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Abstract

We consider the spectrum-preserving maps on positive definite cones of C -
algebras or von Neumann algebras. We first introduce some basic properties
of Jordan isomorphism. Then, we study the additively spectrum preserving
property and the multiplicatively spectrum-preserving property, and prove
that these maps can be characterized by Jordan isomorphisms between C -
algebras.
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1. Introduction

In the research field of operator algebra, preserving problem is one of the hot
research directions. Over the years, a large number of mathematicians and re-
searchers have devoted themselves to the study of it ([1] [2] [3]). There are also
many works on preserves of Kubo-Ando means by M. Gaal, G. Nagy, Lei Li,
Molnar L., Semrl P. and Liguang Wang ([4]-[12]). These preserves are characte-
rized by Jordan “-isomorphisms.

We now recall the concept and properties of Jordan " -isomorphisms that will
be used in this paper. We refer to [3] for more properties of Jordan " -isomor-
phisms. Suppose that A and B are C -algebras, a bijective linear map

J:A—> B isaJordan "-isomorphism if it satisfies
J(AB+BA)=J(A)J(B)+J(B)J(A), J(A)*:J(A*)

for all A Be A. The Jordan ~-isomorphism J preserves the Jordan triple
product, Ze, for any A B e .4, we have that

J(ABA)=J(A)J(B)J(A).
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Forany Ae A, A isinvertible if and only if J(A) is invertible and, moreo-

ver,
J(A)T=3(A).
In particular, J preserves the spectrum of the elements, Ze.,
o(I(A)=(A)
forany Ae.A.Wealso have
I(F(A)=1(3(A)

for any Ae A, and continuous real function f on its spectrum. Moreover,

J preserves commutativity in both directions, ie., for any A, Be A, we have
AB=BA <= J(A)J(B)=J(B)J(A).
Finally, for any A,Be .4, we have
A<B < J(A)<J(B),
and J isan isometry,

2 (A =lAl AeA™

Let A,B be C’-algebras with the set of all self-adjoint A,B, respectively.
Suppose ¢:.A, — B, be a surjective map. Molnar in [13] considered the map
that satisfies

o(¢(a)+4(b))=c(a+b), abeA (1.1)
and
0'(¢(a)¢(b))=0'(ab), abeA. (1.2)

He showed that these maps are characterized by Jordan “-isomorphism.

In this paper, we would like to consider when there are two maps in (1.1) and
(1.2). The results obtained in this generalize Molnar’s works in [13]. Suppose
¢: A, > B, and y: A — B, be surjective maps. Now we consider the fol-

lowing structures
o(¢(a)+y(b))=c(a+b),abe A
and
o(¢(a)y(b))=c(ab), abeA,.

In the process of proving the theorem, we describe some lemmas, and then give

the results and proofs.

2. Main Results

Now we first give fives lemmas that will use in the proving theorems.
Lemma 2.1. ([14]) Let A,B be C” -algebras. If ¢: A — B is a surjective

linear isometry, then it of the form

g(a)=ul(a), ac A,

DOI: 10.4236/jamp.2022.105118

1703 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.105118

Z.Q. Dang

where Ue€B isaunitary elementand J:.A — B isaJordan -isomorphism.
Lemma 2.2. ([7]) Let A,B be C -algebras and let ¢:.4 — B be a bijec-
tive linear map which preserves the order in both direction, e, satisfies

a<beg(a)<g(b), abeA,.
Then ¢ is of the form
g(a)=ti(a)t’, ac 4,
where teB is an invertible element and J: A — B is a Jordan "-isomor-
phism.

Lemma 2.3, ([13]) Let A be a von Neumann algebra. Assume ae. A isa
symmetry such that for every symmetry te A, the spectrum o (st) contains
only real numbers. Then s is a central symmetryin A.

Lemma 2.4. ([13]) Let A be a von Neumann algebra. Pick a,be A . If

o(at)=o(bt) holdsforall te A", then wehave a=h.
Lemma 2.5. ([9]) Let A bea C -algebra and pick Va,be A", then

a<h < |xax| < |xbx|, xeA™
The following are the main results obtained in this paper.

Theorem 2.1. Suppose A and B are C’ -algebras and ¢,y :A — B

are surjective maps. Then
0'(¢(a)+l//(b)) =o(a+h), a,beA,
and
#(0)=v(0)

if and only if there is a Jordan isomorphism J: A — B suchthat ¢g=¢= ¢|As .
Proof. (= ) Assume that

o(¢(a)+y(b))=c(a+b), abeA.
Then we have
o(¢(a)+y(-a))=c(a-a)=0c(0)={0}, acA.
ie, ¢(a)+y(-a)=0 and ¢(0)=y(0)=0. Hence y(-a)=—¢(a). For any
a,be A, we have
o(p(a)-4(0) = o (4(a)+y (b)) =0 (a-b). abe A,

Thus ||¢(a)—¢(b)||=||a—b|| for all a,be.A and ¢:A — B, is a surjective
isometry. It follows from Mazur-Ulam theorem ([15]) that ¢ is a linear surjec-

tive isometry. Then by Lemma 2.1 there exist a Jordan isomorphism J: A — B

and a center symmetry S€ B such that
g(a)=sJ(a), ac A,
By the spectrum-preserving property of ¢,put a=1, b=0, we infer
o(4(1)+y(0))=o(1)=o(¢(1)

and therefore ¢(1)=1.Since J(1)=1,wehave s=1.Hence
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#(a)=3(a), acA.
Since
v(2)=-p(-a)=-3(-2)=J(a), ac A

we have y(a)=J(a)=¢(a) for acA.
(<) If abe A, then we have

o(¢(a)+y(b))=c(J(a)+J(b))=c(a+b).
This completes the proof. U

In the proof of next theorem we also need the concept of the Thompson me-
tric (see [16]) which we denote by d; . Define

d; (a,b) =logmax {M (a/b),M (b/a)}, a,be A",
where M (x/y)=inf{1>0:x<ay} for a,ye.A".Italsoholds:
BE
Iog(a 2ba ZJ

By Theorem 9 in [16], for every such isometry ¢: A" — B.*, there is a Jordan

d; (a,b)= , abe A

“-isomorphism J:.A — B, a center projection peB and a positive inverti-
ble element Ce B such that

#(a)= c( pJ(a)+(1-p)J (a‘l))c, ae A’

Theorem 2.2. Let A and B be von Neumann algebras. Suppose
o, . A, — B, be surjective maps. Then

o(¢(a)y (b))=oc(ab), abe A
and
$(1)=v(1)
if and only if there exists a Jordan isomorphism J: A — B such that
#(a)=y(a)=3(a), acA,.

Proof. (= ) Suppose ¢ and y satisfy O'(¢(a)l//(b)) =o(ab) and
#(1)=w(1).Let a=b=1 and we have

(pQ)y ()= () )=o(2)=11}.

This implies that ¢(1)=y (1)=1. By Lemma 2.3, ¢(1) is a central symmetry.
Then it follows that ¢ and y preserve the spectrum. In particular, we obtain

that ¢ and y maps A" onto B.'.Forany ae. A", wehave
=c(1)=c(aa)
=o(¢(a)w(-2))
= o[qﬁ(a)z (//(al)¢(a)2j

1

and this implies that ¢(a)% W(a'1)¢(a)§ =1, ie, l//(a’l) =¢(a).If abeA’,
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1
=o(bat)=0c|a ?ba 2 |.
(o) -o[a ea |

By the definition of Thompson metric, this implies that ¢ is a surjective
Thompson isometry from A onto B .

Since forall a,be .A;l and all real numbers A, we have
o((10(2))w (b)) = 20 (#(a)y (b)) = A (ab)
= o((12)b) = (9 (22 (b))

It follows from Lemma 2.4 that ¢ is also homogeneous. Hence ¢ is a Thom-
pson isometry. By Theorem 9 in [16] that there exist a Jordan isomorphism
J:A—> B such that ¢(a)=J(a) holds for all ae.A*. We need to show
that ¢(a)=J(a) forall acA.

If be .A;l , then we have

w()=p(b™) =3 (b) =3(b).
Forany aeA, andarbitrary be A", we have
(37(¢(2))b) = (37(#(2)) 3y (b)) = (ab),

and then Lemma 2.4 implies that J™* (¢(a)) =a, Le, ¢(a)=J(a), acA.
Forany be A" and ae A, we have

G(J’l (l//(a))b) = G(J’l (l//(a))\]’l (¢(b))) = G(l/l(a)¢(b))
= o(4(b)w (a)) = o(ba) = o (ab),

Hence J'oy(a)=a and y(a)=J(a) forall aeA,.

(<) For a,be A, wehave

o($(a)u (5)) = (3 (2)3 (6)) o ab).

This completes the proof. O

Let A be a standard C”-algebra acting on a Hilbert space H. Suppose
a,be A, such that o-(at):o-(bt) holds for all te A™". Pick peA and
(4,)—> 0, we have O'(a(/in 1+ p)) = a(b(ln 1+ p)) By the Corollary 3.4.5 in
[17], o(ap)=o(bp) holds for every rank-one projective p. Then for every
unit vector & in M, we have (a&,&)=(b&, &) and therefore a=h. Now we
can prove the following result.

Theorem 2.3. Let A,B be standard C™ -algebras. Suppose A is acting on

the Hilbert space H and B is acting on the Hilbert space /C . Let
.y A, — B, be surjective maps. Then

o(¢(a)y(b))=oc(ab), abe A

and
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$(1)=v (1)
if and only if there exist a constant A e{-1,1} and either a unitary or an anti-
unitary operator U:H — K such that

g(a)=w(a)=Auau’, aecA,.
Proof. (= ) Suppose that ¢,y : A, —> B, are surjective maps with
o(¢(a)w(b))=c(ab), abe A,

For vectors &,;7 in 'H, we denote the rank one operator £®# defined by
(E®n)(v)=(v.n)é, Ve H. We show that ¢ is injective. If a,be A, such
that ¢(a)=¢(b). Then for every ce A that

o (ac) = (¢ (a)w (¢) = o (¢(0)¢(c)) = - (bc).
For Vce&®E, where e isan arbitrary vector and [ =1, then we have
o(a(¢®¢))=o(b(¢®9))
Thus (a&,&)=(b&, &) and therefore a=b. For the self-adjoint element ¢(1),

we have
o(4(0) =0 ()=,

thus ¢(1)2 =1 and s=¢(1) isasymmetry.

Now we show that S ==1. Since
O'(S!//(b))=O'<¢(1)l//(b))=0(b), be A,

so o(st) is real for every teB . Suppose S#*l. Then there is a basis
{fa,nﬂ} in the Hilbert space H such that

SZZéa ®§a _277,3®77ﬂ-
a B

where neither of these sums is zero. Pick &e{¢&,} and ne {nﬂ} . Define
t=i(E®n-n®¢).

Then teB, and o(st)={-i,i}, that’s a contradiction. It follows that ¢(1)=+1.
If ¢(1)=1, we have 0'<¢(a)) = o-(¢(a)¢(1)) =o(a) forevery ac A, and ¢

maps A ' onto B'. Thus ¢ is a surjective Thompson isomorphism from

A" onto B'. It follows that there is a Jordan -isomorphism J:.A — B

s

such that
g(a)=J(a), acA,.
By the result of Herstein [10], J is either a ~-isomorphism or a "-antiiso-

morphism. And from [3], we have either a unitary operator u:X — H such
that

J(a)=uau’, ae A,
or an antiunitary operator U:)C — H such that

J(a)=ua'u’, acA.
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Themap J7'og: A — A satisfies
o(4(a)y(b))=oc(ab), a,be A,
and it equals the identityon A*.If ae A ,be A", we have
(37 (#(@)b) = (37(¢(2)37 (v (b)) = (#(a)y (b)) = (ab).
So J7(¢(a))=a,ie, J(a)=¢(a). Forany ac.A,,we get
o{w (b)4(a)=o(ab), abed,
Therefore, y(a)=1J(a).
(<) For abeA,,wehave
o(4(a)w (b)) = o-(iuau*ﬁubu*)
o (A*uabu”) = o(uabu”)
o(ab).

This completes the proof. U
The following characterization of the order of operators is needed in the proof
of Theorem 2.4.
Theorem 2.4. Let A and B be two C"-algebrasand ¢:A*— A" bea

surjective map. Then
o(¢(a)g(b)g(a))=oc(aba), abe A,
if and only if there is a Jordan " -isomorphism J:.A — B such that

g(a)=J(a) forevery aecA".
Proof. (=) Suppose ¢: A" — A" isa surjective map satisfies

o(¢(a)g(b)g(a))=c(aba), abe A
First we prove that ¢ preserves the order in both directions. From the Lemma
2.5, for Va,be .A:l , we have
a<b < ||xax||<|xbx|, vxeA*

< sup |A|< sup |y
) )

Aeo(xax peo(xbx

< sup A< sup |y
Aeo(g(x)#(a)p(x)) nea(g(x)d(b)#(x))

= [p(x)¢(@)g(x)] <[¢(x)4 ()4 (x)|
& ¢(a)<4(b).

Thus ¢ is an order isomorphism.

Next to prove that ¢ is positive homogeneous. If t>0, ae. A", then for
every xe A, we have

[#(x)¢(12)¢(x)] =sup{|2]: 2 € o (¢ (x)#(ta) #(x))}
=sup{|4|: 4 € o(xtax)}
=tsup{|y|: p e o (xax)} =t||xax|

=t (x)8(@)8(x)] = [p () (18(2) 6 ()]
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Le, ¢(ta)=tg(a). Since a(¢(1)3) =o(1)={1}, we have ¢(1)=1. Therefore
by Lemma 2.2, there is a Jordan ~-isomorphism J:A — B such that

g(a)=J(a), ac A"
(<) For a,be A, wehave
o(6(a)6(6)())=o(3 (2)3 (5)3 () = (3 (aba)) = o (aba).

This completes the proof. O
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