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Abstract

This paper concerns the full interaction of a flux of photons onto any metal
whose extraction potential is known. The photons are described with a full
wavefunction, including all states of polarization, and the ejected electrons are
considered with their two spin states. The purpose is to give a full theoretical
description of the interaction of the photoelectric effect, known since a long
time, it verifies that the electron of any peculiar metal can escape if a thre-
shold is met. These wavelengths are accessible for many metals, the photoe-

hc
lectrons exist if the condition: A <4, =—

0
given in eV , these are tabulated. The system wavefunction (electron + pho-

U, is the extraction potential

ton) a product of the electron free wave and of the photon, taken as
|J =1,M.1, 0> , is defined, and the total W(¢) is truncated as required by the

he
condition A< 4, = o It is possible to use any combination of polarization
0

states for the photon, with at maximum a mixture of all possible polariza-
tions, which is linear and right and left circular. The method applied takes
into account the basic electron photon interaction, the free electron, which is
the ejected electron, is described by a free wave, restricted to the first mo-
menta. The quantum theory of the interaction needs to evaluate the integrals:

Iy iK- iK:-r y— . .
I=|" e™"r’e™"di , where r,, is a cut-off parameter to insert to enable

finite values of these integrals. The I is calculated on the variables 7,6,¢ , and

the 7° concerns the radial volume multiplied by the r coming from the dipolar
interaction. It follows that using the Fermi golden rule leads to an estimate of the
probability of escape of an electron F,, assuming that the normalisation factor

3
dxr,

of the A the electomagnetic vector is V = . The results for copper

1
metal are given, the probabilty of escape, B, has the correct dimension T
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1. Introduction

The interpretation of the photoelectric is historically the first discovery of
quanta as explained by Albert Einstein (1905). Extracted electrons from the

metal are subject to the law: Av =%2 U,, where the energy of the photon

converted in eV has to be greater than the U, extraction potential. These po-

tentials are known for most metals. The author proposes to deepen this basic
electron photon interaction using all possible states of polarization of photons (/
= 1 is the photon spin: thus g =2xJ+1=3. and the two states of the electron:

h
o= iz. This approach implies at least six states to deal with the photon elec-

tron interaction. This interaction is defined using the electromagnetic field
A(t), the electron is considered as a free wave whose energy and impulse K
mV: WK’

2 2m

e

result from the simple energy balance: hw-U, = . It is known

that normalizing a free wave for the electron written as: X7 is a difficult
problem when the r radial coordinate goes to infinity. The results are given for a
quantity: 7,

max >

that is the position of the electron over the metal, it is a probabil-
ity to find the ejected electron at a given place.

This paper shows how to improve the photoelectric effect on the theoretical
side, it uses the full photon wavefunction quantum description, dealing with the
three states of polarization (or any combination of these), classically the photon
exists linearly polarized: |J =1L,M = 0> , and left circular and right circular
|J =1,M+ 1) , for what concerns the escape electron, its wavefunction is consi-

dered as a free wave, it is not anymore at the metal surface. The electron wave-
function as a free wavefunction has two spin states: o = i; , the so-called pola-
rized electrons. The useful wavelengths that give rise to the phenomenon of elec-

trons extraction are such that: 4 < A, =—, this is the basis of the Einstein inter-
0

pretation of the photoelectric effect and consequently appears the Planck constant.
In these early days the quantum field of radiation and the Born interpretation of
the existence probability of such particles (electron, photon, proton) are not
known, in the Born view, if a wavefunction exists for a particle it should verify:

jO” P drdQ = 1.

iK -7
. . . e
For a free photon with the basic wavefunction: y =

NG

whole space variables, the existence probability tends to oo, this divergence is

, integrated on the
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the major theoretical problem posed by the wave theory of photons in the wave
corpuscule duality. If a photon is not absorbed or emitted, the free wave descrip-
tion does not match the Born condition. In our paper, the photon interacts with
the electron on the metal surface, thus it is localized enabling a free wave with no

divergence when integrated.

2. Describing a Photon by Its Angular Wavefunction

We consider the following angular wavefunction |J=1,M =+1,0) for a pho-
ton with its different 3 polarization states, orthogonal to each others. These are
spherical harmonics ¥ (0,4), these give the circular right and circular left
the linear is ¥, (6,4). One considers the photon as a boson, thus with ainteg-
er spin J =1, with three independent states.

The following equations describe the photon with all its polarized states with

an equal proportion for these states.

¥ =a,|L,-1)+a,|1,0)+aq]|L1) (1)
Yy = |a71|2 +|a1|2 +|ao|2 =1 (2)

The product V¥ =1 means that the photon exists, with an equal polariza-
tion probablility, a photon beam linearly polarized implies a_, =a, =0. it fol-

lows:
1
a,=a,=a,=a_ =— (3)

. 3

In order to precise this wavefunction, it is useful to write:

HY =EY (4)
d

H=—ih— 5

i v (5)

HY = ho? (6)

Therefore the solution for ¥ with —ih% =hoV, gives d?‘{l =iwdt , integrat-

ing gives log¥ =iwt, thus W(r)=¢", thus verifying the condition
WY =1 and taking into account the cut in frequencies involved by the thre-
shold: hv, =hw, 2U,

U, is the extraction potential of metals, meaning that the electrons before the
illumination are kept inside the metals. The cutting parameter for the frequen-

U,
cies are @, = 70 , (to obtain homogeinity U, should be written in Joules). The

wavefunction is modified this way:

Y (t,@, ) = UnitStep[ @ — , | (7)

VY (t,0,)¥ (1,0, )* = UnitStep[ o — o, ]2 (8)
1

a,=q=q=a,=71 9)

NG
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The Mathematica function UnitStep[w—a,] is the same as the Heaviside dis-

tribution, it means that:
Unitstep[w—,|=0 for @ < @,, Unitstep[w—w,|=1 for o > .

Finally including the cutting frequency , (that depends of the irradiated

metal), the photon wave function is written down:
T (0,0,.t) =N, (a_ [L-1)+a,[1,0)+a,]1,1))e™ (10)

N, is the number of photons at the frequency .

(2}

2
The factor /N, insures that |‘PT (o, a)o,t)| = N, , that is the wavefunction

[}

for N, photons of the same mode.

It is possible to perform the Fourrier transform of the function:
¥ (1,0,) ¥ (t,@,) =UnitStep[w—,]’

This Fourier transform G (a,,?) is:

2si t
G(@y.t) = \/_2n5(t)—M (11)
Jnt
3. The Free Electron Wavefunction
P’ K’
The energy balance of the photoelectric effect is: hv-U, = Ey When
me m(:’

the mechanics of the photon electron interaction takes place, the ejected electron
obtain an impulse P=#K, K serves to build the free wave function ot the

electron, that is with the Dirac ket representation: |I€ ,.,0'>, this ket includes the
h
two possible spin states o = J_rz . Finally the electron wavefunction is:

1

4, (k[,a):e"’%"’fz;? (12)

This wavefunction can be developed on partial waves as shown:
eil?‘--;’ _ eiK,-rcos(&) (13)
") =3 (20 +1) B cos(6) j, (K,r) (14)

=0
Else for small impulses K;, that concerns an electron near the threshold of
the ejection mechanism, one can write:
2
(K,rcos(0))

") = 14K rcos ()~ 5

-i—O(iK,rcos(H))3 (15)

Spherical Harmonics Description for Kets |JM)

1
First of all setting: a_, = a, = a, = —=, these values mean an equal polarization

NE)

for each independent states, then the photon wavefunction with J =1 is de-
fined by:

1M,) =Y, (6.9) (16)
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M, =+1,0 (17)

The full wave function is:
V' (@,,1,0,¢)=a_ Y (0,4)+a,Y, (0.4)+aY (0,¢)xUnitStep[w— w, | (18)

Explicitly:
|1MJ:0>=%\/%COS(9) (19)
|1, =1) = —%\E sin(6) (20)
1M, :—1>:%\/%sin(9) (21)

4. Quantum Theory of the Interaction Electron Photon

The phenomenon of ejecting an electron from the metal is governed by the di-
pole operator to a good approximation: D = eF , and the energy associated with

the interaction mechanism is:

V=DE (22)

. . - . =1 o4
Since from electromagnetic field theory it is well established that: E = __XE’

c
with:
~ iKi-a h
A= €Aoe( Kr-on) , and introducing the normalizing factor: A4, =, [———, then
20V ¢,
E= —12—1;1 = 'a)ééloei(m_m) , finally the expression of the interaction energy is:
¢
V=D-E (23)
V = —eir Leg e ) (24)
c

'One obtains the probability for an electron to be ejected from the irradiated

metal by the calculation of:

Prob = KKO‘|€FE|‘PT (o, a)o,t)> ’ (25)
V =eiE (26)
E=i%ey e 27)
c
@’ - o |
Prob =— 4, <Kia|€~Fe’K’ ¥ (o, a)o,t)>e”‘” (28)
c
Prob = hoe” <Iz.a|€.Fe”ZF ¥ (0,0 ,t)>e"”’ ’ (29)
2Veoc2 : 0

!-e is a positive quantity.
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5. Evaluation of the Probability of Ejection of an Electron

hwe*

2Vc’e,

yT (a), a)o,t)>ei'”’ ’

The probability to evaluate is: Prob = KK (7|e e’

The oscillating factor e disappears because of the squared modulus. The

evaluation of the probability already has given theoretical work [1]. For small
K, thus an electron near the threshold: K =,/2m,(hv—-U,)h, a frequency

U
V= 70, then it is easy to write [2]:

+0((kr') (30)

2
2
hwe

2Vc’e,

Prob = (31)

(Kole [1+1K Ll ]|qﬂ 0.00.1))

Making the assumption that the polarization vector can be written as:

e=a,|l,-1)+a,|1,0)+q|1,1) (32)

The probability is at the order O((K . r)z) : (that means K7 <1)

Impulse K and ejection distance of the electron r both small.

(Role-#{ s - E ) (0,0,.0)
2

<eikffa‘?[1+i12-;7— (Kr) J
2

(a. Y (6.9)+a,X; (6.6)+a Y/ (6.9)F

2

2
hwe

2Vc’e,

Probl = (33)

2
hwe

2Vc’e,

Probl =

(34)

2

)

These can be calculated.
6. Development of Calculation of the Probabilities

2
Then Probl simplifies setting: fac = 2?;/(02

st a0| (UnztStep[a) a)o])

7 =rcos(0) (35)

cos(8) = 2\/21/01 (6.¢) (36)

The spherical harmonics are orthonormal functions, obeying to
[Y,(6.9)Y,.(6.4)42=5,,35,,

It follows that for the development of Probl integrals like:
_[Y I:H (0.4)7, | (6,4)dQ2 =0, thus stays in the evaluation the quantity:

Probl = fac a0|—‘ [("r =@, o| (¥, (6.6)e" Y, (0,9)] "“’d3f>)2

(37)

Using the relation: ¢ = it (21+1) P cos(6) j,(K,r) and
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d&’r =r? sin(6)drdodg = r’ sin(6)drdQ. with P, cos(0) \/EYE (6.9).

These equations prove that Probl connects only the photon wavefunction
|/ =1,M, =0) with |a0|2 :%, this probability is evaluated with Mathematica
restricting the sum:

gireosto) 3= it (21+1) P cos(0) j, (K;r),
taking into account 3 partial waves
1=0,1,2.

An alternative way to calculate Probl is to introduce the development in se-
ries of the bra
< i o" Equation (15)

recalling:
2.2

.~ . Kr
M =1+iK, 7 ——

+O(KF) (38)

The squared scalar product Probl serves to estimate the transition probabil-

ity given by the Fermi golden rule.

For Probl
<i| _ <eiK,~cos(v9)’O_‘ (39)
/) =|% (6.9)x¥"(6.9)) (40)
P == Z < iKireos(0 ‘ere’” j>rp(Ei—Ej) (41)
2.2 2
I.j :2775 <ein’°°S(9) ‘erx[l—HK r—Kzr J|j> p(E)dE (42)

7. Results Obtained with Mathematica

The full expression X7, with the trigonometric functions is:

t—(cos(0)+sin(0) sin(4)+sin(0)cos(¢))
ek e (43)

2.2 2
(i|ei(1+il€?—K2r J|j>

the dipole operator F,, with the condition ( KF<1).

integrating on angles gives a good approximation of

K-r . . .
i—(cos(6)+sm(6)sm(¢)+sm(€)cos(¢))
A consequence is that development of e 3 , connects

all the polarization states of the photon.
Mathematica can be used and give results for these integrals.
To evaluate the probabilities £, it is necessary to define the density of states:
p(E,, - Ej) or its continuous value p(E)dE [3].
K __dP and E=2 |
(21‘:)3 (27:?1)3 2m,

Using the relation P =7K with p(E)dQdE =
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it comes:
dp = p*dpdQ (44)
g = P9 (45)
me
dp _m, (46)
£ p
p(E)=p*x WP px (47)
(2157&1)3 (2nh)3
mK
K)=—"¢ (48)
p( ) hz (27‘5)3
h2K2
E= Ey —h(a)—a)o) (49)

e

with 7w, =U, and setting: hAw=h(o-a,).
Applying the Fermi golden rule gives for the ejection probability:

275 iK;-rcos N | s 2 thz
Al oo e
2 iK; -rcos N | 2 h2K2
P, :%Kelﬂ (9),0‘D~E|j> Ip(K)é‘( 2 —h(a)—a)o)JdQK (51)
2 iK. 7 ol o 2 thz
}3.}.2:7“<e1(‘ ,G‘D'E|]> 5[ om —h(a)—a)o)] (52)

, 2m —_—

P :—Ke’k”F,a‘lﬂ)-EU)

i

fot1a 5 om0

h m,
It appears that P,/1 only connects the ket | j> o Y, (9,¢) linked to only one

1
polarization state aq, = \/; .

If no preferred direction are inserted in the interaction electron photon inte-

raction:
hoe’ /- |- K7 |\ T ot |? KFo . .
Prob = 7z ‘<K,.0'|re |‘I’ (w,a)o,t)>e then e is written with the
€
help of:

K =K x+K y+Kz

Considering isotropic polarization states:
K

5

Changing into spherical coordinates gives:

K*=K+K +K,K! =K’ =K. =

K7 :ﬂ(cos(0)+sin(ﬁ)sin(¢)+sin(0)cos(¢)) (54)

3
K-r
o i—(cos(ﬂ)ﬂin(ﬂ)sin(¢)+sin(5)cos(¢))
e =e P (55)
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It follows that using this development, the scalar product is written:

(Rl |(a,v' (0.0)+ a1 (0.9)+ a1, (6.6))iRF cos(8)]e )| then &*”

is written: e*” oc 1+ (l[% . F)

Prob = Kkia\ e |(a Y (0.6) + a1, (6.6)+ Y, (6. ¢))>‘2 (56)

Prob — <]2'lo- | Feif(cos(@)-#sin(@)sin(¢)+sin(6’)cos(¢)) ‘(CAIYL (9, ¢) N aOYE; (6’ ¢) N a]Y;' (6’ ¢))> (57)
Prob = <]5ia|;7[1 + i%(cos(@) +sin(6)sin(¢)+ sin(&)cos(¢))]‘(allfl1 (6.6)+a,Y, (6.9)+aY, (9,¢))> (58)

It is possible with this development to connect different polarization states.
a,|1,1) and a_|1,~1) because sin(8)cc Y},

Integrating on the radial variable means: IrdV = Ir3dr. One deals with an
integral that does not converge, when the range is fixed to »=0 to the upper
limit to r

max >

appears in the definition of the electromagnetic field:

TEA N h gl%,a iK -7 i KT
A(F,0)= ,Za)eOVZk: o (akae +al e ) (59)

The quantity Prob is integrated with Mathematica using the development
2.2

d +0(K3r3).

the integral becomes a function of this quantity, the value for V

X" =1+iKi —

7.1. Calculations of Integrals Required When Applying the Fermi
Golden Rule

Integrating on the radial variable means: J.rdV = .[r}dr . One deals with an integral
that does not converge, when the range is fixedto r=0 to r > [3].

To avoid this divergence, all calculations are done fixing the upper limit to
the integral becomes a function of this quantity, the value for V; included

rmax 4

max

in fac=is defined as V = 4—nr3 and a=0.5 /i
3 21

e™ is developed the maximum number of waves is fixed to Imax = 3 the

summed waves function are defined:
ik, 7 S an . 0
o i (20+1)  [——J, (Kir) Y (6.9) (60)
=0 20+1
An alternative way to have results for the integrals is to make a Taylor serie:
iK,r(e""‘ sin(4) Y (8.6)—c~ cos(¢) 1} (9,¢)+Yl°(a,¢))

Kt = Vo (61)

iK 7 (~exp(~ig)sin(4) Y, (6.¢)+exp(ig)cos(4) Y, (6.4)+ Y (6.9))
V3a

r(—exp(~ig)sin(g)¥;' (0,4)+exp(ig)cos(4) Y, (6.4)+ 1 (0.4))
V3a

(62)

eiKl--F o1+
2

(63)

+0.5| K,
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Changing the spherical harmonics Y, (6,4) into their trigonometric values:

e"[.,* —e 2\2n 2 (64)

K;.r
. x x . i~ (cos()+sin(6)sin()+sin(6)cos(4))
Ry =ef rdr[ d6f " dgsin(0)e © Y (6,4)  (65)

This complete integral diverges when » — oo, but still possible to obtain a fi-

nite value using an upper limit r _ and modifying the upper integral to fow with

3
max

this upper limit and dividing it with:

The dipole element <i|ei7|j> is integrated easily with Mathematica, then
squared to obtain the probability B, although the radial variable on its » — oo
domain does not converge, the author uses the alimit r=r__.

It is correct to use Taylor series for 7, this gives at the fourth order devel-

opment of this quantity (z = K )

e” =sin(0)+ zsin(H)((—1.63299i) cos(6)— sin(&)((1.1547i)cos(¢))

+%z2 sin(@)((—l .63299i)cos(6) - sin(té’)((+1.15471’)cos(¢$)))2
) (66)

)

+%z4 sin(@)((—l.63299i)cos(c9)—sin(0)((1.1547i)cos(¢)))4 +0(z*)

+%Z3 sin (0)((—1.632997)cos (6) sin (0) ((+1.15477)cos (¢

It follows:
R, =<i|e’7|j>

= e[ do[ " dg[ "™ r3dr%\/% sin (0)cos (0)
x((1.671i)Kir(%\/%sin(e)sin(¢)+%\/%sin(e)cos@) (67)
%\E cos(&)J+l.396Ki2r2 [%\/g sin(6)sin (¢)

%\/% sin(&)cos(¢)+%\/% cos(H)T B

- cos(8)+sin(8)sin(g)+sin()cos(

Kir
R =€, ™ rdr[ do] " dgsin(0)e ( Ty (6.¢) (68)

RU.=ex(0.2o9441<,.5r8 ~1.39626K°r° +3.14159K r* ) (69)

max 1 max 1 max

The complete integral is obtained performing the integration over r,0 and
¢ is obtained:

(i|eF| j) = ex(0.20944K 75, —1.39626K s, +3.14159K,7:%, ) (70)

1 - max 1~ max 1" max

(These quantities are obtained with Mathematica)
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7.2. Mathematical Treatment of the Interaction

It shows that exists a coupling with the |J =LM = O,il> , that is with all com-
ponents of the polarized photons. and thus obtains for R; = |<i|ef| j>|2 the for-

mula:

R =e ><(0 0438649K %716 —0.584865K°r! +3.2655K° 2 ) (71)

To obtain the probability B, of the electron being released from the metal,
that is using the Fermi golden rule: and defining #A® =h(w—,) with the re-

lation 7iw, = I, the density of free states p(K)= hmeK3 enables to justify the

(2nh)
following integrals.
It is necessary to compute:
P2
=2nh™ XR; xé‘(zm +1, —hwj (72)
PZ

P, =2nh™ XR’;&(Zm —h(w-o, )j (73)

n’K*
P, =2nh*'2.[R;. xp(K)é‘( o —hAa)deK (74)

Using the well known & function properties (see Apendix):

5(x2—b2):ﬂ5 (x+b)+5(x—b) (75)
2 N 2m,A
with a* = 2h thus b= YA2 _ ‘/meTa) with boc L' homogeneous to the
m a

e

wave vector K. This gives: see Appendix

& 2m hA 2m hA
5[” e j %XHK +_WJ+5(K,.__WB(7@
[0}

2m !

e

R} = ¢ x(0.0438649K,r'* ~0.584865K,'r'* +3.2655K "
(77)
—8.77298K'r' +9.8696K " )

It follows the complete formula for the probability of escape of the electron:

By =2 [ LR g2 | [5£Ki+_\!2’”;fm]

w2y "\NWAw

N
+5{K,. —m"T'waQ

(78)

K

i

It is reasonable to reject the factor & , because the wave vec-

[Ki N ,/Zm;lhAwJ

tor cannot be negative.

Defining the factor: fac = (Z X |a0| J where the volume V comes
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from the electromagnetic A(7,t) is V =—m.

I 2
s=L h
Adding the electron spin contribution given by Z X, = 27 . Finally

my :iz

fac :Z/i|a0| This leads to the escape probability of electrons in a metal,
c’€

with a photon flux N, =1 at the threshold U, of a peculiar metal is:

N L
|Prob10|2 = —w;ez h_a) <e"K"V
3¢ 2Vole,

mo—L
5Ty L
3=
2 " [Flas[1,-1)
1
mv:*E

) (79)

0)

1) UnitStep[ (0 -, ) |

The electron spin wave function for the two states is:
1

§=—

h
Xnt=mh= iE , because of the squared modulus, the spin function gives for

s

L
m, =+—, that is the final quantity:
2
2
Probl0 || is the same, each of the two electron states gives the same
my=t—
2

contribution: T .

The full expression giving the final form of the formula is: (with P, |Pr0bl 0| )
K,
= facx8m’h~ 1m—(O 0438649K,"r) —0.584865K %
w(2n’)
+3.2655K s, —8.77298K 1, + K} wr2,, ) (80)
m_ sl k JZmehAa)
X, [———x -~
Ao n
Applying the ¢ function to the formula Equation (81) gives: and replacing
2Awhm,
K, with K, = 0 it simplifies, dividing by the volume V that gives:

0.0189977Aw’e*m]r"

237
c’h'e

3e’m m
P = e | T [Awhm, (81)
7 sJ2ntethe, N Aok’

(140368Aa)5 543 9.35785A0 mr!! | 26. 124A0° 7’

e de e de e de

" nt n’

(82)

@ de € max

n* h

35 0919A@*m*r’ 19 7392A0m 1>
(83)
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o[ 1.40368A@°m 1 9.35784Aw*m’rll  26.123A@’m’r).  35.0919A@’m'r] ~ 19.7392A0mr],,
¢ % B 7 ! 7’ B " ’ %
P, = (84)
! Sﬁnzczeo

7.3. Final Formula

Considering the small value of 7 = Zi =1.05457x107*] -5, the greatest term in
T

1
Equation (81) is h_7 it is correct to keep for 5.
Inserting the values of the constants gives:

0.0377124A0°*m’ 2, /%/hm

P - (85)
! c’h,

The prevailing term is therefore:

0.0377124A0’e*m] 1"
czhfe) € Me Timax x UnitStep| (o -, )T
0

At this stage, the formula for |Pr0blO|2 should have the dimemsion of a

probability % , instead the upper formula has a dimension: % , it appears that

this question is exposed in [4] page 1142, formula (2.23).

I thus use the approach of [4], and this manipulation insures that:

|Prob1 0|2 oc % , thus the final formula is now:

52 613
|Prol710|2 = 0'0189970722706) € e T max xUnitStep[(a)—a)O )]2 (86)
0

Using MKS units for the constants involved in the formula:

Planck constant # = Zi =1.05457x107*J -5, electron mass
T

m, =9.109x107'kg vacuum permittivity ¢, =8.8545x107"* F/m, light veloci-
ty ¢=2.99792x10° m/s, electron charge e=1.6021x10"C

Inserting the numerical values of the physical constants gives:

|Prob10|" =2.41471x10" A0’ (87)

max

The idea is to define 7, as:

hK,
Foox =V xt =—=xt=0.000115772x K, x ¢ (88)
m

e

Thus the formula with the time t variable and the wave vector K, is:

2
7.6810x10* Ao’ (Aw+%) K UnitStep| (Ao’ | (89)
0

An example is shown using the extraction potential of the copper element:
giving these numbers for the extraction potential of copper U, =5.1eV with

the corresponding wavelength:
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A=2.431x10"m and the so called pulsation is follows

@ = 2m—=7.74607x10"s™!
)

0

with these data the final probality of escape of an electron is:

|Probl0] =7.6810x10™" Aa’ (K" ) (A@+7.74607x10° ) UnitStep| (A@)” | (90)

Figure 1 illustrates the probability B, of electron escape on a Cu metal sur-
face with the basic condition K,-7<1.
The frequency range is: 10w, > Aw <100®, for the blue graph, that means

2mc
that the wavelengths A, = —— associated with the incident photons are shorter
a)O
he . . . .
than the threshold A4, = T thus more energetic compliant with the early Eins-
0

tein explanation of the photoelectric effect (1905).

Probability of escape of the electron ina time t=0.0001 s

0.0006
Outf+]= 0.0004%

0.0002 |
0.0000

0.00

Probability of escape of the electron inatime t=0.0001 s

T

\

outf+ J=

0.00

Figure 1. Escape probability of an electron (with a number of photons N, =1), from a
Cu surface with condition of frequecy: @ >, = 2m-5 =7.74607x10"s ™, that is:

Aw=w-w,>0. For different frequency ranges the probability exists with the basic
approximation K7 <1, the probability is oc K"’#", thus very sensible to change in time

MY 004489 % m™ |

t (in the graph ¢=10"s ), the wave vectoris K =
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The Mathematica function UnitStep [Aa)] is equivalent to the Heaviside func-
tion, this assures the conformity of the threshold effect prohibiting wavelengths
A>4.

Once the escape probability is defined, the electron current is proportional to

N, , it is possible to write the intensity with its formula: 7, = We can

2]

dedsdQ

infer: (ji—b; = Nwha)><|Prob10|2 .

8. Conclusions

This paper tackles the photoelectric effect, in a upgraded fashion, it includes the
threshold effect that once checked can possibly produce electrons with the con-
dition A< 4, 4, depending on the choice of the metal.

Recent work [5], on the extraction potentials of metals or semiconductors called
these as work function, part of it, the present paper dealing with photon electron
interaction on metal surfaces gives a good quantum approach giving experimen-
tal results.

The photon electron interaction is taken to be dipolar, and the bulk of the in-
tegration using a free electron wave function, to mix to the photon free wave, is
performed with symbolic software Mathematica, with the condition K,-7#<1
One could say that fast electrons should be near a small 7, and low electrons
could be found at a distance 7 >1, provided that the condition K,-7#<1 is ful-
filled. It appears in the theoretical part that, all polarization states of the photon
can furnish different integrals and it is possible to include different polarization
states: that means that coefficients: |ao|2 and |al|2 = |al|2 =0 describe a linear
polarization state, although that circular polarization could be taken on:
|a] |2 =0 |a71 |2 # 0. For what concerns the integral with the exponential func-

tion ™, that is the electron wave function, there are two approaches: the first

(Kl.rcos(H))2

is to develop the e™"*™*) =1+4iK rcos(6)- +O(iK,r cos(¢9))3 ,

Mathematica is very efficient to calculate the overlap, of the photon wave func-

tion with those of the electron. Another way for the integral leading to the proba-

bility P, is to perform a wavelet calculation that is evaluating ™" = ™"*(").

Then ") = ot (21 +1)Pcos(B) j,(K.r), the sum is restricted to the
first momenta that is /=0,/=1,/=2. This integral is more difficult to perform
than in the case of the first approach, the reader can find the integral with the

partial waves in Appendix Al.
Finally the aim of this paper is to evaluate the quantity: /= L:mx K7 KT g7

K concerns the photon wavefunction, and K, is the electron wavefunction, it
is impossible to perform the evaluation of /, with the range »=0—>r =0 but

it is possible to evaluate this quantity with the range »=0—r=r,, , making
4nr?

max

possible to evaluate £ dividing it by: Vol =
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Table 1. Physical constants MKS.

Constants SI
m, 9.109 x 107" kg
h 1.054 x 107 J-s
€ 8.854 x 107 F/m
c 2.997 x 10°m/s
e 1.602 x 107 C

The author suggests that the final formulas the first, involving the frequencies
thatis Aw=(w-a,)

0.0189977Aw’*m®r" 2
€ M » UnitStep| (0 — o,
c2h760 P[( o )]

|Prob10]" =

and the second depending on the time #
2
|Pr0b10|2 =7.6810x107" Aw’ [Aw + %j Kt UnitStep [(Aw)z} can be used to

perform experiments on different metallic surfaces.
To illustrate these considerations, if K, =0.402145m™', the ejection velocity

Vtest is shown in different units of length

Vtest = 0.0000465573xms™", Vtest =465573x As™', Vtest =0.465573x us™'

Table 1 summarizes the physical constants used in the calculations.
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Appendix A

A.1. Mathematica Full Calculation of L = 0, L = 1, L = 2 Partial
Waves

The integral: Rij = <i|€l |]> is:
=i +sin(@)sin(¢@)+sin(&)cos|
i N (005(6) (6)sin(g)+sin(6) (¢))

R, =e[ rdr[ a6 " dpsin(0)e Y"(6,4)  (91)

( |er|] —ej de_[znd(é_[r b 3dr2, 0! (21)\/7]1(]{ ”) (9 ¢)s1n( )Ylm (‘9’¢) (92)
L=0

3.07
((0256-0.35872, K )cos (1.671r,,,,K, )+ 0.428r,,, K, sin (1.67 15, K, ) ~0.256)

max i max =i max i
K12.27
i

(+1942893i)[0.63662K,-—04159155((0.256—0.3584,2”,(K,-2)cos(1.67lrma K; )+0.428 Ky K; sin(1.67 g K; )~ 0256)+0 5]

€

K-12'27 (93)

3.06998

max 1 max i max 1 max i

K!

i

[(0256 0.35872, K )cos(1.671r,, K, ) +0.428r,,, K, sin (1.67109r,,, K, ) - 0.256

L=1

4.00(((1.2813x10“51')—(1.1921x10'15 )it K7 )sin (16717, K, ) +(=2.1412x10"7) 1, K, cos (1671, ))3'067

max =i max = i max =i max i

Ki12427
3.07
15 94
1.9083x1077 )2 P +(=2.050x107%) [sin (16717, K, ) +(3.425x10"i)r,, K, cos(1.671r,, K,) &9
l max l max i max 1 max i
K}
L=2
0.227((12, K7 —2.864)008 (16717, K, ) =37, K, sin (1.6711,,, K, )+ 2.864)
P (95)
A.2. Using Dirac § Functions
Using the well known & function properties, these are useful relations:
)
5(ax) = ﬁ (96)
o
5(x*-p*)= 2T |5(x+b)+5(x b) (97)
It is necessary to apply these basic identities to our problem: first step:
2m, 5[K2 ZmJ;Aa)j
"
2 2m,hA@ 2m,hA@ (58)
e e )
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" n

(99)
f 2m [5£K+1/2m;lhAa)J+5[K_1/2mehAa)D

2m, [ o ZmEhAa)]

=X
/]

2\2m A T

2m, 5[1{2 ~ ZmEhAa)]

" "

(100)
{ \2m, Ao \2m Ao
= ;n—ex ) K+L +5 K_L
Ao n h
Using the well known ¢J function properties, these are useful relations:
2
One needs to solve: 5( f K? —hAa)J
2m,
o
5(ax)= o(x) (101)
o
1
S(x*=b*)=—8(x+b)+5(x=b (102)
2 N 2m,A
with a* = Zh thus b= YA2 _ ‘/meTa) with boc L' homogeneous to the
m a

e

wave vector K.

5[’221{2 —hij:mx[5[K+ VhAwJ+§(K— “hA“’D (103)

m, a a
22
§[h K —hAa)J
2m,
(104)
1 \2m Ao \2m, A
= x| 0| K++——— |+ K"
2a\hA@ h n
22
cS'Eh K —hAa)J
2m,

(105)
n 2m \2m,hA@ \2m, A @
=———x— 0| Kt —— [+ K————
2\2m A0 h n h

K’ 1 NN hAw
5[ s —hij—zam (5(K+ p J+5(K p D (106)

2
o

22
K —hAw
2m,
(107)
1 \2m,hAw \2m hAw
= x| 5| K+ s ke
2aN A ® n h
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