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Abstract 
In this paper, we first introduce the notion and model of generalized mini-
max regret equilibria with scalar set payoffs. After that, we study its general 
stability theorem under the conditions that the existence theorem of genera-
lized minimax regret equilibrium point with scalar set payoffs holds. In other 
words, when the scalar set payoffs functions and feasible constraint mappings 
are slightly disturbed, by using Fort theorem and continuity results of 
set-valued mapping optimal value functions, we obtain a general stability 
theorem for generalized minimax regret equilibria with scalar set payoffs. At 
the same time, an example is given to illustrate our result. 
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1. Introduction 

In the game, individuals are faced with uncertain strategic choices, and they as-
sume that the decisions of other players will form a subjective assessment of 
probability. Renou and Schlag [1] introduced the concept of minimax regret 
equilibria, allowing players to be uncertain about the rationality and conjecture 
of their opponents, and assumed that regret will lead individuals to form proba-
bilistic assessments and ultimately make choices that minimize regret. Yang and 
Pu [2] obtained the existence and generic stability of minimax regret equilibria. 
Recently, Zhang and Chen et al. [3] studied existence of general n person non-
cooperative game problems and minimax regret equilibria with set payoff by us-
ing Kakutani-Fan-Glicksberg fixed point theorem and a nonlinear scalarization 
function. For more information, refer to [4] [5] [6] [7]. 

Under the influence of some uncertain factors, the game model is often dis-
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turbed. In 1950, Fort [8] first proposed the concept of essential fixed points 
when studying the stability of fixed points. Kohlberg and Mertens [9] investi-
gated that every game has at least one equilibrium set with a stable strategy. Wu 
and Jiang [10] put forward the concept of essential equilibrium of finite non-
cooperative game, and proved that any finite noncooperative game can be ap-
proximated arbitrarily by an essential equilibrium game. In the sense of chang-
ing order, Luo [11] studied the existence and general stability of Nash equili-
brium points in set-valued games. In recent years, Yu and Peng [12] considered 
the general stability of Nash equilibria in noncooperative differential games, and 
proved that equilibrium is the essence of differential games to form dense resi-
dual sets by using the theory of set-valued analysis. Liu [13] discussed the exis-
tence of Nash equilibrium points of generalized set-valued mapping and the sta-
bility of Nash equilibrium point sets of generalized set-valued mapping from the 
perspective of essential equilibrium points. In real locally convex Hausdorff topo-
logical linear spaces, He and Chen et al. [14] obtained the general stability of solu-
tions for set-valued generalized strong vector quasi-equilibrium problems when 
the constraint set-valued mappings are continuous and the target mappings sa-
tisfy the cone-true quasi-convex conditions. 

Since there are many unpredictable situations in reality, it is very important to 
study the stability of set-valued game problems. However, to the best of our 
knowledge, the study of the stability of set-valued game problems is still little. 
Motivated and inspired by the minimax regret problem in [3], the rest parts are 
constructed as follows: In Section 2, the generalized minimax regret equilibria 
problem and some necessary basic knowledge are given. In Section 3, general 
stability theorem for generalized minimax regret equilibrium with scalar set 
payoffs is obtained. And a numerical example is given to illustrate our results. 

2. Preliminaries 

Let Y, K, iK , 1, 2, ,i n=   are real locally convex Hausdorff topological vector 
spaces. S is a pointed closed convex cone in Y, and intS ≠ ∅ . 

Firstly, we introduce the generalized minimax regret equilibrium model in [3]. 
Let { }1, 2, ,I n=   be a set of players, i iX K⊂  be the pure strategy set of 

ith player and 1: 2n Y
i iiG X X

=
= →∏  be the scalar set payoff function of ith 

player. For each i I∈ , denote \i jj I iX X− ∈
=∏ . If ( )1 2, , , nx x x x X= ∈ , 

write ( )1 1 1, , , , ,i i i n ix x x x x X− − − −= ∈  . Let i iS X −⊂  be subset of ith player 

beliefs conjectures about the play of his opponents. 1: 2n R
i iiP X X

=
= →∏  be 

the ith player's ex-post regret function relative ( ) 1, n
i i iix x X− =

∈∏ , defined as 
follows: 

( ) ( ) ( ), sup , , .
i i

i i i i i i i i i
u X

P x x G u x G x x− − −
∈

= −


 
A strategy ( )* * * *

1 2, , , nx x x x X= ∈  is said to be a minimax regret equilibria 
point with scalar set payoffs relative to ( )1 2, , , nS S S , if, for each i N∈ , 

https://doi.org/10.4236/jamp.2022.1011217


Q. L. Zhao 
 

 

DOI: 10.4236/jamp.2022.1011217 3283 Journal of Applied Mathematics and Physics 
 

( ) ( )*max , min max , .
i i i i

i i i i i i
x S x X

P x x P x S
−

−
∈ ∈

=
 

 
Definition 2.1. [15] Let : 2YP K →  be a set-valued mapping,  
(i) A set-valued map P is said to be upper semicontinuous (u.s.c) with non-

empty compact valued at 0x K∈ , if for any net x Kα ⊂  with 0x xα → , and 
for any ( )y P xα α∈ , there exist ( )0 0y P x∈  and a subnet { }yβ  of { }yα , 
such that 0y yβ → ; 

(ii) A set-valued map P is said to be lower semicontinuous (l.s.c) at 0x K∈ , if 
for any net x Kα ⊂  with 0x xα → , and for any ( )0 0y F x∈ , there exist 

( )y P xα α∈ , such that 0y yα → ; 
(iii) A set-valued map P is said to be continuous at 0x K∈ , if P is upper and 

lower semicontinuous at 0x K∈ . 
Definition 2.2. Let 1K  and 2K  be true subsets of the metric space, define 

the Hausdorff distance between 1K  and 2K  as 

( ) ( ) ( )
21 2

1 2, max sup inf , , sup , .H y Kx K y K
d K K d x y d x y

∈∈ ∈

 
=  

   
Theorem 2.1. [16] Let K and Y be two Hausdorff topological spaces, { }Sα  is 

a net in iX −  with the Vietoris topology, { }yα  is a net of Y and ( ){ },f x yα  is a 
net of real-valued continuous function defined on K Y× . If iS S Xα

−→ ∈  under 
the Vietoris topology, y y Yα → ∈  and ( ) ( ) ( ),sup , , 0x y K Y f x y f x yα

∈ × − → , 
where ( ),f x y  is a real-valued continuous function defined on K Y× , then 

( ) ( )0 0
0 0max , max ,

i ix S x S
f x y f x yα α
α α

− −∈ ∈
→ . 

Theorem 2.2. [15] Let K and Y be two Hausdorff topological spaces, and Y is 
compact, if set-valued mapping : 2YP K →  is closed, then P is upper semicon-
tinuous. 

Cited from the literature [3] Theorem 4.2. For each i I∈ , 1: 2n R
i iiG X

=
= →∏  

and : 2 iX
i iS X −

− →  are continuous on 1
n

ii X
=∏  and iX −  repectively. For 

each i ix X− −∈ , ( ),i iG x−⋅  is ( )R II+ −  quasiconcave. Then, there exists  

( )* * * *
1 2, , , nx x x x X= ∈  such that for each i I∈ , 

( )
( ) ( )( )

*

* *max , min max , ,
i iu S xi i i

i i i i i i i
u X

P x u P u S x
∈− −

− −
∈

=
 

 
where iP  is the ith player’s ex-post regret function. Remember this generalized 
minimax regret problem as { } 1

, , n
i i i i

P S G
=

. 
Lemma 2.1. [16] Let : 2YP X →  be a set-valued mapping with nonempty 

values. Suppose that 

( ) ( )max   and  max max .
x X x X

P x P x
∈ ∈

≠ ∅ ≠ ∅
 

 
Then, 

( ) ( )max max max .
x X x X

P x P x
∈ ∈

=
 

 

3. Main Results 

In this section, we investigate generic stability theorem of generalized minimax 
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regret equilibria with scalar set payoff when the scalar set payoff functions are 
disturbed. 

For each i I∈ , let ,iK Y  be Banach spaces. suppose Γ  be the space com-
posed of ( )1 1, , , , ,n nP P S S   and satisfy all assumption of Literature [3] 
Theorem 4.2. For m∈Γ , we define the set of all generalized minimax regret 
equilibria by ( )mΦ . 

Definition 3.1. Since P be a real set-valued mapping, we define the distance 
ρ  on Γ  by 

( ) ( ) ( ) ( )
1 1

, : sup max ,max sup , ,
i i

n n

i i i i i
x X x Xi i

m m P x P x h S Sρ
− −∈ ∈= =

′ ′ ′= +∑ ∑
 

where ( )1 1, , , , ,n nm P P S S= ∈Γ  , ( )1 1, , , , ,n nm P P S S′ ′ ′ ′ ′= ∈Γ  , iH  and 

ih  are Hausdorff distance on iK . Obviously, ( ), ρΓ  is a complete metric 
space. 

Lemma 3.1. [2] For each m∈Γ , m is continuous if and only if the set-valued 
mapping : 2XΦ Γ→  is lower semicontinuous. 

Theorem 3.1. For each i I∈ , let i iX K⊂  be nonempty compact convex 
subset. Assume that 1: 2n R

i iiP X
=

→∏  and : 2 iX
i iS X −

− →  are continuous 
with nonempty compact-valued. Then the set-valued mapping : 2XΦ Γ→  is 
upper semicontinuous with compact valued. 

Proof Since iX  is nonempty compact subset of iK , by Theorem 2.1, it is suffi-
cient to prove that ( )Graph Φ  is closed. i.e., for each i I∈ , for any ( ),P Sα α ∈Γ  
with ( ) ( )0 0, ,P S P Sα α → , any ( ),x P Sα α α∈Φ  with 0x xα → . We will 
prove ( )0 0 0,x P S∈Φ . 

For any ( ),x P Sα α α∈Φ , there exists i iz Sα α
− ∈  such that 

( ) ( )max , min max , ,
i i i i

i i i i i iu X u S
P x z P u u

α α

α α α α α

−
− −∈ ∈

=
 

where ( ) ( ) ( ), sup , ,
i ii i i x X i i i i i iP x x G u x G x xα α α

− ∈ − −= − . 
Because iG  is continuous and ( ) ( )0 0, ,P S P Sα α → . We have 0P Pα →  

when 0G Gα → . Because iS  is compact-valued, for i iz Sα α
− ∈ , there exists 

0 0
i iz S− ∈  such that 0

i iz zα
− −→ . 

Since max iP  is continuous, for each i I∈ , then 

( ) ( )
( ) ( ) ( ) ( )

0 0 0

0 0 0 0 0

max , max ,

max , max , max , max ,

0.

i i i i i i

i i i i i i i i i i i i

P x z P x z

P x z P x z P x z P x z

α α α

α α α α α α α

− −

− − − −

−

≤ − + −

→  

By Theorem 2.1 and Lemma 2.1, we have 

( ) ( )
0

0 0min max , min max , .
i i i ii i i i

i i i i i iu X u Xu S u S
P u u P u u

α α α

α α

− −
− −∈ ∈∈ ∈

→
 

Thus, for sufficiently large α , for each i I∈ , there exists 0 0
i iz S− ∈  such that 

( ) ( )
0 0

0 0 0 0 0max , min max , .
i i i i

i i i i i iu X u S
P x z P u u

−
− −∈ ∈

=
 

Hence, ( ) ( )0 0 0 0 0, ,i ix x x P S−= ∈Φ , Φ  is upper semicontinuous with com-
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pact valued. This completes the proof.  
Remark The proof of this theorem is similar to that of Lemma 4 in Reference 

[2]. If :P X R→ , :S X X→ , then the proof is the same as Lemma 4 in Ref-
erence [2]. 

Lemma 3.2. [17] Let Γ  be a complete metric space and X be a topological 
space. Suppose that : 2XΦ Γ→  is upper semicontinuous and nonempty com-
pact valued, there exists a dense residual Q ⊂ Γ  such that Φ  is lower semi-
continuous on Q. 

Theorem 3.2. There exists a dense residual set Q ⊂ Γ  such that m is conti-
nuous for m Q∈ . 

Proof By Theorem 3.1, the set-valued mapping Φ  is upper semicontinuous 
with compact valued. By Lemma 3.2, there exists a dense residual Q ⊂ Γ  such 
that Φ  is lower semicontinuous on Q. By Lemma 3.1, m is continuous for any 
m Q∈ . This completes the proof.  

The following example illustrates that Q ≠ Γ . 
Example 3.1. Consider the generalized minmax regret equilibria problem 

{ } 1
, , n

i i i i
P S G

=
. Let { }1, 2I = , [ ]1 2 0,1X X= = , and 1 2 1 2, : 2RG G X X× →  be 

player's scalar set payoff function, 

( ) ( ) ( )1 1 2 2 1 2 1 2 1 2, , 1, , .G x x G x x x x X X= = ∀ ∈ ×  

1P , 2P  be player’s ex-post regret function, 

( ) ( ) ( ) ( )
1 1

1 1 2 1 1 2 1 1 2 1 2 1 2, sup , , 0, , ,
x X

P x x G x x G x x x x X X
∈

= − = ∀ ∈ ×


 
( ) ( ) ( ) ( )

2 2

2 2 1 2 1 2 2 1 2 1 2 1 2, sup , , 0, , .
x X

P x x G x x G x x x x X X
∈

= − = ∀ ∈ ×


 
Then P∈Γ . For each n, define nG  as follows: 

( ) ( )1 1 2 1 1 2 1 2
1, , , ,nG x x x x x X X
n

= ∀ ∈ ×
 

( ) ( )2 1 2 2 1 2 1 2
1, , , .nG x x x x x X X
n

= ∀ ∈ ×
 

And define nP  as follows: 

( ) ( ) ( ) ( )
1 1

1 1 2 1 1 2 1 1 2 1 1 2 1 2
1 1, sup , , , , ,n n n

x X
P x x G x x G x x x x x X X

n n∈

= − = − ∀ ∈ ×


 

( ) ( ) ( ) ( )
2 2

2 2 1 2 2 1 2 2 1 2 1 2 1 2
1 1, sup , , , , .n n n

x X
P x x G x x G x x x x x X X

n n∈

= − = − ∀ ∈ ×


 
Then nP ∈Γ , nP P→ . It shows that no point in Q is continuous for 

m Q∈ . Similarly, for each n, define nG  as follows: 

( ) ( )1 1 2 1 1 2 1 2
1, , , ,nG x x x x x X X
n

= − ∀ ∈ ×
 

( ) ( )2 1 2 2 1 2 1 2
1, , , .nG x x x x x X X
n

= − ∀ ∈ ×
 

And define nP  as follows: 
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( ) ( ) ( ) ( )
1 1

1 1 2 1 1 2 1 1 2 1 1 2 1 2
1 1, sup , , , , ,n n n

x X
P x x G x x G x x x x x X X

n n∈

= − = − + ∀ ∈ ×


 

( ) ( ) ( ) ( )
2 2

2 2 1 2 2 1 2 2 1 2 1 2 1 2
1 1, sup , , , , .n n n

x X
P x x G x x G x x x x x X X

n n∈

= − = − + ∀ ∈ ×


 

Then nP ∈Γ , nP P→ . It shows that no point in Q is continuous for 
m Q∈ . Consequently, P∉Γ , So Q ≠ Γ . 

Theorem 3.3. There exists a dense residual set Q ⊂ Γ  such that Φ  is a 
singleton set for any m Q∈ . 
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