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Abstract

In this paper, we study the initial boundary value problem of coupled genera-
lized Kirchhoff equations. Firstly, the rigid term and nonlinear term of Kir-
chhoff equation are assumed appropriately to obtain the prior estimates of the
equation in E, and E, space, and then the existence and uniqueness of so-

lution is verified by Galerkin’s method. Then, the solution semigroup S(t) is
defined, and the bounded absorptive set B, is obtained on the basis of prior
estimation. Through using Rellich-Kondrachov compact embedding theorem,
it is proved that the solution semigroup S(t) has the family of the global at-
tractors A, in space E, . Finally, by linearizing the equation, it is proved that
the solution semigroup S(t) is Frechet differentiable on E, , and the family

of global attractors A, have finite Hausdroff dimension and Fractal dimension.

Keywords

Kirchhoff Equation, Prior Estimation, Existence and Uniqueness of
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1. Introduction

This paper mainly studies the initial boundary value problem of the coupled ge-
neralized Kirchhoff equations:

b [V 19 00 B ) .
Ve +M ("Vmu"Z +|va 2)(—A)Zm VB (=AY + 9, (U )= (x), ()
u(x,0)=uy (x),u (x,0)=u,(x),xeQ, ©)
V(%,0) =V, (x),v (x,0) =V, (x),xeQ, 4)
a—L.j:O,a—\,/:0,(i:0,1,2,-~-,2m—1),XeaQ. (5)
on' on'

DOI: 10.4236/jamp.2022.105115 May 26, 2022 1651 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2022.105115
https://www.scirp.org/
https://doi.org/10.4236/jamp.2022.105115
http://creativecommons.org/licenses/by/4.0/

G. G. Lin, F. M. Chen

where Qc R"(n>1) isabounded domain with a smooth boundary 0Q,
vrul” + vy 2)(—A)Z’“ u,

2 .
18

2m
u

p
+|
P

9, (u.V,),9,(u.,V, ) are nonlinear source terms, M (|

M(|

real function, f,(X), f,(X) are the external force disturbance, and S(-A)
B(~AY" v, (B>0) are strong dissipative terms. Assumption of rigid and non-

v™u z + ”va"2 )(—A)zm v are the rigid terms which M (| vTu vhy

p
+|

p

t >

linear source term will be presented at the back, to get the equation of the long
time behavior of some theoretical results.

Kirchhoff equation is an important nonlinear wave equation. In 1883, when
studying the free vibration of elastic strings, Kirchhoff [1] proposed a physical

model

,oh%+5ut =P, +§_E(.[0L|ux|2 dx)+ f(x),0<x<Lt>0.
where tis the time variable, E is the elastic modulus, 4 is the cross-sectional area,
L is the length of the string, o is the mass density, P, is the initial axial ten-
sion, & is the drag coefficient, f(X) is the external force term, and u=u(Xx,t)
is the transverse displacement of space time ¢ and coordinates x. This equation
describes the movement of the elastic rod more accurately than the classical wave
equation. Subsequently, many scholars have studied the existence, regularity,
decay, and asymptotic behavior of global solutions of Kirchhoff equations with
strong damping or dissipative terms.

Masamro [2] studied the initial boundary value problem for a class of Kir-

chhoff type equations with dissipative and damping terms
u, —M (||Vu||2)Au +8uf"u+pu, = f(x),xeQt>0,
u(x,t)=0,xe0Q,t>0,
u(x,0)=uy(x),u (x,0)=u,(x),xe Q.

By using Galerkin’s method, the existence of global solution of the equation
under initial boundary value condition is proved, where QQ c R" is a bounded
domain with smooth Boundary 0Q,and §>0, >0, Vy2>0,

M (7) € Cl[O,oo) .

In reference [3], the initial boundary value problem of high-order strongly
damped Kirchhoff equation is understood by studying the paper of Guoguang
Lin and Chunmeng Zhou,

Uy +M (”Vmu”z)(—A)zm u+B(=A)"u, +ul"u=f(x),a>0,
u(x,0)=uy(x),u, (x,0)=u,(x),xeQ,

olu .
u(xt)=——-j=12,2m-1xeoQ.

aVJ

where m>0, p>2, QcR" is the bounded domain with smooth boundary
0Q, B>0 is the dissipation coefficient, S (—A)Zm u, is the strong dissipative
term, |u]”u is the nonlinear term among p>-1, and f(X) is the external
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term. The existence and uniqueness of the global solution and its continuous
dependence on the initial value are proved by Galerkin’s method, and the exis-
tence and dimension of the global attractor are obtained.

Based on the above references, Guoguang Lin and Lingjuan Hu [4] studied

nonlinear coupled Kirchhoff equations with strong damping
2 m m
J(-a)"us p(-4)" 4 g, (uv) = (%),

v, +M (|Vmu 2)(—A)mv+ﬂ(—A)m v+, (u,v) = f,(x),
u(x,0)=uy(x),u (x,0)=u,(x),xeQ,

V(%,0) =V, (X),V (x,0) =V, (x),xeQ,

Qu_p 2V

0, 0,(i=012,+,m-1),x € 3Q.
on' on'

\ARY,

U, +M ("V”‘u"2 +|

2
+|va

where Qc R"(n>1) isabounded domain with a smooth boundary 0Q,
0, (u,v), g, (u, V) are nonlinear source term, f; (X), f, (X) is the external force
disturbance, M (|Vmu ’ +|va 2)(—A)m u, M (| vl +|va zm)(—A)m vV are
rigid terms which M (| Vmu"2 +||va||2) is real function, S(-A)" u,,and

B(-A)"v,(B=0) are strong dissipative terms. The existence and uniqueness

of the global solution and its continuous dependence on the initial value are
proved by Galerkin’s method, and the existence and dimension of the global at-
tractor are obtained.

On the basis of previous studies, this paper further improves the order of the
strong dissipative term and the rigid term in Guoguang Lin and Lingjuan Hu [4],
where the coefficient of the rigid term is extended from M (| vrulf +||va||2) to
M (| V"u 2).

With the progress of science and technology and the continuous development

\ARY,

P
|
P

of mathematical physics equations, since the 1980s, Kirchhoff equations have
been applied in lots of many fields such as Newtonian mechanics, ocean acous-
tics, cosmic physics, especially in engineering physics, measuring bridge vibra-
tion has played a huge role. Therefore, more and more scholars began to pay at-
tention to and study the Kirchhoff equation in depth, including the existence
and uniqueness of global solutions, a family of the global attractor, Hausdroff
dimension and Fractal dimension, the existence of random attractors, energy
decay and explosion of solutions, exponential attractors and inertia manifold, etc.
And the relevant specific theoretical basis and research results can be found in
the literature [5]-[17].

The main research ideas of this paper are that the existence and uniqueness of
solution is verified by Galerkin’s method in E; and E, space. Then the solu-
tion semigroup S(t) is defined, and the bounded absorptive set B, is obtained
on the basis of prior estimation. Through using Rellich-Kondrachov compact em-
bedding theorem, it is proved that the solution semigroup S(t) has the family
of the global attractors A, in space E, . Finally, by linearizing the equation, it
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is proved that the solution semigroup S(t) is Frechet differentiable on E, . So

the family of global attractors A, has finite Hausdroff dimension and Fractal

dimension and d,, (Ak)<§N,dF (Ak)<gN

2. Existence and Uniqueness of Solutions

The following symbols and assumptions are introduced for the convenience of

statement:
Vo = L2 (Q),V,, = H?™(Q)NHG(Q) V., = H™ ™ (Q) N H (Q),
V, = H*(Q)nH(Q),Ey =V, xVy xV,, xVy,
E, =V xV, xV. ka(k=1,2,~-',2m).

2m+k 2m+k
The inner product of the L*(Q) space is (u,v)= jQu (x)v(x)dx and the norm
1
is ||u|| = ||u|||_2 = (JQ|U (X)|2 dx)2 , the norm of L°(Q) space is called
||u||p = ||u|| . A, are the family of global attractors, B, is the bounded ab-
LP(Q)

sorption set of E,, where k=1,2,---,2m. C, and C(RI ) (l =1,2,---,k) are
constant.

W=U,+&U,0=V, +&V, where U,V is the solution of the problem (1)-(5);

u=u -u,,V=\ —-V,, where u,u,,v,,v, are the two solutions of the prob-
lem (1)-(5);

W=U,+¢eU,Q=V,+&V, where UV is the solution of the linear initial
boundary value problem (66);

y=u-u-U and z=v-v-V isthe solution of the problem (67)-(68).

The rigid term and nonlinear source term are assumed as follows:

(H) M (s) (||vmu|| ) and M (s)eC?(R");

m Svenulzo
(H,) m*ZM(s)zm*zl\ U= dt :

m i||V2”‘u <0
dt

(Hs) 9, (u,v).9,(u,v)eC(k=12,-,2m),

(9 (0% ) W)+ (9 (0 ). ) 2 (ol + ol )= ()= (Juf + )

where y isrelatedto o and ¢;

A 2 2eA"
_ 2m 1 m. 2m om
0< &< min 1oc A \/ A ) 4m. /4

A -2
(Hs)
—(4-Cy)+4/(4=C, )" + A7
2

Lemma 1. Assuming (H;)-(Hs) are true, letting (Uy, Wy,Vy, 0 ) € Ey
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f.(x), f,(x) e L*(Q), then there is a solution (u,w,v,q) for problem (1)-(5),
which has the following properties:
(i) (u,w,v,q)eL”((0, +oo)'EO);

m m —a C
(ii) || (u,w,v,q | —|V2 +||W|| +||V2 v" +||q|| <y(0 Ot+i§g
Bl ol o< o1+ y(@)
(iii) There are normal numbers C(R) and t2>t;, such that
J(wwova)e, =[v>"ul + [l +[v>f +lf <c (R,).
where m:[ﬂ+%J(|V2muo 2 +||Wo||2 +|V2mv0 2 +"q0"2)'

Proof: Let W=u, +¢U inner product with Equation (1),
(Un M ( vy z+ n 2)(—A)2mu+ﬁ(—A)2m U +gl(ut,vt),w):(fl(x),w).(6)

Some items are treated as follows:

(ug, W) = EE”W” e+ (u,w), (7)
(M (s)(—A)2m u,w) =M1|V2mu ‘L eM (s)|V2"‘u ?
>4 d |V2m +gm|V2mu ?
24t
(ﬂ(—A)zm u,, w) = (gvzmut,vzmut + gvzmuj+§(V2mw—svzmu,vzmw)
9)

ﬁ|V2m 2 gﬂi|V2mu 2 +£|V2mW 2 _E(VZmu VZmW)
2 . 4 dt 2 2 ' '

(0 (%) W)+ (9 (). ) 2 (|l + ) = (Julf + )= (JuF + ) - 20

Similarly, letting g =V, + ¢V inner product with Equation (2),
2 m m
(vtt +M ( Al z+||V"‘v|| )(—A)2 VB (=AY v + 9, (U, v,), q)z(fz(x),q) .(11)

The treatment of each item is similar to (7)-(10), and the above results are sorted

out,
%%[[ﬂl +%)(|V2mu ? +|V2mv 2)+||W||2 +||q||2:|+(0{—3)(||w||2 +||q||2)
+gm(|v2mu e ) ?[(ww)+(v,a)] = (Julf + ")
+§(|V2mut i +|V2mvt 2)—;/(||ut||2 +||vt||2)+5(||vzmw|| +|V2mq 2)

ﬁg[(vzmu VA" ) (Vzmv,vz"‘q)}s(fl(x),w)+(f2(x),q).

Some terms are treated as follows by using Holder’s inequality, Young’s inequa-

lity and Poincare’s inequality
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o () (0]l o 2ol Il 5. ol o) 19
(e o)z - S el <) oo
7 (lalF + )2 =57
[(VZmu V2" w)+ (V" v27g)
) e )

(fl(x),w)+(fz(x),q)£5(||w|| +alf )+%(||fl(x)||2+||fz(x)||2). (17)

Insert the inequality (13)-(17) into Equation (12), and get

S (2ol <17 o 1 =2 o 1

o[om o) 4
) 4—t(||fl<x)||2+|| L),

+[§ ﬂlj(
Fa ﬂfm \/ 2m 1 mjfm)}) ﬁ , o,

vy

) (15)

t

(16)

VZm V2m VZm Vsz

|

|

&l

VZmV VZmW 2 Vqu

+|

2) (18)

VZm

v+

letting 0 <& <min _

2 AJ.Zm

£ >0 and finally the above Equation (18) is simplified as:
g 2
(=] )+ ol |+ 2(a~36) [ + 1
3
+z(gm e +48j(| o) £

4 4L
1 2 2
<= (18O % 0 ).

then (19) is finally simplified as:

VZm Vsz

|

VZm VZm

enaf) oo

d —= . B 2 2
YO+ a2l +|vnf )< (20)
) gﬂ 2m 2m, ||2 2 2
where Y (1) = ( ](|v v o <l
2m 292m _ .3
o =min{2(a—35),4gm*/11 feh -c +48}.
(2,u+.€,3)ﬂ1
By using the Gronwall’s inequality,
— —= C
t)<y(0)e " + =2, 21
YO =y (e (21)
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vl +|V2’“q

ﬂ T 2 C —_—
?IO | dt siT +y(0), (22)

where W = [,u +%j("v2mu0”2 N "Wo”Z N | vy,

2 2
+||q0|| ), so there are nor-

¢ |
—=In
€ |280l0| y(O)‘

mal numbers C(RO) = & and t, =
o€

,when t>t,,

[(wwv.a)e, <[Vl +wlf + |72 + ol < L)gﬁs C(R,). (23)
min {y + ) ,1}

Lemma 1 is proved.

Lemma 2. Assuming (H,)-(Hs) are true, letting (Uy,W,,Vy, 0, ) € E,
fl(X), fz(X)e Hk(Q) , gl(ut,vt),gz (ut,vt) eC* where k=12,---,2m, then
there is a solution (u,w,v,q) for problem (1)-(5), which has the following

properties:
() (uwv,q)el”((0,+0);E ), (k=12--,2m);
(ii)
||(u,w,v,q)||Ek = ||V2m+ku 2 +||ka||2 +|v2m+kv 2 +||qu"2 <y, (0)e +23ﬁ )
B [vm o +|vmaff d <227+, (0);

(iii) There are normal numbers C(R,) and t>ty, , such that

(. wv.af, |

where Fo) = (y +%j("v2m+ku0”2 . ||kao||2 +|

Proof: Let (—A)k W= (—A)k u, + g(—A)k u inner product with Equation (1),

v2mky 2 +||VkW||2 +|V2m+kv 2 +||qu||2 < C(Rk ) ,

v el

2 m m
(un+M( D"u :+ D"v )(—A)2 u+B(-A)"y, +g1(ut,vt),(—A)k W) o1
= (), (-a) w).
Some items are treated as follows:
(ue () w) :%%"kanz —eviuf + £ (Viu, VW), (25)
(M (s)(-a)"u,(-a) )= MZ(S)%WMU "+ eM (s)|vemrulf o
zﬂinvzm*ku ’ +gm*|V2m+"u 2
2 dt
(B8 (-2) w)
=(§A2mu“v2m+ku[ +gv2m+kuj+g(v2m+kw_6‘V2m+ku,V2m+kW) (27)

V2m+kw

:ﬁ|vzm+ku "2 L d ||V2m+ku
2 t

4 dt

2+£|
2

|2 _%(vzmkulvmmw),
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(9 (uv ), (-2) W)+ (92 (v ). (-8) q)

<[[v* 0 (vl +[7* g2 (o w74

)
<Gy ([ u v o v« I*d]) e

C m+ m+

S S o ).

Similarly, letting (-A ) q :(—A) v, +g(—A) v inner product with Equation (2),
[t (Jul] +[7 )2 v B AT v s (00) (o) a

=(f2(%).(-8) q).

The treatment of each item is similar to (25)-(28), and the above results are

(29)

sorted out,

s (e L)l oy ool <
(o222 (fouf ¢l o
&2[(V'u, Viw)+(V*v, v*q) |+ [? 22(1:2'" j(|

(||V2m+kw|| +||V2m+kq||) |:(V2m+ku V2m+k ) (V2m+kvlv2m+kq):|

< ( f,(x),(-A) W)+( f, (x),(—A)k q).

Some terms are treated as follows by using Holder’s inequality, Young’s inequa-

y2m ku" +||V2m kv" )

y2nky, " +||v2m+kv ") (30)

lity and Poincare’s inequality

_g? [(Vku, VW) +(Vy, VkQ)]

> (ol <ol )5 <) oD
‘92 k 2 k 2 2m+k 2m+k
2= 2w +|vl ) - 2ﬂfm(llv ulf + =),
ﬂg |:(V2m ku y2mekyy ) (V2m+kV,V2m+kq):|
IB 2 2 ,382 2 2 (32)
2m+k 2m+k 2m+k 2m+k
e (a1 A B (T i v
(fl(X),(—A)kW)+(fz(X),(—A)kQ)
(33)

<ol v + 15 (15 6 0 e 0 )

Insert the inequality (31)-(33) into Equation (30), get

G e ey e

J{em* B 822 J(|
4 24"
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s
e U o0

V2m+kq||2) < i("vk f, (x)"2 + "Vk f, (X)Hz )’

amm —(4-C)+(4-C ) + A" }

pA" =2 2

8

assuming O<e< min{

s__G

S S . T )
2 2 0, 20 and finally the above Equation (18) is simplified as:

a2

2
V2m+ku|| +|

v Jofpuf |l |

t L
+2| em, _ﬂ_gz_izmj(uvmwunz + | v2m+kv||2 )
2 4 Zj,l (35)
o g ;Clgj(||vkw||2+||v"q||z)
vt ol )< oo {1V 0o < 0o )
then (35) is finally simplified as:
L0+ a0+ 57w +vemaff) <52, (36)
where yl_(t) = (,u +%j(”v2m+ku”2 N | V2m+kv||2 ) + "kanz + "qu”z ,
o, =min {Mfmgm* _ﬂgzjizzm ¢! ’2(18,112”‘ -2¢ —ﬂj} .
(2u+ep) " 8 2
By using the Gronwall’s inequality,
y—(t)me+;_a (37)
1
B (I +[vemalf at < 227+, 0), (38)
where m = [,qu%)“ vamy "2 +||VkWO "2 +| vy "2 +||qu0 "2 ) . so there
are normal numbers C(R,)= L. and t, = 1 In C | , when
eay 4 |2ea||y, (0) ‘
t>t,,
o wv. ), =[5l vl o+ ool
50w 9

P S A—
min{y+82ﬁ,1}
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Lemma 2 is proved.
Theorem 1. Assuming (H,)-(Hs) is true, (Uy,W,,Vy,0,) € E;,
f,(x), f,(x)e H*(Q), 0,(u;.,V).9,(u,V,)eC?, then the initial boundary

value problem (1)-(5) has a unique solution

(u(x.t),w(x,t),v(xt),q(xt)) e L”((0,+»);E,) (k=0,12,--,2m).

Proof: First, the existence of the solution is proved by Galerkin’s method:
Step 1: Approximate solution
(_A)z””k o; = ﬂfm*ka)j (k=0,1,2,---,2m), where A, represents the eigenvalue
of (-A) with homogeneous Dirichlet boundary on Q, o, represents the ei-
genfunction determined by corresponding eigenvalue 4, and @, @,, -, @,
constitute the normal orthonormal basis of H*™* (Q).
h h
Assuming U, =U, (t) = z Oin (t)a)j , V=V, (t) = Z fi (t)a)j are approxi-
i1 i1
mate solutions of the initial boundary value problem (1)-(5), it is obvious that
(Uy,v,) is dense in H’™*xH?*™, where g, (t), f;(t) is determined by

the following conditions

Vmuh"z +||V"‘vh ||2 )(—A)Zm u, + B(=A)"up + g, (uy ,v{]),(—A)k o ) = ( f, (x),(—A)k o ) (40)

(u{]’+ M (|
(vr’]'+M (|

p
viu, [ +|
P

Vo )Y B (A" v+ g, () () 0 | = (00 (-4) 0}, @)

where j=1,2,---,h. And the nonlinear ordinary differential Equations (40) and
(41) satisfy the initial conditions
h
Uy (0) =Ug, = D @, > Uy, (h—>0) in HI™ (Q)NL*(Q), (42)

j=1

0 (0)=uy =3 Bho >u(h>) in HEQNLZ(Q),  (43)

j=1

Vh(0)=V0h=Zh:a;'ha)j—>V0,(h—>oo) in H™ (Q)NL*(Q), (44

=1
h
Vi (0)=vy, = > Bjo; > vy, (h—>o0) in Hs (Q)NL(Q), (45)
=1

sowhen h— 00, (U, Uy, Vo Uy ) = (U, Uy, Vo 1) isin Eg .

The general results of nonlinear ordinary differential equations guarantee the
existence of approximate solutions on the interval [0,t,].

Step 2: prior estimation

Multiply both sides of the Equation (40) by g, (t)+£g;,(t) and sum over j
in the same way, multiply both sides of the Equation (41) by f} (t)+ef i (t)
and sum over j Let W, (t)=uy (t)+eu,(t), q,(t)=Vv,(t)+&v,(t), and accord-

ing to the prior estimation in Lemma 2, can be obtained

o, =[5+ [ 9w 70 <C(R) a0

B Ivma + v af at < 22T+, 0). (47)
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According to (46), (uh,Wh,Vh,qh) is bounded in L~ ([0,+oo); Ek) and it can
be seen from (47) that w, is bounded in L° ((O,T);H(f””k) and g, is
bounded in L? ((O,T); H2m ) .

Step 3: Limit process

According to the Danford-Pttes theorem, L” ([0 +oo);Ek) is conjugate to

Ll([O, +o0); E;), L2 ((O,T); Hg"”k) is conjugate to L ((O,T); Hgm”"), and we
can pick subsequence {us} from sequence {uh} and subsequence {VS} from

sequence {V,}, such that
(US,WS WV, qs) - (u,W,V, q) is weak * convergence in L” ([O,+OO); E, ) . (48)
By the Rellich-Kondrachov compact embedding theorem, E, is compactly
embeddingin E,, (ug,W,,V,,q,)—>(U,W,v,q) isstrong convergence in
L2 ([0, +oo); EO) almost everywhere.
In Equations (40) and (41) above, letting h =S5, and taking the limit, for fixed
jand S> j,get

sy u s AN v g (), (-8) 0 )= (R (0. () ). @9)
), BT g (), () o) =(.0.(a) ) 60

V™ ug

m
vy,

(ug'+M(
(ﬂ+M(

p
+
p

m
Voug

p
+
p

V™,
According to Equation (48) above, it can be concluded that
(uS (t),(—A)k o ) — (u (t),/ira)j ) is weak * convergence in L” [O,+oo) R

(u’ (t),(—A)k , ) - (u’(t),ﬂfa)j) is weak * convergence in L~ [0, +00) .

S

So (u;’(t),(—A)k o; ) = %(u; (t),(—A)k o, ) - (u”(t),l;‘a)j ) converges in

D'[O, +oo) , and similarly

(v;'(t),(—A)k o, ) = %(VS' (t),(—A)k o, ) - (v”(t),l}(a)j ) converges in
D'[0,+%) , where D'[0,+) is the dual space of D[0,+);
([l a7 )

is weak * convergence in
p
—>[M (e ]
p

p
+
p

m
vy,

2m+k

2)(v)2m+k A2 o
(M
%[M(
convergence in L”[0,+0);
(B(-2Y"ui(-A) o)
=(B-2)" W () @, )=(B(-A)" 2u,(-2) @)

Y

Ay (A o

, ok is weak *
)(v)2m+k V,ﬂ 2 a)]j

V™ u,

p
+
p

m
vy,

L [0, +oo) , similarly

p
+(V™Vv
p

v™u

]
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om K k 2m+5 2m+k 2m+k
0 (B(-A)"UL(-A) @) > Bl (D)2 w4, ey |- pe| (-A) 2 U7 e
is weak * convergence in L” [0, +oo) , similarly

(BC-aY"v(-a) w,-)%ﬁ&—A)zq.ﬂfm*sz‘ﬂ{Fﬁf"y v, 2 wJ s

K
weak * convergence in L*[0,+o); (fl(x),(—A)k a)j)—>[(—A)2 fl(x),ﬂ,;‘a)j]

is weak * convergence in L” [O, +oo) , similarly

k
( f, (X),(—A)k o; ) - ((—A)Z f, (X),i;(a)j j is weak * convergence in L”[0,+).
So Equations (49) and (50) above can be deduced that

VUl +[V™v 2)(—A)Zm u+B(-A)"u+g, (uv),(-A) @ ) = ( f,(x).(-A) @ )

v

p
+
p

(v”+ M (V7 + [ ) a) v (-8 g () (<) o ) = (1,(x).(-4) @)
It’s true for any j, and from the density of @, ®,, -, @, ,-- can obtain
" m, ||P m 2 m m oo k k
(u +M(V uj +[Vv"v )(—A)2 u+B(=A)"u'+g, (u,v'),(-A) w):(fl(x),(—A) W),

v™u AYALY,

p
+
p

Ja) v ANV g (0 ) (<) ) =(£.(0.(-4)" a),

(v”+M(
vwe H  nH], YqeH" nH;.

The existence is proved.

Then, prove the uniqueness of the solution:

Assuming Uu,,U,,V;,V, are the two solutions of the problem (1)-(5), letting
U=u,—u,, V=V, —V,, from the initial boundary value problem (1)-(5), obtain

that
:"’ M (51)(_A)2m U - M (52)(_A)2m U, _ﬂ(_A)Zmu_tz 9 (u2wV2r)_ gl(ult’vlt)7
:"' M (51)(_A)2m V) — M (Sz)(_A)Zm v, _ﬁ(_A)Zm \Tt: 9, (uzthZt)_ 9, (ult’vlt)'
T(x0)=0,u,(x0)=0, xeQ,
V(x0)=0,v,(x,0)=0, xeQ,
ai—U=o : fji—v=o, (i=012,-,2m-1), (51)
n n
where s, =M (”Vmul"Z +||V”‘v1||2),s2 =M ( VmUz”Z +[|V™v, ||2)

Let E inner product with the first equation of the above (51) and obtain
(U + M () (-8)" t, =M (5,)(-A)" 0, = B(-8)" U, ) )
= (gl (uzw\/zn)_ 9 (ult'vlt )'q>

Some items are treated as follows
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()= 5 gl (53)
VICNRTAT B] (54)

(M () (=) =M (5,)(-8)" .
=M ()-8 T )+ (M () ()", =M (5,) (A" wt )| 69)

()M () ((-4)" )|
Part of the above formula (55) is treated as follows

(M (5)-M (5)((-2)" . b,

,ud
2dt

VZm—

L]t s AT I A I WA T e
Y g
+M'(Z) _|gm , 2|V2mU2 ‘VZmE

where y €(s,,s,); by using Holder’s inequality, Young’s inequality and Poin-

care’s inequality, (56) is treated as follows,

M’ (2)[[v™u, p—||v’“u2||p [v2mu, V> u.
<pM' ()|l vl Voo Ve (57)
SC 1 ‘VZm VZm C VZm 2+£ VZm 2
2521 2
where xle(Vmul,Vmuz),
M’(7) ||V'"V1||2 —||V"‘Vz||2 7777
-l =
<c _”Vm " G |V2m—2 &C, ‘VZm 2
2‘921
A?
Through the (56)-(58), finally (55) will become
(M ()-8t =M (5,)(-4)" . )
Zﬁi vy 2 Gy oz G 2m—||2 £(C,+C, )‘ 2m_t 2 %)
2 dt 264" 260" 2

Then, according to the mean value theorem, the nonlinear source term is treated

as follows,
( u2t gl Uy s 1t) u_)‘

(gl<u2t )gl<uﬂ W)U+

(gl (UZt’Vlt)_gl(ult’vlt)'ut )‘

<
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0 t5,22) (7 u‘) .

Vi

o721

< f(uztvlz) 91()(3 ) 2

<ci( 5l +2—8HUtH ]+Ce ok

Similarly, Let Z inner product with the second equation of the above (51) and

Uy

(60)

obtain

<V_n+ M (%)(_A)Zm Vi =M (s, )(‘A)Zm vV _ﬁ(_A)Zm \71\7[)

=(gz (Up Vo )= 9, (Un’vlt)'vt)'

The treatment of some items in (61) is similar to that (53)-(59), and the above

2 —12 —|2
Jlul <]

(61)

results are sorted out that

d m—
gilllverat

\viliva

+(2ﬁ+(c3+c4)g)(‘v2mq CHvey 2) (62)
< 2 oo < v ) - S o e ),

where C, =max{C,,C,},C; =max{C,,Cq}.
So

d

it t)<a,Y,(t) (63)

2 —12 (=2
)+ w| v

where y, (t)= ("VZ”‘LT"

a, = ma\x{;?m , %+%2—/‘ciq*J} , according to Gronwall’s inequality
Y (1) <y, (0)e™, (64)
where
v,(0)=0, (65)
then u(|v>"ul +\v2mv 2)+”U_HZ sl =0, 50
foera] - Jv=re] -

Theorem 1 is proved.

3. The Family of Global Attractors and Dimension Estimation

Theorem 2. [7] Assume E is a Banach space, and {S (t)}t>0 is the operator

semigroup on £,
S(t):E—>E, S(t+r)=S(t)+S(r)(v,r>0), $(0)=1

where 7is the identity operator, if S (t) satisfies
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1) Semigroup S(t) is uniformly bounded in Z, j.e. VR >0, exists a constant
C(R) such that when [u] <R, 7 thereis |S(t)u[. <C(R) (vte[0,0));

2) There exists a bounded absorbing set B, in Z that is, for any bounded set
B c E, there exists a constant t, >0, such that S(t)BcB, (Vvt>t,);

3) {S (t)}IZO is completely continuous operator;
then operator semigroup S(t) has compact global attractor A.

In theorem 2, if S(t) is a solution semigroup generated by the initial boun-
dary value problem (1)-(5), (u (t),w(t),v(t),q(t)) =S (t)(uy, Wy, Vy, 0y ) » and
Banach space Eis changed into Hilbert space E, , there are the family of global
attractors.

Theorem 3. Let S(t) is a solution semigroup generated by the initial boun-
dary value problems (1)-(5) under the hypothesis of lemma 1 and lemma 2, then
the initial boundary value problems (1)-(5) have the family of global attractors.

There are compact sets satisfying:

A cE cE, (k=12,-,2m),and A =o(B,)=JS(t)B .

s>0t>s
where B, = {(u,w,v,q) cE, :||V2’“*"u||2 +||V"W||2 +||V2m+"v||2 +||V"q||2 <C(R, )}

D S(A =A;
2) A, attracts all bounded sets of E,, that is, any bounded set B, c E,,
having

!Lrpodist(s(t)Bk,A():O,Where dist(S(t)B,, A ) =sup inf

xeBy YA

[S()x-l,, s

then compact set A, are called the family of global attractors of semigroup S(t).
Proof: Verify the three conditions in theorem 2 to prove the existence of fam-
ily of global attractors, under the condition of theorem 1, and the initial boun-
dary value problems (1)-(5) generate solution semigroups S(t):E, — E,
1) So for any bounded set B, c E,, having

"S (t) (g, Wy, Vo, O )||2Ek - ||V2m+ku||2 +||ka||2 +||V2m+kv||2 +||qu||z <c(R),

where t>0 and (Uy,Wy,Vy,G)€B, , shows that {S(t)} ~ is uniformly
bounded in E,;

2) V(UpWo,Vo,0p) € E,, when t>max{ty,ty, } , there is

t>0

Is 00w v, o), =5l [ uf” fom o ool < (Ry).

thus B, isa bounded absorption set of semigroup S(t);

3) E, is compactly embedded in E;, ie, the bounded setin E, isa com-
pact set in E;, so the operator semigroup S(t) is completely continuous op-
erator.

Theorem 3 is proved.

After the family of global attractors is obtained, in order to estimate the Haus-
droff dimension and Fractal dimension of the family of global attractors, the ini-

tial boundary value problem (1)-(5) is linearized and obtain that
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W+M“W%M+
+M(

W+Mﬂpmquwm(

”‘U+(V

o ) 97 7w o oo a7
V||) AU+ B(-A)TU, + gy, (W

o fof | vr ]@va

Vt)Ut + glv‘ (ut’vt )Vt :0,

(66)
+M ( v" ) )ZmV +B(- )Zth + 0y, (U )U, + Gy, (U, V)V, =0,
ou' (.t )| oV (x)] ~0,i=0,12,,2m-11t>0,
on' | on' |

U(x,0)=m,U,(x,0)=m,

V(,0) =0, (10) =,

where U, +&U =W, V,+¢&V =Q, (m;,m,,n,n,)eE,and
(uwyv,q)=S
problem (1)-(5). Given (Uy,W,,Vy,0) € A, S(t):E, > E,, for any
(m;,m,,n;,n, ) e E,, there exists a unique solution
(U (t).wW(t),v (t),Q(t)) el” ([O,oo); Ek) to the linear initial boundary value
problem (66).

Lemma 3. For any t>0, C(R,)>0, the mapping S(t):E, —E, is Fre-

(t)(Ug.Wy,Vy,0p) is the solution of the initial boundary value

chet differentiable. The derivative on ¢ = (u, Ww,V, q)T is a linear operator on E, ,
L:(mum,,n,n,)" — (U ()W (1), (t),Q(t)"

where (U (t),W(t),V(1),Q (t)) is the solution of the problem (66).

Wovvo:qo):EEk’
@0 = (Up + My, Wo +M,, Vg +1,0, +1, ) € E, , where ||qo0||Ek <C(R,),

lesl, <<

this, we can obtain the Lipchitz property of S(t) on the bounded set E, , that

Proof: suppose @, = (Uy,

R), definition (u,w,v,q)" =S(t)@,, (g,v_v,y,g) =S(t)@, . From

is
[s()go-s (g, <e[(mum,.n.n,)f

where & is arbitrary constant.
Let y=u-u-U,z=v-v-V is the solution of the following problem (67)-
(68),

2 m m
Ve + M ( V" v )(—A)2 y+B(-A) "y, =h, (67)
zn+M(V ul” +[vm 2)(— Y 2+ B(-A)" 2, =h,, (68)
y(x,0)=0,y(x,0)=0,xeQ,
2(x,0)=0,2z(x,0)=0,xeQ,
%Y 022 (=012 2m-1
o'n o'n
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where letting h, =h, +h,,h, =h, +h,,,

hH:M(||Vmu||Z+ \Y vz)(—A)ng—M( 2)(—A)zmg
o +||vmv||2)[(||vmu||;)' v o vva(_A)zm "
hyy = =0, (U % )+ G (U Vo) + Gy (U % )U, + Gy (U %)V (70)

2)(—A)2my— M ("D"‘g"z +|[D™v 2)(—A)zm v

o) (Il 7o ol oo a5

oy = =0, (U )+ 0, (U V) + Gay, (U V)V, + Gy (U V)V (72)

vTy

p
vTull +
p

(69)

+M’(V

h21:M(VmuZ+

(71)
+M ’( D" v™u

p
D"u| +
p

Let (—A)k y, inner product with Equation (69) and obtain,
2 m m
(yn M (o] J-ay"y+ B(-a)" yi (-4 yt)= (h(=8) ) 73)

Some items are treated as follows

(Yoo ()" v) =7 > Ly, (74)
m, ||P 2 2m d 2mek |2
(M(V ul -+ )(—A) y.(— ) yt) 2dt|v yll (75)
2m k 2m+k
(ﬂ(_A) Yis (_A) Yt ) = ﬂ"V Yt || . (76)
First deal with Equation (69), for convenience, and the following symbols are
introduced
§=V"u,s=V"u,t =D"v,t=D"v,li=u-u,V=v-v,

N (s)=m(JsIE <[ ) (1) o (F (|s||p I (1EF).
B(1)=M"(Is|? + |t )(ntn ),
= (M (1L T )~ M ([l + ) ) (-a)"u
M (Jsi +||f||2)((||§||z)’ VU +(JEF) vmv](—m . @)
=hyyy + gy,

where
s = (M (ST +[E1°) =M (Isff +[EF ) (-a)""u
M (IS0 +{eF (IS ) vmu (-a)"w,
Pz = (M ([l -+ €)M (Isl} +[elf ) ) -2)"u
M (Isi €I )(JEIF ) v (-a)"u

(78)
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Next, /7111 ,/7112 is processed as follows

e =M (el I )(lzl?) vma(-a)"u
+M'(||§||i+||t-||2)(||§||*’)'vmu<—A>”"u

=N (2)V"0(-A)" N (5)V7U (-A)"
=N (2)V"8(-a)" U N (z,)V"0(-A)" 0
N(E)VII(-Af" U N(S)VY(-A) "y
(80
N' (1 )(vm)m u(1-6)~N(z)v"0(-a)" 0
N(E)VTy(-A)"
e =M (Jsl? Ll ) (el V79 (-8)"u
M2 + [ )(EIF) 9™ (-a)"u o

=B(z)V™(-A)"u+G(T)V mv(— Y u
=—B(7)V™V (-A)"u-B(z)V"z(-A)" u+G(T)V"V (-a)"u,
where y, =05+(1-6,)s, 75 =6, 7, +(1-6,)5, x5 = 6T +(1-6,)t,

6,.6,,0,(0,1).
By using Holder’s inequality, Young’s inequality and Poincare’s inequality,

((—A)k Yeo hn) is treated as follows
((=8) yorh) = (-8 o )

~|2

N e e T L o
/115 A‘lT
Gy |y Co S v vy s2)
i i

<(& (C10+C11+C12 J” yt"

|27
Clz |2 + &+ Cl’( ||V2m+k |
2 247 "¢
The following processing is carried out through the mean value theorem

2215
hlZ =0, (UUVI)_ 0, (U_IV\i)-’_ glul (utvvt)ut + glvt (utvvt )Vl
og, (u,,V, a9, (u,, Vv,
=0, (U, )= 0, (U )+ 0, (U ) - 0, (U v ) + 12{}“ u, + l(avi y,

<6gl(ut,;(7)\7 +591(lg:\i)a +591(Ut:Vt)U +591(Uth)V

t

V2m+k 7

N o t OXs t ou, t v,
ag, (u,, a9, (u,V, a9, (u,,V, 09, | 284V,
S( gl( t Z?)_ 91( t t)]Vﬁ gl( t t)(vt+vt)+ 1( 8 _T)
Ox; oV, oV, OXs
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ou, ou, ou, ou,

_agl(ut,\i)JU +(agl(ul,vl)_agl(ut,vt)]a +agl(ut,vt)(a 0)
t t t t

2 o Y
< 0 gl(ut'lg)(l_94)(\7t)2 n agl(ut'vl) 7+ 91<Z210 _‘)
6;(9 M, o

azgl(u ZM)VU agl(ullvl)y
a7(11 G ou, v

(1-6:)(a)" (83)

where
Z7:‘94V:+(1_94)\ivls 65U, +(1-6;)u U, Yo = Os 167 + (1= 05 )V,
Ko = 7;(8+(1—97)ut,;(11=6’8V_t+(1—¢98)vt,94,---,4986(0,1).

By using Holder’s inequality, Young’s inequality and Poincare’s inequality,
((—A)k Yoo h12) is treated as follows

((-8) yooh)

< azgl(utalg)

o9, (u;,v)

sl oot Heals [
0? ,
ool g raf Lpyp| B ooy
10 R 2 \ i »
0°d, (U, T
[P il

St + Sl o e e S it

k
+%"V Z, || .
Similarly, Let (—A)k z, inner product with Equation (68) and obtain,
(zn M (] V) o) 2+ B(-a)" 2 (-a) 2 ) = (. (-a) ). (89)

Some items are treated as follows

(o) )= gl e
(M ( V™u z +[V™v 2)(—A)Zm 7,(-A)" Zt) 2‘ :t V2m+kz||2’ (86)
(ﬁ(_A)Zm Zt,(—A)k Zt):ﬂ|v2m+kzt” , (87)

((_A)kZt,hn)g{&_i_(ClO'i‘Cll"‘Clz )" " 2/11 ||V2mk||
&

A R
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(SYEYNE [;f;;; G+ el S

g 4 C,é&
14 ||Vu|| 16

R

Based on the above Equations (74)-(89), it is sorted out that
R R (i )

2
7

V2m+kz

+|

V2m+k

“2p(v el +]

< [(c10 +Cy+Cy)e +%ﬂ;2‘€c"+ 2(Cs+Cyy )j("vk v +[v*z ||2) (90)
C11 +Cy (||V2m+k +|V2m+kz 2)+[C " Cu j( vkl +|V2m+k\7 4)
gﬂl 9 gﬂlk—m

+(C14+c16)g(||vkat||4 +||Vk\7t||4),
finally simplified

4 4 4
verrkq] e via [+ Ve ),

LY=o (O[> +

CutCi+2:Co yc ¢ )cn+c12}
15 17 ) >

where O3 = max {(Clo + C11 + C13 ) &+ 221k gﬂ,lm,u

Cp
a4-max{c +gjl (C +Cy)e }

V2m+k y 2 v2m+k

2
Zl ]

4 4 4
v +||vkat || +||VkVt|| dt

*|

=lvul e v u
according to Gronwall’s inequality
y3_(t) < me‘“‘ +e% ;

< Cype™ |(my,my. 1y, )||:Lk .

V2m+k 1] 4 V2m+k

+|

when ||(ml, m,,n;,n, )||2Ek — 0, there is
S(t)&—S(t)% - L((ml'mZ'nl’nZ )T)

Jmema.ma )

2

Ex agt 2
<Ce™ ||(ml,m2,n1,n2)||Ek —0.

Lemma 3 is proved.
Theorem 4. Under the condition of Theorem 3, the global attractors of initial

boundary value problems (1)-(5) have finite dimensional Hausdroff dimension

and fractal dimension, and then d,, (A )< % N,d: (A)< g N.

Proof: In order to estimate the dimension of the global attractor, the initial

boundary value problems (1)-(5) are rewritten as

o, +H*p=F(p), (91)
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.
where @ =(u,w,v,q) , W=U,+&U, q=V, +¢&V,

el -1 0 0
o (1-pe)(-A)" +e21 p(-A)" —el 0 0
- 0 0 el -
0 0 (1-pe)(-A)" +&%1 B(-A)" ¢l
0
f,(x) =0 (U, v )+(1-M ||Vmu||z +||va||2 (-A)"u
o sttt
f,(x)- 9, (u.v, )+(1— M (”V’“u"z +||va||2 ))(—A)Zm v

Let L(p)=¢ =F(p)-H=*p, v, =L(0).
According to Lemma 3, L:E, — E, is Frechet differentiable, so (91) can be

rewritten as

v, +P (@) =T, (0)*y+T,(p)*v, (92)
where y=(UW,V,Q)", W=U,+eU, Q=V, +e&V,
el - 0 0
o) (1-pe)(~A)" +&21 B(-A)" -l 0 0
(¢)= 0 0 el - :
0 0 (1-pe)(-A)" +&%1 B(-A)" —el
0 0 0 0
EQyy, (ut’Vt) Oy, (ut Vr) &0y, (ut Vt) Oy, (ut Vr)
Li(p)= 0 0 0 0 :
£y, (ut Vt) G2y, (ut Vt) €0y, (ut Vt) 92y, (ut Vt)
0 0 0 0
(1-M(s))(-a)"-D, 0 -D, 0
F =

2 (#) 0 0 0 0
D, 0 (1-M(s))(-a)"-D, 0

DU =M (”V"‘u” 2)(||vmu||") VU (-

p
2 2

DV = M’( )( ) vV (-

DU = M( 2)(vm z)vmu

DV = M’( vy )( 2) vV (-

and U,V is the solution of problem (66).
For every fixed (u,w,v, q) € E, , assume that d,,d,,---,d, are Nelements in
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E.»and w,(t),w,(t),---,w, (t) are Nsolutions of the linearized Equation (92)
with an initial value y;(0)=d,,y,(0)=d,,---,w, (0)=d, , where Nis a natu-
ral number.

It can be obtained by calculation
d
—”'/’1( YAw, () A Ay ( || —2tr( (7))Q N(z’))||dl/\d2/\---/\dN||=0,
dt

where L, (¢(t)) =L, (S (t)%) is a linear mapping, @(t)=S(t)@, is the solu-
tion of problems (1)-(5), A represents the outer product, tr represents the
trace of the operator, Q, represents the orthogonal projection from E, to

span{y; (t),w, (t),-.wy (t)}, and the N dimensional volume A} d; is
wN()—sup sup "'//1 /\'//2()/\ /\WN "NEk

djeBy

Through Gronwall’s inequality, can get

"'/’1 () Ay (t )

/\Ek

t
< ||'/’1(0)/\"'/\V/N ||AN ‘. exp’[otr(Lt (o(7))Qy (r))dr
For any given time 7 , suppose
h(7)= (fj (7),¢;(2).m; (7). 0, (r))T ,j=12,---,N are the standard orthogon-
al basis of space span {!//l (t).w, (1), vy (t)}, then define the inner product

on E,

(hj7hj) :(v2m+k§“v2m+k§) ( gJ’V Cj)

+(V2m+k7] V2m+|<77) (Vka Vo )

and norm is

A N R L Y L Y VY s
Through the above conditions, can get

(L (0700 (7) = XL (o) Qu () (<10 7)),
=2 (L o) ey (),

j= k

5N

where
(Lo, (2).y (),
=(Tu(@)b; (2).hy (2))+ (T2 (@) h; (2).hy (7)) = (P (@) h; (). hy ())-

Some terms are treated as follows by using Holder’s inequality, Young’s inequa-

lity and Poincare’s inequality
(P(¢)h; (z).h; (7))
:8(V2m+k§j,V2m+k§j)_(V2m+k§j’V2m+k§j)+(l_ﬂ8)(V2m+k§j’V2m+k§j)
+f (VA5 V4G, )+ (VP VG ) e (VEE,L V)
+8(V2m+k77j,Vzmknj)—(Vzmkaj,Vzn”knj)+(l—ﬁg)(vzm+k77j,vzm+k0'j)
+&° (V'n;, V¥o, )+ B(V*" o, V™o, ) —2(V¥a, Vi, )

DOI: 10.4236/jamp.2022.105115 1672 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.105115

G. G. Lin, F. M. Chen

>y [ - (2= po)v i vt 9 It |
+ﬂ|V2m+k§j "2 _‘9"Vk§j "2 +5|V2m+k’7j "2 _(2_ﬁ8)|V2m+ij |||V2m+k77j "
ol M1 T O e I T
2[8 19 (2 pe J"Vzm kng"
S S e e
(95)
dlec Cax (22_ ﬂg)Juvzmkﬂj "2
Cy(2 2

o an -2 ;28 LI Ny -
(rl ¢ T))
= (glu veE, vka,) (90, V¢, V¢, ) +2( 90, Vin VS

_(gl"tv O-J"V é/j)+g(g£utvk§jivko-j)_(géutvkgj,vkﬁj)
+g(ggvlvknj,vkaj)—(ggvtvkaj,vkoj)
seloi ] Vv s l-loi ] el +elai ] [vn llvei]

A B e S P e

8 SN e R B e e B |
< g (C21+C25 " f ”2 g? C23 -+-C27 " ”2

C,+C C,+C

J{ &(Cy + 232): 24 T Cog _szJ"Vka,—"z

+(cz7 +Cys +‘;(c26 +Ca) CZSJHVKG,- i 6
< (C21+C25 " 51”2 &2 (CZ3+C27)||Vk77j||2

2
+(ng _C21 "ngj || + C30 _Czs)"Vko-j ”2’

£(Cyy+Cpy ) +Cyy +Cy c - Cp +Cp +6(Cys +Cyg)
2¢ T 2 ’

where Cy =
(T2 (@)1, (7)., (7))

= (1M (5)) (VP74 V2, )M o)

[ AV 0T, v )+ (1M () (V7o)

-M '(s)(”Vmu”z ) ((—A)Zm wne ,vkaj)

m Z), ((_A)Zm UVm+k§j 'ngj)
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M) ([v]) ((aF v, Vo)

<=M (s))e [vrms |ar v, [« N Y |(-a )" u| v <]
2
+|G (t_)|H(—A)2m u \im"vmm [Ive¢, ] +|a-m () Cxo V24,
%2
Ny e vt |
112
o @lf-ar v a I
212
< (m* _]_)C315 N 52C32 -|r—nC35 J| V2m+k§j ||2
2 2&l]
+ (m* _1)C348 " ‘92036 ZC3SJ| 2mk j"2
2 26,
. (97)
-1)C
. (m 2)8 31X1 C32 +& C33 ]"V é,] ||
N (m* _]_)Csldfm . 52C35 +C36 ]"VkO'j ||2 .
2 2
Substitute (95) (97) into (94) to obtain
( j (T))Ek
== (¢)+1“ ()h;.hy)
19 2 ﬂg m _l)C315_52C32 +Cy |V2m+k§ ||2
2 26" )
Czo 2 :85 m* _1)C348 _ 52C36 +Cy ||V2m+k "2
2 26T 7;
(m 10y -Gy -2 Galeopi)a (MR
M]"V éf || [ 112m +C,—Cyy - &2 _|2_2€
Cyu(2-P5) 4" (m"-1)Cy 4" _§°Cy +Cy J"V"U' "2
2 2¢ 2¢ !
+[§+ (Czl +C, j"Vkég " [ g2 (C232+ C27)]||Vk77j ”2 (98)
cal s afrnf sl el

ra v ravi
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where

_ Cio (Z—ﬂg) _ (m* _1)C3lg _ £°Cqy +Cy

=& s
by 2 2 264"
. _g_CZO(Z—,Be)_(m*—l)CMg_52C36+C33
2 2 2 2e0"
. g2 +2s Cyl(2-pe) A2
b3:ﬁ/112 +C22_ng_ 2 - 19( 2 )

_ (m* _1) Ca ™ Gyt £°Cyy

2¢& 2
. £2+2¢ Cy(2-Pe) A7
bAZ,Bﬂ'lZ +C28_C30_ 2 - 20( 2 )
3 (m* _1) C34/112m _ £2C35 +Cy
2¢ 2 '
_gz 82(C21+C25) _gz 82(C23+CZ7)
ATy Rty

2
Supposing 0<b=min{b,b,,b;,b,} , a=max{a,,a,}, combining the above
Equations (94)-(98) can obtain

(L (e()h, ()., (2)),

i=1 k

S—Nb+aj§_;("vk§j "2 +||Vk77j ||2) (99)

For almost all times 7 , existence § = mk+k and 0<73 <1, thereis
Nk s [P o = 451 IR 5
vl <2 X v <24
j=1 j=1 j=1 j=1
So
N N
2(L((2)h; (2).h; (7)), <-No+2a) 27 (100)
j=1 i=1

Because 0 =!i_qu (t), where gy (t)=sup sup E(I;tr(L‘ (S(z)@,)Qy (r))dr),

ppeAdjeEy t

can obtain @, <—-Nb+ Zai /"Lj?’l .
[l
Therefore, the Lyapunov exponent §;,d,,---,gy (N >1) on set By is un-
iformly bounded, and ¢, +9,+:--+ g, <-Nb+ Zai ﬂf’l , where 4, is the ei-
=t
genvalue of (—-A),then 0< <A, <A << .

N _ N _ 3
So (a;). < —Nb+2a;ﬂf’1 < 2aj§ﬂf4 <ZNb,

N q
dy <—-Nb 1—§Zﬂ?‘l <2 Nb, further max( J>* 3
Nb 4= ) 7 =N q 4
N N
Thus, we can obtain d,, (A )< 37, de (A) < N .
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