT ﬁ+(_1)ﬁT pr
5(u— —a)h .
Q- (,u a)h\ya+5(,u a) hWa+5('u+a)hWZ
6 6(,u+a) ’ 6 ' (18)
«bha ., a5ha(,u—a)A
-1) —Q -1y ———Q
(- S+ (TS,
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A 8auh -~ « 8auh -
= 2O W4 (—1) 2
“ 3(u+a) + )3(,u+a)
R, =B ) gy S gy
3(ﬂ+2)/) ' 3(,3+2)/) ’
5(y-¢)h Jr5h(;/+g)

R* — —Q*
Pa 6 B.a

‘Al

Q,

~ h ~ ~

Rea _&ir+Ah Q.. T AN Q50
3(ﬂ+27) ' 3(ﬁ+27/) '

5 _2r—e)hy  2(rte)hs

fa = 3 pa T

a,p?

yeh®
= Q. .
“ 3(y+e)

Here

¥, —rotation of the middle plane around x; axis,

Y, —rotation of the middle plane around x; axis,

W* +W —vertical deflection of the middle plate,

Q + fZl —microrotations in the middle plane around x; axis,
Q; + f)z —nmicrorotations in the middle plane around x; axis,
Q, —rate of change of the microrotation ¢, along x

are related to the Cosserat plate assumptions as follows:
2

\Pa :H'//a (Xl’XZ)'

* 4 *
W :gw (X, %,),

W =W(x,X%, ),

(19)

(20)

(21)

(22)

(23)

(24)

The Cosserat plate field equations are obtained by substituting the constitutive

formulas (15)-(24) into the bending system of Equations (9)-(14). If the solution

vector vof the kinematic variables is defined as

~ ~ T
V=W W, W,0,,0,0,W0,0,0,]

(25)

then the Cosserat plate bending field equations can be written in the following

form
Lv = f (7).

The operator L here is given as

(26)
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0o 0 0 L, 0 0 L, L,
00 0 L, 0 0 L, L
Ll 0 0 0 0 0 0 L,
and the right-hand side f (77) vector is
- hia(6p; +5p,) |
120(4+2p1)
h°A(6p5+50,)
120(4+241)
_6p"+5p
f(n)= 6* ,
—-p
0
0
0
0
0

The operators L;; are defined as follows:

02 § 0
L, =cl£+c2 3 22 ¢, L,=¢, X%, ,
Le=tg L=ty
L =C5, Lig =¢,
L :c7£, ” 264%,
L,, =0266—X212+c1%—03, L, =csa—i2,
L,, 205%, L,s =—C;,
L, =—Cs, Ly =—C, %
L=t L=t
Ly, :c3%+c3é, L, =c3%+cs%,
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0 0
I-35 _Cegv Lse 068 '
0 0
=—C ~ =C ~
Ly, 66X2 (- 66)(1
0
L,=c , L —_—,
41 = Us 42 55X1
02 0° 0° 0?
L43203£+03%7 L44 208%4_08%1
0 0
L.,=-¢c,—, L,=¢C.—,
45 6 , 46 66)(1
0 0
L, =-¢C , Lg=C,—,
47 9 . 48 gax1
0
=—C, ’ =C -~
L, o L 66X2
0 0? 0°
Ls, :ngl Lss 2010%4—011%_206'
62
Lgs =Cy, XX, , Ly =—Cys,
0
L, =cC., =—C,—,
61 = Cor Lo 66X2
0 o°
=—C, —_—, = s
L=t b =g
o o
Les :CIOE-FCM%_ZCG’ Le; =—Ciss
0 o’ o°
Ly, :C14£1 L, :Cloa_xlz+C11%_C14v
o? 0
L = _—, = _—
78 = Cpp XX, Loy =Ciy %,
82 62 2
L7 2012@' Les :C11£+010£_C14-
0 0
=—C —_—, =C —_—,
Lo 76X2 L 76X1

o 0
Log = Clsg"‘cm @‘2(:71
where C, are the constants given as
_h4,u(/1+,u) h4(a+y)

YUoe(A+2u) |t 24

5h(a+u) . _hA(,u(3/1+2,u)—a(/1+2,u))
6 24(A+2u) ’
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5h(a -
. - (og u)wce_sr;a’
h*a 5h(a—y)2
G=—"071G= ,
12 6(0{+y)
_Shafa—p) - _10hy(f+7)
3(a+u) 0 3(Br2y) ]
o SNrve) SN2 (r—e)+ A3 -0))
' 6 " 6(/+27)
o - 10ha® _10hay
13 3(&-‘1‘/,[)’ C14 3(0{—‘,—/1)'
o - h'ye
15_6(;/+g)'

The system of equations (26) is an elliptic parametric system of nine partial
differential equations. The exact solutions of this system for rectangular plates
are given in [15] and the numerical solutions for the plates of arbitrary shapes

are given in [17].

3. Numerical Results

The appearance of defects, cracks, dislocations or other inhomogeneities can af-
fect the performance of the material. It creates a stress field around the disloca-
tion and might affect the body as a whole and also act on its cavities and displace
them. Therefore, correctly assessing the effect of the dislocation is essential for
use of the material in applications.

For the numerical modeling we will consider a Cosserat plate with a disloca-
tion (inclusion, defect, inhomogeneity) and follow [20].

Let b, be the Burger's vector, denoting an additional displacement of the lat-
tice points. The distortion tensor is

Wy = Uy
and
<j>,_ Wikdxi = _bk
or equivalently

LL €iim Wiy ;A =D,

The two-dimensional delta-function & ( & ) satisfies
[6(&)r-df =7, 5(¢)-df =1
L

Therefore

€im Wy ;I = 7B, 5 (&)

ilm " 'mk, j

Let (a,b) be the position of the dislocation. We will simulate the effect of
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the two-dimensional delta function &§(&) by assuming the boundary condition

on some circular neighborhood represented by the function g(x,,X,):
1 X, —b
,X, ) =—arctan| —2— 27
(%, %) o [Xl_aJ (27)

The function g(X,,X,) gives a constant for any line integral along the circle

L") of radius rcentered at the dislocation:
gf)L(,) g;dx =1
Let us define

3; = [ kndA

where k; is the material stress tensor.

The values of J j can be found from [20]:
2n
=] 0, (¢)cosgdg
2n .
3, =, 04 (4)singdg

where
o, (9)= o, +0o5, -1-2(0;;¢(r,¢)—0'rLr (r,¢))

Oy (¢) is the hoop stress, oy;, 0y, are the stresses in Cartesian coordinates
at the center of the hole, O'¢';¢ (I’,¢) , o- (r,¢) are the stresses in polar coordi-
nates along the boundary of the hole (functions of ¢ ).

The stresses in the Cartesian coordinates oy, and o5, at the center of the
hole can be found from the solution set of kinematic variables v defined as (25)
and the constitutive formulas (15)-(24).

The stresses in polar coordinates oy, (r,¢), oy (r,4) canbe found from the

stress tensor o; in Cartesian coordinates by the following transformation:
045 = 01, €08 () + 0y, 8IN? (#) + (0, + 0y )Sin(4)cOs(9)
O, =0y, C08% (§)+0y,5in* (¢)— (0, + 0,5, )sin(¢) cos(¢)

Once we find J; and J,, the direction of the force acting on the cavity in-

duced by the dislocation can be calculated as follows:
dx, J;
dy, 3,
We will model the dislocation using the two-dimensional Dirac delta function
1) (§ ) being non-zero at the point of dislocation. The numerical simulation of
the Dirac delta function is proposed to be done by the function (27). By shrink-
ing the hole around the dislocation and applying the boundary conditions, we
will simulate the dislocation as a limiting case of these domains. In the presence
of an additional cavity this will result in a residual force, which can be calculated
from the vector of solutions for kinematic variables v.

We will calculate the vector of solutions for kinematic variables v by solving

DOI: 10.4236/jamp.2022.1011223

3378 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1011223

R. Kvasov, L. Steinberg

the elliptic system of partial differential Equation (26) applying the Finite Ele-

ment Method developed in [17].
In our computations we consider the plates made of polyurethane foam. The

polyurethane foam is known to behave as Cosserat material with the values of

the technical elastic parameters presented in [24]:
E =299.5 MPa,

v =0.44,
l, =0.62 mm,
l, =0.327 mm,

N? =0.04.

Taking into account that the ratio B/y is equal to 1 for bending [24], these
values of the technical constants correspond to the following values of the Lamé

parameters and the Cosserat Elasticity parameters:
A =762.616 MPa,

4 =103.993 MPa,
o =4.333 MPa,
£ =39.975 MPa,
y =39.975 MPa,
& =4.505 MPa.
We consider a plate 10 x 10 with its points represented on the coordinate
plane by the Descartes product of the segments: [—7, 3] X [—5, 5] .Let h=0.3 be

the thickness of the plate and the dislocation located at the point (-3,2).
Let G=G, UG, be the external boundary of the plate:

G, ={(x,%):% €{0,a},% <[0,a]}
G, :{(Xl’xz):xz e{0,a},x e[O,a]}
and the following hard simply supported boundary conditions [19]:
G, ;W =W =0,%, =0,
G, =0,00 =0,Q, =0,

a\yl_oagg_oafzg_

G,: , 0;
on on on
G,:W=0W"=0,%, =0,
G,:0Q)=0,Q)=00Q, =0,
v Qo
G,:—2%=0—%=0,—%=0.

on on on

The presence of the dislocation in the plate creates a stress field. This stress

field can be calculated by following the procedure:

e Step 1: solve the parametric system of nine partial differential equations (26)

DOI: 10.4236/jamp.2022.1011223 3379 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1011223

R. Kvasov, L. Steinberg

using the Finite Element Method developed in [17] and obtain the vector of
kinematic variables (25).

o Step 2: substitute the values of the kinematic variables (25) into the constitu-
tive formulas for the Cosserat Plate (15)-(24) and obtain the values of the
two-dimensional components of stress and couple stress.

The results of the stress field o, around the dislocation in the Cosserat plate

made of polyurethane foam are given in the Figure 1 & Figure 2.

Figure 1. Distribution of the large values of o, stress component (the top 10% of the

magnitude) around the dislocation in the Cosserat plate made of polyurethane foam.

Figure 2. Distribution of the o, stress component around the dislocation in the Cos-

serat plate made of polyurethane foam.
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Let us now add a cavity to the Cosserat plate and place it in the origin (0,0)
(see Figure 3). The stress fields in the Cosserat plate induce the force that acts
on the cavity. The direction of the force can be obtained by the comparison of
the values J; and J,. The direction of the force acting on the hole is given in

the Figure 4. If instead of the hole there was a crack, the direction of the residual

10

-
N

10

Figure 3. Perforated Cosserat plate of size 10 x 10 with the dislocation located at the
point (-3,-2).

Figure 4. Direction of the force acting on the cavity in the Cosserat plate made of polyu-
rethane foam (J,/J, =2.47).
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force would show the trajectory of the propagation of the crack.

4. Conclusion

In this article, we presented the numerical modeling of the dislocations in the
Cosserat plates based on the Cosserat Plates Theory. We modeled the dislocation
by a sequence of domains that converge to the point of the dislocation and by a
residual force distributed around that point. The Finite Element computations
show that the presence of dislocations in a Cosserat plate will result in a stress
field that will act on the cavities. We calculated the direction of the residual force
acting on the cavity, which in the case of a crack, will show the trajectory of its
propagation. In our future work, we plan to consider the modeling of dislocation

in the framework of Cosserat Thermoelasticity.
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Notations

X Cartesian coordinates

B Cosserat body

P Cosserat plate

H plate thickness

A Lamé parameters

a,pB.y.e Cosserat elasticity parameters
o or o stress tensor

uy or u  couple stress tensor

Yy or 4 strain tensor

Xji or X torsion tensor

u, or u displacement vector

¢ or ¢ microrotation vector

b, or b Burger’s vector

w; or w  distortion tensor

kij or ¢ material stress tensor

Eijk Levi-Civita tensor

|4 Cosserat plate displacement set
n splitting parameter

P pressure

M., bending and twisting moments

shear forces

transverse shear forces

Pl

N

Cosserat bending and twisting moments

w
LRLPE
@)

Cosserat couple moments

Y, rotations of the middle plane around x, axis
wW,W* vertical deflections of the middle plate

Q) ,f)a microrotations in the middle plate around X, axis
Q, rate of change of the microrotation
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