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Commons Attribution International

License (CC BY 4.0). The time fractional diffusion equation is always a popular one of fractional cal-

hgg/ / Cgtivecommons'org/ licenses/by/4.0/ 4] equations (for example [1] [2] [3]). In [4], the analytical solution of the
Open Access
; time-fractional diffusion equation in the sense of Caputo was given by the integral

representation of M-Wright functions and exponential operators. In [5], the au-

thor derived the addition formula of Wright function by using Mellin transform of
Wright function, and obtained the Green function of time-fractional diffusion
equation on the whole plane. Diffusion equations are partial differential equa-
tions that describe the changes in space and time of physical quantities governed
by diffusion, that is, the transfer of ions, molecules and even energy in solution
from regions of high concentration to regions of low concentration. In this
paper, we generalize reference [5], discuss the general situation of the equation
of reference [5], we use the Mittag-Leffler function addition formula to solve
the Green function of generalized time fractional diffusion equation in the
whole plane and prove the convergence of the Green function. We apply the

Mittag-Leffler function addition formula in the process of solving the inverse
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integral transformation of a two-dimensional or even multidimensional func-
tion, the function is divided into several parts and solved separately, and the
calculation is reduced, and the basic solution of the function is more easily ob-
tained.

In recent decades there has been increasing interest in Wright function [6]-[11],
mainly because this function plays an important role in linear partial differential

equations. The Wright function is defined as [12]

Mt( ):Zj:

,p>-1, u,zeC. (1
(pn + #)

The Wright functions can also be represented by contour integrals of Hankel
paths in the complex plane

1
W (2)=—oI| 4™ "dr, p>—1, u,z e C. (2)
LG bl p>=Lu

In the same way, the Mittag-Leffler function is closely related to fractional
calculus, especially to fractional order problems in application. The Wright func-
tion and the Mittag-Leffler function can be related by the Laplace transform, and
by taking the Laplace transform of the Wright function, we can get the Mit-
tag-Leffler function [13]

L i) St
(3)

The Mittag-Leffler functions of one parameter and two parameters can be

represented by the series expansion [12]

() ’;r(pn+l),p>0,y,zeC, (4)
():Z:: (pn+lu),p>0,,u,zeC. (5)

The convergence condition of infinite series (5) is ER(p > O) , iR(,u > 0).

In particular, when p,u=1,
0 Z B
Ey(2)=2 = (6

The Mittag-Leffler functions of two parameters can be represented by the fol-
lowing integral

1 e@’é’ﬂ*#
E =— dg,p>0. 7
Pl (Z) 21_[1 Ha éfa —z é, p ( )

The plan of this paper is as follows. Section 2 introduces the auxiliary results.

Section 3 uses the addition formula of Mittag-Leffler function to solve the Green
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function of generalized time fractional diffusion equation. Section 4 proves the
convergence of the Green function.
2. Auxiliary Results

Let’s firstly introduce Mellin transforms in one and two dimensions cases [14]
[15] [16], the Mellin transform F(s) of a function f(t) , which is defined in
the interval (0,00)

M{f(x);s}:F(s):I:xS_lf(x)dx,cl<€R(s)<cz, (8)
M, {f(x,y);s,z'} = J:C J‘:x‘“ly”lf(x,y)dxdy. 9)

Integrating repeatedly by parts, we have the following relationship for the Mel-

lin transform of an integer-order derivative

M{f(”)(x);S}:(—l)" F{S(i)n)F(S—n),neN. (10)

Proof.

s—1 p(n-1 “ o 1 5
_ f( )( )0_.[0 s—lx f( )( )dx
s—1 p(n-1 “ 1
=x ), —:F(s—l) (11)

where f(#) and Re(s) are such that all substitutions of the limits =0 and
t =00 give zero.

Here, we consider the definitions of Weyl fractional integral and derivative
and the related Mellin transforms.

Definition 2.1. The Weyl fractional integral and derivative of order o are
defined as [17] [18]
1

. :Ta)'[‘ (&-x)" F(¢)de, (12)
a _ (_1)n d_” *© _ n-a-1
W “T(rea) 2 [T(=x)"""r(£)de (13)

where n—1<R(a)<n, neN.
Lemma 2.2. The Mellin transforms of any derivative, Weyl fractional integral
and Weyl fractional derivative of function f(x) are given by [14]

M{f(*a) (x);s}:%F(s+a), (14)

where the superscript (—a/) denotes the ath-order Weyl fractional integral of
function f(x).
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M{f(a>(x);s} :%F(s—a) (15)

where the superscript (a) denotes the ath-order Weyl fractional derivative of
function f(x).

Lemma 2.3. The Mellin transform of Wright function W, , (x) is given by
(19]

r
M{Wp,ﬂ(—x);S}ZF(%jLs),iR(S)>O. (16)
Proof. By the relation,

[ (0 =tim(-1) S 2 (1)) (17)

s—0

thus, we have

s—1
= lim(—l)H d _[Ow e L e " drde

t—0 df" Qi JHa
. s—1 ds_] 1 —u 7 [P —xt-xrP
=lim(-1)" o=, e e e
s—1 - T
ST ) -y P
=0 de’™ 2midHa g+ 7°
R )"
=lim(-1)"" ( 18
tgl;)l( ) dts_l k=0 l"(—pk+,u—p) ( )
__T(s)
T(u=ps)

Lemma 2.4. For ne N, |arg(a)| < |C|Tc and |arg(b)| < |C|TE , [5] it gives rise
to an addition formula for the Mittag-Leffler function

E, . (—(a +b))
= J'l X (1- x)(va) L {WC,_CV (—atx" )x w. . (—bt (1-x) ) 35— 1} dx.

0

(19)

3. Application to Generalized Time Fractional Diffusion
Equation

In this section, we mainly analyze the solution of the generalized time fractional
diffusion equation [20] [21] under Wright function, therefore, we need to de-
termine the fundamental solution of the equation, namely Green function
6“u(x, y,t) 3 azu(x,y,t) N 62u(x, y,t)
ot” ox’ o’

+u(x,y,1),t>0,x,yeR,0<a<1,(20)

with initial condition u(x,y,0)=3(x)8(y). The above fractional derivative is

assumed to be Caputo derivative. So, Caputo derivative and its corresponding
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Laplace transform [22] can be written as
Cna _ 1 t a
( D0+f)(t)—mfa(t—s) f(S)dS, (21)
L{( CD(;’iu)(t);s} = s“U(x,y,s)—s“’lU(x,y,O),(O <a< 1). (22)
The two-dimensional Fourier transform [23]

F, {h(x,y);p,q} = H(p,q) = I: j:h(x,y)e’”‘”e’i}"’dxdy. (23)

Let’s take the Laplace transform of both sides of this Equation (20), thus, we
get an algebraic relation

o*U(x,y,s) . O*U(x,,s)

saU(x, y,s)—s”_lU(x,y,O) = " o

+U(x,y,s). (24)
And likewise, taking the Fourier transform of both sides of this expression
(24), we get an algebraic relation as follows
a-1

N

U(p.q.5)= (25)

s“+ptgt -1
In order to find the inversion of (25) and corresponding Green’s function. We

take the inverse Laplace transform of one parameter of the relation (25), it can

be expressed in terms of the Mittag-Leffler function
U(p,q,t):Ea(—(p2+q2—l)t“). (26)

We use the addition formula (19) of the Mittag-Leffler function to obtain the

inverse Fourier transform as (by setting ¢=a and v=—-(1/2a))

E,(-(p*+q*-1)r")= Iol/f% (1-n) 2 L{Wa,l ((=p?+7)eau”)

(27)
xW ((—qz +ﬂ)t“r(1—,u)a);s — 1}dx,
$0
u(xrt)=FE, ((p7+a> 1) i), (28)
or
u(ent)= [ (1) > L{F] {W ((-» ”)M,a);x}
’ (29)
x F7! {W i ((—q2 +ﬂ)t“r(1 —,u)a);y};s — l}d,u,
where

y+p=1

Now, we apply the Taylor expansion of exponential function

z _ Z_: ke z _
© _;n' »«Z:;)F(n—i-l) El,l (Z)’ (30)
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and employ the relation (16) to compute the inverse Fourier transform of Wright

function as follows

P (e o]

2
:Ln ” Wa% ((—p2 +}/)t“w“)e"""dp
= Wa1(<_p2 +;/)t“w“)cos(xp)dp

o P Wal((—p2 +)/)t“ry’1)dp
2

1& (-1) X g™ y
=;Zr(2)nj1)11—r>%dsz" L{Wa’i((_pzjqf)t U );s}

LA —sp 1 _% §+(*p2+;/)tary‘7§’”‘
x P d¢d,
R;F(2n+1) slir(}dsh Ioe zniJ‘Haé/ ¢ ¢dp
(

_1\" 20 2n
'L d LJ

1
- o dr-a po _ o da_ a,-a
26ttt mte Ioemptwﬁ dpd&

SZ

-[ § 28 W M
Ha

¢ 2

n o, on 1 a
—1) X 1 d 1 2 2 §+yt w* e 4t W™ dé’
2 T@2n+1) -0 ds™ 2 I

_l)n xz” ) d2n 1

% F(2n +1) 30 dsz” 2m

2k
N

C+7t W - dé’ (31)
k= 0k!(4t"ry“§”’)

i (_1)” xzn 2 2 +an §+ytarﬂa§—ad
) 2mi ,[Haé/ é/

where the n in the subscript of the Wright function is the same as the » in the
series expression of the Mittag-Leffler function.

Similarly,

F {Wa,; ((—qr2 +ﬁ)fa7(1‘”)a);y}

1 1 —y? " «
E /4 t“t(1— )
Jz 5o “ 1’1{4#’1(1—#){1} asy-g-am (ﬂ (1=4) )
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where the m in the subscript of the Wright function is the same as the m in the
series expression of the Mittag-Leffler function.
Finally, we obtain the Green’s formula of the generalized time fractional diffu-

sion equation

1 e e | —x’ ‘. a
u(x,y,t)= Liy 2 (1-p) 2 L{T IEU[' > JWalaan(}/t w )

a a a
i 4t 27

(33)
2
-y a a
XE | — | r(1=u)" )is —>1bd.
1’1{4#%(1—#)&] ”’l‘%‘“’”(ﬂ (=) ) } a

Next we will prove the convergence of Green’s function of generalized time

fractional diffusion equation.

4. Convergence of the Green Function

Lemma 4.1. ([24], p. 38]) Let F(x) be unbounded as x — 0. Then
L{F(x);s}
= I: e F (x)dx

exists if the following conditions hold

(i) For some constant a, such that 0<a<1, 1irr3x”F(x) =0.

(ii) The function F (x) be piecewise continuous in every finite interval
N<x<M (N>0).

(iii) For x> M , the function F(x) be of exponential order p .

Theorem 4.2. For 0 < <1, the Green function (fundamental solution) of ge-

neralized time fractional diffusion equation is expressed as follows,

l+a l+a

l i _ra _ —x? a_ o
u(x’y’l): J‘;lu 2 (1—/[) 2 L{z’ ]El,l[ X -]Walaan (}/t T )
22

it 4t Tu”
(34)

2
-y a a
xE | ——— W t“7(1- ;s > 1pdu,
l’1[4t“r(1—u)a] @ggam ('B (=) ) } g

which converges.

Proof. Because the convergence condition of Mittag-Leffler function is
R(p>0), R(u>0) (see (5)), in other words, the Mittag-Leffler function in
expression (34) converges. It suffices to show that the Laplace transform of the

products of Wright functions is exists.

L{Wa la . (Wafﬂa)Wa ta (ﬁtar(l—y)a);s - l}dy
202 22

(35)
1w
=;J.O ¢ "F(r;s)dr,

where
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1
X k+l1 (36)
2 275

[(s +yt* ur cos(om)) +(7/t"‘,u“r"Z sin(om))

yt” u®r~® sin(am) H

x sin (l—l—anjn—(kﬂ)arctan —
2 s+ yt pur * cos(am)

o
We apply the integral representation of Wright function on the Hankel path, the
Hankel path which consists of the upper edge of branch cut (§ =re",e<r< oo)

the circle C, = (é‘ =ge’,—n<O< n) the lower edge of branch cut

(5 =re " e<r< oo) (see Figure 1).

Thus, we write the right hand side of (34) as

{ e, () m(ﬁt r(1-u) );s—>1}dy

————am
2 2

=l ( IHQC“ eé”””“””“d:}wla (e (1= ) )
(37)

1 7+ +an 5_[ o T W, (ﬂ[’lr(l—,u)")dl'dé/

2mi H” 5‘5—0‘"’
L2 on t* (1-u)”
ZL.HHGV“ e %Ela % d¢.
27 s—yt“u’s ag—-am| s—yt“ u“g

According to the segmentation of Hankel path, the integral (37) is simplified

as
Ay

Xy

Ha

Figure 1. Hankel path.
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a I «a . a a
R M e |
T ¢ §— a o —o, —ina

}/t Hr ¢ a—am| s _7tauar*aefina

n 12 o L2 ol P “(1- “
+i —7‘82 ’ e(z ’ jgegeg[ a i -a —i0aE l a [ ﬂta(a i) —ifa JJde

s—yt“ue%e ag—mam| s—yt® ue e

1 0 L an l7£70m in 1 ta 1= a
[ e(z ’ J e'|———F , , B o) — | |dr.
2mi '€ 5 — }/ta /Ja %™ ag-Seam| 5 — }/ta /_la P

Now, let’s take the sum of the first and third terms

1 o —2+Zean e(%_%_an]m [ pr (1-p) }
- r 22 e—r —E -~ 7

(38)

. ). —a i 1 «a
27'[1 £ s — }/taluar aema U’E*E*am

—a ina

s—yt* ur e

1 a

[t ( pr(1- ) ] &

—a _—i 1 «a —a _—i
s—yt“,u“r @ g-ina a.3=5-am S—]/la/lal" @ gina

N 1 a_ rsinf [ L% (39)
. Jm 7%%%"64 i (ﬂt“(l—y) ) cos[(z 2 an]nﬂsm((z 2 an]nD
=—o1/| r

' -Or[ak+1—a—am) (s—)/t"‘/ﬂr’“ cos(ma)—iyt” u“r* sin(na))kﬂ
2 2

2mi % :
—i (,Bt" (1-@“)" cos((;—‘;—anjn—isin(@—j—an]nn

P F(ak+l—a—am] (s—}/t“,u“r"“ cos(mar)+iyt” ur sin(rwz))k+1
2 2

dr.

The first series of (39) is rewritten as
( )" cos l_«a an |m+isin I _a an |n
(A ay N 1
};) 1 (04 ( _ o, a. —a SO S A k+1
T ak+— =% —gm |(s—yt" u“r* cos(na)—iyt” u“r sm(na))
2 2
(ﬂt“(l—/l)a)kcos (l—a—anjnﬂ'sin (1—a—anjn
_i 2 2 2 2
_k:O 1l «a
F(ak+——amj
2 2

a o —a -
,l-(kﬂ)mn[w}

s=yt® u%r~% cos(na
(& e (nar)
X

=]

((s—}/t“,ua;ra cos(Tta)>2 +(7ta,uai”7a siIl(Twl))z) 2
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k

(e (1-m)")
[‘(ak+1—a—OM1)((S—7f“ﬂ“r_“ cos(na))2 +(7t“yar-a sin(TEa))2 )sz
2 2

x|:cos([%—%—anjn—(k+l)arctan( yt“,u“r"asin(na) J (40)

Il
M

a a_ —a

s—yt* pr* cos(na)

+isin((%—%—anjn—(k—i—l)arctan( yt“pr * sin(na) Il’

s—yt* u“r* cos(na)

and the second series of (39) is rewritten as

i (ﬁt“ (1-p)" )k COS((;—Z—anjn—isin((;—g—anjnj]

k'°1"[ak+1—a—0!mj (s—yt“,u“r‘“ cos(ma)—iyt” u“r sin(rwz))k+1
2 2

(pet-y)

k

M

[}

k=0 1 «a a,a -a 2 a, a —a 23 2 (41)
l"(ak+2—2—am)((s—7t ur cos(na)) +(7t ur sm(na)) )
x cos[(l—Z—aan—(k+l)arctan YR _sm(na)
2 2 s—yt* p“r~* cos(na)
—isin[(l—ﬁ—anjn—(k+1)arctan 7ear _sm(na) )
2 2 s—yt* u“r* cos(na)
Finally, the integral (39) can be written as
(g 1=}
0 7l+g+an » ta _/u
Ilzlj rrr e’ z kel
e — Ll
‘ 0F(ak+;—j—amj((s—yt“,u“r“ cos(Twz))2 +(7t",u“r"’ sin(na))Q) ? W)
><sin((l—ﬁ—anjn—(k+1)arctan Al 7sm(7ta) dr.
2 2 s—yt* u“r* cos(na)
For the second integral expression in the right hand of (38), we have
x 1,2 o L2 onli i “(1- *
]z :i g2 2 e[z 2 ]96833{ ! P E 1 « [ ﬂt ( fl) —if ]Jde
zn -7 s_)/taluag ae 1oa G,E*E*am S_}/taﬂag an 1o
1 a a\k
85+5+an n £COS = (ﬂta (1 B ﬂ) )
- [ eee kZ‘) o (43)

2

l «a a, o -a 2 a. a —-a - 2
F(ak+2—2—amj((s—yt ue cos(ﬁa)) +(;/t ue s1n(0a)) )

1% 1% e % si 0
XCOS[(%+%+anJ0+gsin9+(k+1)arctan[ yi“pte " sin(0a) Jdr'

s—yt* u“e " cos(bax)
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To prove convergence of Green’s function, we have to determine the beha-
viours of integrals /, and I, when & — 0. It is obvious that the integral 7,

converges to the following improper integral

Lo _,
;JO e "F(r;s)dr,

where
(s}
—t—+an & t* —H
F(r;s) =r Z T &
kol"[ak+——am)
2 2
X ! (44)

2]

|:<S —yt* ur cos(an))2 _,_(ﬂaﬂar,a Sin(an))z} >

xsinl:(%—l—anjn—(k+1)arctan{ yeHr sm(om) ]:|

a s =yt pur~* cos(am)

Obviously, F (r) satisfies conditions (ii) and (iii) of Lemma 4.1, so now let’s
prove that F (r) also satisfies the condition (i) of Lemma 4.1. Because 0<a <1,
neN, s—1,

e
llmr“F(r;s):}‘l 7 22 limy

r—0 —

X

@)

[(s —yt* u®r~* cos (om))2 + (j/t“y“r’“ sin (om)) }

><sin[(%—l—anjn—(kJrl)arctan( yt“ur sin(om) ﬂ

a s =yt pr~* cos(am)

=0.

1

For (E___OMJ <a<1, the function r“F(r) converges to zero when
a

r — 0. At the same time, when ¢ — 0, the value of the integral /, is obtained

as follows

1 a lJrgwmi i (1= e
hm[2 :th " 85+?+ane(2 2 ]Beseg( 1 E { ﬂt (1 /,l) JJdg

—a _—i 1 —a _—i
S_}/taﬂag ae O a,E—%—am s_}/taluag ae 6o

ET%M'I ‘. . (ﬂta (l—ﬂ)a )k

_ J' £cosf
£-0 21 -n o k+1

(46)

1 a a a _—a 2 a a _—a b 2
F(ak+2—2—am)((s—7t we cos(&a)) +(;/f u'e sm(ga)) )2

xcos([%+%+anj9+gsin6+(k+l)arctan( yt“u® e sin(Oa) )] ar

s—yt* u”e " cos (O
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Because l-i—g—i-om >0,
2 2
lirr(}l2 —0. (47)
So theorem is proved.
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