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Abstract

An extension of General Relativity is presented based on a scalar Lagrangian
density which is a general function of all the independent invariant scalars
that one is able to build by the powers of the Ricci tensor. It is shown how the
new terms arising in the generalized Einstein filed equations may be inter-
preted as dark matter and dark energy contributions. Metricity condition ful-
filled by a new tensor different than the usual metric tensor is also obtained.
Moreover, it is shown that Schwarzschild-De Sitter, Robertson-Walker-De Sit-
ter and Kerr-De Sitter metrics are exact solutions to the new field equations.
Remarkably, the form of the equation of the geodesic trajectories of particle
motions across space-time remains the same as in Einstein General Relativity
unless the cosmological constant Lambda is no longer a constant becoming a
function of the space-time co-ordinates.
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1. Introduction

Several attempts have been proposed in order to modify General Relativity (GR)
and its applications to cosmology [1] to explain the emergence of the so called
dark energy (for a review see, e.g. [2] [3] [4]) related to the cosmological con-
stant (see, e.g. [5] [6]), and of the great amount of dark matter in the universe
(see, eg. [7] [8]). Very many of such researches are based on the replacement of
the curvature scalar R appearing in Einstein-Hilbert action integral with a ge-
neric function of R (see, eg. [9]) or of more possible physically significant sca-
lars as the trace 7 of the energy-momentum tensor [10] [11].

Instead of following the f(R), f(R,T) approaches, in the present paper we
will formulate a Widened General Relativity (WGR) involving a scalar Lagran-

gian density depending on the independent invariants that one is able to build
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starting from the independent powers of the Ricci tensor.

In Section 2, we define the independent powers and the independent invariant
scalars that one is able to build starting from the Ricci tensor.

In Section 3, we deduce the Euler-Lagrange field equations arising from a Lagran-
gian density depending on such independent scalar invariants in a n-dimensional
manifold V". In particular in subsection 3.1 we show that the scalar Lagrangian
density governing the theory is required to be a homogenous function of the in-
variants of degree /2. Moreover, we observe that the generalized Einstein equa-
tions for the gravitational field, when read from the viewpoint of usual GR, exhi-
bit an energy-momentum tensor involving new terms candidate to be inter-
preted as dark matter and respectively dark energy.

While in subsection 3.2, we examine the relation between connection coeffi-
cients, the metric tensor and the new tensor G= (G W) fulfilling the metricity
condition in place of the usual g= (g v ) .

Section 4 applies the results previously obtained to a four-dimensional physi-
cal space-time. It is emphasized that when a solution, involving a parameter A,
fulfills the physically relevant condition R, =-Ag,, , the results are greatly
simplified, since all the unknown constant parameters mutually cancel. In sub-
section 4.1, we show how the static Schwarzchild-De Sitter metric is a solution to
the WGR field equations, allowing dark energy (with A as cosmological con-
stant) and a dark matter to appear in the energy-momentum tensor, according
to the GR view point, notwithstanding they are not present in the WGR Lagran-
gian density. In a similar way in subsection 4.2, the Robertson-Walker-De Sitter
solution is obtained involving dark matter and dark energy contributions.
Eventually, in subsection 4.3, also the Kerr-De Sitter solution is obtained in un-
twisted co-ordinates involving the presence of dark matter and dark energy
terms.

Section 5 examines the geodesic equations describing motion of a test particle
or a point representative of some cluster of masses, evaluating the extra tidal
forces arising from the non-linear dependence of the Lagrangian density on the
invariants of the powers of the Ricci tensor. Remarkably such geodesic deviation
respect usual GR is null since the cosmological is really a constant. Otherwise, it
involves some of the new unknown constant parameters appearing in the La-
grangian density, which are to be tuned with the experimental astrophysical ob-
servations. So the form of the equations of the geodesic trajectories of particle
motions across space-time is not affected by dark matter and dark energy unless
the cosmological contribution A is no longer a constant becoming a function
of the space-time co-ordinates. In the latter case, it is shown that only the powers
of A up to the seventh order are involved in the geodesic equation.

Section 6 concludes the paper.

2. The Independent Powers and Invariant Scalars
Characterizing the Ricci Tensor

Let R be the Ricci tensor of components:
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R, =T% , -T% -Turh +14 1, (1)

uv,a ua v up= va uvs ap?

the co-ordinates, in an n-dimensional manifold V", being

x*,(#=0,k;k =1,2,--,n—1), the components of the metric tensor g being
g,,  its signature being (+,—,---,—), and the connection T' being assumed to
be torsionless. A similar but simpler approach was already exploited, but consi-
dering only the scalar curvature R plus the squared Ricci tensor in [12] [13].

Let us define the powers of the Ricci tensor:

R;(,?/) = g”\/l R‘S‘z = Rﬂvl REIZV) = gaﬂRya Rﬂv"“ (2)

(n) _ qauh e an 1P .
R#V - g g Rﬂal Rﬂlaz Rﬁnfzan—l Rﬂnfl‘/ !

only n of which are independent (ie., as many as the number of dimensions of

V™). In fact, thanks to the Hamilton-Cayley’s theorem, it results:

(-1)" R +(-1)"" a, R +.--+ayg,, =0, (3)

v uv

higher powers being linearly dependent on the previous 2 ones, resulting:
(-1) R =—(-1)"a, R -~y (4)

Each coefficient a_,,1 =1,---,n is the sum of the determinants of all the dis-

n-|?
tinct minors of dimension (n—l)x(n —1) related to the elements of the main
diagonal of R, .

The traces of the tensors of components RSE (I =1, n) provide a set of n

independent invariants:

|(1):g#VR =R, - |(”):g#VR(”):R(")' (5)

v 1%

which are enough to build a Widened General Relativity theory (WGR).

3. Lagrangian Density and Field Equations

Let us now consider the most general scalar Lagrangian density one is able to
obtain from the Ricci tensor independent powers, which is provided by any ge-

neric function of the independent invariants | W,

EEL(I(')), (6)

where the previous notation is to be intended as a shortening for:

[’(|(1),|(2)’...,|("))_ 7)

Then the corresponding action integral governing WGR theory we are ex-

amining results to be:

s = [, Jlole(1?)d"x, 8)

where gis as usual, the determinant of the metric tensor g= (g W) and Q is
the integration region in space-time. The Palatini variation [14] of S respect to
the field variables g“",I' , treated as independent, leads to the equations go-

verning the WGR theory.
We have:
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5S = 5IQML(|<'))d"x =
Let us evaluate:

5| lale (1) | = Jlaloc 1)+ £(1)5 gl

Developing calculations we obtain:

S JBIE(1)]~ IS €01 -l

where:

and we have omitted the functional dependence of L . Now:
M) _ jpU-vav 1) ¢4 (-Dav _ vop(1-1)
oIV =IRVSR,, +R,69, R =g"g" R, .

Then it follows:

o[Jale(1)] - 31z, R R,
+\/E[I§E.(I>RSV)—E£9W}59”V.

More, evaluating:
OR,, =5} (858) - 8,57 )6T},
+[845,T, =8, Th, 54T, +8,T%, |oT

uv?

we have:

o[ ol (1)

—\/—Zw(,R'lﬂW(aaav 5,5) o

uv,a

+lg] Z'ﬁ.m ROV [555,T%, — 5/, 84T, + 8,1, [T,

+\/7|:Z£|(I) yv ‘Cgpvi|§gﬂv

Therefore, the Euler-Lagrange field equations follow:

L 1
Zl‘cl(l) (v E‘ngv :0'

NI AC TRt

1=1

_Iz;: |\/@£m) R(-1r [5//; (é}vrﬁp -I7, ) =6, T + @TZJ =0.

©)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

Equation (17) generalizes the Einstein equations of free gravitational field,

while Equation (18) replaces the usual metricity condition, defining the connec-

tion coefficients.
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3.1. WGR Filed Equations (Generalized Einstein Equations)

Let us examine the Euler-Lagrange field Equations (17):
y4

n 1
|
éqmmhzmwza

The trace provides a necessary condition to which the Lagrangian density is re-

quired to obey, ie.

n
n
YL -=-c=o. (19)
= 2
Developing we have:
zwﬂ”+qmﬂa+m+5mﬂﬂzgc. (20)

According to Euler formula it follows that £ is required to be a homogenous

function in the variables 1) of degree n/2.

Besides we observe that Equation (17) can be usefully written as:
< 1
1 |
Lo RE) +|§£.(I>R;(w) _E'Cg;w =0. (21)

More, recalling the definitions (2), and being necessarily:
ﬁl o #0, (22)

so that at the first order the theory approaches to usual Einstein Relativity, we

have also:
1L AU
R,——=—9, =— '—R(V). (23)
To2L, Tt ';ﬁ.u) .
And also:
1 n E(I) n 1l £
R,-=Rg, =-Y ——Rl 4= -Rlg,,. (24)
H 2 H é ‘Cl(l) H 2 ‘C’I(l) H

On interpreting the latter equation from the viewpoint of usual GR one is led
to consider the r.h.s. term as own to matter, governed by an equivalent ener-

gy-momentum tensor defined as:

n L
_ O R0 1 £
KT, =2 —Ry+o ——-R1g,,, (25)
! 1=2 £| (] ’ 2 [£| ® )
so that we may write Equation (23) in a more usual form as:
1
R,uv _Engv = KT,uV' (26)

Appearing of an energy-momentum tensor in the last equation, in absence of
observable matter and fields, may be interpreted as dark matter and vacuum or
dark energy contributions. In fact on decomposing T, onto the proper plat-
form of the particles of a fluid traveling with velocity U= (u u ) , We may write:

(dm)

- (de) -
T;tv - p uyuv - p }/yv’ ypv - gyv _u/,zuv' (27)
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(obs)

More, in presence of observable matter and fields a contribution T, is to

be added. In principle, one could guess even that all (dark and non-dark) matter
might arise from the energy-momentum tensor (25), especially when it is sup-
posed that usual matter and non-gravitational fields are hidden in higher di-

mensions (N> 4) of space-time [15] [16].

3.2. Connection Equations in WGR

Now Equation (18) can be more conveniently written as:

Sl (orR -]

—Zlf L [ (Depe ROV _RODTs 5;R("1)”’1“§J -0,

(28)

On developing the last relation, dividing by \/E and reordering we arrive at:

n
(1-1)uv (1-1)Bug-v (1-1)
ZI[(EI(I)R ) F LRI LR Wrﬂ

1=1

31| (£0R) £ R, [+ l0g Jgl) S0 R @)
—5V(Iog\/7) ZIE R(I ke ZIE RO e —o,

After some simple but tedious calculations we finally obtain:

< 1-2) v . IDfurr | 1-1
(ZMI(,)R( )*j +ZI£I(I)R( )“FM+ZI£|“)R( s
=1 PR =1 (30)

Lo, 1 e

The relation (30) defines implicitly the connection coefficients T, as an ex-

tension of the usual metricity condition. Let us now set:

wo_ 13 (1I-1)uv
G ==X R (31)

where o is a positive function which will be determined soon. So Equation (30)

may be written as:
(Jaeuv)ﬁﬁeﬂur;lwzewr;;{(.og( ) -1 }fewz L (32)

Developing we obtain:

VG +G* (Vo) +3aG™ T, +VaG T,
+[(Iogﬁ)l—rﬁp}/;@w=0

(33)

And also:

G* +G* (logvar) +G™T}, +GTY, +[(I09 J@)A —%}G’” =0. (34)

Introducing G, , defined as the inverse of G*:
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G, G" =5 (35)

and multiplying (34) by G,, and taking account that:

26,.6% =~ (log. ] . (36)

it follows:

—2(Iog\/@)%+zrﬂ [(Iogm) —F”} =0. (37)

On choosing:

a =H G :det"G

, (38)

)%

it remains:
(n-2) [(Iog,/ |g) -7 }— (39)
And being n>2 in physical space-times:

(Iogm) -7, =0, (40)

Then (34) becomes the metricity condition:
G* +G™TI, +G"T% =0, (41)

for the tensor G*¥, which is to be used to raise indices in place of g*”, while

theusual g, still defines the metric of space-time, the interval being still:
2 v
ds” =g, dx“dx". (42)

In order to avoid confusion one could adopt the notation:
A" =G" A, (43)

for any index raised by G*”. From (41) one easily solves also:

1

a af
F#V - EG (Gﬂﬂ,v + GVﬂ,ﬂ - G#V:ﬂ ) (44)

4. Equations in 4-D Space-Time

In a four-dimensional space-time V*, from the definitions (2) we have simply:

RV =0, RU=R,. RZ=9g"R,R,, )
RY=9”9"R,R,R,, Rl =079"¢g"R,R,R, R,.
And:
|0~ RO R, 10— R, »
1) gmRO), 1) gurR),
»

We remember that here the usual inverse metric tensor ¢
the invariant scalars, according to the definitions (5). Then into the WGR field

still appears into

equations:
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1
Ry = 5RO, = K(T(dm> +T(de))’ (47)

uv

the dark matter and dark energy contributions become:

L L L
K(T,Esm) +T;ESE)) __~oe R;(,zv) 50 R/(j,/) S R}(;;y) +l L “Rlg,. 48
L @) L @) L @) 2\ L @)
| f | f

In particular, thanks to (20) we know that the Lagrangian density is a homo-
genous function of 1Y, I(Z) 1), I(4) of degree 2:

L=a,1"+ a22 2 4agl®? +a, 12 124,11 423,10 @)
+2a, 1M1 422,191 12,111 424,111

the a; being constant coefficients to be determined. According to a matrix

formalism we have in a more compact formula:
L=1-A-1, 1=(17), A=(a,). (50)
The derivatives respect to the invariants | M become now:

|(1) = 2311 +2a12 +2313 +2814 v

L = 28,1 + 22,17 + 22,17 + 24,11,

(51)
L =2a,1 " +28,1? + 22,119 + 22,1,
Ly = 22,19 +22, 1" +2a,1 + 23,11,
or in matrix formalism:
V,L=2Al (52)

The matrix elements &, are in general undetermined within the theory and,
in principle, should be determined by adding special symmetry criteria and ex-
perimental results. So one could require, e.g., that the matrix A is diagonal, so
reducing to 4 the number of its elements. But it seems more relevant to observe
that in correspondence to the known physically meaningful metrics (Ze,
Schwarzschild-De Sitter, Robertson-Walker-De Sitter, Kerr-De Sitter) the condi-

tion:

Ry ==AG,,, (53)
holds, from which we obtain:
Ry, =-Ag,,. Ri=A%g,, 50
Ry =-A%g,,. Ri=A%g,
10 =—4A, 19 =4A2, 1® =—ap® 1Y =4A" (55)
Therefore the Lagrangian density becomes simply:
L£=16(a, A% +a,A* +a,A° +a, A" +a,A° 6
+agAt +a, A% +a,A% +a,A% +a A’ )
And the derivatives respect to the invariants are:
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L, =-8a,A+8a,A” ~8a,A° +8a,A",
L =-8a,A +8a,A" —8a,A° +8a, A",

(57)
L o =—8a,A +8a,A” —8ay; A’ +8ay,A",
Ly =-8a,A+8a,A" —8a, A’ +8a,A",
Then in Equation (48) it remains:
L L L
w(TEM 7)) = T AZg P g3 1 At
( ! ! ) £|(1) ) £|(1) ! £|(1) !
(58)
+E £ -4A 19,
2\ L,
And also:
(am) , (o)) _ 1 2 @) @
r(Tm Tl )_—F(ﬁl(z)l L)V +L19)g,,
@
(59)
+1 L -4A 19,
2 £|(1)
Since:
(2 3 4 _ 1
LN +L 1D 4L 10 =20-2 1Y
finally it results:
K(T‘(jm) +T!Efe)) =AQ,,. (60)

It is remarkable that, thanks to (53) the coefficients a; appearing in the La-
grangian density do not contribute to the solution, and their determination re-
sults to be irrelevant respect to the metric, even if they contribute to the defini-
tion of G, . Different solutions of lower symmetry, if any, might involve at
least some of the coefficients in terms of physically significant parameters to be
determined experimentally. What is relevant is that in WGR approach, inter-
preted from the viewpoint of GR, the cosmological constant A appears natu-
rally in the known physically relevant solutions for the metric even if it does not

appear in the Lagrangian density itself.

4.1. Spherical Symmetry: Schwarzschild-De Sitter Solution

Let us now test the most simple solution we can conjecture starting from the
Schwarzschild-De Sitter metric modified by a time-time factor (1+¢).
We have:

r, A 1
Yoo =cz[l—?—§r2j(l+£), gll:_m,
3

r (61)

9, = -r?, O3 = -r?sin’ 6, = ZSZM .

We remark that in our WGR field Equations (17) no cosmological constant ap-
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pears, but a cosmological contribution, which, in principle, might be even non-
constant, arises in the decomposition (47), when we interpret the same field eq-
uations from the stand point of usual GR.

The spherical co-ordinates are, as usual:

XX =ct, xX*=r, x*=6, x*=¢. (62)

The Ricci tensor evaluated starting from (61) becomes:

R =—A0g, Ry =-A0y,

(63)
Ry ==A0y, Ry =—A0,.

Or in explicit form:

r, A
R = —-AC’|1-=——=r%|(1+¢),
oA (1252 1)
(64)
RM:;, Ry, = Ar?, Ry, =Ar?sin’o.

1--5
r

The powers of the Ricci tensor are consequently:

_Ak
Rgg>:cZ(_A)k(l_r_s_ﬁrZJ(ug), Rl -
ros 1-= Dy (65)

R =—(-A)r?, R =—(-A) r?sin®e.
Therefore the WGR field equations can be written in the form:

c, c L,
R V_%ng —_ P p@) _ % pe) @ R(4)+£{L_R}gw, (66)

g Ly . Ly " L "2 Ly
And then:
1 L L )
R =5R0u =~ /il.m A'g,, +$A39W —?A“gw
(67)
+1[ = - R] g,
2{ L “
The £|(') still result to be:
L, =-8ayA+ 8a,A* —8a,A° +8a,A",
L o =82, A +8a,A* —8a,A° +8a,A",
L o =—8a;A+8a,A” —8a,A” +8ay, A",
L =—8ay,A+8a,,A° —8a, A’ +8a,A",
Direct calculation leads, even now, after elision of several terms, to:
R, ~5RY,. ~AG,,, (68)

making a cosmological constant to appear in the WGR equations, even if it is not

explicitly included into the action integral (8).
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In correspondence to that solution both a dark matter and a dark energy con-
tribution appear, own to the emergent cosmological constant A .

In fact, interpreting the r.h.s. in (68) as an energy-momentum tensor, we have:

KTy = Aec? l—r—s—A +Ac? 1—r—s—A , (69)
r 3 r 3
A
Y 7
r 3
kT, = —Ar?, (71)
KT, =—Arsin?6, (72)

which corresponds to the Schwarzschild solutions in presence of a cosmological
constant A and a time scale factor (1+¢).

Now we can interpret the contributions:
Kp(dm) =A¢g, K p(de) = —Kp(de) =-A, (73)

respectively as dark matter and dark energy or vacuum energy of a matter fluid
in its local rest frame.
We remember that the state equation p(de) = —p(de) , holding for the A va-

cuum pressure state equation is a special case of the more general condition
1
p< 3 p which is generally allowed now to characterize dark energy, in order to

give rise to the observed acceleration of the universe expansion [17] [18].

We observe that in correspondence to such static solution the coefficients a,
appearing in the Lagrangian density do not play any role in the solution to the
field equations, since they mutually cancel.

We emphasize that a non-vanishing constant ¢ is required to ensure a

non-null dark matter density contribution.

4.2. Spherical Symmetry: Robertson-Walker-De Sitter Solution

We consider now the Robertson-Walker metric with g, :

a(t)
Yoo =CZ(1+‘9)! gllz_m’ (74)

9y = _a(t)z r’, Gu= _a(t)z r’sin® 6,

(1+¢&) being still a constant time scale factor.
We test how dark matter and dark energy can appear in WGR cosmological
solutions.

The Ricci tensor components are given by:
(N a(t)a(t)+2a(t)” +2Kc?
©T a) ot ¢’ (1-Kr?) '

(75)

R =R = [ a(t)a(1) + 24 (1) +2Ke? |

o
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And then:
6| a(t)a(t)+2a(t)’ +2Kc* |

R=- 2
c’a(t)

(76)

While its powers are:
K 2 k
Rég) =_3 a(t) |

a(t)"

o [ama@+2a@y +oxet |
s ¢ (1-Kr?)' ’ 7

2k

;
R = Ry, :CT[a(t)

k

a(t)+ 2a(t)’ +2Ke? |

Empty space

It is remarkable that in correspondence to the choice:

K =0, a(t)=a0exp(\/§ct} (78)

R, =-Ag,,. (79)

v T

it results just:

as it happened for the metric (61).
The WGR field equations can be written in the form:

L L L
RW _le#V - _ 1(2) R/(,Zv) _ e RLSV) @ R;(:L) +1 L_ R gﬂv, (80)
2 Ly Ly Ly 2( L
being:
N e . LB O LY O
uv 2 uv LI W v »Cl o v £ o uv
(81)
+1 £ -R|g v
2 Cl(l)
Direct calculation leads, after elision of several terms, to:
1
R,uv _Engv :Agyv' (82)

In correspondence to that solution both a dark matter and a dark energy con-
tribution appear, own to the emergent cosmological constant A .

In fact, interpreting the r.h.s. in (68) as an energy-momentum tensor, we have:

Ty -t [ AL e &
A 2
kT, =——a(t)", 84
w=-ral) (54
A 2 2
kT, =———a(t) r°, 85
2 =1 (t) (85)
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A 2 202
kT,, =———a(t) resin“ 9, (86)
33 1+3 ( )
which correspond to the De Sitter solution in presence of a cosmological con-
stant A and a time scale factor (1+&). Now we can interpret the contribu-

tions:

@m) _ A& epl® _ _ A (87)

K - 3 1
p l+¢ l+¢

respectively as dark energy and dark energy or vacuum energy of a matter fluid
in its local rest frame. We emphasize that also in the present case a non-vanishing

constant & is required to ensure a non-null dark matter density contribution.

4.3. Cylindrical Symmetry: Kerr-De Sitter Solution

Let us now examine what happens when considering the Kerr metric with cos-
mological constant (Kerr-De Sitter metric). Usually it is represented in Boy-

er-Lunquist like co-ordinates, as the metric which defines the interval:

2 2 =2 2
dszz_p{dLerg }_—Agsm H[ag—(r%az)dﬂ

2

A A = =
r 4 pz (88)
+A—;[d—i—asin29d?¢} :
p LdE =
where:
2
A, L 0, A, = 1A (r2+a2)—rsr,
3 3
2 .2 2 2 - _ A
p-=r-+a“cos 0, :_1+§a, (89)
2GM 2¢%J
L=—3p— a= .
c r

S

Jis the angular momentum of the rotating mass A

Even if when represented in such co-ordinates the Kerr-De Sitter metric is not
diagonal, because of the cylindrical symmetry, and cannot fulfill the condition
(79), it can be diagonalized thanks to the following untwisting co-ordinate trans-

formation [19]:

T:é, (Z:gﬁ—a—ét, ycos® = rcosd,
B = 90
, T?A,+a%sin’ @ 0
y' = =
The interval assuming the empty space-time De Sitter form:
ds® = 1——Ayz dT? - dy? — 2(dG)2 +sin2®d_2) (91)
= 3 sady” -y 9 ).

1-2F
3

It has been shown that the previous metric may be written as:
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2r.r
g/l\/ = nyv +p_szlylvl

(92)

I = (I ﬂ) being a light-like vector and (nﬂv) the flat metric. Then, according to
Taub’s results [20] [21], condition (79) is satisfied.

From the previous results provided for the Schwarzschild-De Sitter metric we

deduce, after rescaling time by the factor (1+ 6‘)1/2 , for the widened Kerr-De

Sitter metric:

Yoo

A
=c? (1—Ey2)(1+8), Qu=""

1

2

1-2
3 y

2

O ==Y, Uz :_y2 sin® 6.

The Ricci tensor follows:

ROO

Ri=

:—Acz(l—%rzj(l-i-&'),

i\\ , Ry =Ar?, R, =Ar’sin*6.
1-—r?

3

The powers of the Ricci tensor are consequently:

_Ak
R =c?(-A) (1—%r2j(1+ g), RY = _(=A)

RY -

—(-A)r?, RY =—(-A) r?sin®0,

Then the field equations become again:

And then:

So we may interpret:

1
R/JV _Engv = Agyv’

KT, =— A ,
1—Ay2
3

KT22:—Ar2,

KT, =—Ar’sin® 6.

Kp(dm) = As, Kp(de) _ _Kp(de) —_A,

as dark matter and dark energy contributions.

5. Geodesics

(93)

(94)

(95)

(96)

(97)

In Section 3.2 we provided relation (31), which now, being n =4, specializes as:

1 4

G £ R(-Dav,

(98)
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tensor GE(G”V) satisfying the metricity condition (41), which defines the

connection coefficients (44):

+G, -G

upv vB.u uv,p )’

a 1 ap
I, =56 (G
from which one is able to obtain the equation of the geodesic trajectory of a free

particle traveling across space-time with velocity U= (u" ) :

d(;js = —szu“u”, (99)

where ds is the interval defined by Equation (42). When R, is an isotropic
tensor, as it happens for the physically relevant solutions examined, so that con-

dition (53) holds, we easily obtain:
R = (—1) ™ A g™, (100)

from which it follows:

f
G =——g"", (101)
Ja
where we have introduced:
G* = %(ﬁl(l) RO +2c RV +3L  R® +4L R ) g
2 3

f= El(l) —ZAEI(Z) +3A £|<3) —4A L.W' (102)

From (57) we obtain in explicit form:

f= 8A(—a11 +a,A—a,A" + a14A3)
—16A% (2, + 8, A —2,A” +a,A%)

(103)

+ 24A% (~8y5 + 8y A — 8z A” +a,A°)
-32A* (—a14 +a,,A—a,A" +a,A’° )

The constant parameter fresults to be proportional at most to the first seven

power of A . And on the special case that A=(a, ) is diagonal we have simply:

f=—8A(ay +2a,A" +3a,A" +43,A°). (104)

In principle experimental observations should give information to verify such
predictions and determine the coefficients a; , but measurements need to be
very refined because of the small values of the cosmological constant and the
trajectory deviations.

The ratio of the determinants « , defined by (38) can be evaluated taking the

determinants of both sides in the relation (101). We have:

1 f4
—=— (105)
G a’g
From which:
a=f* (106)
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It follows into (101):

G =%g’”. (107)

And also:

G,=19,. (108)
so that:
G#;LGAV = gﬂlglv = 551

The equation of a geodesic trajectory is given by:

du” 1 . 1V
g =20 (B +8p, =B (109)
And developing calculations:
du“ 1
=—you“u’ =l uu" —=g* |(log f) , 110
W (e 2o J(og ), o)
where:
a 1 aff
Vi =59 (9us ¥ Gops = G ) (111)

The last term in (110) represents the strength which deviates trajectory from
usual GR prevision. Significantly that term is vanishing since A is a constant
respect to the space-time co-ordinates. So the form of the equation of the geo-
desic trajectories is the same as in usual GR while the universe is expanding.
Possible observed deviations will prove that A is not a constant being a func-

tion of the co-ordinates Xx“, and at most through the first seven powers of A.

6. Conclusions

We have tested a way to generalize Einstein General Relativity, which is an al-
ternative to the f(R), f(R,T) family of theories, starting from a scalar La-
grangian density which is a general function of all the independent invariants
that one is able to obtain from the powers of the Ricci tensor. We have derived
both the field equations and interpreted them from the point of view of usual
General Relativity, showing how dark matter and dark energy contributions
emerge. Most physically relevant exact solutions endowed either with spherical
or cylindrical symmetries have been found. The geodesic equation has been ob-
tained for particle trajectory which includes a geodesic deviation tidal force
arising from the non-linear dependence of the Lagrangian density on the Ricci
tensor powers, responsible for the dark matter and dark energy contributions. In
principle, the theory involves too many constant undetermined parameters a;,,
but they cancel in correspondence to the most physically relevant solutions.
Meanwhile, the parameters appear within the geodesic equations if and only if
the cosmological constant is not a constant but depends on the co-ordinates. In
the latter case, such parameters a; are to be determined in order to fit expe-

rimental data.
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The WGR theory, like the usual GR, being a macroscopic theory, is still unable
to provide a microscopic model to explain how the dark matter and dark energy
contributions, involving parameters like A and ¢, can arise from fundamen-
tal fields and elementary particles interaction. Possibly a quantum field theory
including gravity could offer a more exhaustive understanding of how the un-
iverse intimately behaves. A similar situation appeared in the past, when ther-
modynamics provided a macroscopic theory of heat behavior and the micro-
scopic model, which later kinetic theory of gases and mechanical statistics pro-

vided, was not yet set up.
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