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Stokes with Maclaurin Series

Abstract

In this paper I propose a method for founding solutions of Navier-Stokes eq-
uations. Purpose of the research is to solve equations giving form to relations
between pressure, velocity and stream. Starting from the fact we do not know
the form of functions we give a general representation in Maclaurin Series
and prove that with reasonable values of parameters, representation holds
and therefore has meaning in continuum. Then we solve the system of equa-
tions with respect to the pressure and match equations relation between pa-
rameters: matches of equations are possible because of the physical dimen-
sions of equations. Then values of Continuity Equation are verified. The re-
sult is a polynomial finite and that coincides with the function in continuum,
or is anyway one of its representation. The result under hydrostatic condition
returns Stevino formula.

Keywords

Navier-Stokes, Momentum, Continuity, Differential Equation, Maclaurin,
Polynomial

1. Introduction

The most of knowledge can be found in Reference [1] [2] and [3] with the ex-
pression of Navier-Stokes Equations, further are used some well known formulas
that can be found almost everywhere but they are contained in the article and
you can find links in others: References [4] (see method to solve differential eq-
uation with power series [5], for turbulence [6], Navier Stokes State [7], incom-
pressible Navier Stokes [8], Multivariable Taylor [9], Cauchy product [10], Fluid
Dynamics Knowledge [11] [12] [13] [14]). At the end of the article the results of
the pressure match a well known formula when velocity vanishes. Further an
Appendix is provided.

The fluid motion is governed by knowing the velocity vector for most. The
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velocity vector is one of the parameters of the Navier-Stokes equation. Together
with continuity equation they constitute a system of differential equations in the
unknowns p(X,Y,z,t) (pressure) and v(X,y,zt) (velocity) in the variables of
space (X,Y,z) and time # The system for incompressible fluid can be written like

V-V:a—u+ﬂ+%20 (1. Continuity)
ox oy oz
DV
p—=-Vp+p-g+ /NZV (2. Navier-Stokes)

Dt

for a detailed explanation of the system (see the Appendix and References).

2. Method Overview

Consider the Navier-Stokes equation

DV
p.Ft:_Vp+p-g+,uV2V (3.NS)

They are three equations. We give the V vector a form in Maclaurin series,
then substitute the value of V'in the three Navier-Stokes equations and then try
to resolve each of this equation with respect to pressure with integration of each
equation in the respective variable. We match the form of the pressure in the
three equations and try to find a relation of parameters. After a partial compari-
son those parameters result in a relation. Applying Continuity Equation gives
values. If the expansion for V'is finite then the polynomial coincides with func-
tion of V.

We give an old style to composition but not less correct.

3. Maclaurin Expansion for Velocity

We don’t know the form of the function but we know that the function has four
variables x,y;z ¢ If we want to find analytic solution we can represent functions
u, v, wof V =u-i+V-j+w-k as Taylor Series around point a=(a,,a,,a;,a,)
(see we don’t know this assumption is legal now). Any finite polynomial in Tay-
lor series corresponds to the same polynomial: if we find terms in the polynomi-
al expansion and those identify a finite polynomial we have found the function.
The form of Taylor function in multidimensional variable is of the kind (we used a
non compact form another could be compact with Hessian Matrix, see Wikipe-
dia):

Hi(xj_aj)aj o f

T(S)= a) (4. Taylor expansion)
B

where a=)a;, al=al-a! and x=(X,%,%,%)=(xy,2t). If the

function is defined in the derivative point than terms
1 o°f
— (a)= Ca) (a)

a!Hjax;’j
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are constant at least one #0.

Represent the function with respect to a= (O, 0,0, O) (Maclaurin Series). We
must divide and reunion the spatial convergence with time convergence. A product
of power does not have all same values as exponent. Radius of convergence is possi-

ble if all are convergent. Indeed if we call X, variable of X of space then
1

space radius of convergence [x, b, :(Zizlx,f)3 <r where b=(0,0,0) for
Mc Laurin Series and dimension of [x]=[y]=[z]=[m] meters and [t|<p
with dimension [t] time, measured according to International System of
measure that see the convergence of total series S if all series are convergent [or

all mutually exclusively subset are convergent].

Represent X, =X, X, =Y, X =12, X, =t, with a compact form for summa-
tion, with notation o +a,+a;+a,=S;. From now on we will call
o =00, =pa,=y,a, =0 to be clearer this does not prevent previous con-

sideration.
u :icu (0)-x% .y g7 .t
Su
v:icv(o)x“v ARSI
s,

w=>Y"c,(0)-x .y .z .t% (6—General expression for unknown velocity)
SW

this assumption can be thought legal if we think the fluid in continuum. See
Figure 1.
4. 1st Equation of Navier-Stokes

Consider the formula of the Navier-Stokes equations

0.2 cm/s

1.0 T T T

g
S —
= »’tff‘-%éi:\\)‘ S e v v
NSNS TN
-0.2 Mf NSNS
/‘T\ AN NN N N
i DA SRR N
Y\ /A BT FR WY Vo
\ VAN FENY IR S WA
-0.6}F \ 2Ry R R NN L
MY SN - e e P VR AT PR
VNS NS £ = e v Yoy [ E L U
\K\\ \\\\\\\ v ¢ 1) i .
N 7. .
1.0 0.2 0.6 1.0 1.4 1.8
X, cm

Figure 1. Example of velocity field vector.
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DV
p.ﬁ=_Vp+p-g+,uV2V (7.NS)

and his first equation
A A (S
P P TPy TP N e T T P T e Ty o
(1** Equation)

We have the form of the unknown u but we have not yet pressure. To solve we
substitute the unknown in the equations of Navier stokes, respectively u, v, w.
Then we solve the integral of the pressure in the three variables respectively x, y;
z and confront physical equations (all elements multiplied by ,---), found pa-
rameters values. We express each term separately because of the long expression
and substitute the values of V(u, v, w) in each term. We put a tag at the end of
each expression as: 2" addend right member, that refers at right member the
second addend in the expression. Substituting the value of V' = (i, v, w) in the

equation we have terms a at left member and b at right member.
au < 5
A =p = p > ¢, (0)-x% -y% .z .5,t% " (1% Addend Left Member—1*
$,=0

Equation)

=p- i C, (0).)(“” .y/}u L7 .t‘su . i C, (0)'% .X“u’l.yﬂu L7 .t‘gu

$y=0 S,=0

This series must be solved with Cauchy product

S Dt

0 k=0 k=0 n=0

o K

M

Sl s (8. Cauchy Product)

=
]

it S, =, +f +y.+06, and S, =a,+ B, +y,+0, then (2)became

o Sy

8, =p- Z Z Cu(n) (0)'Cu(k—n) (O)(ak _an)xar1 ’ yﬂk SAR

$=0 S,=0
(2" Addend Left Member—1° Equation)

Note that we set «, =a,_, =(¢, —«,) and if cequals one of @,f,7,6 and
1,2s the first and second summatory in Cauchy product then c,(n)=c, and
c,(k—n)=c, we reported anyway this notation to remember which one refers
to the first summation and which one to second.

Other terms are then

ay=pv
U Yy
=p- i C, (O).X"‘v .yﬁv .z .t5v . i Cu (0).X0‘u 'ﬂu .yﬁu*l .7 .t(su
$,=0 8,0
© Sy N
=p: Z zcv(n) (0).Cu(k—n) (0) X (ﬂk _ﬂn)yﬂk_1 il 'tok
Sx=0 S,=0

(3" Addend Left Member—1* Equation)

DOI: 10.4236/jamp.2022.104096 1365 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.104096

G. Martino

ou
8y :P'WE
=p- i Cw (0).X0’W . yﬂw L7w .t‘sW . i Cu (0).XD’U . yﬁu Y .Z7u_1.t§U
Sw=0 Sy =0
© Sk
=P 2, 2 o) (0) Cyny (0) X -y (7 =7, ) 27 1%
$=0 5,=0

(4™ Addend Left Member—1* Equation)

then right member

0
b, = -a—z (1 Addend Right Member—1* Equation)

b,, =p-g, (2" Addend Right Member—1* Equation)

2

b31 = Z_l:: ﬂz Cy (0)'au '(au _1)'X%72 ’ yﬂu -z 'tﬁu
X $,=0
(3" Addend Right Member—1* Equation)
azU N ay Pu—2 7 Lt
bl4: _zzluz (O)X ﬂu(ﬁu_l)y -zt
oy $40
(4™ Addend Right Member—1° Equation)
% > o
s = =4 2 €, (0) X -y™ oy -(ry ~D)- 2 Y
Z $,=0

(5" Addend Right Member—1* Equation)

Then solve respect to p (1 Right Member) according to JZa -dx = .[Zb -dx

(that’s possible for continuity hypothesis and for Taylor hypothesis, indeed see
Reference [4] continuity imply uniform convergence that consent swapping)
multiply the equation for dx and integrating without confuse dx with the &

parameter of u, v; w) adding a constant term in variables h, (y, Z,t) +C and for
sake of simplicity we consider the pressure p, in the point at the origin
(X1 Yo:2,)=(0,0,0). Further consider that if deX<oo and ) f <o then
we can swap jz fdx = ZI fdx . If we integrate respect one variable the other
are taken as constant. We also denote indirectly a, from Iadx —a.

1** Equation after I

p'iCU(O)'X

S, =0 C{ +1

a, +1

. yﬂu . Z7u ,é‘t‘su*l

Ak

. yﬁk R L

i P Y Zc 1(0)-Cyy (0)-(a, —2t,)

S =0 S, = o

Zk: (0)'Cu k-n (0) (ﬂk _ﬂn)yﬂkil'zyk -t
Z:

X% +1

+
u M8

o, +1

(0)6y (02

u M8

Cvhko. _ Z7k’1't5k
w1 (7 =70)
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0

=Py PG, ()Y, (0) Xy 2t
Sy=0

oy +1

+uY 6, (0) 2 (B, 1)y
Su=0

a,+1
o +1

N 0)- P . -1)- 7u’2.t5u , ,t C
+”suz:oc“( ) AL (r,-1)-z +hy(y,z2,t)+

(1% Equation after I )

5. 2nd Equation of Navier Stokes

Now consider the second equation of Navier-Stokes

ot x Py o oy PV e Ty T

(2 Equation)
In the same way values of Vare substitute and integration is done with respect
dy. Terms are integrated with respect to y gives
27 Equation after J

P i c,(0)- x*™ .ﬁ.zn Stot
Sv:0 ' ﬂv +1 v
o Sy 0 0 N yﬁk+l ., 5
+p0- C -C (o, -, Xak— ek
P SkZ::O SHZ:‘,O U(n)( ) v(k—n)( ) ( K ) 5l
o S ) A 6
[if 0] P Cv(n)(O)-C (kin)(O)-x k (ﬁk _ﬂn)__27k L%
Sk=0 §y=0 ]
* i ic (0)-c 0)- x* yr (re—ya) 2t
P §20 5,20 w(n) v(k n)( ) m Yk 7n)
O Y = o B, +1
+,Ui C, (0)~xav B, yﬂrl,zyv %
$,=0
il yﬂv+1
+uy ¢, (0)-x™- (7 —1)zyv—z AN +h,(x,2,t)+C
Sy=0 B, +1

(2™ Equation after j)

6. 3rd Equation of Navier Stokes

Now consider the third equation of Navier-Stokes

W D o W B g O T O
P P TP N TP e T T T e T T
(3¢ Equation)

analogously gives terms.

Left Member— 3 Equation after J.
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0 ywtl
c, (0)-x b 2 S o
p Séo (0) y -
oS S e (0)C (0)-(e —ar )Xoy B
S =0 S,=0 um wkn) “ ! 7 +1
SR 0 0 a A1 7 t5k
. X — .
+tp SKZZU Sn:ocv(n)( ) Cuginy (0) (Bo=B)y ol
oS¢ " P 7k
[if 7<0] P ZU SZOCw(n)(O)'C ey (0) X -y (=)=t
k=Y on= k
o yw+l
D D4 p- O)ocr (e —1)x@ 2. yiv . 2 o
Po—P+p 922+ﬂSWZZOCW( )-ay (@, =1)x -y =
a6, (0) X% B, (B _1).yﬂw72.£.t5w
Sw=0 PP Vu+1

+uY , (0)-x -y 2wt phy (X, y,t)+C

(3 Equation after I )

7. Equations Comparison

Now we can make a comparison of three equation’s terms to find
s Bowwr Vaww Ouvw- Consider the equality of p in the three equations: we
match elements because they multiply for a specific physical element (see Interna-
tional System of Measure) like density p, viscosity x or gravity g with dimen-
sion [p]#[u] so we can match equation in those three groups separately. Ele-
ments grouped under g should give the same result and terms grouped under
p should give the same result respectively with the inclusion of 6 Right Member.

First consider the right member of the three group equations elements
grouped by . Consider parameters of a given t=t, (where the other remain
to determine X, y; z are fixed) is immediately see that equality hold if
0, =0, =0, =0 . Under this case equations reduce to

1*t Equation after I

ay+L

= X
p- Z_ c, (O)a +1.yﬁu .77

u

Ak

X y
Tt 0] P Z Zc 10y (0)- (et —ary) Xy -2 -t
Sk =0 S, = ak
i Zk: 0 (0)Cykn) (0)- X (Bo—By) Y7t
Z0§.2 u(k—n) ak +1 K h y
03 3 Oy (0) Sy (g, )2
$0 520 W(”) u(k-n) a +1 « —7n

;-1 . yﬂu ,Z}’u t

¢, (0) e, -x

=Py - PP O () +u Y

ay+1
+ﬂZ o (0)—— A (B -1y P2t

u U
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© ay+1
+u ¢, (0) P (7 =1)- 27 t+hy (y,2,1)+C
8,=0 a, +1
(1% Equation after I)
i 0 yﬂ\,+l .
N CV N 7
p Sv:0 ﬁv +l
i i (O) (0)( ) a1 y/”kﬂ -
+ C -C o, —o, )X L Amm— VI
P Sk =0 S,=0 u(m) v(k-n) k n ﬂk )
o yﬁk
Tl a0 £ > ZC 1(0) €y (0)- X (B = B) =27 -t
Sk=0 Sp= B
i i 0 0 k yﬁk+1 ( 71
+ . C -C R . —, 27 t
P & e w(n)( ) v(k—n)( ) b +1 Y =)
kd ) yﬂv+l
= — . . 0 . . —l a-2 Y y"'t
Po—P+p-0, y+ysvz:ocv( )-a, (e, —1)x s ;

©

Y 0 (0) Xy

$,=0
0 . yﬁv+l 5
+u). ¢, (0)-xv - Z—-y,(y,-1) 2" t+h,(x,2,t)+C
$,=0 B, +1
(2" Equation after J.)
i 0 5 Z}/WJ':L
Cu XMW .yt
p Sw:0 ( ) y 7/W +1
o Sk L 4 Zyk+1
. 0)- 0 _ ag k -t
tp skZ::() Snzz:ocu(n)( ) Cw(k—n)( ) (ak an)x y Ve 1
o Sk P Zyk+1
+p- c,,(0)-c 0)-x™ - k -t
P SKZZO pa) v(n)( ) W(k—n)( ) (B ﬁn)y |
@ Sk " 5 77
Fit pe20] P I Cw(n)(o)'cw(k—n)(o)'x Y (remr) Tt
$=0 S,=0 Y
) ywtl
=p,—P+p-0,2+ ¢, (0)-a, (a, —1)x 2. yh . 20
pO p p gz ﬂséo w( ) aw (aw ) y 7 +l
3 6, (0)- 1% (B, -1y L
+ CW . X wo, W . W p— . w . .
ﬂswzo y Va +1

+u i C, (0)-x™ -y .y 2 t+h (X, y,t)+C
Sy=0

(3 Equation after I )

Consider parameters of a given z = z,, in this group (where the other remain
to determine x, y are fixed), the three elements match in the first equation and
the second equation if y, =y, =y (because of the power of z) whereas for a
given Y=Y, in the first equation and third equation if £, = S, =/ (because
of the power of y), whereas for a given X=X, in the second equation and the
third equation if o, =, =a (because of the power of x). Now confronting the
elements with higher exponent of z of the first and second equation they match

it o, =p, andif o, +1=0a,=1 and S, =f,+1=1 (because of power of zis
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chosen): but in this way match the all two equations for this group. Then
C, =C, . Analogous result can be obtained comparing the first equation with the
third (starting from lower exponent y and because of power of y) B, =4,
Yu =0, a,=a,+1, y,=y,+1, ¢, =c,. The second equation with the third
gives can be done as check of the other.

Satisfy Continuity Equation
Now consider the velocities with substitution of parameter found above.

u=>yc,(0)-x* "y 27 -t%

1]
»M]s

<
Il

21 s

¢, (0)-x* -y ™tz ¥

w=>"c, (0)-x* -y’ 27"t

U

From continuity equation result

¢, (0)-(a-1)x“ 2.y 27 -t% +icv(0)-x" (B-1)-y/ 777 %
Sy

M1

0

+>.¢,(0)-x* -y’ (y-1)27%-t™ =0

Sw

This equation result satisfied for all (X,,Y,,2,,t,) if a=g=y=1.

Parameters
a,=0 a,=1 a, =1
B =1 B,=0 B, =1
=1 =1 7w=0
c,=¢ c,=¢C c,=C

Further note that parameter Cla fre.d) = C04.15) gives u expression

= -..6
U=Clypp Y 2t

0116
and substituting the value of uzin (A.1) with those parameters
-1
Ca) (0)= Closs) 01

This term in point a= (0,0,0, 0) is constant different from zero if and only
if 6=1

Parameters

5, =1 5,=1 5, =1

Group under p
With this choice of parameter all first elements of the three groups under p

became the same. For other elements they have an element in each group that goes
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to zero: that is the element (o, —a,)=a, and (B, —B,)=L,> (Fc—7n)="7u
respectively. Then the other two elements in each of the three group take two

possible values from three values a;,a,,8, but not the same couple for two dif-

ferent groups: (a,,a,),(a,,a,),(a,,8;) with

2.2:2
) Xyt
=p.cc. -2
a =p-G 5
, X27*t?
a=pG- 5
22,2

, Yozt

3 = PG 5

The values are then matched because of 6™ Right Member

h (y,z,t),h,(x,2,t),h (X, y,t)

Group under y

All a,B,y<1 and a,=p, =y, =0 therefore those terms are all zero.

Group under g

The second right member if we substitute g= (0,0,—g) gives the element
only for the component of zversor: —p-g-Z which can be matched in the 6™
Right Member of the 1* and 2™ equation h, (y,z,t) and h,(x,z,t).

Consideration

Exist infinite groups of parameters and function that solve Navier-Stokes in
continuum. There is at least one because of Parameters choice, whereas they are
infinite for terms h (y,z,t) and h,(x,z,t) and hy(x,y,t).

8. Result

Substituting the parameter in the ¥ equations we obtain:
V=u-i+v-j+w-k

u=c,-y-z-t

(9. Velocities)
V=C,-X-Z2-t
w=c¢, -X-y-t

where we stated C, the coefficient respect the origin O of space and time with
[CO] = [m’l ~S’ZJ : C, can be named wave constant. When elements are on the
surface Z=0 only wW#0 and motion is towards upward if ¢>0 and
downwards if €< 0. If we think a point as origin z=0 and 0<X,yvXy<0
we see a movement upward and downward respect the four quarters (x, y) that
should be wave motion (Cartesian plane on sea surface). Velocity can be norma-

lized to give stream

u, = y 2

) () (2

vV, = Xz (10. Stream)
oy ) + (o)

w, = Y
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X, y, z became the shift between two different streams and convergence is
possible because quantities are limited. Time is periodic, water that periodically

drops into sea. The continuity equation became

ou oV ow
VV=—7a+—++—=0 (11.Continuity)
ox oy oz
Elements in one equation from comparison section became

2

y X2 X
p'CO'X'y'Z-i—,D'Cg'—'22't2+p'C§'—'Zz't2+p'C§'—'yz'tz
2 2 2
=P—-P-p-9-2
So the pressure is
2 2
p: po_p.co.X.y.z_p.cg.y?.zz.tz_p.cg.x?.zz.tz
2
X
_p.cg.7.y2.t2_p.g.z
ow , .
If wesetto Cy-X-Yy=——=W, acceleration along zaxis
ot
V[
p=p,+p- T—z~(wt+g) (12. Pressure)

with p, pressure at origin an p pressure at point (x, y; 2) in time £ module Ve-
locity |V|= c~t\/(xy)2 +(xz)2 +(yz)2 and dimension in [p]:[kgm’1 -S’ZJ,

[p]:[kg-m'ﬂ where ¢ is periodic. Pressure increases proportionally to the

square of velocity and decrease proportionally to gravity and z-axis acceleration.

Observation

Further consider that in hydrostatic case when V=0 then w,=0 and
p=p,—p-9-z thatis well known Stevino formula p=-pgz+ p, where the

negative sign multiplies negative z.

9, Conclusion

Pressure with Velocity Module and Stream is completing where every physical

quantity is finite with respect to convergence.
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Appendix
Some Previous Law

Consider the following system in form:

V.V:a_u+@+@20
ox oy oz

DV
p—=-Vp+p-g+uV’V
Dt
where Cis the continuity equation, whereas NS are the Navier-Stokes equation
for incompressible fluid. Unknown are V,p whereas g is the gravity and u is

the viscosity constant.

D o 0 0 0
—=—+U—+V—+W—
Dt ot ox oy oz

d d d
with u=d—:§V=d—¥;W=d—i and g=g,i+g,j+9g,k usualy g=-gk and

V =ui+Vvj+wk where i, j,k are the unit vector in the axis direction.
v (000
ox oy oz

2 2 2
V?= 8_2+6_2+6_2
ox- oy° oz

is the gradient and

is the Laplacian operator.
For example respect to u Navier Stokes first equation became
u o%u A J

ou ou op ou_ ou.
ox* oy* or®

M M M MR g, +
P TP T ey TP e T e P T

(1** Navier Stokes)
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