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Abstract 
In this paper, the integral problem for linear and nonlinear wave equations is 
studied. The equation involves abstract operator A in Hilbert space H. Here, 
assuming enough smoothness on the initial data and the operators, the exis-
tence, uniqueness, regularity properties of solutions are established. By 
choosing the space H and A, the regularity properties of solutions of a wide 
class of wave equations in the field of physics are obtained. 
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1. Introduction, Definitions and Background 

The aim here, is to study the existence, uniqueness, regularity properties of solu-
tions of the integral problem (IP) for abstract wave equation (WE) 

( ) ( ) ( ), , 0, ,n n
tt Tu a u Au f u x t T− ∆ + = ∈ = ×� �           (1.1) 
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u x x u xϕ η σ σ σ= + ∫                (1.2) 

( ) ( ) ( ) ( )
0

,0 , d ,
T

t tu x x u xψ β σ σ σ= + ∫
 

where A is a linear and ( )f u  is a nonlinear operator in a Hilbert space H, 
( )η σ , ( )β σ  are measurable functions on ( )0,T , a is a complex number, 
( ]0,T ∈ ∞ . Here, ∆  denotes the Laplace operator with respect to nx∈ , 

( )xϕ  and ( )xψ  are the given H-valued initial functions. 
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Wave type equations occur in a wide variety of physical systems, such as in the 
propagation of longitudinal deformation waves in an elastic rod, hydro-dynamical 
process in plasma, in materials science which describes spinodal decomposition 
and in the absence of mechanical stresses (see [1] [2] [3] [4]). The nonlocal 
theory of elasticity was introduced (see [5] [6] [7] [8] [9] and the references cited 
therein). The global existence of the Cauchy problem for Boussinesq type equa-
tions has been studied by many authors (see [10] [11] [12]). Note that, the exis-
tence and uniqueness of solutions and regularity properties of a wide class of 
wave equations were considered e.g. in [13]-[22]. The abstract evolution equa-
tions were studied e.g. in [23]-[32]. Unlike in these studies, in this paper the ab-
stract wave equation (1.1) is considered. The pL  well-posedness of the Cauchy 
problem (1.1)-(1.2) depends crucially on the presence of the linear operator A 
and nonlinear operator ( )f u . Then the question that naturally arises is which 
of the possible forms of the operator functions and kernel functions are relevant 
for the global well-posedness of the Cauchy problem (1.1)-(1.2). We find the 
class of operator A such that provides the existence, uniqueness, regularity 
properties and blow up of solutions (1.1)-(1.2) in terms of fractional powers of 
operator A. By choosing the space H, operator A in (1.1)-(1.2), we obtain a wide 
class of wave equations which occur in application. Let we put ( )2 0,1H L=  
and consider the operator 1A A=  defined by 

( ) ( ) ( )22,2
1 1 1 00,1, , ,kD A W L A u b u b u= = +              (1.3) 

( ) ( ) ( ) ( )0 1 0, 1,2,k km m
k k kL u u u kα β = + = =   

where ( ) ( )1 0. , .b b  are VMO functions (see definitions below), { }0,1km ∈ , 
,k kα β  are complex numbers. 
Consider the following mixed problem for WE with discontinuous coefficients 
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where a is a complex number. From our results we obtain the existence, unique-
ness, regularity properties and blow up of solutions of (1.4) in ( )( )0,1nL ×p  
with terms of fractional powers of the operator 1A , where ( )2, ,p p=p  and 

( )( )0,1nL ×p  denotes the space of all p -summable complex-valued measura-
ble functions f defined on Ω  with the mixed norm 
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Let E be a Banach space. ( );pL EΩ  denotes the space of strongly measurable 
E-valued functions that are defined on the measurable subset nΩ ⊂   with the 
norm 
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; d ,1 ,p

pp

p L E E
f f f x x p

Ω
Ω

 
= = ≤ < ∞ 

 
∫
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∈Ω
=

 
Let 1E  and 2E  be two Banach spaces. ( )1 2 ,, pE E θ

 for ( )0,1θ ∈ , [ ]1,p∈ ∞  
denotes the real interpolation spaces defined by K-method ([33], Section 1.3.2). 
Let 1E  and 2E  be two Banach spaces. ( )1 2,B E E  will denote the space of all 
bounded linear operators from 1E  to 2E . For 1 2E E E= =  it will be denoted 
by ( )B E . 

Here, 

{ }, 0, arg ,0 .Sφ λ λ λ φ φ= ∈ ≠ ≤ ≤ < π�  
A closed linear operator A is said to be sectorial in a Banach space E with 

bound 0M >  if ( )D A  and ( )R A  are dense on E, ( ) { }0N A =  and 

( )
( )

11

B E
A I Mλ λ −−+ ≤

 
for any Sφλ ∈ , 0 φ≤ < π , where I is the identity operator in E, ( )D A  and 
( )R A  denote domain and range of the operator A, respectively. It is known that 

(see e.g. [33], Section 1.15.1) there exist the fractional powers Aθ  of a sectorial 
operator A. Let ( )E Aθ  denote the space ( )D Aθ  with the graphical norm 

( ) ( )
1

,1 ,0 .
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A sectorial operator ( )A ξ  is said to be uniformly sectorial in E for nξ ∈ , 
if ( )( )D A ξ  is independent of ξ  and the following uniform estimate 

( )
( )

11

B E
A I Mλ λ −−+ ≤

 

holds for any Sφλ ∈ . 
A function ( )nL∞Ψ∈   is called a Fourier multiplier from ( );p nL E  to 

( );q nL E  if the map ( )1:P u uξ−→ Ψ   is well defined for ( );nu S E∈   
and extends to a bounded linear operator. 

Definition 1.1. Let U be an open set in a Banach space X, let Y be a Banach 
space. A function :f U Y→  is called (Frechet) differentiable at x U∈  if 
there is a bounded linear operator ( ) :Df x X Y→ , called the derivative of f at 
a, such that 

( ) ( ) ( )
0

lim 0Y

h
X

f x h f x Df x h

h→

+ − −
=

 
If f is differentiable at each x U∈ , then f is called differentiable. This func-

tion may also have a derivative, the second order derivative of f, which, by the 
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definition of derivative, will be a map 

( )( )2 : , , .D f U L X L X Y→  
Let E be a Banach space. ( );nS S E=   denotes E-valued Schwartz class, i.e. 

the space of all E-valued rapidly decreasing smooth functions on n  equipped 
with its usual topology generated by seminorms. ( );nS    denoted by S. Let 

( );nS E′   denote the space of all continuous linear functions from S into E, 
equipped with the bounded convergence topology. Recall ( );nS E  is norm 
dense in ( );p nL E  when 1 p≤ < ∞ . Let m be a positive integer. ( ), ;m pW EΩ  
denotes an E-valued Sobolev space of all functions ( );pu L E∈ Ω  that have the  

generalized derivatives ( );
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Let ( ), ;s p nW E  denotes the fractional Sobolev space of order s∈ , that is 

defined as: 
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It is clear that ( ) ( )0, ; ;p n p nW E L E=  . Let 0E  and E be two Banach spaces 
and 0E  is continuously and densely embedded into E. Here, ( ),

0; ,s p nW E E  
denote the Sobolev-Lions type space i.e., 
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In a similar way, we define the following Sobolev-Lions type space: 
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Let ( )qL E∗  denote the space of all E-valued function space such that 
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Let 0s > . Fourier-analytic representation of E-valued Besov space on n  is 
defined as: 
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It should be noted that, the norm of Besov space does not depend on   (see 
e.g. [33], Section 2.3 for E =  ). 

Let A be a sectorial operator in H. Here, 
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where ( ),

,
,s p

p p
Y X

θ
 denotes the real interpolation space between ,s pY  and 

pX  for ( )0,1θ ∈ , [ ]1,p∈ ∞  (see e.g. [33], Section 1.3). 

Remark 1.1. By Fubini’s theorem we get 
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Then by definition of spaces 2, ,s pY , ( )( ), , ; ,s p s p nY H H A H=   and pX  we 
have 

( ) ( )

( )
( )

( )

2, ,

,

2, , 2, ,
0, ; ,

2
0, ; 0, ;

: 0, ; , ,

.

p s p
p

p s p p
p

s p p s p
p W T Y X

L T Y L T X

Y u u W T Y X u

u u


= ∈


= + 
  

By J. lions-J. Peetre result (see e.g. [33], Section 1.8.2) for ( )2, ,0, ; ,p s p
pu W T Y X∈  
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Moreover, if ( ) ( ),

,
,. ,

j

s p
p p

u x Y X
θ

∈ , then under some assumptions that will be 

stated in Section 3, ( )f u H∈  for all x, n
Tt∈  and the map ( )u f u→  is 

bounded from ( ),
1 ,

2

, ,s p
p p

p

Y X  into E. Hence, the nonlinear Equation (1.1) is 

satisfied in the Banach space H. Here, ( )H A  denotes a domain of A equipped 
with graphical norm. 

Sometimes we use one and the same symbol C without distinction in order to 
denote positive constants which may differ from each other even in a single 
context. When we want to specify the dependence of such a constant on a para-
meter, say α , we write Cα . Moreover, for , 0u υ >  the relations u υ , 
u υ≈  means that there exist positive constants 1 2, ,C C C  independent on u 
and υ  such that, respectively 

1 2, .u C C u Cυ υ υ≤ ≤ ≤  
The paper is organized as follows: In Section 1, some definitions and back-

ground are given. In Section 2, we obtain the existence of unique solution and a 
priory estimates for solution of the linearized problem (1.1)-(1.2). In Section 3, 
we show the existence and uniqueness of local strong solution of the problem 
(1.1)-(1.2). In Section 4, the existence and uniqueness of global strong solution 
of the problem (1.1)-(1.2) is derived. Section 5 is devoted to blow up property of 
the solution of (1.1)-(1.2). In Section 6, we show some applications of the prob-
lem (1.1)-(1.2). 

Sometimes we use one and the same symbol C without distinction in order to 
denote positive constants which may differ from each other even in a single 
context. When we want to specify the dependence of such a constant on a para-
meter, say h, we write hC . 

2. Estimates for Linearized Equation 

In this section, we make the necessary estimates for solutions of the integral 
problem for linear WE 

( ) ( ) ( ], , , 0, , 0, ,n
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t tu x x u xψ β σ σ σ= + ∫
 

where A is a linear operator in a Banach space E, a is a complex number and 
( )sη , ( )sβ  are measurable functions on ( )0,T . 
Remark 2.1. By properties of real interpolation of Banach spaces and inter-

polation of the intersection of the spaces (see e.g. [33], Section 1.3) we obtain 
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In a similar way, we have 
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Remark 2.2. Let A be a sectorial operator in a Banach space E. In view of in-

terpolation of sectorial operators (see e.g. [33], Section 1.8.2) we have the fol-
lowing relation 

( ) ( )( ) ( )1 1
,

,
p

E A E A E E Aθ ε θ ε
θ

− − − +⊂ ⊂
 

for 0 1θ< <  and 0 1ε θ< < − . 
Note that from J. lions-J. Peetre result (see e.g. [33], Section 1.8.2) we obtain 

the following result. 

Lemma A1. The trace operator ( ),
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∂
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We assume that A is a sectorial operator in a Hilbert space H. Let A be a ge-

nerator of a strongly continuous cosine operator function in a Banach space E 
defined by formula 

( ) ( )
1 1
2 21 e e

2
itA itA

AC t C t −
 

= = +  
 

 

(see e.g. [25], Section 11 or [23], Section 3). Then, from the definition of sine 
operator-function ( )S t  we have 
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σ σ
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∫
 

Remark 2.3. Let A be a densely defined operator in H. By virtue of ([23], 
Theorem 3.15.3) if A be the generator of a cosine function ( )C t , i.e. 

( ) ( )2

0

1, e d for .tR A C t tλλ λ ω
λ

∞
−= >∫

 
Let 

( ) ( ) ( ) ( ) ( ) ( )
e e , , ,

2
itA itA A

A C t C tξ ξ ξ
ξ ξ− +

± = ± = =           (2.3) 

( ) ( ) ( ) ( ) ( )11, , , .
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Condition 2.1. Assume: 1) 
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( ) ( ) ( ) ( )( )
0 0

1 d d ;
T T

η σ β σ σ η σ β σ σ+ > +∫ ∫            (2.0) 

2) A is a φ -sectorial operator in the Hilbert space H and A is a generator of a cosine 
function; 3) 

1
a Sφ∈  for 10 φ≤ < π , 1φ φ< π− ; 4) 0 pϕ ∈  and 1pψ ∈ . 

Definition 1.1. Let 0T > , 0 pϕ ∈  and 1pψ ∈ . The function  
( )( )2 ,

1
s pu C Y A∈  satisfies of the problem (1.1)-(1.2) is called the continuous 

solution or the strong solution of (1.1)-(1.2). If T < ∞ , then ( ),u x t  is called 
the local strong solution of (1.1)-(1.2). If T = ∞ , then ( ),u x t  is called the 
global strong solution of (1.1)-(1.2). 

First we need the following lemmas: 
Lemma 2.1. Let the Condition 2.1 holds. Then, problem (2.1)-(2.2) has a so-

lution. 
Proof. By using of the Fourier transform, we get from (2.1)-(2.2): 

( ) ( ) ( )2ˆ ˆ ˆ, , , ,ttu t A u t g tξξ ξ ξ+ =                  (2.4) 

( ) ( ) ( ) ( )
0

ˆˆ ˆ,0 , d ,
T

u uξ ϕ ξ η σ ξ σ σ= + ∫                (2.5) 

( ) ( ) ( ) ( )
0

ˆˆ ˆ,0 , d ,
T

t tu uξ ψ ξ β σ ξ σ σ= + ∫
 

where ( )ˆ ,u tξ  is a Fourier transform of ( ),u x t  in x and ( )ϕ̂ ξ , ( )ψ̂ ξ  are 
Fourier transform of ϕ  and ψ , respectively and 

1
2 2 .A a Aξ ξ = +   

Consider first, the Cauchy problem 

( ) ( ) ( )2ˆ ˆ ˆ, , , ,ttu t A u t g tξξ ξ ξ+ =                  (2.6) 

( ) ( ) ( ) ( ) [ ]0 1ˆ ˆ,0 , ,0 , , 0, ,n
tu u u u t Tξ ξ ξ ξ ξ= = ∈ ∈�  

where ( ) ( ) ( )0 1,u u D Aξ ξ ∈  for nξ ∈ . By virtue of ([25], Section 11.2, 11.4) 
we obtain that Aξ  is a generator of a strongly continuous cosine operator func-
tion and the Cauchy problem (2.6) has a unique solution for all nξ ∈ . More-
over, the solution of (2.6) can be expressed as 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1
0

ˆ ˆ, , , , d , 0, ,
T

u t C t u S t u S t A g t Tξ ξ ξ τ ξ ξ τ τ= + + − ∈∫  (2.7) 

where ( )C t  is a cosine and ( )S t  is a sine operator-functions generated by 
Aξ , i.e. 
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2

tA tAC t C t A ξ ξξ −= = +
 

( ) ( ) ( )11, , e e .
2

tA tAS t S t A A ξ ξ
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Using the formula (2.7) and the first integral condition (2.5) we get 
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+ +  

+ − ∈

∫

∫

∫ ∫
 

i.e. we obtain the first equation with respect to ( )0u ξ , ( )1u ξ : 

( ) ( ) ( ) ( ) ( )10 0 11 1 10 ,b u b u gξ ξ ξ ξ ξ+ =               (2.8) 

where 

( ) ( ) ( )10
0

1 1 d ,
T

b Cξ η σ σ σ
 

= − +   
 

∫
 

( ) ( ) ( ) ( ) ( )1
11

0 0

1 d d ,
2

T T

b A C S
i ξξ η σ σ σ η σ σ σ−= − −∫ ∫

 

( ) ( ) ( ) ( ) ( )10
0 0

ˆ ˆ, , , d d
T T

g S A gξ ϕ ξ η σ σ τ ξ σ ξ τ σ= + −∫ ∫
 

Differentiating both sides of formula (2.7) and using the seconf integral con-
dition (2.5), we have 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 0 1
0

0 0

1ˆ d
2

ˆ, , , d d ,

T

T T

u u u
i

C A g

ξ ψ ξ β σ ξ ξ σ

β σ σ τ ξ ξ σ τ σ

 = + +  

+ −

∫

∫ ∫
 

i.e. we get the second equation with respect to ( )0u ξ , ( )1u ξ : 

( ) ( ) ( ) ( ) ( )20 0 21 1 20 ,b u b u gξ ξ ξ ξ ξ+ =               (2.9) 

where 

( ) ( ) ( ) ( )20 21
0 0

1 d , 1 d ,
2

T T

b b
i

ξ β σ σ ξ β σ σ= − = −∫ ∫
 

( ) ( ) ( ) ( ) ( )20
0 0

ˆ ˆ, , , d d .
T T

g C A gξ ψ ξ β σ σ τ ξ ξ σ τ σ= + −∫ ∫
 

Now, we consider the system of Equations (2.8)-(2.9) in ( )0u ξ  and ( )1u ξ . By 
assumption (2.0) and due to uniformly boundedness of 1Aξ

− , the main determi-
nant of this system 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

10 11

20 21 0 0

1

0 0 0

0 0 0 0

1

0 0

1 1 d 1 d

1 1d d d
2 2

1 d 1 d d 1 d

1 d d
4

T T

T T T

T T T T

T T

b b
D C

b b

A C S
i i

C C

A C

ξ

ξ

ξ ξ
ξ η σ σ σ β σ σ

ξ ξ

β σ σ η σ σ σ η σ σ σ

β σ σ η σ σ σ β σ σ η σ σ σ

β σ σ η σ σ σ

−

−

   
= = − + −     

   

   
− − − −   
   

 
= − − + + +       

 
  

+ −   
  

∫ ∫

∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ( ) ( ) ( )
0 0

1 d d
2

T T

S
i

β σ σ η σ σ σ
   

−    
   
∫ ∫
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0 0 0

1

0 0 0

1 d 1 d d 1

1 1d d d
4 2

0

T T T

T T T

C

A C S
iξ

β σ σ η σ σ σ β σ σ

β σ σ η σ σ σ η σ σ σ−

   
= − + + −     

   
   

− +   
   

≠

∫ ∫ ∫

∫ ∫ ∫

 
for all nξ ∈ . By solving the system (2.8)-(2.9) we get 

( ) ( ) ( ) ( ) ( ) ( )1 1
0 1 1 2, ,u D D u D Dξ ξ ξ ξ ξ ξ− −= =          (2.10) 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1 21 10 11 20

2 10 20 20 10

,

.

D b g b g

D b g b g

ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ

= −

= −  
By substituting the values ( )0u ξ  and ( )1u ξ  in (2.7), we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1 1
1 2

0

ˆ , , ,

ˆ, , d ,
t

u t C t D D S t D D

S t g

ξ ξ ξ ξ ξ ξ ξ

ξ τ ξ τ τ

− −= +

+ −∫
      (2.11) 

i.e. problem (2.1)-(2.2) has a unique solution 

( ) ( ) ( )1 1, ,u x t C t S t Qgϕ ψ= + +                (2.12) 

where ( )1C t , ( )1S t , Q are linear operator functions defined by 

( ) ( ) ( ) ( ) ( ) ( )1 1
1 1 1 2, , , ,C t C t D S t S t Dϕ ξ ξ ψ ξ ξ− −= =         

( ) ( ) ( ) ( )1 1

0

ˆ, , , , , d .
t

Qg Q t Q t S t gξ ξ ξ τ ξ τ τ− −= = −  ∫� � 
 

Theorem 2.1. Assume the Condition 2.1 holds and 

2 2 1
2 1

pns
p q p

 
> + −  

                    (2.13) 

for [ ]1,p∈ ∞  and for a [ ]1,2q∈ . Let 10 1
2 p

α≤ < − . Then for  

( )0 1p X Aαϕ ∈ ∩ , 
1
2

1 1p X A
α

ψ
− 

∈ ∩   
 

 , ( ) ,
1., s pg t Y∈  for [ ]0,t T∈  and  

( ) ( )1 ,
1,. 0, ; s pg x L T Y∈  for nx∈  problem (2.1)-(2.2) has a unique solution 

( ) [ ]( )2, 0, ;u x t C T X∞∈ . Moreover, the following estimate holds 

( ) ( )( )
0 11

1

,
11

1
2

0

0

., ., d ,

p p

s p

tX X X
X

t

Y X

A u A u C A A

g g

αα α αϕ ϕ ψ ψ

τ τ τ

∞ ∞

−
+ ≤ + + +



+ + 


∫

 

  (2.14) 

uniformly in [ ]0,t T∈ , where the constant 0 0C >  depends only on A, the 
space H and initial data. 

Proof. By Lemma 2.1, the problem (2.1)-(2.2) has a solution  
( ) [ ] ( )( )2 ,, 0, ; ;s pu x t C T Y A H∈  for 0 pϕ ∈ , 1pψ ∈  and ( ) ,

1., s pg t Y∈ . Let 
N ∈  and 
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{ } { }: , , : , .n n
N NN Nξ ξ ξ ξ ξ ξ′Π = ∈ ≤ Π = ∈ ≥� �

 

From (2.12) we deduced that 

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

1 1
1

1 1
2

1 1
1

1 1
2

1

1

,

,

,

,

1 ˆ, ,
2
1 ˆ, , .
2

N

N

N

N

N

N

X L

L

L

L

L

L

A u C t A D D

S t A D D

C t A D D

S t A D D

A Q t g

A Q t g

α α

α

α

α

α

α

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

ξ ξ τ

ξ ξ τ

∞
∞

∞

∞

∞

∞

∞

− −

Π

− −

Π

− −

′Π

− −

′Π

−

Π

−

′Π

+

+

+

+

+

�

�

 











         (2.15) 

By virtue of Remakes 2.1, 2.2 and the properties of sectorial operators we get 
the following uniform estimate 

( ) ( )
( ) 1

1 ˆ, , .
N XL

A Q t g C gα ξ ξ τ ∞
−

Π
≤�

 

Hence, due to uniform boundedness of operator functions ( ),C tξ , ( ),S tξ , 
by (2.3), in view of (2.8)-(2.10) and by Minkowski’s inequality for integrals we 
get the uniform estimate 

( ) ( ) ( )
( )

( ) ( ) ( )
( )

11 1

1 1
1

1 1
2

,

,

.

N

N

L

L

XX X

C t A D D

S t A D D

A A g

α

α

α α

ξ ξ ξ

ξ ξ ξ

ϕ ψ

∞

∞

− −

Π

− −

Π
+

 + +  







             (2.16) 

Let 

11 for a 0.
2

l s
p

δ δ
 

= − − > 
   

Moreover, in a similar way, we deduced that 

( ) ( ) ( )
( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( )( ) ( ) ( )

1 1 1 1
1 2

1 1 1 1
1 2

1

2 21 2 2

2 21 2 2

2 21 2 2

, ,

, ,

ˆ, , ,

ˆ1 , 1

ˆ1 , 1

ˆ1 , 1 , , ,

NL L

L L

L

l l

L

l l

L

l l

L

C t A D D S t A D D

C t A D D S t A D D

S t A Q t g

C t A

S t A

S t A Q t g

α α

α α

α

α

α

α

ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ

ξ ξ ξ τ

ξ ξ ξ ϕ ξ

ξ ξ ξ ψ ξ

ξ ξ ξ ξ ξ τ

∞ ∞

∞ ∞

∞

∞

∞

∞

− − − −

′Π

− − − −

−

−
−

−
−

−
−

+

+

+

+ +

+ + +

+ + +

�

�

 

  



 





   (2.17) 

here, the space ( );L H∞ Ω  is denoted by L∞ . Let 
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( ) ( )0 0

11 11 122 2
0 0

11 ,0 1 ,
2

s
p pA

p

ε ε
ξ ξ ε

−
 

− − − − 
 

 
 Φ = + + < < −
  

     (2.18) 

( ) ( ) 1

11 1 1 1
22 2 2 2

1 1
1 11 ,0 ,
2 2

s
p pA

p

ε ε
ξ ξ ε

−
 

− − − − 
 

 
 Φ = + + < < −
    

( ) ( )

( )

0

0 0

11 12 2
01 0

21 11 122 2

12 1 1
2

1 ,

s
p

k

s
p p

s
p

A

ε

ε ε

ξ ξ ε ξ

ξ

 
− − − 

 

−
 

− − − − 
 

  
 Φ = − − + 
    

 
 × + +
    

( ) ( )

( )

1

1

1 1 12 2 2
11 1

21 1 1 1
22 2 2 2

1 12 1
2 2

1 .

s
p

k

s
p p

s s
p

A

ε

ε ε

ξ ξ ε ξ

ξ

 
− − − 

 

−
 

− − − − 
 

   
 Φ = − − +  
     

 
 × + +
    

By using the resolvent properties of sectorial operators, we have 

( )
( )

1 1,0 , 1,2,
2 2i B E

A i
p

εα ξ ξ ε−Φ < < − =           (2.19) 

( ) ( )
( )

( )
( )

0
11

2
0 0, ,p

B E
B E

A C t C A A C
ε

α αξ ξ ξ
 

− − − 
 Φ ≤ ≤

 

( ) ( )
( )

( )
( )

( )
( )

( )
( )

0

1 1
12 2

1 1

11
2

1

,

.

B E
B E B E

p

B E

A S t A A A

C A A C

α α

ε
α

ξ ξ η ξ ξ

ξ

−−

 
− − − 
 

Φ ≤ Φ

≤ ≤

 

Then by calculating ( )0
k

ξ
ξ
∂

Φ
∂

, ( )1
k

ξ
ξ
∂

Φ
∂

, we obtain 

( ) ( ) ( ) ( )0 1, .
k k

A B H A B Hα αξ ξ
ξ ξ
∂ ∂

Φ ∈ Φ ∈
∂ ∂  

Let we show that ( ) ( )
1 1

,1., ;
n

q p n
i qG t B H

 
+ 

 ∈   for some ( )1,2q∈  and for all 
[ ]0,t T∈ , where 

( ) ( ) ( ) ( )2 2, 1 , , 0,1.
l

i iG t AC t iξ ξ ξ ξ
−

= + Φ =
 

By embedding properties of Sobolev and Besov spaces it is sufficient to derive 

that ( )
1 1n
q p n

i qG W
ε

 
+ + 

 ∈   for some 0ε > . Indeed by contraction, by Condition 

2.2 and by (2.18) we get ( )q n
iG L∈  . Let 1 1n

r p
σ

 
> + 

 
. For deriving the 

embedding relations ( )n
i qG W σ ε+∈  , it sufficient to show 
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( ) ( ) ( ) [ ]2 21 ., for al 0, .n
iG t L t T

σ
σξ+ ∈ ∈

 

Indeed, in view of (2.18), ( ) ( )2 21 i

σ

ξ ξ+ Φ  are uniformly bounded for nξ ∈ . 

By virtue of (2.3), (2.19), by Condition 2.2 for 
11

2
l s

p
 

< − 
 

 and ( )l q nσ− >  

we have 

( ) ( )

( ) ( ) ( )
( )

( )

( )

2 2

2 2

2 2

2 2

1 , d

1 , d

1 d

1 d .

n

n

n

n

q q
i

l q qq
i B E

l q q

l q

G t

C t A

σ

σ
α

σ ε
ε

σ

ξ ξ ξ

ξ ξ ξ ξ

ξ ξ ξ

ξ ξ

−
−

− +
−

− − 
 

+

= + Φ

+

+ < ∞

∫

∫

∫

∫

�

�

�

�




 

Hence, by Fourier multiplier theorems (see e.g. [32], Theorem 4.3) we get that the 
functions ( ),iG tξ  are Fourier multipliers from ( );p nL H  to ( );nL H∞  . In 
a similar way we obtain that 

( ) ( )( ) ( )2 22 2 ˆ1 , 1 ,
s s

S t Aαξ ξ ξ ψ ξ
−

+ +
 

( ) ( )( ) ( ) ( )2 22 2 ˆ1 , 1 , ,
s s

S t A Q t gαξ ξ ξ ξ ξ τ
−

+ + �
 

are ( ) ( ); ;p n nL H L H∞→   Fourier multipliers. Then by Minkowski’s in-
equality for integrals, from (2.3), (2.16)-(2.18) and by Remake 2.3 we have 

( ) ( ) ( ) ( )

( ) ( )

,
0 1

1 1

1 2 1 1

ˆ ˆ, ,

ˆ ˆ, ,

.s p
p p

L L

L L

W

F C t A S t A

F C t S t

g

α αξ ϕ ξ ξ ψ ξ

ξ η ϕ ξ η ψ

ϕ ψ

∞ ∞

∞ ∞

− −

− − − −

+

+

 + +   



 



         (2.20) 

Moreover, by virtue of Remakes 2.1 - 2.3 and by reasoning as the above, we have 
the following estimate 

( ) ( ) ( )( ),
1

1
0, ., ., ds p
t

W XX
F A Q t C g gα ξ τ τ τ

∞

− ≤ +�        (2.21) 

uniformly in [ ]0,t T∈ . Thus, from (2.12), (2.20) and (2.21) we obtain 

( ) ( )( )
0 11 1

,
1

0

., ., d .

p p

s p

X X X

t

Y X

A u C A A

g g

α α αϕ ϕ ψ ψ

τ τ τ

∞


≤ + + +




+ + 


∫

 

        (2.22) 

By differentiating (2.12) in a similar way, we get 
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( ) ( )( )
0 1 1 1

,
1

0

., ., d .

p p

s p

t X X X

t

Y X

A u C A A A

g g

α α α αϕ ϕ ψ ψ

τ τ τ

∞


≤ + + +




+ + 


∫

 

      (2.23) 

Then from (2.22) and (2.23) in view of Remarks 2.1, 2.2 we obtain the esti-
mate (2.14). 

Let now show that problem (2.1) has a unique solution ( ) [ ]( )1 ,0, ; s pu C T Y∈ . 
Let’s admit it is the opposite. So let’s assume that the problem (2.1) has two solu-
tions ( ) [ ]( )1 ,

1 2, 0, ; s pu u C T Y∈ . Then by linearity of (2.1), we get that 

1 2u uυ = −  is also a solution of the corresponding homogenous equation 

( ) ( ) ( )0, ,0 0, ,0 0, , 0, .n
tt tu a u Au x x x t Tυ υ− ∆ + = = = ∈ ∈�  

Moreover, by (2.7) we have the following estimate 

0.
X

Aαυ
∞
≤

 
Since ( ) { }0N A = , the above estimate implies that 0υ = , i.e. 1 2u u= . 
Theorem 2.2. Assume the Condition 2.1 and (2.13) is satisfied. Let  

10 1
2 p

α≤ < − . Then for 0 pϕ ∈ , 1pψ ∈ , ( ) ,., s pg t Y∈  for [ ]0,t T∈  and 

( ) ( )1 ,,. 0, ; s pg x L T Y∈  for nx∈  problem (2.1)-(2.2) has a unique solution 

[ ]( )2 ,0, ; s pu C T Y∈  and the following estimate holds 

( ) ( ) ,, , 0 10
0

., ds ps p s p p p

t

t YY Y
A u A u C gα α ϕ ψ τ τ

 
+ ≤ + + 

 
∫     (2.24) 

for all [ ]0,t T∈ . 
Proof. From (2.11) and (2.17) we get the following uniform estimate 

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

2 21 12 2

2 21 12 2

2 2

0

ˆ ˆ1 1

ˆ ˆ1 , 1 ,

ˆ1 , , d .

p p

p p

p

s s

t

X X

s s

X X

st

X

A u A u

C C t A A S t

A Q t g

α α

α α

α

ξ ξ

ξ ξ ϕ ξ ξ ψ

ξ ξ ξ τ τ

− −

− −

 
 + + +  
 


≤ + + +



+ + 


∫ �

 

     (2.25) 

By using the Fourier multiplier theorem ([32], Theorem 4.3) and by reasoning 

as in Theorem 2.1 we get that ( ) ( )2 21 ,
s

C tξ ξ
−

+ , ( ) ( )2 21 ,
s

S tξ ξ
−

+  and 

( ) ( )2 21 ,
s

A S tαξ ξ
−

+  are Fourier multipliers in ( );p nL H  uniformly with 

respect to [ ]0,t T∈ . So, the estimate (2.25) by using the Minkowski’s inequality 
for integrals implies (2.24). 

The uniquness of (2.1)-(2.2) is obtained by reasoning as in Theorem 2.1. 
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3. Local Well Posedness of IVP for Nonlinear WE 

In this section, we will show the local existence and uniqueness of solution of the 
nonlinear problem (1.1)-(1.2). 

For this aim we need the following lemmas. By reasoning as in [7] [18] [35], 
we show the following lemmas concerning the behaviour of the nonlinear term 
in E-valued space ,s pY . Here, let E be a Banach algebra. 

Lemma 3.1. Let 0s ≥ , [ ] ( )1 ;sf C E+∈   with ( )0 0f = . Then for any 
,s pu Y L∞∈ ∩ , we have ( ) ,s pf u Y X∞∈ ∩ . Moreover, there is some constant 

( )A M  depending on M such that for all ,s pu Y L∞∈ ∩  with 
Xu M
∞
≤ , 

( ) ( ) ,, .s ps p YY
f u C M u≤                   (3.1) 

Proof. For 0s =  in view of ( )0 0f = , we get 

( ) ( ) ( )
1

1

0

d .f u f uσ σ= ∫
 

It follows that 

( ) ( ) .
pp XX

f u C M u≤
 

If s is a positive integer, we have 

( ) ( ) ( ),
1

.s p
p

p

sn

Y X
k k X

f u C f u f u
x=

 ∂ ≤ +
∂ 

 
∑            (3.2) 

By calculation of derivative and applying Holder inequality, we get 

( ) ( ) ( )

( ) ( )

1 2

1

1 1
, 1, 2, , ,

l

p p

k

pk

s s
l

li i i iX X

ls
l

Xl k i X

u u uf u f u
x x x x

uf u i n
x

ββ β

α

β

α ∞

=

= =

∂ ∂ ∂ ∂
≤

∂ ∂ ∂ ∂

∂
≤ =

∂

∑∑

∑∑ ∏

�

�

      (3.3) 

where 

( )1 2 1 2, , , , 1, , .l k l k
k

pll pβ β β β β β β β
β

= ≥ + + + = =� �
 

Applying Gagliardo-Nirenberg’s inequality in E-valued pX  spaces, we have 

1
.

k
kk

p pk

s l
l

sX
i iX X

u uC u
x x

β
ββ

∞

−∂ ∂
≤

∂ ∂
                 (3.4) 

Hence, from (3.3) and (3.4) we get 

( ) ( ) .
p p

s s

s
i iX X

uf u C M
x x
∂ ∂

≤
∂ ∂

                 (3.5) 

Then combining (3.2), (3.3) and (3.5) we obtain (3.1). 
Let s is not integer number and [ ]m s= . From the above proof, we have 

( ) ( ) ( ) ( ), 1,, 1,, .m p m pm p m pY YY Y
f u C M u f u C M u ++≤ ≤
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Then using interpolation between 1,m pW +  and ,m pW  yields (3.1) for all 
0s ≥ . 

By using Lemma 3.1 and properties of convolution operators we obtain. 
Corollary 3.1. Let 0s ≥ , [ ] ( )1 ;sf C H+∈   with ( )0 0f = . Moreover, as-

sume ( )( );nL B H∞Φ∈  . Then for any ,s pu Y L∞∈ ∩  we have,  
( ) ,s pf u Y X∞∈ ∩ . Moreover, there is some constant ( )A M  depending on M 

such that for all ,s pu Y L∞∈ ∩  with 
Xu M
∞
≤ , 

( ) ( ) ,, .s ps p YY
f u C M uΦ∗ ≤  

Lemma 3.2. Let 0s ≥ , [ ] ( )1 ;sf C H+∈  . Then for any M there is some con-
stant ( )K M  depending on M such that for all u, ,s pY Xυ ∞∈ ∩  with  

Xu M
∞
≤ , 

X Mυ
∞
≤ , ,s pYu M≤ , ,s pY Mυ ≤ , 

( ) ( ) ( ) ( ) ( ) ( ),, , .s ps p Y XY X
f u f K M u f u f K M uυ υ υ υ

∞∞
− ≤ − − ≤ −

 

Corollary 3.2. Let 
2
ns > , [ ] ( )1 ;sf C H+∈  . Then for any positive M there is 

a constant ( )K M  depending on M such that for all ,, s pu Yυ ∈  with 

,s pYu M≤ , ,s pY Mυ ≤ , 

( ) ( ) ( ) ,, .s ps p YY
f u f K M uυ υ− ≤ −

 

Lemma 3.3. If 0s > , then ,s pY∞  is an algebra. Moreover, for ,, s pf g Y∞∈ , 

, , , .s p s p s pY X Y Y Xfg C f g f g
∞ ∞

 ≤ + + +   

By using, the Corollary 3.1 and Lemma 3.3 we obtain.  
Lemma 3.4. Let 0s ≥ , [ ] ( )1 ;sf C H+∈   and ( ) ( )1f u O u γ +=  for 0u → , 

1γ ≥  be a positive integer. If ,s pu Y∞∈  and 
Xu M
∞
≤ , then 

( ) ( ) ,, ,s ps p Y XY
f u C M u u γ

∞
 ≤    

( ) ( )
1

1 .
p

p
X XX

f u C M u u γ

∞

−≤
 

Corollary 3.3. Let 0s ≥ , [ ] ( )1 ;sf C H+∈   and ( ) ( )1f u O u γ +=  for 
0u → , 1γ ≥  be a positive integer. Moreover, assume ( )( );nL B E∞Φ∈  . If 

,s pu Y∞∈  and 
Xu M
∞
≤ , then 

( ) ( ) ,, ,s ps p Y XY
f u C M u u γ

∞
 Φ∗ ≤    

( ) ( )
1

1 .
p

p
X XX

f u C M u u γ

∞

−Φ∗ ≤
 

Lemma 3.5. Let 0s ≥ , [ ] ( )1 ;sf C H+∈   and ( ) ( )1f u O u γ +=  for 0u → . 
Moreover, let 0γ ≥  be a positive integer. If ,, s pu Yυ ∞∈ , ,s pYu M≤ ,  

,s pY Mυ ≤  and 
Xu M
∞
≤ , 

X Mυ
∞
≤ , then 

( ) ( ) ( ) ( )( )( ), ,,

1
,s p s ps p X X Y Y X XY

f u f C M u u u
γ

υ υ υ υ
∞ ∞ ∞ ∞

−− ≤ − + +  

( ) ( ) ( )( ) ( )
1

1
.

p p pX X X X XX
f u f C M u u u

γ
υ υ υ υ

∞ ∞

−
− ≤ + + −
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Let 0  denotes the real interpolation space between ( ), ,s pY A H  and pX  

with 1
2 p

θ = , i.e. 

( )( ),
10 ,

2

, , .s p
p p p

p

Y A H X=
 

Remark 3.1. By using J. Lions-J. Peetre result (see e.g. [33], Section 1.8) we 
obtain that the map ( )0u u t→ , [ ]0 0,t T∈  is continuous and surjective from 

( )2, , ,s pY A H  onto 0 p  and there is a constant 1C  such that 

( ) ( )2, ,
0

0 1 , ,1 .s p
p Y A Eu t C u p≤ ≤ ≤ ∞


              (3.6) 

Let 

( )( ) ( ) [ ] ( )( ) ( ) ( ) [ ] ( )( )2 22 , , 2, ,
1 10, ; , , , 0, ; , .s p s p s s pC Y A C T Y A H C A H C T Y A H= =

 
Condition 3.1. Assume: 

1) the Condition 2.1 holds for 
2 2 1

2 1
pns

p q p
 

> + −  
, [ ]1,p∈ ∞ , for a  

[ ]1,2q∈  and 10 1
2 p

α≤ < − ; 

2) the function ( )u f u→ : continuous from 0 pu∈  into H,  

( );kf C H∈   with k an integer, nk s
p

≥ >  and ( ) ( )1f u O u γ +=  for  

0u → , 1γ ≥  be a positive integer. 

Let 

( ) ( ) ( ) ( ) ( ){, , , ,
1 1; ; , ; ; ,s p s p s p s pY A H Y A H X A Y A H u Y A Hα α α α α= ∩ = ∈

 

( ) ( ),
21 2

;
ˆ1 .s p

p
p

s

Y A E X
X

u A u uα
α ξ−


= + + < ∞




 
Main aim of this section is to prove the following results: 
Theorem 3.1. Let the Condition 3.1 holds. Then there exists a constant 0δ >  

such that for any ( )0Y Aαϕ ∈  and ( )1Y Aαψ ∈  satisfying 

0 11 1
,

p pX X
A Aα αϕ ϕ ψ ψ δ+ + + ≤               (3.7) 

problem (1.1)-(1.2) has a unique local strange solution ( )( )2 ,
1
s pu C Y A∈ . 

Moreover, 

[ ]
( ) ( ) ( ) ( ), ,

1 1
ˆ ˆ, ;0,

sup ., ., ,s p s ptY A H Y A Ht T
u t u t Cα α δ

∈

 + ≤ 
 

          (3.8) 

where the constant C depends only on A, E, g, f and initial values. 
Proof. By (2.5), (2.6) the problem of finding a solution u of (1.1)-(1.2) is 

equivalent to finding a fixed point of the mapping 

( ) ( ) ( ) ( ) ( ) ( )1 1 ,G u C t x S t x Q uϕ ψ= + +              (3.9) 

where ( )1C t , ( )1S t  are defined by (2.6) and ( )Q u  is a map defined by 
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( ) ( ) ( )( )1

0

ˆ, , d .
t

Q u U t f uξ τ ξ τ τ−  = − − ∫
 

We define the metric space 

( ) ( )( ) ( ) ( ){ }2, ,
2 , 2,

1 0,, , , 5s p
s p s

C T AC T A C Y A u C A E u Cδ δ= = ∈ ≤
 

equipped with the norm defined by 

( ) [ ]
( ) ( ) ( ) ( ), ,,

0,
sup ., ., ., ., ,s p s pt tC T A Y YX Xt T

u A u t u t A u t u tα α

∞ ∞∈

 = + + +    
where 0δ >  satisfies (3.7) and 0C  is a constant in Theorem 2.1 and 2.2. It is 
easy to prove that ( ),C T A  is a complete metric space. From imbedding in So-
bolev-Lions space ( ), ,s pY A E  (see e.g. [27], Theorem 1) and trace result (3.6) 
we got that 1Xu

∞
≤  if we take that δ  is enough small. For ( )0Y Aαϕ ∈  and 

( )1Y Aαψ ∈ , let 

0 11 1
.

p pX X
A Aα αϕ ϕ ψ ψ δ+ + + =   

So, we will find T and M so that G is a contraction in ( )2, , ,s pC T A . By Theorems 
2.1, 2.2 and Corollary 3.3 ( ) ,

1
s pf u Y∈ . So, problem (1.1)-(1.2) has a solution 

that satisfies the following 

( )( ) ( ) ( ) ( )1 1, ,G u x t C t S t Q uϕ ψ= + +              (3.10) 

where ( )1C t , ( )1S t  are defined by (2.5) and (2.6). By assumptions, it is easy to 
see that the map G is well defined for [ ] ( )1

0 ;s
pf C H+∈  . First, let us prove that 

the map G has a unique fixed point in ( ),C T A . For this aim, it is sufficient to 
show that the operator G maps ( ),C T A  into ( ),C T A  and G is strictly con-
tractive if δ  is suitable small. In fact, by (2.7) in Theorem 2.1, Corollary 3.3 
and in view of (3.7), we have 

( ) ( )

( ) ( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( )
( )

,0 1 1

,

2, ,

0
0

1
0

0
1

0 ,

ˆ ˆ2 d

2 d

2 .

s p

s p
p

s p

tX X

t

Y A Y A Y X

t
p

Y X X X

C T A

A G u A G u

C f u f u

C C u u u u

C C u

α α α α

α α

γ γ

γ

ϕ ψ τ

δ τ τ τ τ τ

δ

∞ ∞

∞ ∞

−

+

+

  ≤ + + +    

≤ + +

≤ +

∫

∫
   (3.11) 

On the other hand, by (2.17), Corollary 3.3 and (3.7), we get 

( ) ( )( )
( )( )

( ) ( )

( )

, ,

,0 1

,

2, ,

0
0

0
0

1
0 ,

ˆ2 d

2 d

2 .

s p s p

s pp p

s p

s p

tY Y

t

Y

t

Y X

C T A

A G u A G u

C f u

C u u

C C u

α α

γ

γ

ϕ ψ τ

δ τ τ τ

δ

∞

+

+

 
≤ + + 

 

 ≤ +   

≤ +

∫

∫

 

           (3.12) 

Hence, combining (3.11) with (3.12) we obtain 
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( ) ( ) ( )2, ,, ,

1
0 ,4 .s ps p s pt C T AY Y

A G u A G u C C u γα α δ
∞ ∞

++ ≤ +        (3.13) 

So, taking that δ  is enough small such that ( )8
15
5

C C γδ < , by Theorems 2.1, 

2.2 and (3.13), G maps ( ),C T A  into ( ),C T A . 

Now, we are going to prove that the map G is strictly contractive. Let 
( )1 2, ,u u C T A∈  given. From (3.10) we get 

( ) ( ) ( ) ( )( ) ( )( )( ) ( )1 2 1 2
0

ˆ ˆ, d , 0, .
T

G u G u S x t f u f u t Tτ τ τ τ − = − − ∈ ∫
 

By (2.7) in Theorem 2.1 and Corollary 3.3, we have 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ){ ( )
( )

( ) }
( ) ( )( ) ( )

,
1

, ,

,

1 2 1 2

1 2 1 2
0

1

1 2 1 2 1 2
0

1 2 1 2

1

1 2 1 2 1 2

1 2 1 2, , ,

ˆ ˆ ˆ ˆ d

.

s p

s p s p

s p

p p

tX X

t

Y X

t

X Y Y X X

Y X X

X X X X

C T A C T A C T A

A G u G u A G u G u

f u f u f u f u

u u u u u u

u u u u

u u u u u u

C u u u u

α α

γ

γ

γ

γ

τ

∞ ∞

∞ ∞ ∞

∞ ∞

∞ ∞

−

−

− + −      

    ≤ − + −     

≤ − + +

+ − +

+ + + −

≤ + −

∫

∫
       (3.14) 

On the other hand, by (2.17) in Theorem 2.2, Corollary 3.3 and (3.7), we get 

( ) ( ) ( ) ( )( )
( )( ) ( )( )

( )( ){
( ) }

( ) ( )( ) ( )

, ,

,

, ,

,

1 2 1 2

1 2
0

1

1 2 1 2 1 2
0

1 2 1 2

1 2 1 2, , ,

ˆ ˆ d

d

.

s p s p

s p

s p s p

s p

tY Y

t

Y

t

X Y Y X X

Y X X

C T A C T A C T A

A G u G u A G u G u

C f u f u

C u u u u u u

u u u u

C u u u u

α α

γ

γ

γ

τ τ τ

τ

∞ ∞ ∞

∞ ∞

−

− + −      

≤ −

≤ − + +

+ − +

≤ + −

∫

∫       (3.15) 

Combining (3.14) with (3.15) yields 

( ) ( ) ( ) ( ) ( )( ) ( )1 2 1 2 1 2, , ,,
.C T A C T A C T AC T A

G u G u C u u u u
γ

− ≤ + −    (3.16) 

Taking δ  is enough small, from (3.16) we obtain that G is strictly contractive 
in ( ),C T A . Using the contraction mapping principle, we get that ( )G u  has a 
unique fixed point ( ) ( ), ,u x t C T A∈  and ( ),u x t  is the solution of (1.1)-(1.2). 

Let us show that this solution is a unique in ( )2, ,sC A H . Let 
( )2,

1 2, ,su u C A H∈  are two solutions of (1.1)-(1.2). Then for 1 2u u u= − , we 
have 

( ) ( )1 2 .ttu a u Au f u f u− ∆ + = −                 (3.17) 

https://doi.org/10.4236/jamp.2022.104086


V. B. Shakhmurov, R. Shahmurov 
 

 

DOI: 10.4236/jamp.2022.104086 1236 Journal of Applied Mathematics and Physics 
 

Hence, by Minkowski’s inequality for integrals and by Theorem 2.2 from 
(3.17) we obtain 

( ), ,1 2 2 1 2
0

d .s p s p

t

Y Yu u C T u u τ− ≤ −∫               (3.18) 

From (3.18) and Gronwall’s inequality, we have ,1 2 0s pYu u− = , i.e. problem 
(1.1)-(1.2) has a unique solution in ( )2, ,sC A H . 

Consider the problem (1.1)-(1.2), when 0 pϕ ∈  and 1pψ ∈ . Let 
( ) ( ) ( ) [ ) ( )( ),2 ,20, ; , , 0,1, 2.i is sC Y C Y A H i= ∞ =

 

4. Application 

Consider the problem (1.4). Let 

( )( ) ( )( )2 , ,2 , 2
,2 ; 0,1 , ; 0,1 ,p n s p s p n

pX L L Y H L= =� �  
( )( ) ( )( ), ,2 , 2 2; 0,1 ; 0,1 ,s p s p n q n

qY H L L L= ∩� �  
( ) ( )( ), ,2 , 2,2 2; 0,1 , 0,1 ,1 , ,s p s p nY H H L p q= ≤ ≤ ∞�

 

( )( )( ), 2
10 ,2 .2 ,2 ,

2

, 0,1 , ,s p
p p p p

p

E Y A L X X= ∩
 

( )( )( ), 2
11 ,2 , ,21 ,
2

, 0,1 , .s p
pp p p p p
p

E Y A L X X += ∩
 

Let ( )1 1 yω ω= , ( )2 2 yω ω=  be roots of equation ( ) 2
1 1 0b y ω + = . Let 

( ) ( )
( )

( )
1 1

2 2

1
21 1 1 1 2

1 1

2 2 2 2

, .
m m

m m
y a A

ω α β ω
ν η ξ ξ

ω α β ω

−  = = + −
 

Here, 

( )( ) ( ) ( )( ) ( ) ( )( )1 , 2 1 ,22 20,1 ; 0,1 ; 0,1 ,i is p n p n
ipE L W L L Hθ θ− −= ∩� �  

( )1
1 , 0,1, 1, .

2i
ip i p
p

θ +
= = ∈ ∞

 
From Theorem 3.1 we obtain the following result. 
Theorem 4.1. Suppose the following conditions are satisfied: 

1) 
1

a Sφ∈  for 10 φ≤ < π , 10 1
2 p

α≤ < − , [ ]1,p∈ ∞  and ( ) 0yν ≠  for all 

[ ]0,1y∈ ; 

2) ( )1 0,1b VMO L∞∈ ∩ , 0kReω ≠  and ( )1
k

Sλ φ
ω

∈  for a.e. ( )0,1x∈ , 

[ )1 0,φ ∈ π ; ( )0 0,1b VMO L∞∈ ∩ , ( ) ( )1 10 1b b= , ( ) ( )0 00 1b b= . 

3) , ,2
1
s pYϕ ∈ , 1, ,2

1
s pYψ −∈  and ( ) , ,2

1., s pf t Y∈  for 
2 2 1

2 1
pns

p r p
 

> + −  
 for 

[ ]1,p∈ ∞ , [ ]1,2r∈  and [ ]0,t T∈ . 

4) The function ( )u F u→  is continuous in 02u E∈  for [ ], 0,nx t T∈ × ; 
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moreover ( ) ( ) ( )( )1 2
02 ; 0,1F u C E L∈ . 

Then problem (1.9)-(1.10) has a unique local strange solution 
( ) [ )( )2 , ,2

00, ; ,s pu C T Y∞∈
 

where 0T  is a maximal time interval that is appropriately small relative to M. 
Moreover, if 

0 , 1 ,1 11 1
,

p p p pX X
A Aα αϕ ϕ ψ ψ δ+ + + ≤   

then 0T = ∞ . 
Proof. By virtue of [30], ( )2 0,1L  is a Fourier type space. By virtue of [30], 

the operator 1A  defined by (1.3) is sectorial in ( )2 0,1L . Moreover, by interpo-
lation of Banach spaces ([33], Section 1.3), we have 

( ) ( )( ) ( )( )( )

( ) ( )

, 2 2 2
102 ,

2

1 11 2 1
2 2 2

,2

; 0,1 , 0,1 , ; 0,1

; 0,1 , 0,1 .

s p n p n

p
p

s l
p pn

p

E W H L L L

B H L
   
− −   

   

=

 
 =
 
 

� �

�

 

Then, by using the properties of spaces , ,2s pY , , ,2s pY∞ , 02E  we get that all con-
ditions of Theorem 3.1 are hold, i.e., we obtain the conclusion. 

5. Conclusion 

Here, assuming enough smoothness on the initial data in terms of interpolation 
spaces ( )H A , H and the sectorial operators, the existence, uniqueness, regular-
ity properties of solutions are established. By choosing the space H and A, the 
regularity properties of solutions of a wide class of wave equations in the field of 
physics are obtained. 
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