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Abstract

In this paper, we first introduce the notion and model of generalized mini-
max regret equilibria with scalar set payoffs. After that, we study its general
stability theorem under the conditions that the existence theorem of genera-
lized minimax regret equilibrium point with scalar set payoffs holds. In other
words, when the scalar set payoffs functions and feasible constraint mappings
are slightly disturbed, by using Fort theorem and continuity results of
set-valued mapping optimal value functions, we obtain a general stability
theorem for generalized minimax regret equilibria with scalar set payoffs. At
the same time, an example is given to illustrate our result.
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1. Introduction

In the game, individuals are faced with uncertain strategic choices, and they as-
sume that the decisions of other players will form a subjective assessment of
probability. Renou and Schlag [1] introduced the concept of minimax regret
equilibria, allowing players to be uncertain about the rationality and conjecture
of their opponents, and assumed that regret will lead individuals to form proba-
bilistic assessments and ultimately make choices that minimize regret. Yang and
Pu [2] obtained the existence and generic stability of minimax regret equilibria.
Recently, Zhang and Chen et al [3] studied existence of general n person non-
cooperative game problems and minimax regret equilibria with set payoff by us-
ing Kakutani-Fan-Glicksberg fixed point theorem and a nonlinear scalarization
function. For more information, refer to [4] [5] [6] [7].

Under the influence of some uncertain factors, the game model is often dis-
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turbed. In 1950, Fort [8] first proposed the concept of essential fixed points
when studying the stability of fixed points. Kohlberg and Mertens [9] investi-
gated that every game has at least one equilibrium set with a stable strategy. Wu
and Jiang [10] put forward the concept of essential equilibrium of finite non-
cooperative game, and proved that any finite noncooperative game can be ap-
proximated arbitrarily by an essential equilibrium game. In the sense of chang-
ing order, Luo [11] studied the existence and general stability of Nash equili-
brium points in set-valued games. In recent years, Yu and Peng [12] considered
the general stability of Nash equilibria in noncooperative differential games, and
proved that equilibrium is the essence of differential games to form dense resi-
dual sets by using the theory of set-valued analysis. Liu [13] discussed the exis-
tence of Nash equilibrium points of generalized set-valued mapping and the sta-
bility of Nash equilibrium point sets of generalized set-valued mapping from the
perspective of essential equilibrium points. In real locally convex Hausdorff topo-
logical linear spaces, He and Chen et al [14] obtained the general stability of solu-
tions for set-valued generalized strong vector quasi-equilibrium problems when
the constraint set-valued mappings are continuous and the target mappings sa-
tisfy the cone-true quasi-convex conditions.

Since there are many unpredictable situations in reality, it is very important to
study the stability of set-valued game problems. However, to the best of our
knowledge, the study of the stability of set-valued game problems is still little.
Motivated and inspired by the minimax regret problem in [3], the rest parts are
constructed as follows: In Section 2, the generalized minimax regret equilibria
problem and some necessary basic knowledge are given. In Section 3, general
stability theorem for generalized minimax regret equilibrium with scalar set

payofts is obtained. And a numerical example is given to illustrate our results.

2. Preliminaries

Let ¥, K, K;, i=12,---,n are real locally convex Hausdorff topological vector
spaces. Sis a pointed closed convex cone in ¥; and intS = .

Firstly, we introduce the generalized minimax regret equilibrium model in [3].

Let | = {1, 2, n} be a set of players, X, c K; be the pure strategy set of
ith player and G, : X :I_Iin:lXi — 2" be the scalar set payoff function of ith
player. For each iel, denote X, =Hj€|\in I X=X %y, X ) E X,
write X =(Xg, -, Xiq, Xq, o X, ) € X;. Let §; < X_; be subset of ith player
beliefs conjectures about the play of his opponents. P, : X =1_Ln:1Xi — 2} be

the ith player's ex-post regret function relative (X;,X;)e Hi”:lxi , defined as

follows:

Pi(xilx-i):SUD U G (uilx—i)_Gi(Xi’X—i)'

uj e X;

A strategy X = (Xl*, X, '--,X:)e X is said to be a minimax regret equilibria

point with scalar set payoffs relative to (Sl, S, S, ) ,if, foreach ie N,
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max (J P(x,x;)=min J maxP (x,$;).

(R |
X_j €S X € Xj

Definition 2.1. [15] Let P:K — 2" be a set-valued mapping,

(i) A set-valued map P is said to be upper semicontinuous (u.s.c) with non-
empty compact valued at X, € K, if for any net x, c K with x, = X;, and
for any y, eP(x,), there exist y, €P(X,) and a subnet {yﬂ} of {y,},
such that y, — Y,;

(ii) A set-valued map Pis said to be lower semicontinuous (l.s.c) at X, € K, if
for any net x, cK with X, > X,, and for any Yy, € F(X,), there exist
Y, € P(X,),suchthat y, —y,;

(iii) A set-valued map Pis said to be continuous at X, € K, if Pis upper and
lower semicontinuous at x;, € K.

Definition 2.2, Let K, and K, be true subsets of the metric space, define
the Hausdorff distance between K, and K, as

d, (K, K,)= max{sup inf d(Xx, y),supd(x,y)}.

xeK, YeKa yeK,

Theorem 2.1. [16] Let Kand Y be two Hausdorff topological spaces, {S“} is
anetin X_, with the Vietoris topology, {ya } is a net of Yand { fe (X, y)} isa
net of real-valued continuous function defined on KxY .If S* - S e X_; under
fo(xy)-f(x y)|—>0,
where f(X,y) is a real-valued continuous function defined on KxY , then
max, .. f° (xy*)— max, (% y°).

Theorem 2.2. [15] Let Kand Y be two Hausdorff topological spaces, and Yis

the Vietoris topology, y, > yeY and sup,

X,y)erY

compact, if set-valued mapping P:K — 2" is closed, then Pis upper semicon-
tinuous.

Cited from the literature [3] Theorem 4.2. Foreach iel, G, = Hin:l X, — 28
and S, :X, —> 2% are continuous on l_[in:lXi and X_; repectively. For
each x; e X, G (.x;) is R, —(Il) quasiconcave. Then, there exists
X =<XI,X;,"-,X:)E X such that foreach iel,

max |J R(x,u,)=min J maxPi(ui,Si(xfi)),

wjesi(i5) i

where P is the zth player’s ex-post regret function. Remember this generalized
minimax regret problem as {P,S;,G; }in:1 .
Lemma 2.1. [16] Let P:X —2' be a set-valued mapping with nonempty

values. Suppose that
max | J P(x) =@ and max [ J max P(x)=@.

xeX xeX
Then,
max | J P(x)=max (] max P(x).

xeX xeX

3. Main Results

In this section, we investigate generic stability theorem of generalized minimax
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regret equilibria with scalar set payoff when the scalar set payoff functions are
disturbed.

For each iel,let K,,Y be Banach spaces. suppose I" be the space com-
posed of (Pl, PSS Sn) and satisfy all assumption of Literature [3]
Theorem 4.2. For meI', we define the set of all generalized minimax regret
equilibria by ®(m).

Definition 3.1. Since P be a real set-valued mapping, we define the distance
p on I' by

p(m,m’):=supd’|max R, (x),max B'(x)|+ sup > h(S;,S/),

xeX j=1 X_jeX_j i=1

where m :(Pl,m, Pn,Sl,---,Sn)eF , m':(Pl',n-, Pn',Sl',~~~,Sr:)eF , H, and
h, are Hausdorff distance on K;. Obviously, (I, p) is a complete metric
space.

Lemma 3.1. [2] For each meI', mis continuous if and only if the set-valued
mapping ®:T — 2% is lower semicontinuous.

Theorem 3.1. For each iel, let X, c K, be nonempty compact convex
subset. Assume that P :Hi”:lxi —2% and S;:X_, »>2 are continuous
with nonempty compact-valued. Then the set-valued mapping ®:T" —2* is
upper semicontinuous with compact valued.

Proof Since X; is nonempty compact subset of K;, by Theorem 2.1, it is suffi-
cient to prove that Graph (CD) is closed. Le, for each i€ |, for any (Pa ,S7 ) el
with (P“,8%)—>(P°,8%), any x*e®(P*,S*) with x* —>x°. We wil
prove X° eCD(PO,SO>.

Forany x“ e® ( P, S“ ) , there exists z% €S such that

max P” (%7, 2% ) = min max P“ (u;,u?),

1 1
Ui €Xj u% es?

where B” (X, X;)=sup, .x. G (U, X )=G" (X, x;).

Because G, is continuous and (P",S“)—)(PO,SO). We have P% — P°
when G% — G°. Because S, is compact-valued, for z% €S, there exists
2% €S? suchthat z% —2°%.

Since max P, is continuous, for each i€ |, then

‘max P“ (xi“,zf. )—max p° (xio,z‘fi>

s‘max Pi“(xi“,zf‘i)—max Pio(xi“,zj’i)

+‘max R’ (xi“ 2% )— max P’ (x,“ % )‘
— 0.
By Theorem 2.1 and Lemma 2.1, we have

min max P (u;,u¢ ) - min max R°(u,,u’, ).

Ui €Xj u% es{* ui€X; u% esf

Thus, for sufficiently large « , for each i€ |, there exists z°, €S such that

max R° (x,2° ) = min max P’ (u;,u’, ).

i
uieX; u% es?

Hence, X° =(Xi°, X?i ) € (D(PO,SO), @ is upper semicontinuous with com-
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pact valued. This completes the proof. ]

Remark The proof of this theorem is similar to that of Lemma 4 in Reference
[2].If P:X >R, S:X — X, then the proof is the same as Lemma 4 in Ref-
erence [2].

Lemma 3.2, [17] Let I' be a complete metric space and X be a topological
space. Suppose that ®:T'— 2* is upper semicontinuous and nonempty com-
pact valued, there exists a dense residual Q cI' such that @ is lower semi-
continuous on Q.

Theorem 3.2. There exists a dense residual set Q —I" such that m is conti-
nuous for meQ.

Proof By Theorem 3.1, the set-valued mapping ® is upper semicontinuous
with compact valued. By Lemma 3.2, there exists a dense residual Q" such
that @ is lower semicontinuous on Q. By Lemma 3.1, m is continuous for any
m € Q . This completes the proof. (]

The following example illustrates that Q #1T".

Example 3.1. Consider the generalized minmax regret equilibria problem
{P.S,.G},. Let 1={12}, X, =X,=[01], and G,G, : X, xX, >2" be

player's scalar set payoff function,

G (X, %) =G, (%, %) =LV (X, %) e X;x X,.

P, P, be player’s ex-post regret function,

P (X% )=sup [J G, (%,%)=G(X,%)=0,Y(%,%) e X; xX,,

X €Xq

P (X, %) =sup | G, (%,%)=G,(%.%)=0,V(x,X%,) e X, xX,.

XpeXy

Then P eI .For each n, define G" as follows:

n 1
G, (xl,xz):ﬁxl,v(xl,xz)e X, x X,

N 1
Gz(xl,xz)zﬁxz,v(xl,xz)e X, % X,
And define P" as follows:

n n n 1 1
R"(%.%)=sup |J G (%.%)-G (Xsz):H—HXpV(Xsz)E X, x X,

X € X1

n n n 1 1
P, (X27X1):SUp U G, (X21X1)_Gz (szxl):H_HXZ!v(Xsz)e Xy x X,

Xp € Xy

Then P" eI, P"— P. It shows that no point in Q is continuous for
m e Q. Similarly, for each n, define G" as follows:

1
G/ (xl,xz)z—ﬁxl,v(xl,xz)e X, x X,
n 1
G, (xl,xz)z—ﬁxz,v(xl,xz)e X, % X,.

And define P" as follows:
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n n n l 1
R" (%, % )=sup |JG/(x.,%)-G; (xi,xz):—HJerl,v(xl,xz)eXlxXZ,

X1 € X1

n n n 1 1
P (%, %)=sup |J G, (X,%)-G, (xz,xl)z—ﬁ+ﬁx2,v(x1,x2)e X, x X,.

Xp Xy

Then P"eI', P"— P. It shows that no point in Q is continuous for
me Q. Consequently, P¢I',So Q=T".

Theorem 3.3. There exists a dense residual set Q " such that @ is a
singleton set forany meQ.
Funding

This research is supported by Yunnan University of Finance and Economics
Graduate Innovation Fund (2022YUFEYCO072).
Acknowledgements
Sincere thanks to the members of JAMP for their professional performance, and
special thanks to managing editor Hellen XU for a rare attitude of high quality.
Conflicts of Interest
The author declares no conflicts of interest regarding the publication of this pa-

per.

References

[1] Renou, L. and Schlag, K.H. (2010) Minimax Regret and Strategic Uncertainty. Journal
of Economic Theory, 145, 264-286. https://doi.org/10.1016/j.jet.2009.07.005

[2] Yang, Z. and Pu, Y.J. (2012) Existence and Stability of Minimax Regret Equilibria.
Journal of Global Optimization, 54, 17-26.
https://doi.org/10.1007/s10898-011-9738-6

[3] Zhang, Y., Chen, T. and Chang, S.S. (2022) Existence of Solution to n-Person Non-
cooperative Games and Minimax Regret Equilibria with Set Payoffs. Applicable
Analysis, 101, 2580-2595. https://doi.org/10.1080/00036811.2020.1813723

[4] Zhang, Y. and Lj, S.J. (2013) Minimax Theorems for Scalar Set-Valued Mappings with

Nonconvex Domains and Applications. Journal of Global Optimization, 57, 1359-1373.
https://doi.org/10.1007/s10898-012-9992-2

[5] Zhang, Y. (2018) Set-Valued Minimax Theorem and Set-Valued Game Problems.
Science Press, Beijing.

[6] Corley, HW. (2020) A Regret-Based Algorithm for Computing All Pure Nash Equi-
libria for Noncooperative Games in Normal Form. Theoretical Economics Letters,
10, 1253-1259. https://doi.org/10.4236/tel.2020.106076

[7] Liu, L. and Jia, W. (2021) The Value Function with Regret Minimization Algorithm
for Solving the Nash Equilibrium of Multi-Agent Stochastic Game. International
Journal of Computational Intelligence Systems, 14, 1633-1641.
https://doi.org/10.2991/ijcis.d.210520.001

[8] Fort, M.K. (1950) Essential and Non Essential Fixed Points. American Journal of
Mathematics, 72, 315-322. https://doi.org/10.2307/2372035

DOI: 10.4236/jamp.2022.1011217

3286 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1011217
https://doi.org/10.1016/j.jet.2009.07.005
https://doi.org/10.1007/s10898-011-9738-6
https://doi.org/10.1080/00036811.2020.1813723
https://doi.org/10.1007/s10898-012-9992-2
https://doi.org/10.4236/tel.2020.106076
https://doi.org/10.2991/ijcis.d.210520.001
https://doi.org/10.2307/2372035

Q. L. Zhao

[10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

Kohlberg, E. and Mertens, J.F. (1986) On the Strategic Stability of Equilibria. Eco-
nometrica: Journal of the Econometric Society, 57, 1359-1373.

Wu, T. and Jiang, J.H. (1962) Essential Equilibrium Points of n-Person Noncooper-
ative Games. Scientia Sinica, 11, 1307-1322.

Luo, Q. (2003) The General Stability of the Set of Nash Equilibrium Points of Set-Valued
Maps. Acta Mathematica Sinica, 46, 925-930.

Yu, J. and Peng, D.T. (2020) Generic Stability of Nash Equilibria for Noncoopera-
tive Differential Games. Operations Research Letters, 48, 157-162.
https://doi.org/10.1016/j.0rl.2020.02.001

Liu, L. (2021) Study on Generalized Set-Valued Nash Equilibrium Theory. Chongqing
Jiaotong University, Chongging.

He, F., Chen, J. and Xing, Q.J. (2022) Universal Stability of Solutions for Set-Valued
Generalized Strong Vector Quasi-Equilibrium Problems. Journal of Nanchang
Hangkong University, 12, 125. https://doi.org/10.12677/PM.2022.121017

Aubin, J.P. and Ekeland, I. (1984) Applied Nonlinear Analysis. Springer Mono-
graphs in Mathematics, John Wiley and Sons, New York.

Yu, J. (1999) Essential Equilibria of n-Person Noncooperative Games. Journal of
Mathematical Economics, 31, 361-372.
https://doi.org/10.1016/50304-4068(97)00060-8

Fort, M.K. (1951) Points of Continuity of Semicontinuous Functions. Publicationes
Mathematicae Debrecen, 2, 100-102.

DOI: 10.4236/jamp.2022.1011217

3287 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1011217
https://doi.org/10.1016/j.orl.2020.02.001
https://doi.org/10.12677/PM.2022.121017
https://doi.org/10.1016/S0304-4068(97)00060-8

	Stability of Generalized Minimax Regret Equilibria with Scalar Set Payoff
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	3. Main Results
	Funding
	Acknowledgements
	Conflicts of Interest
	References

