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(oRon] - . . .
Similarities between optics and quantum mechanics have long been recognized.

One example of this symmetry was obtained by Moshinsky [1] who addressed

Dirac Shutter Problem, Relativistic Diffraction in Time, Quantum Beats

the following quantum shutter problem. Consider a monoenergetic beam of free
particles, moving parallel to the x-axis. For negative times, the beam is inter-
rupted at X=0 by a perfectly absorbing shutter perpendicular to the beam.
Suddenly, at time t =0, the shutter is opened, allowing for t>0 the free time-
evolution of the beam of particles. What is the time-dependent density observed
at a distance x from the shutter?

The shutter problem implies solving the time-dependent Schrodinger equa-

tion with an initial condition given by
w(x,0)=e"0(-x), (1)
where 0(x) denotes the step function. For t >0, Moshinsky proved that the
free propagation of the beam has a probability density, p(x,t) = |t//(x,t)|2 , giv-
en by:
1 1 1 1

ptu)=3[c(@)+3] s3], ®
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here, C(&)+iS(¢&)= Ij exp(inu2 / Z)du , denotes the complex Fresnel function

and the argument ¢ is given by

§(x,t)z\/%(%t—x]. (3)

The right-hand side in Equation (2) looks similar to the mathematical expres-
sion for the light intensity in the optical Fresnel diffraction by a straight-edge,
Born-Wolf [2]. For a fixed position, X = px/f =1, the plot of the probability
density p(X,T) asa function of time, T = Et/A, is shown in Figure 1.

A good measure of the “width” in time of this diffraction effect, can be ob-
tained from the difference At=t, —t between the first two times at which p
takes the (classical) mean value. We obtain, for thermal neutrons, At~107s.
The experimental evidence of this quantum prediction has been confirmed until
very recently by Szriftigiser, Guéry-Odelin, Arndt, and Dalibard [3].

These transient oscillations are a pure quantum phenomenon, and similar os-
cillations arise at the moment of closing and opening gates in nanoscopic cir-
cuits [4]. For a review on the subject see [5] [6]. With adequate potentials added
to the model, it has been used to study transient dynamics of tunneling matter
waves [7] [8] [9] [10], and the transient response to abrupt changes of the inte-
raction potential in semiconductor structures and quantum dots [11] [12]. There
is, in summary, a strong motivation for a thorough understanding of transient
time oscillation in beams of matter.

The analogy between the quantum shutter problem and optical diffraction
raises the question of whether the transient densities for other types of wave eq-
uations show this analogy. Using the Dirac equation for the shutter problem at
low energies, we found in a previous paper [13], that the algebraic expression for
the relativistic quantum density p(X,t) no longer resembles the algebraic Fres-
nel expression for the optical diffraction. In spite of this, when the exact relati-
vistic density is plotted versus time, the plots show transient oscillations which

prove that diffraction in time is present in the relativistic realm.
1'4-’\V(X,T)‘2 X:px/ﬁ=1
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Figure 1. Schrédinger diffraction in time, X = px/f=1.

DOI: 10.4236/jamp.2022.105119

1712 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.105119

S. Godoy

The main contribution of this paper is to show the existence of transient
quantum beats in extreme-relativistic diffraction in time. In Section 2, we solve
the Dirac equation for the shutter problem and in Section 3 we prove, as ex-
pected, that for intermediate energies, at internuclear distances, the plot of the
probability density looks similar to the optical Fresnel oscillations derived in the
Schrodinger equation. Finally, in Section 4, as we gradually increase the energy
until we reach extreme-relativistic energies, the Dirac diffraction changes gradu-
ally from a Fresnel pattern into quantum damped beats! For 1/2-spin particles,
this has never been reported before. We conclude with the application of the
present result to the quantum problem of extreme-relativistic particles suddenly

released from an infinite potential well.

2. The Dirac Shutter Problem

For 1/2-spin particles, we assume for all negative times, t<0, a beam of right-
moving free particles in the left side of a perfectly absorbing shutter located at
the origin, and none to the right. For the case of propagation into the direction
of the z-axis, we want to calculate the spinor wave function,

l//(Z,t) = (l//l,!/lz,l//3,l//4 )T , which is the solution of the one-dimensional Dirac

(6 V(e wpeals Spe @

here o, is the Pauli matrix and, A, =7#/mC, the reduced Compton wave-length.

equation:

Three quantum numbers are needed to classify the Dirac free-particle solutions,
namely, the momentum, p =7k, positive or negative energies, E ==+#® , where
W= C(k2 + A7 )1/2 , and the helicity, A¢ =S-p/p. In our case, we assume that
the initial condition corresponds to a right moving plane wave propagating along
the Z -direction, k = (0,0, k) , a positive energy, E =+hiw, and the spin paral-
lel to the direction of motion, S, =+1/2. The incident plane wave is then given
by:

k

Viseaye (21)=N (LQW,

o} e g(-z) (t<0), (5

where N is the normalization factor, and 9(2) denotes the Heaviside step
function defined in Equation (1).

For free particles, the helicity Ag is a constant of motion. The initial direc-
tion of spin, S, :1/ 2, will be conserved. Therefore, the two components of the
wave function: (, and y, ) which are zero at the initial time will remain zero
for all positive times: v, (Z,t) =y, (Z,t) =0 (t > 0). The two remaining com-
ponents: y = (1//1 W )T evolve in time as solutions of the equation,

0 o i
(Im+GxE+TUZJW(Z,t)—O (6)

(3

with the initial condition:
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v (2.0)=(1(20) v:(20) =(N 7)"e¥0(-2), @)

where y = Nk/(/lc'1 +w/c). Using the condition: N’ +y® =1, the normaliza-
tion factor becomes: N =(1+¢/40)/2.
For the sake of conciseness, we denote, as usual f= V/ C, and use the Comp-

ton wave-length A, to define dimensionless variables:
ct p 0 A E

7, K= kﬂc =—, = =
c m,C c m,C

N2=(1+J1—7)/2, yzz(l—ﬁ)/z. ®)

Using these variables we derive in Appendix A, for the Dirac shutter, the exact
transmitted wave, . (Z ,T) ,valid for (Z >0):

2y> (Z’T__)QT _()/+Nje+igz + _y[I-GO"'GZ]_NZGl (Z 20) (9)
O(T-2Z)e™ 7+N +N[iG, -G, ]-7ZG,

= T=

Zz
A

The functions Gy(Z,T), G,(Z,T) and G,(Z,T) are defined in Appendix
A. Notice the step function @(T —Z) which shows the correct relativistic pre-

diction that no traveling wave arrives at position zuntil ct>z.

3. Intermediate-Energy Diffraction in Time

In this section the case of an incoming monochromatic beam with intermediate
relativistic velocities, £ =0.4, and the particle detector located at Z =20
(z=42=42 x10™ m, for neutrons), is investigated. We use the Dirac solution:

. (z,t), given in Equation (9), to calculate the probability density p :
p(2,T)=

For a position, Z =20, we show in Figure 2 a plot of the probability density as

L=l s = ot s (10)

V.

a function of time. We find, as expected, damped diffraction oscillations which
look similar to the ones predicted by the Schrodinger theory (see Figure 1).
However, the present relativistic diffraction differs from the Schrodinger one by
the presence of a small amplitude oscillation superposed on the main one. Un-
derstanding these double oscillations is important. For £ =0.4, the initial con-

dition for (,,;) given in Equation (7) has constant amplitudes (N,y) which

lw(z, D] Z=m,cz/h=20 , vic = 0.4

1.2
1.0
0.8
0.6
0.4
0.2

T=m.c?t/h
0720 50 100 150 200 i

Figure 2. Dirac transient oscillations with Z =20 and v/c=04.
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are quite different in magnitude: N? zl—ﬂ2/4=0.96 and 7%=~ ﬂz/Z =0.04.
This explains the plots shown in Figure 2, where the amplitude oscillations of
p; is very small in comparison with those of p, . For low energies the relativis-
tic density p; looks like the Schrodinger diffraction oscillations and p, is just
a small oscillatory perturbation. In the plot of Figure 2 we measure the half-period
of one initial oscillation, AT =745 (At=A4AT/c=1.0 x107% sec. for neutrons).

Extreme-Relativistic Diffraction in Time

The next question is: for 1/2-spin particles, how does diffraction in time look like
for an extreme-relativistic value of £ ? In this section we show the main con-
tribution of this paper, namely that as we gradually increase the velocity £, the
Dirac diffraction changes gradually from a Fresnel pattern into quantum damped
beats!

To illustrate this result we take the case of an extreme-relativistic velocity:
P =0.998, and the particle detector at a fixed distance: Z =1,

(z=2Z4; = 2.1x107* m, for neutrons). For this case we plot in Figure 3, as a
function of time 7; the exact Dirac density p(Z,T) given in Equation (9).

The origin of these quantum beats is easy to understand. For an extreme-rela-
tivistic value of £ we have: First, two Dirac components (l//l,l//a) which have
similar amplitudes: N 2-0.53 and }/2 =0.47, (in fact, if f —1, then:

N? — y* =0.5). Second, looking at the plot on Figure 3, we measure the half-
periods of oscillations for p, and p,, we get: AT, =0.42 and AT, =0.38,
(At, = AT, /c =3x10% sec, for neutrons). These corresponds to angular fre-
quencies: Q, =n/AT, =7.4 and Q,=82=0Q, +0.8. So, we have two density
oscillations with similar amplitudes and similar angular frequencies. When we
add them together we get quantum beats! This result is well known using trigo-
nometric functions: sin(A )+sin(A +&)=2cos(&/2)sin(A +&/2). Therefore,
for the extreme-relativistic, £ =0.998, the total probability density may be in-
terpreted as the product of two oscillations, one with slow frequency:

2
1.06} |W(Z:T)| Z:mocz/’ﬁz‘]
v/c =0.998
1.02¢ n
1.0} i
y V h
0.98; J
: D04
-~y 31—
0.6f [31\ p3 042 38
0.5
5 T=m,Cc*t/h

01 2 4 6

Figure 3. Quantum beats for Z =1 and extreme-relativistic v/c =0.998.
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slow

Qqon =(Q3—©,)/2=0.4 and the other with a fast one:
Qe =(Q+Q) / 2=7.4+0.4. The slow frequency oscillation modulates the

amplitude of the fast one. Density quantum beats is a pure relativistic quantum

fast
result!

4. Conclusions

Exact Dirac diffraction in time solution, what for? We claim that the exact Dirac
diffraction in time solution can be used as a basic building block to solve a more
interesting problem: Consider a relativistic particle which, for all negative times,
was inside an infinite potential well with walls at z = (0, a) . Suddenly, at time
t =0, the particle is released, allowing for t>0 the free time-evolution of the
particle. For t>0, what is the time-dependent density observed at a distance
z>a or z<0?

To solve this problem, for 1/2-spin particles, we need the time-dependent so-
lution of a free-particle Dirac equation, with the following initial condition:

ke _ -ike
w(2,0)=(N y)T[%][e(a—z)—e(—z)]. (11)
Here k is a quantized, relativistic, wave-number. It is evident that the time-evo-
lution of this initial condition is the superposition of four similar solutions for
the Dirac’s diffraction in time solutions.

At first glance we expect, at low and high energies, a sort of Fraunhofer and
Fresnel diffraction density patterns which resemble the optical diffraction of
light by a narrow slit. The important fact is that, at extreme-relativistic energies,
the expected density wave pattern will be a pure relativistic quantum result:
outgoing density quantum beats at right and left directions! As far as we know,
this has never been reported before. How useful is this model? That remains to
be seen. We will get the exact analytic solution of this problem in the near fu-
ture.

As for the verification of this theoretical prediction, we make clear the diffi-
culty of doing so. For neutrons at internuclear distances, z~107°m, and ve-
locities v/c =0.998, our Dirac shutter solution predicts beats oscillations with
periods of the order At ~10%sec! As far as we know, these times order of

magnitude is out of reach of the present technology.
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Appendix
A1l. The Dirac Solution
Using dimensionless variables: Z=2/4,, T =ct/A,, k=k4, and Q=i /c,

the Dirac Equation (6) and the initial condition, Equation (7) become:

0 o .
| — — Z,T)=0, 12
( a_|_+0'X aZ+|azjl//( ) (12)

v(2.0)=(11(2.0) y3(2,0)) =(N »)'e0(-2).  (13)
Taking the Laplace transform in Equation (12), and denoting,
$(2,5)=Ly(Z,T)]=["eTy(2,T)dT,

Equation (12) becomes:

Lo (st0,)s=w(2.0), (-0<z<m) (14)

This is a linear matrix differential equation in the Z variable, and the solution is
readily obtained. Due to the presence of the step function 9(—2), the origin
Z =0 is asingular point, where we demand that the function ¢(Z , S) must be
continuous. This fact suggest breaking the infinite range (-0 <Z <o) into the
left (Z <0) and right (Z > 0) ranges.

For the left-side of the shutter, Z <0, we define the function ¢_(Z,s) as

the solution of the differential equation:

dg. T LixZ
- +(os+0,)g. =(N 7)€", (Z2<0) (15)
and for the right-side, Z >0, we define ¢ (Z,s) as the solution of

dg,

d—Z+(GXS+0'y)¢>:0, (z>0). (16)
Both functions ¢, and ¢ must be bounded, (¢, at Z=-o0) and (@ at
Z =+ ), and be continuous at the interface, Z =0.

The Hermitian matrix: o,s+o, has eigenvalues: 4 =s’+1=-4,, with

associated orthonormal eigenvectors:

T T
1 S+i 1 S+i
Ul —E(l :J y U2 —E(l - :J . (17)

Taking into account the boundary conditions, we have the general solutions for

both differential equations:

pea-flt e @0, oy

¢<(Z,s):%(1 - EJ e PN ) e (2 <0). (19)

S—i S+iQ
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The constants A and Bare fixed by the continuity condition: ¢_(0,s)=4.(0,s),

we have:

1 1 S—i 1 1 S—i
A = — —+ N y B = N - N 20
\/§s+iQ{y S+i } \/§s+|§2{7 S+i } (20)
Substituting (A4, and B) into Equations (18) and (19) we get the solution for Di-
rac shutter problem in the (Z , 5) space.

S—
2¥Ea | 7| +N
eZs+1 S+i

Z,8)=——— Z>0
4 S—i
S—i
I | )
e+Z s241 7 S+i N e|1<Z
Z,8)=——— Z<0 21
v.(Z:9) 2(5+10) o ., fssa B<9 @y
S—i

Notice the simple pole, S=-iQ, and the branch points, =i, all of them lo-
cated in the imaginary axis. By the Nyquist stability criterion, the time depen-
dent solution w (Z ,T) will be an oscillatory bounded solution.

Using the convolution theorem and Laplace Transforms Tables [14] we find
the following results, valid only for Z >0.

eZ s2+1 . .
Ell -5 =0(T-2)e™ [e QZ—ZGl] (z20), (22)
1 S_ie_zm— Sor s ‘iz
o N e =0(T-2)e[-iG, -G, +¢™* | (220). (23)

Here, to simplify the notation, we have denoted the integral-defined, complex
functions, valid only for (0<Z <T ):

GO(Z,T;Q)EJ'ZTdue‘““JO(\/uz—ZZ), (24)

. Jl( uz—zz)

G,(ZT;Q)=[ due™ : (25)
z u2_zZ
T i Jl( UZ_ZZ)

GZ(Z’T;Q)EJ‘Z due Uﬁ (26)

where Jg(u) and J;(u) are Bessel functions of first kind and order 0 and 1,
respectively.
Therefore, for Z >0, the exact transmitted wave is given by:

2y, (Z,T) _(N +7/jeim _[7[iGO +G, ]+ qu]

) _ 27
0(2-T)e™ (N+y 7ZG, —N[iG, -G, ] @7)

In the same way we obtain, as expected, for Z <0 the incident and reflected
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wave:

) Ve (1 W

O(Z+T)e™ y Ny
_[7[ieo (1) +G,(1z])]+ NZGl(|z|)} (28)
726, (12]) - N[iG, (12])- G, (12])]

We see that the 1D shutter problem is, in fact, a particular time-dependent scat-
tering problem, and here we have the exact relativistic Dirac solution for spin-1/2

particles.
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