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(ORORY o s

Abstract

In this paper, we study the oscillatory theory for two classes of fractional neu-
tral differential equations. By using fractional calculus and the Laplace trans-
form, we obtain several new sufficient conditions for the oscillation of all so-
lutions of this equation. Our results improve and extend some known results
in the literature. Furthermore, some examples are provided to show the effec-
tiveness and feasibility of the main results.
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1. Introduction

The fractional differential equation (FDE) has gained considerable importance
due to its various application in fluid mechanics, viscoelasticity, electrochemistry
of corrosion, classical mechanics and particle physics, control theory, diffusive
systems, and so on [1]-[7]. Therefore, the theory of fractional calculus has re-
ceived extensive attention from scholars at home and abroad. In the past few
decades, many researchers have done a lot of research on the properties of frac-
tional differential, for example, the existence, uniqueness, stability, asymptoticity
of solutions of fractional differential equations and numerical solutions of frac-
tional differential equations, etc. [8]-[13].

However, to the best of our knowledge, there are few results on oscillation for
the fractional differential equation. We refer to [14]-[19] and the references there-
in. In [20], Meng et al. studied the linear fractional order delay differential equation

“Dx(t)- px(t-7)=0,

where O<a <1, p,r>0, CDf‘x(t) =-r* (l—a)f(s—t)_“ x'(s)ds.
In [21], A. George Maria Selvam and R. Janagaraj establish oscillation theo-
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rems for damped fractional order differential equation of the form:

A[s(K)Ay (k) ]+ p(k) A7y (K)+E(K)Z[Y (k)] =0,k 2k, >0,

k-1+
where Y (k)= Zy(k —u-1)"y(u) and A" defined as the difference opera-

u=kg
tor of the Riemann-Liouville derivative of order y e (0,1] .
In [22], Zhu et al. studied forced oscillatory properties of solutions to nonli-

near fractional differential equations with damping term and time delay:
(Di“y)(t-7)+p(t—7)(Dg.y)(t—7)+a(t) f (y(t) =g (1),
where y(t)=£&(t) when te[-7,0) and &(t) isa given continuous function,
where 7 and «<(0,1) are constants, lim - £(t)=0, b is a real number,
Dg,y isthe Riemann-Liouville fractional derivative of order « of y.
In [23], Zhou et al. study the following fractional functional partial differential
equation involving Riemann-Liouville fractional derivative:

%:C(I)Au+ nl P(x)u(x,t—o;,)+R(xt),

supplemented with the initial condition
“u(x.t)

s =p(xt),xeQ, where o =max{c;,i=1,2,-,n},

te[-o,0]

and boundary conditions

au(g;,t) =0 on(x,t) e aQx[0,),
u(x,t)=0 on(xt)eoQx[0,x),
ou(xt)

N +vu=0 on(xt)eaQx[0,x).

Motivated by the analysis above, in this paper, we are concerned with the os-

cillation of two classes of fractional differential equations as follows:

oDF (x(t)+rx(t—o))+ f (x(t-7))=0, (1)
DY u(x,t)+Zn:riu(x,t—o-i)
( L j . (2)
- a(t)Au(x,t)+kz:;bk (t)Au(x,t- p")_éqi (t) f(u(xt-7)),
oddinteger

where O<a = <1, oDfx(t) is Riemann-Liouville fractional deriv-

oddinteger
ative of order « .

This paper is organized as follows. In the next section, we introduce some
useful preliminaries. In Section 3, we present various sufficient conditions for
the oscillation of all solutions to Equations (1) and (2) by using fractional calcu-
lus, Laplace transforms and Green’s function. Finally, we provide some examples

to show the applications of our criteria.
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2. Preliminaries

In this section, we introduce preliminary facts which are used throughout this
paper.

Definition 1 ([24]). Let [a,b](-c<a<b<o) be a finite interval and let
AC[a,b] be the space of functions fwhich are absolutely continuous on [a,b].
It is known (see [25], p.338) that AC[a,b] coincides with the space of primi-

tives of Lebesgue summable function:
f(x)e AC[ab]= f(x)=c+[ g(t)dt,(4(t) e L(a,b)).

Definition 2 ([24]). The Riemann-Liouville left-sided fractional integral of

order o >0 ofafunction f:R, >R onthehalf-axis R, isgiven by:

(D7 F)(t) :%thsl)ads, t>0,
(a)° (t-s)
provided the left hand side is pointwise defined on R, , where I' isthe gamma
function.
Definition 3 ([24]). The Riemann-Liouville left-sided fractional derivative of
order o >0 ofafunction f:R, >R onthehalf-axis R, isgiven by:
1 d
J

(°D‘af)(t):r(1—a)dt F0) o 00,

sy

provided the left hand side is pointwise defined on R, .

We recall some facts about Laplace transforms. If X(s) is the Laplace

transform of x(t),
X (s)=L[x(t)](s) =] e *x(t)dt,
then the abscissa of convergence of X (s) is defined by:

b=inf{yeR:X(y)exists},

Therefore, X (s) exists for Re(s)>b.

Definition 4. A function x(t) is eventually positive if thereisa ¢>0 such
that x, (t)>0 forall t>0,where x, (t)=x(t+c).

Definition 5. By a solution of (3) in [0,00) with the initial function
@ € AC[—¢,0], we mean a function x e AC[—£,00] such that x(t)=e(t),
te[-£,0], (OD;’X)('[) exists and x(t) satisfies (3) in v,w:[0,00) —[0,00).
A nontrivial solution X(t) of equation (3) is said to oscillate if it has an arbi-
trarily large number of zeros. Otherwise, the solution is called non-oscillatory.

Lemma 1 ([24]). Let (L0 DY X)(S) be the Laplace transform of the Riemann-
Liouville fractional derivative of order « with the lower limit zero for a func-
tion x; and X (s) is the Laplace transform of x(t). Further, for x e AC[0,b]
and for any b>0,

|x(t)| <Ae™ (t>b>0)

holds for constant A>0 and m, > 0. Then the relation
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(LoDrx)(s)=5"X(s)~ (oD x)(1)

is valid for Re(s)>mj.

O<ax<l
t=0

Lemma 2 ([23]). For any ceR, the Laplace transform X (s) of x(t)
exists and has the same abscissa of convergence as X (s).

Lemma 3 ([26]). Let V,W:[O,oo)—>[0,oo) be continuous function. If w is
non-decreasing and there are constants a>0 and 0< f <1 such that

v(t)<w(t)+ ajtﬂds,

0 (t_s)ﬂ

then there exists a constant k =k () with

v(t) <w(t)+ kaj; w(s) ds,

(t-s)

for every te[0,).

3. Main Results

In this section, we present our main results.

Lemma 4. DX is the Riemann-liouville derivative of order o with the
lower limit zero for a function x(t), X(s) is the Laplace transform of x(t),
0 >0, 0<a <1, then the following relation holds.

L[,Dx(t-0)](s)=s"e* X (s)+ s“e‘”fﬁ e x(t)dt (D x(t —o—))‘

t=0

Proof

L[on‘x(t—o—)J(s) = L[d(o Dtad);(t_a))](s)

= SL|:0 Dtailx(t - O-):|(S) B ( 0 Dtailx(t a O-)) t=0

[((t=s)" x(s—a)ds}(s)—(on1x(t—o))‘

=sL

t=0

=sL

*X(t —O'):|(S)—(0 D x(t —a))

t=0

t—a

=sL —)} L[x(t-0)] _( oD x(t _G))Lzo :

_F(l—a

By Lemma 2, L[X (t— 0)] exists such that
L[x(t-o)]=e""X(s)+ e‘s"J‘le‘s‘x(t)dt,
then

L[ oDix(t-0)](s)=s"e™ X (s)+s"e™ [ e™*x(t)dt—(,D¢ x(t-0))

t=0

The proof is complete. O

We consider the following fractional-order delay differential equation:

DOI: 10.4236/jamp.2022.1010203 3040 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1010203

X. L. Wangetal.

oDf (x(t)+rx(t-o))+ax(t-7)=0 (3)
where reR, g,0,7 € R". The standard initial condition associated with (3) is
x(t)=p(t).t e[-£,0], (4)

where ¢(t)e C([—f,O], R), &=max{o,}.
Lemma 5. If |r| <1, the solution of Equation (3) has an exponent estimate

x(t)= o(e%t) (t>b>0)
for constants ¢, >0.

Proof. Taking the Riemann-Liouville integral of Equation (3), we have

a -1

(t)— TPk rx(t—a)—%F(t) (5)

where F(t I(t sa1 X(s—r)ds,

X, :(OD{’ “x(t ))LO +r (OD{’ “x(t _G))Lo'
As x(t)e AC[0,b], there exists a constant M >0 such that |x(t)|s M.

For t>b, wehave

HOE j;(t_s)“ [x(s—7)|ds

< [p(t=s)" ma e+ [ (1) max ()
a- a- (6)
< Jote=s) (M +ol)ds [ (t-)" (maxx()] + M -+l
ta a—.
< 0ol [ c-5) s,
which, together with (5), yields
ba—l
U ENLe
-1 ta
< ol I )+ iy (M <l
+$j:(t—s)“l max|[x n)|ds
ba a
< ol (M + ol o+ (M + o)
I'(a) 7 I'a)a
q _
+m_[b(t—s) m%xn)"ds ;
7
ba—l ta
<ol e o o 1l el
+Lr(t—s)“’l max [x ()] ds.

b<p<s

[(a)®
In the interval [b,t], taking the maximum value on both sides of inequality (7),

then
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max
b<p<t

max
b<p<t

o e (e e LR S

q t a-1
+ F(a)jb(t_s) max

x(q)"ds.

One can introduce nondecreasing function m(t) as

(1) = ——| x| 2t =T (M o) |,
e - (e R ]

then we have

x(n)] < m(t)+1_i|r|$ﬁ(t—5)“ max

max
b<p<t

X()|ds.
By lemma 3, there exists a constant k =k (1-«) such that

1 t a1
[x(t)] < max||x ()] < m(t)+kl_—|r|%a)fb(t—s) m(s)ds

b<np<t

cm(t) 14k )
- (t)[l (1—|r|>r<a>aJ

Obviously, from the above formula, we infer that x(t) has an exponent esti-

mate. The proof is complete. O

Theorem 1. Assume that 7 >0, reR".]If the equation
p(A)=2+r1%e " +ge* =0 (8)

has no real roots, then every solution of (3) is oscillatory.

Proof. Suppose that x(t) is a nonoscillatory solution of Equation (3). With-
out loss of generality, we assume that x(t) is an eventually positive solution of
Equation (3) which means that there exists a constant 7'such that X(t) >0 for
t>T . Since Equation (3) is autonomous, we may assume that x(t) >0 for
te [—§ , oo) . Taking Laplace transform of both sides of (3), we obtain

s“X(s)—A+rs“e " X (s)+ rs“e‘”jle‘“x(t)dt -Br
+ge X (s)+qe ™ J'i e*'x(t)dt =0,

where A= (0 Df‘lx(t))

. B=(,D{x(t-0))

t=0

t=0
Hence
X (s)(s” +rs"e™ +qe)
9)
=A+Br-rs“e* .[_OJ e 'x(t)dt—qe ™ j‘_or e 'x(t)dt.
Let
p(s)=s"+rs"e™? +qe”,
O(s)=A+Br-rs“e™ LOU e*'x(t)dt—ge™" .[i e*'x(t)dt,
then, from (9), we get
X (s)p(s)=(s). (10)
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Since p(s)=0 has no real roots and p(0)>0, p(s)>0. By positivity of
x(t) in AC[-¢&,0], then exists constant m,M >0 such that m<x(t)<M .
Since r>0, 7>o0 then

—ST 0 —st
e e x(t)dt s -s(r-0)
ge et x(Mdt e g

_rsaefsajioaefstx(t)dt T _rs%e 0 I’(—S)a

S (5> -—).

Thus there exists a constant k <0 such that for s<k,
qe‘SfL0 e *'x(t)dt
—rs“e’s"J'_0 e'x(t)dt o

Then,
—rs%e™ LOU e'x(t)dt—ge™ J'i e'x(t)dt
ge ™ J'_OT e'x(t)dt

—rs%e*° fi e *'x(t)dt

=—rs%e™ J'i e'x(t)dt| 1~

<rs%e* .[_OJ e 'x(t)dt <rs"e™ m'[_oa e~dt

Llev -1 1-e¥
=rms T o :rm( s)l’“ — -0 (5> —®).

Thus we conclude that ®(s) — - (s ——x),but p(s) and X(s) are posi-
tive. Hence, (10) leads to a contradiction. The proof is complete. O]
Corollary 1. Assume that r=0, g,7 € R".If the equation

p(A)=21“+ge " =0

has no real roots, then every solution of (3) is oscillatory.
Proof. If we modify the function p(s) and ®(s), defined in Theorem 1, as

p(s)=s"+0e™
D(s)= A—qe’s’.[ie’s‘x(t)dt.
Then, following the method of proof for Theorem 1, one can complete the proof.

O
Corollary 2. Assume that r <0, g,7,0 € R". If the equation

p(A)=A"+ri%e” +qe* =0
has no real roots, then every solution of (3) is oscillatory.

Proof. Proceeding as in the proof of Theorem 1, according to (9) and (10), for

s <0, we have

_sr —st
qml_e sqe’“j0 e'x(t)dt<qMm 1-e®
s - s
—So —So
mi=® " < rs”‘e’“_[ie’“x(t)dt <mi=®

(_S)l—a (_S)l—a :

Thus, we obtain
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qe’S’J‘_OT e*'x(t)dt — oo (s — —o0),
rs“e > Ii, e*'x(t)dt > oo(s > —).

Thus we conclude that ®(s)— —oo(s — ), but p(s) and X(s) are posi-
tive. Hence (10) leads to a contradiction. The proof is complete. O]

Theorem 2. Assume that 7 >0, reR",andif

(r—a)(ij‘lz >L (11)

1+r e

then every solution of Equation (3) is oscillatory.
Proof. Assume that Equation (8) has a real roots 4, if 4 >0,then p(4)>0,
it is impossible. Thus we conclude that 4, <0. Since o is the ratio of two odd

integers, it follows from (8) that

P S P
1+re et yretlo) T 14r’
then
ag q
— >
( Ai) 1+r
la
) z(ij “. 12
( /11) 1+r (12)

By (12) and the inequality e* >ex for x>0, we get

e ger g™ S ge4 (o-7) qe(r-o) ~
(-4) Clere ™ e ar 14r 1+r (=4)
l-a
_9(r=9) vy » BEZ9) [Lj
_1+r(ﬂ1)(ﬂl)_l+r(ﬂ1) 1+r) '
which implies that
1
q a
1>e(r—0o)|—| ,
e(r O-)(1+ rj
this is a contradiction. The proof is complete. U
Theorem 3. Assume that r=0, g,z eR",andif
1
Q¢ > a, (13)

then every solution of Equation (3) is oscillatory.
Proof In regard to p(A)=A"+qe* =0, since p(4)>0 for 220, thus

we conclude that if p(A)=0 has real roots, the roots are definitely less than

Zero.
Let
p'(A)=ad*"—rge™™ =0, (14)
from (14), we get
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1

(ﬂjl‘“(_g)e*l—ra -1=0,(1<0). (15)

(2

Equation (15) has only one real root for A <0. Thus (14) has only one real root
for A<0, and Assume that the root is I(l <0). Meanwhile, as for 1<0,
p(4)—> (A — o), thus p(A) has only one extreme point, which is also the
minimum point for 4 <0.

Let

L :
a(1)=[ 2] (-2)e v 1 (16

T 1

l-a 1
. l [%)1—& )
since g(0)=-1<0 and g|-——— [=¢ —1> 0, we can obtain
&)
a

—; <1<0. (17)

By p(4)=A"+0e™"" and (14), we get
p(l)=1“+qe™ = 9 g +ge" =qe™" (T—I+1j,
a a
and by (17) and (13), we obtain

T—I+1> —;1£+1>0.

s
(24

Thus we conclude p(l)>0, and then p(1)>0 (ZAeR). By Corollary 1,
every solution of (3) is oscillatory. The proof is complete. U

Theorem 4. Assume that -1<r <0, 7,0,9>0,if
1 «a
(r+0)(-4qr)e >—, (18)
e

then every solution of Equation (3) is oscillatory.

Proof. To prove the result, it suffices to prove that (8) has no real roots under
the conditions (18). One can note that any real root of (8) cannot be positive and
since p(0)=qg>0, A=0 is not a root. Thus any real root of (8) can only be

negative if it is possible. Let us set A =—u for convenience and show that

p(—p)=—p" —ru“e" +qe’" =0,u>0. (19)
From (19), we have
uT
—1-re* +% =0
7
1=—rew + 3 55 —rge”
ue ue
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y(r+o‘)
1> -4rg——. (20)
Y7
Let
u(r+o)
h(,u _ —,u>0
y7,
Then
g#(r+9) . a r+o)
h = >minh =h =g .
- o 22
So, we get

"‘ 1
1> —4rge” (T+0j = 2> (~4rq)e (r+0).
a e
This contradicts (18) which implies that (8) has no real roots. By Corollary 2,
then every solution of (3) is oscillatory. The proof is complete. |
Now, we consider fractional differential equations with multiple delays

ODta[X(t)+zI’iX(t—Gi)J+iZ::in(t—Ti)=0 (21)

i=1

=}

__oddinteger <1

where r,q,,0;,7,€R", O<a=—-
oddinteger
Lemma 6. If nr<1, r=max{r,i=12,---,n}, then the solution of Equation

(21) has an exponent estimate
x(t)=o(e") (t>b>0),

for constants A>0,b>0.
Proof. The proof of this conclusion is similar to that of Lemma 5, and thus we
omit it. U
Theorem 5. Assume that 7>o, r=min{z,i=12,--,m},
o=max{c;,i=12,-,n},if
n m
P(A)=2“+2"D e+ ge =0 (22)
i=1 i=1
has no real roots, then every solution of (21) is oscillatory.

Proof. Taking Laplace transform of both sides of (21), we obtain
$*X (s)- A+ X (s)zn: rse 7 + i rse > j‘_og e'x(t)dt
i=1 i=1 !
n m m 0
— 2 BR+X(s)ae ™ + ) ge [ e x(t)dt=0,
i=1 i=1 i=1 !

where A:(OD{HX('[)) , Bi:(th”_lx(t—O'i))‘

Hence,

t=0 t=0

X (s)(s“ + Zn: rs“e >’ + i ge™ j
i=1 i=1

= A+ Zn: Br, — Zn: rs“e .[_05 e'x(t)dt- i ge ™ [ e x(t)dt.
i-1 ' i=1 o

i=1

(23)
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Let
n m
p(s)=s“+D rs"e™ +> ge ™,
i=1 i=1

O(s)= A+ZBiﬁ -

M=
X
=

5%g l e‘“x(t)dt—iqie’“i J'O e'x(t)dt,
i i1 Il

then, from (23), we get
X(s)p(s)=P(s). (24)
Then, the following proof process is similar to Theorem 1. one can complete the
proof. U
Corollary 3. Assume that 7>0, z=min{z,i=12,--,m},
o=max{c;,i=12,-,n},if

PRI
(lzri_lzaij‘;l >1, (25)

then every solution of (21) is oscillatory.

Proof. By using the arithmetic-geometric mean inequality

1
>a = m(Haijm :
= i-1
for s<0, wefind

n m
A2 et 4> ge
i=1 i=1

“ 1 A%n (Hre j +m(ﬁqie’“'];

(26)
1 Zn:cri 1 Efi
n _2i:1 m m _ai=
“+2°n [Hrj " +m(Hqij e "
i=1
=A% +A“Ae*® +Ce 0.
Let
f(1)=A"+1"Ae*® +Ce P (27)

1 1
where A:n[lﬂ[rijn, B:lZO'i, C:m(Hqijm, D:iZTi and D>B.
i<l niz i-1 miz

By (25) and the proof process of Theorem 2, we can obtain f(1)>0 for
A € R. This is, (22) has no real roots, by Theorem 4, every solution of (21) is os-
cillatory. The proof is complete. U

We consider the following fractional order delay differential equation

oDF (x(t)+rx(t-o))+ f (x(t-7))=0 (28)

(H): f(u)eC(R,R), f(u)/u=C=const>0,for u=0, reR,
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g,0,7R".

The standard initial condition associated with (28) is
x(t)=o(t),te[-£,0], (29)

where ¢(t)e C([—f,O], R), &=max{o,z}.
Theorem 6. Assume that (H) holds, and if

(f—a)[ ; Ji>1, (30)

1+r e

then every solution of Equations (28) is oscillatory.

Proof. Assume that (28) has an eventually positive solution x(t) , that is, there
exists a sufficiently large positive constant 7 such that x(t)>0, x(t-o)>0,
x(t—7)>0 for t>T,from (28), we obtain

0= D7 (x(t)+rx(t—o))+ f (x(t-7))= D7 (x(t)+rx(t—o))+Cx(t-7).

Then we can see that the eventually positive solution x(t) satisfies the inequality

Df (x(t)+rx(t-o))+Cx(t-7)<0,t>T. (31)

According to (30) and Theorem 2, it follows that Equation

p(A)=A%+rA% " +Ce™* =0 has no real roots. Therefore, similarly to the
proof of Theorem 1, inequality (31) has no eventually positive solution, which
implies that every solution of (28) oscillates. ]

We consider the delay fractional order partial differential equation
oD (u(x,t)+z ru(x,t-o, )j
i1
by (t)Au(x,t=p;) =20 (t) f (u(xt-7))

:a(t)Au(X,t)Jril1 =

where (x,t)eQx(0,0)=G. Here Qc R" is a bounded domain with boun-
dary 0Q smooth enough. The hypotheses are always true as follows:
(H1): 1,0y, p,7 €R; a(t),b(t),q(t)e C(R+,R+) ; o =infg(t)>0.
(H2): f(u)eC(R,R), f;(u)/u=C; =const>0,for u=0.
The initial condition u(x,t)=g¢(x,t), (xt)eQx[-¢,0],
¢ = max{ai, pj,‘rk,i =12,---,n;j=12,---,1;k :1,2,---,m} . Consider the boun-

=}

(32)

dary conditions as follows:
ou(xt)
ON

=0, on(xt)edQxR", (33)

where Nis the unit exterior normal vector in 0Q.
Theorem 7. Assume that 7>0¢, r=min{z,i=12,--,m},
o=max{o;,i=12,--,n},if

miz niz n\n e
l+n(IIqj
i=1

a

Bl
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then every solution of (32) with the boundary condition (33) is oscillatory.
Proof. Assume that (32) with the boundary condition (33) has no oscillation
solution, without loss of generality, we assume that u(x,t) is an eventually posi-
tive solution of (32) which implies that there exists T >0 such that u(x,t)>0,
u(x,t-o,)>0, u(x,t-7)>0 in Qx|T,). Since (H1) and (H2), from (32),

we can obtain

oD (u(x,t)+izn;riu(x,t—ai )]

(34)
| m
<a(t)Au(x,t)+ Y b (t)Au(x,t—p,)- D qCu(xt—7).
i=1 i=1l
Integrating (34) with respect to xover Q yields
D;’(j xtdx+z Jou(xt-o dxj
(35)
t)jﬂAu(x,t)dx+Zbi (t)fQAu( - p;)dx— Zq .[ (xt-7,)
i1
By Green’s formula and the boundary condition (33), we have
't
.[ Au(x,t)dx:J' ou(x )dS:O
o) @ AN (36)
u(xt-p)

.|'QAu(x,t—pi)dx:LQ N ds =0.

Let V(t) = J.Qu (X,t)dx , from (35) and (36), we get

oD [V(t)+iznllriv(t—ai )j+iqiciv(t—q)s0. (37)

That is, there exists eventually positive solution for inequality (37). Accord-

ing to the conditions of Theorem 7 and Corollary 3, it follows that Equation

P(A)=A"+2°D e +Y qCe””" =0 has no real roots. Therefore, similarly
i=1 i=1

to the proof of Theorem 5, inequality (37) has no eventually positive solution

which implies that every solution of (32) oscillates. ]
4. Example
Example 1. Consider the following fractional differential equation
oD (X(t)+0.5%(t-05))+(x(t-1)) +2x(t-1)=0,t >0.  (38)
Notice @=1/3, r=05, 0=05, r=1, f(u)=u’+2u, then it is easy to
1
C Yy 32_1
find C=2 and (r—o0)|——| =—==>=, then (38) is oscillatory by Theorem
1+r 27 e

6.

Example 2. Consider the following fractional differential equation

. Dt%[u(x,t)+%u(x,t—%}u(x,t—%))
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:éAu(mt)+Au(mt—%)+ﬁAu(mt—g)

L 3 (39)
—{@+Gju(nt—EJ+sm(u(xt—D)+2u(xt—lﬂ
with the boundary conditions
ou(0,t) ou(5.t)
= = . 4
o o 0,(X,t)e(0,5)><(0,oo) (40)
. 1 1 t
Notice a==, ==, r,=1, o =3 = a(t)=e', b(t)=1,
1 4 1
b, (1) =%, p=. Po=gs G()=t+ss Gy (H)=1. fi(u)=u,
f,(u)=sin(u)+2u, 71:%» 7, =1, thenitiseasytofind ¢ =2, g, =1,
C, =1, C,=1

1
n m(Hqui)m
1+ n(Hrij

cillatory by Theorem 7.

Therefore, [
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