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m On page 1 in the book [1] we find the sentences: Very few ordinary differential

equations have explicit solutions expressible in finite terms. This is not because

ingenuity fails, but because the repertory of standard functions (polynomials,
exp, sin and so on) in terms of which solutions may be expressed is too limited
to accommodate the variety of differential equations encountered in practice.
This is the main reason for this work. It should be possible to do something
about this problem. If we don’t have enough tools in our mathematical toolbox,
we must make the tools first. For this problem we will attempt to define some
new functions. In this paper I want to share some of these results with you. The
numbers I have given the ODEs and the integral functions (IF) in the text, are

the numbers they have in my collection.
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In the Introduction to [2] we can read: Nonlinear dynamical systems exhibit-
ing limit cycles are found in a large variety of fields including biology, chemistry,
mechanics and electronics.

In the phase diagrams in this paper we will see many different limit cycles
with 3 - 17 equilibrium points. They appear in the study of the second-order
nonlinear ODEs and systems of nonlinear ODEs that have the expo-elliptic
functions defined in this paper as solutions.

Wolfram Math World describes three nonlinear second-order ODEs that have
the Jacobi elliptic functions SN,cN and dn as solutions. Define a solution
x(t)=cn(t) and differentiate twice, and you will obtain the ODE:

2
jt—i‘z(zkz—l)x—zkzxs, 0<k<1 (1)

And if we use the Jacobi amplitude function am(t,k) as a solution X(t)
and differentiate twice, we will obtain the ODE:

2
d—i(:—kzsin(x)cos(x) @)
dt

This causes us to think that other second-order nonlinear ODEs have func-
tions made by the same methods as Jacobi elliptic functions, as their solutions. It
should be possible to make more non-elementary functions by changing the
non-elementary integral. In this paper, we will work in the same way: First define
some non-elementary functions, and then differentiate them twice in order to see
what kind of ODEs these functions are giving solutions to.

We will use the methods described by Armitage and Eberlein [3] in their book
Elliptic Functions. Especially Section 1.6 and 1.7. They apply what they call the
Abel’s methods. “Eberlein sought to relate the ideas of Abel to the later work of
Jacobi.”

During the last 30 years there have been done a lot of progress in finding solu-
tions to nonlinear ODEs and PDEs. The progress is mostly made by using dif-
ferent methods like the Prelle-Singer method [4], Abel’s equations [5] [6], the
new Jacobi elliptic functions [7] [8], the old Jacobi elliptic functions [9] [10], a
new method [11], revised methods [12], Jacobi elliptic function expansion me-
thod [13], expo-elliptic functions [14].

With exception of the new Jacobi elliptic functions and the expo-elliptic func-
tions, it seems to me that nobody has tried to make new non-elementary func-
tions that can give solutions to second-order nonlinear ODEs. In this paper we
will attempt to take a step further.

Through this paper we will study four new examples of the expo-elliptic func-
tions, give each of them symbols, find their derivatives and investigate which
second order nonlinear ODEs these functions are giving solutions to by differen-
tiating them twice. In order to discover some of the qualities of the expo-elliptic
functions we will make some phase diagrams. The behavior of the solution curves
in the phase diagrams reflects the qualities of the solution functions. The functions

defined in this paper are new to the literature, at least to my knowledge.
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2. The Expo-Elliptic Functions

This is a large group of functions and very useful as both solutions to second-order
nonlinear ODEs and systems of nonlinear ODEs. In this paper we will study four
new examples.

In order to work with functions, we must give them some symbols. I have
used two letters where the first one is the same for a set of two functions, and the

second letters are sand d, for example rsand rd, or ksand kd.

2.1. Definition

Define an exponential function x=u(u)=e*, 8,9peR, —w<ap<wo,
Q= go(u) is the amplitude or upper limit of integration in a non-elementary
integral. This connection to the elliptic functions is the reason for this special
name. They may also be named g-functions, but that name tells nothing about

these functions. The integral may also be elementary. Then the solution x(t)=e*

is an elementary solution. When Z—f =1,is €% =e" . The expo-elliptic function

is more general than the elementary exponential function. The expo-elliptic
function is not periodic, and it is continuous and differentiable on the whole R,

for the limitations of the parameters.

2.2. Four Subgroups of the Expo-Elliptic Functions

These subgroups are defined by how the integral functions u are:

Al: u=u((p)=_[¢ do

T

©)

The function fcan be whatever.

ad
A2: U :u((p):ﬁ)%da (4)
f (eaG)
do

B1: u=u(¢)=f§’f(eag) (5)
0 ea@
B2: u:U(¢):JO Wd@ (6)

We find the most interesting functions in the subgroup B2. The examples in

this paper are chosen from this group.
2.3. The Derivative of the Expo-Elliptic Function

d ap do do
— = — — 7
du'u(u) ae du aﬂ(u)du @

2.4. Four Examples

Let us take a look at four examples of expo-elliptic functions, and some second-order

nonlinear ODEs and systems of nonlinear ODEs that have these functions as
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solutions. I think that the behavior of the solution curves in a phase diagram re-
flects the qualities of the solution functions. And by studying the behavior of the
solution curves we can discover some of the qualities of the expo-elliptic func-

tions.

2.4.1. The Functions rs and rd
Just like the Jacobi elliptic functions we start with a non-elementary integral.
Define an integral function u (IF 121):

4 e
u=u = do (8
(0)=], n+ fe* +hcos(ge®™ + pe +b)+ksin(ce® +ve* +d) ®)

a,b,c,d, f,g,h,k,n, p,v are parameters defined on R.

The denominator can become 0. In order to avoid that we can make some re-

strictions to the parameters: n>3, -1<f,h,k<1, a<0
du e

M 9
dp  n+ fe* +hcos(ge™ + pe* +b)+ ksin(cezaV’ +ve® +d)

u
Inverting o :

do _ e (n + fe® +h cos(geza“’ + pe*’ + b) +ksin (ceza"’ +ve* +d )) (10)
du
Define a set of 2 functions rsand rd, so that

rs(u)=e* (11)

rd(u)=e (n + fe® +hcos(ge*™ + pe* +b)+ksin(ce™ +ve® +d ))

- (n+frs(u)+hcos(grsz(u)+prs(u)+b) (12)

~rs(u)

+ksin(c rs?(u)+v rs(u)+d))

The connection between the functions rsand rd
rd(u)rs(u)— f rs(u)—hcos(g rs?(u)+p rs(u)+b)
(13)
—ksin(crs2 (u)+vrs(u)+d)= n
We see that the function rd(u) exists for all values of the parameters
a,b,c,d, f,g,h,n, p,v even though the integral IF 121 is not defined for values
that make the denominator = 0. The functions rs(u) and rd(u) are conti-
nuous and differentiable on the whole R.

The derivatives to these functions are:
dirs(u):ars(u)rd(u) (14)
u

ird u

OB

n+ f rs(u)+hcos(grs® (u)+ prs(u)+b)

+ksin(crsz(u)+vrs(u)+d))2+ (n+ frs(u)

rs(u)
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+hcos(g rs?(u)+ prs(u)+b)+ksin(crsz(u)+vrs(u)+d))
x[f—hsin(g rs® (u)+ prs(u)+b)(29 rs(u)+p) (15)
+kcos(crsz(u)+vrs(u)+d)(20rs(u)+v)}
Define a solution
x(t)=rs(t) (16)
dx

E:ars(t)rd (t)= a(n+ fx+hcos(gx’ + px-+b)+ksin(cx’ +vx+d)) (17)

%= aZ(n+ fx+hcos(gx2 + pX+b)+kSin(CX2 +vx+d))
x[f —hsih(gx2 + px+b)(2gx+ p) (2880)

+kcos(cx2 +vx+d)(20x+v)]

%=aVkZ—)t(COS(CX2 +VX+d)+a2(n+ fX+hCOS(gXZ + pX+b)

+ksin(cx2 +vx+d))x[f —hsin(gx2 + px+b)(29x+ p) (2881)

+ chxcos(cx2 +vx+d )]

The solution curves of the differential Equation (2881) have some very inter-
esting behavior. For some of the values of the parameters, we become equations
where the solution curves form limit cycles with 3, 5,7, 9, 11, 13 or even 17 equi-
librium points. They are spiral sources, spiral sinks or saddle points. See the Fig-
ures below.

In Figure 1 are the parameter-values:

c:l,v=2,d =-1n=6,f =—i,h =—l,g =—1, pzl,b:&k =l,a=1 (18)
4 10 2 2 2
A limit cycle (LC) with 3 equilibrium points: 2 spiral source and one saddle
point.
In Figure 2 and Figure 3 are the parameter-values:

c=l,v=5,d =-1n=5,f =—i,h:—£,g =—£,
4 50 2 (19)
1 2
p==,b=5k==,a=1
2 5

Figure 3 shows a large LC containing 2 smaller stable LC and one unstable
LC, with 17 equilibrium points: 5 spiral sources, 5 spiral sinks and 7 saddle
points, as I can see.

Figure 2 shows only the large LC with one inside initial point and one outside
initial point.

The equilibrium points do not need to be on the x-axis. In Figure 4 the equi-
librium points are located on a slope straight line.

System (3005):
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Figure 1. LC with 3 equilibrium points.

Figure 2. A large irregular LC.

DOI: 10.4236/jamp.2022.104092 1309 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.104092

M. Stensland

Figure 3. A LC with 17 equilibrium points.

Figure 4. A LC with 5 equilibrium points on the line y=X.
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%—sx+ly
dt

2
((jj—i/=—STx—sy+%‘vk(sx+Iy)cos(cx2 +vx+d)

+aT2(n+ fx+hcos(gx2 + PX+b)+ksin(cx2 +vx+d))

x[f —hsin(gx2 + px+b)(2gx+ p)+2kexcos(ox® +vx+d)]

The system (3005) has the solutions:

x(t)=rs(t) (20)
y(t)= —Iirs(t)+i3(n +frs(t)+ hcos(g rs?(t)+p rs(t)+b) o
+ksin(c rs® (t)+vrs(t)+d))
In Figure 4 are the parameter-values:
s=-11=%a=1f =—i, p=Ln=6,v=2,
10 (22)

d=-1b=3k=Lh=-tc=1g--1
2°7 3977

Now we will make a system where the equilibrium points are located on a
curve line, as we can see in Figure 5.
The system (3014):

Figure 5. A LC with 5 equilibrium points on a curve line.
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dx 2 :.3
E=5x+ux + jxX°+ly+q

dy

o —T1(5x+ly+ux2 + jx +q)(5+2UX+3jX2)

+%‘vk(sx+ly+ux2 + 3 +q)cos(cx2 +vx+d)

+aT2(n+ fXJFhCOS(gx2 + px+b)+ksin(cx2 +vx+d))

><|:f —hsin(gx® + px+b)(2gx+ p)+2kexcos(ox® +vx+d)]
System (3014) has the solutions:
x(t)=rs(t) (23)
y(t)= —Il(s rs(t)+urs® (t)+ jrs’ (t)+q)
+i3(n+ f rs(t)+hcos(grs® (t)+ prs(t)+b) (24)
+ksin(crs’ (t)+vrs(t)+d))
The parameter-values are:

. 1 1
s=ll1=-lLu=2j=-=,g=2,a=,f=-—,p=]
: 3 a 10 P

1 1 (25)
n=6v=2d=-1b=3k=Lh=-=c==,g=-=
2 4 2
System (3039) as a last example:
%—sx2+l +
i y+q
@ _ —Ex(sx2 +Iy+q)+3vk(sx2 +Iy+q)cos(cx2 +vx+d)
dt | I
2
+aT(n+ fx+hcos(gx® + px+b)+ksin(cx* +vx+d))
><|:f —hsin(gx® + px+b)(2gx+ p)+2kexcos( ox® +vx+d)]
System (3039) has the solutions:
x(t)=rs(t) (26)
y(t) :—%(s rs? (t)+q)+%(n+ f rs(t)+hcos(grs® (t)+ prs(t)+b)
(27)
+ksin(crsz(t)+vrs(t)+d))
The parameter-values are:
a=-1l=1s=-=,g=-Lv=5f :—i,k:g,
1 1 1 5(1). ) (28)
h=-=,p==,d=-1Lb=5g=-=,c==,n=5
2 2 4 4

All the second-order nonlinear ODEs and the systems of nonlinear ODEs
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above have the expo-elliptic function IS (t) as solutions. And a lot more is

possible to make (Figure 6).

2.4.2. The Functions ks and kd
And again we start with a non-elementary integral.
Define a function u (IF 171):

u=u(e)=J/ .
2 0 n+hcos(se2*“’ _sz)+k(e2a9 _bz)sin(pezaa _ pbz)

ag

dg  (29)

a,b,h,k, p,n,s are parameters defined on R.
The denominator can become 0. To avoid that we can make some restrictions
to the parameters: a<0, n>2, -1<h,k<1, —o<b,p,s<o

du e

dg n+hcos(se’ —sb®)+k (e —b*)sin( pe’* - pb) "

. du
Inverting E :

3—(: =g (n + hcos(seza" - sb2)+ k(eza“’ —bz)sin ( pe” — pbz)) (31)

Define a set of 2 functions: ks and 4d, so that
ks(u)=e", (32)

Figure 6. Two LC on the line y = %XZ +1.
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kd (u)=e® (n +hcos(se® —sb?)+k (e —b? )sin(pe** - pbz))

(33)
- ks%u)(nJr hcos(sks® (u)—sb®)+k (ks* (u)~b®)sin( pks’ (u)- pbz))
The connection between the functions ks and 4dis:
kd (u)ks(u)—hcos(s ks? (u)—sbz)
(34)

—k (ks? (u)—b?)sin(pks® (u)— pb*)=n

We see that the functions ks(u) and kd(u) exist for all values of the para-
meters a,b,h,k,n, p,s even though the integral IF 171 is not defined for values
that make the denominator = 0. The functions ks(u) and kd(u) are conti-
nuous and differentiable on the whole R.

The derivatives to these functions are:

d

—aew 32 _
Eks(u)—ae du_aks(u)kd(u) (35)

S n+hcos(sksz(u)—sb2)+k(ksz(u)—bz)

xsin( pks?(u)- pbz))2 +2a(n+hcos(s ks? (u)—sbz)

(36)
+k (ks® (u)—b?)sin( pks® (u)- pbz))[—hssin(s ks —sb?)
+ksin( pks® (u)— pb® )+ pk (ks® (u)—b? )cos( pks? (u) - pbz)}
Define a solution X(t)=ks(t)
%: a(n+hcos(sx2 —sb?)+k(x* —b? )sin( px* - pbz)) (37)
%:—Zahsxz—)t(sin(sx2 —sb2)+2a2kx(n+hcos(sx2 —sb?)

+k(x2 —bz)sin( px® — pbz))[sin(px2 - pbz)
+p(x* —b?)cos( px* - pbz)]

(0,0) and (#b,0) are equilibrium points. Define 2 functions fand g so that
f(xy)=Yy and
g(x,y)=—2ahsxysin (sx2 —sh? ) + 2a2kx(n +h cos(sx2 - sz)

+k(x2—b2)sin(px2—pbz))[sin(pxz—pbz) (38)
+ p(x2 —b2)cos( px® — pbz)]

Jacobian matrix:

of of
&(Xo-YO) E(Xo:yo)

0 0

Sk %) 39)

0-2 1 }

det(J (£h,0)~ A1) = det 8a’b’kp(n+h) 0-1
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(-2)" —8a%b’kp(n+h)=0
A ==2ab\/2kp(n+h) (40)
Complex eigenvalues with zero real part when kp(n+h)<O0.
(4b,0) is center when kp(n+h)<0 and saddle when kp(n+h)>0.

In Figure 7 is (-3, 0) a stable center, and has an area around it with stable
closed curves. We can also see a limit cycle to the left. The parameter-values are:

a=—1,k=—1,h=:Ln=5,s=1,p=%,b=3 41)
det(J(0,0)-Al)
0-4 1
B det[—Zazk(sin( pb? )+ pb? cos pbz))(n+ hcos(sb?) + kb? sin(pbz)) 0-1
(42)

A= J_ra\/—Zk(sin( pb? )+ pb* cos( pb? ))(n +hcos(sb® ) + kb sin ( pb? )) (43)

Complex eigenvalues with zero real part when
-2k (sin (pb®)+ pb® cos( pb? ))(n +cos(sb” )+ kb® sin ( pb? )) <0.Thenis (0,0)
center.

It is possible to make phase diagrams where three of the equilibrium points

are stable centers, while the others are saddles, spiral sinks and spiral sources

Figure 7. One stable center and one stable LC.
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and some limit cycles, as we can see in Figure 8.

In Figure 8 is the parameter b = 6, the other values are the same as in Figure 7.

We can see a big area with stable closed curves with no attraction behavior
surrounding (0, 0) , and 4 limit cycles.

In Figures 7-9 we see these equilibrium points: center, saddle point, spiral
sink and spiral source. And we also see some limit cycles (LC).

The behavior of the solution curves in the phase diagrams reflects the qualities
of the functions ksand 4d.

2.4.3. The functions fs and fd.
Define an integral function u (IF 153):

u=u(p)=|’ ¢
Ik n+hcos(sea")+fsin(vea")+kea”sin(pe”)

af

de (44)

a,h, f,k,n,s,v, p are parameters defined on R.
The denominator can become 0. In order to avoid that we can make some re-
strictions to the parameters: a<0, n>3, -1<h,f k<1, —0o<s,v,p<wo

du e

E B n+ hcos(sea"’)+ f sin (vea"’)+ ke® sin( pea"’) (45)

Inverting:

Z—f e (n + hcos(sea“’ ) + fsin (vea“’)+ ke® sin ( pe” )) (46)

Figure 8. Three stable centers and four stable LC.
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Figure 9. A close-up of Figure 8.

Define a set of 2 functions fsand £d, so that
fs(u)=e* (47)
fd(u)=e™ (n +h cos(sea¢)+ f sin (vea"’ ) +ke* sin( pe*’ ))
! n+hcos(s f fsin(v f k fs in(pfs 49
=—-Nn+ STS(U))+ INfvis(u))+ u)si u
The connection between the functions fsand fdis:

fd (u) fs(u)—hcos(s fs(u))— fsin(v fs(u))—k fs(u)sin(p fs(u))=n  (49)

Notice that the function fd (u) exist for all values of the parameters
a,h, f,k,s,v,n, p, even thought the integral IF153 don’t exist for values that
make the denominator = 0. The functions fs(u) and fd (u) are continues
and differentiable on the whole R.

The derivatives to these functions are:

diufs(u)zafs(u) fd (u) (50)

—fd(u)=- a (n+hcos(s fs(u))+ fsin(v fs(u))

fs? (u)

+k fs(u)sin(p fs(u)))2 +

(n+hcos(s fs(u))

fs(u)
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+ fsin(v fs(u))+k fs(u)sin(p fs(u)))[—hssin(s fs(u))

(51)
+ fvcos(v fs(u))+ksin(p fs(u))+kp fs(u)cos(p fs(u))]
Define a solution x(t) = fs(t)
%za(n+hcos(sx)+ f sin (vx)+ kxsin( px)) (52)
H= —ahsd—sm(sx)+afvd—cos(vx)
dt? dt dt (53)
dx . dx
+akasm(px)+akpxacos( pX)

dx_ _av & cos(vx)—a?(n-+hcos(sx)+ f sin(vx)-+kxsin( px))

dt? dt (3291)

x [hssin (sx)—ksin( px)—kpxcos( px)]

Equation (3291) is one of at least 5 second-order nonlinear ODEs that is
possible to make from (53) that have the function fS (t) as solution.

In Figure 10 the parameter-values are:

a=-1lv=4,s=1f=1k=-Lp=Ln=4h=-1 (54)

The 5 equilibrium points in Figure 10 are 3 spiral sink and 2 saddle points.
There are also 2 unstable limit cycles (LC).

In Figure 11 are the parameter-values:

et A e
B s
\/\/“’L

ok
b 4
o
/
o
A
-

A N

Figure 10. One large LC with five equilibrium points.
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Figure 11. Two large LC surrounding three small LC.

a=-Lv=6,s=1f=1k=-1,p=Ln=15h=-1 (55)

In Figure 11 we see the same 5 equilibrium points as in Figure 10, but they
have changed to 2 spiral source, 1 spiral sink and 2 saddle points. 2 large LC are
surrounding 3 small LC. One large unstable LC between the 2 large stable LC.
There are also 3 unstable LC.

2.4.4. The Functions ts and td
This is a set of functions that are giving solutions to some dynamical systems
with a funny behavior that reminds a bit of the Lorenz’ equations.

Define an integral function u (IF 143):

ad

» e
(0)=]; n+ fe* +ke* sin( pe* ) 6

a, f,k,n,p are parameters defined on R.
In order to avoid the denominator to become zero we can make some restric-

tions to the parameters: n>2, a<0, -1<f,k,<1, —o<p<w

du e’

—= - (57)
dp  n+ fe* +ke* sin(pe*)
Inverting:
d(D —ag agp ap o ap
- _ 58
du e (n+ fe® +ke sm(pe )) (58)
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Define a set of 2 functions tsand #d, so that
ts(u)=e*

td(u)=e™ (n + fe* +ke* sin( pea“’))

1 . (59)
:W(mr fts(u)+kts(u)sin(pts(u)))
The connection between the functions tsand ¢d:
td (u)ts(u)— f ts(u)—kts(u)sin(pts(u))=n (60)

We see that the function td (U) exists for all values of the parameters
a, f,k,n, p, even though the integral IF 143 doesn’t exist for values that make
the denominator = 0. The functions ts(u) and td (u) are continuous and
differentiable on the whole R.

The derivatives to the functions ts(u) and td (u) :

%ts(u)z ats(u)td (u) (61)
%td (u)= —ﬁ(mr fts(u)+kts(u)sin( pts(u)))2

(n+fts(u)+kts(u)sin(pts(u))) (62)

ts(u)
x| f+ksin(pts(u))+kpts(u)cos(pts(u))]

dx

Define a solution x(t):ts(t)aza(n+ fx + kxsin ( px)) (63)
ax_ a%(f +ksin(px))+a’kpxcos( px)(n+ fx+kxsin( px))  (3366)
dt> ot

We can make a 3D system of this equation by defining a bit of it as the solu-
tion z(t)=axcos(px).
Then we become the system (3367):

o _
a
dy . .
E:ay(f +ksin( px))+akpz(n+ fx+kxsin(px))
%: —apxysin(px)+a’®cos( px)(n+ fx+kxsin(px))

This system has the solutions:
x(t)=ts(t)
y(t)=a(n+ fts(t)+kts(t) sin( pts(t))) (64)
z(t) =ats(t)cos(pts(t))

In Figures 12-16 are the parameter-values:
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Figure 12. Initial point (17, 6, —10), £=0...20.

Figure 13. Initial point (=17, 6, —10), £=0...80.

1
7

a=—1,n=3,k=—%,p=1,f= (65)

This system has a variation in behavior that depends on the initial values. For
some values, the curves approach a spiral sink, for other values the solution
curve will go to infinity, and for other initial values will the solution curve have a
chaotic behavior. In this case the solution curve is behaving like a restless man
finding peace nowhere.

The solution curves are very sensitive to the initial conditions, to the initial
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Figure 14. Initial point (-21, -6, 0), £=0...18.

Figure 15. Initial point (21, =6, 0), £=0...48.

values X,,Y, and Z,.Sometimes a change in initial value of 0.002 is enough to
make a big change in the long-term behavior, and at other times a change in 0.1
will bring a change in the long-term behavior. The paths exhibit sensitive de-
pendence to initial conditions [1].

Figure 16 shows both solution curves with the initial points (17, 6, —10) and
(-21, -6, 0). Both solution curves sometimes circulate along the same spiral in

the middle of the picture. This is so far my math-program can work.
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Figure 16. Two initial points (-17, 6, —-10), (21, -6, 0), £=0...100.

3. Conclusions

My purpose with all these pictures is to show you some of the variations in be-
havior and qualities of the expo-elliptic functions. I don’t know any other func-
tions that have these qualities. If the behavior of the solution curves in the phase
diagrams reflects the qualities of the solution functions, then we can see some of
these qualities in the pictures in this paper.

What is new in this paper are the four sets of non-elementary functions rs and
rd, ks and kd, fs and fd, ts and td They are useful as both solutions to
second-order nonlinear ODEs and systems of nonlinear ODEs. Some of them
are exhibiting limit cycles with a few or many equilibrium points, or have limit
cycles inside each other with different sizes and shapes. It is amazing to see what
properties some of the expo-elliptic functions have.

It is possible to make a lot of non-elementary functions using the Abel’s me-
thods described by Armitage and Eberlein, by how they define the Jacobi elliptic
functions. In the same way as Jacobi’s functions sn, cn, dn and am give solutions
to a few ODE:s, the expo-elliptic functions described in this paper and a lot more,
give solutions to many other different kinds of ODEs. I don’t see any limit for

this subject. The only limit is our imagination.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Jordan, D.W. and Smith, P. (2007) Nonlinear Ordinary Differential Equations. Ox-

DOI: 10.4236/jamp.2022.104092

1323 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.104092

M. Stensland

(6]

[12]

ford University Press, Oxford, 1, 450-453, 490, 493.

Maliki, O.S. and Sesan, O. (2018) On Existens of Periodic Solutions of Certain
Second Order Nonlinear ODEs via Phase Portrait Analysis. Applied Mathematics,
9,1225-1237.

Armitage, J.V. and Eberlein, W.F. (2006) Elliptic Functions. London Mathematical
Society, Cambridge, 12-15.

Duarte, L.G.S., Duarte, S.E.S., da Mota, L.A.C.P. and Skea, J.E.F. (2000) Solving
Second-Order Ordinary Differential Equations by Extending the Prelle-Singer Me-
thod. Journal of Physics A: Mathematical and General, 34, 3015.
https://doi.org/10.1088/0305-4470/34/14/308

Markakis, M.P. (2010) Exact Solutions for Certain Nonlinear Autonomous ODE of
the Second Order and Families of Two-Dimensional Autonomous Systems. Inter-
national Journal of Differential Equations, 2010, Article ID: 436860.
https://doi.org/10.1155/2010/436860

Panayotounakos, D.E. and Zampoutis, T.I. (2011) Construction of Exact Parametric
or Closed Form Solutions of Some Unsolvable Classes of Nonlinear ODEs. Interna-
tional Journal of Mathematics and Mathematical Sciences, 2011, Article ID: 387429.
https://doi.org/10.1155/2011/387429

Ali, A.T. (2011) New Generalized Jacobi Elliptic Function Rational Expansion Me-
thod. Journal of Computation and Applied Mathematics, 235, 4117-4127.
https://doi.org/10.1016/j.cam.2011.03.002

Hong, B.J. and Lu, D.C. (2009) New Jacobi Elliptic Solutions for Higher-Order
Nonlinear Schrodinger Equation. International Journal of Nonlinear Science, 7, 360-367.

Schwalm, W.A. (2015) Differential Equations Satisfied by the Jacobi Elliptic Func-
tions. Morgan & Claypool Publishers, San Rafael.
https://doi.org/10.1088/978-1-6817-4230-4ch2

Salas, A.H. and Castillo H., J.E. (2014) Exact Solution to Duffing Equation and the
Pendulum Equation. Applied Mathematical Sciences, 8, 8781-8789.
https://doi.org/10.12988/ams.2014.44243

Zraiqat, A. and Al-Hwawcha, L.K. (2015) On Exact Solutions of Second Order Non-
linear Ordinary Differential Equations. Applied Mathematics, 6, 953-957.
https://doi.org/10.4236/am.2015.66087

Mengesha, L.M. and Denekew, S.A. (2020) Revised Methods for Solving Nonlinear
Second Order Differential Equations. Journal of Applied & Computational Mathe-
matics, 9, 4.

Xiang, C. and Wang, H. (2020) Jacobi Elliptic Function Expansion Method for the
Vakhnenko Equation. Journal of Applied Mathematics and Physics, 8, 793-798.
https://doi.org/10.4236/jamp.2020.85061

Stensland, M. (2022) An Attempt to Make Non-Elementary Functions That Are
Giving Solutions to Some Second-Order Nonlinear Autonomous ODEs. Journal of
Applied Mathematics and Physics, 10, 56-67.
https://doi.org/10.4236/jamp.2022.101006

DOI: 10.4236/jamp.2022.104092

1324 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.104092
https://doi.org/10.1088/0305-4470/34/14/308
https://doi.org/10.1155/2010/436860
https://doi.org/10.1155/2011/387429
https://doi.org/10.1016/j.cam.2011.03.002
https://doi.org/10.1088/978-1-6817-4230-4ch2
https://doi.org/10.12988/ams.2014.44243
https://doi.org/10.4236/am.2015.66087
https://doi.org/10.4236/jamp.2020.85061
https://doi.org/10.4236/jamp.2022.101006

	Four New Examples of the Non-Elementary Expo-Elliptic Functions That Are Giving Solutions to Some Second-Order Nonlinear Autonomous ODEs
	Abstract
	Keywords
	1. Introduction
	2. The Expo-Elliptic Functions
	2.1. Definition
	2.2. Four Subgroups of the Expo-Elliptic Functions
	2.3. The Derivative of the Expo-Elliptic Function
	2.4. Four Examples
	2.4.1. The Functions rs and rd
	2.4.2. The Functions ks and kd
	2.4.3. The functions fs and fd.
	2.4.4. The Functions ts and td


	3. Conclusions
	Conflicts of Interest
	References

