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Abstract 
We consider the scattering of time-harmonic plane waves by an infinitely 
long penetrable chiral cylinder. The electromagnetic scattering problem is 
reduced to a transmission problem for a system of two-dimensional Helm-
holtz equations. We prove the classical reciprocity principle, a general scat-
tering theorem and an optical theorem in 2 . Using Herglotz wave func-
tions we define the corresponding far field operator. Applying the general 
scattering theorem useful relations are proved for the reconstruction of the 
scatterer. We also prove that for real chirality measure of the penetrable scat-
terer the far field operator has a countable number of eigenvalues which lie 
on a circle. 
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1. Introduction 

In the present work, we deal with electromagnetic scattering by a chiral obstacle 
in an achiral environment. We focus our study on the two-dimensional case and 
we formulate the scattering problem for the x3-components of the electromag-
netic field. 

Chiral materials are those which exhibit the phenomenon of optical activity, 
by means of the plane of vibration of linearly polarized light is rotated upon 
passing through an optically active medium [1] [2]. These materials are charac-
terized by a physical parameter which is called chirality and it connects the elec-
tric and magnetic fields. Concerning the electromagnetic scattering, chiral media 
often appear in applications such as biomedicine, telecommunications, even in 
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archeology and so forth [1] [3]. Therefore, it is a major issue in the study of elec-
tromagnetic waves in chiral media. In literature, there are many works which are 
dealing with electromagnetic scattering problems involving chiral media in 3 . 
Indicatively, we refer to [4] [5] [6]. Especially, in [6] the solvability of a scatter-
ing problem for a chiral dielectric which lies in an achiral environment in 
three-dimensional case is studied, which is in correspondence to the 
two-dimensional scattering problem that we study in the present work. 

Electromagnetic scattering by a chiral object has been intensively studied in 
three dimensions. However, there are a few works for the corresponding 
two-dimensional scattering problems. Gerlach in [7] studied the direct and an 
inverse electromagnetic scattering problem for a chiral dielectric in the 
two-dimensional case. In [8] a two-dimensional direct electromagnetic scatter-
ing by a perfectly conducting obstacle in a homogeneous chiral environment was 
studied by using an integral equation approach. Also, a uniqueness result for an 
inverse scattering problem was proved. In [9] the 2D scattering of electromag-
netic waves at oblique incidence in a chiral medium was studied and in [10] an 
inverse electromagnetic scattering problem for chiral structures was presented. 
Moreover, in the case of achiral media the two-dimensional problem has been 
widely studied. In book [11] two-dimensional scattering problems were studied 
for an imperfect conductor, a partially coated perfect conductor and an ortho-
tropic medium. The scattering of an electromagnetic wave by an imperfectly 
conducting infinite cylinder at oblique incidence is considered in [12]. Recently 
in [13], it was studied the inverse scattering problem of obliquely incident elec-
tromagnetic waves by a penetrable homogeneous cylinder in 2D. Moreover, in 
reference [14] the method of auxiliary sources for 2D electromagnetic scattering 
problems in achiral media was applied. 

Scattering relations for electromagnetic waves have been proposed in the lite-
rature. In particular, reciprocity principle and other scattering relations have 
been proved in [15] for acoustic waves and in [16] for elastic waves. Scattering 
theorems of time-harmonic electromagnetic waves have been stated and proved 
in [17]. In [5] scattering relations for plane electromagnetic waves are studied in 
a 3D chiral environment. In reference [18] scattering relations and the far field 
operator for electromagnetic waves scattered by a 3D chiral obstacle in an achiral 
environment have been studied. In [19] scattering relations for spherical electro-
magnetic waves in a chiral environment have been presented. Other related works 
are [20] which deals with some oscillation criteria for the two-dimensional neutral 
delay difference systems and [21] which addresses the scattering theory for the 
Laplacian spectrum on the manifold with bounded curvature comparison dy-
namics. 

The paper is organized as follows. In Section 2 we formulate a two-dimensional 
scattering problem. Specifically, we establish scalar Helmholtz equations for the 
x3-components of the electromagnetic field and we express the transmission 
conditions in terms of x3-components. In the interior of the chiral scatterer we 
use Beltrami fields. The x3-components of the electric and the magnetic field 
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cannot be decoupled on the boundary of the scatterer since they are connected 
via the Beltrami fields. In Section 3, we develop some scattering relations for the 
problem. Specifically, we state and prove the reciprocity principle (Theorem 1), a 
general scattering theorem (Theorem 2) and an optical theorem (Theorem 3) in 
two dimensions. Some useful corollaries of these theorems are presented for 
special cases of incidence. In Section 4, theoretical results for the far field opera-
tor are derived by applying the general scattering theorem and by using Herglotz 
functions. A reduction to the achiral case is presented in Section 5. We end up 
this work with concluding remarks given in Section 6. 

2. Formulation of the Problem 

We consider a bounded region D�  in 3  with a 2C -boundary, occupied by a 
homogeneous, isotropic, chiral medium of chirality measure β , electric per-
mittivity ε  and magnetic permeability µ . The exterior 3 \ D�  of the scat-
terer is an achiral infinite free space with electric permittivity 0ε  and magnetic 
permeability 0µ . 

The total exterior electric field totE  and the total exterior magnetic field 
totH  satisfy the time-harmonic Maxwell equations [22], 

3
0 0,     in \ ,tot tot tot totcurl ik curl ik D= = −E H H E �            (1) 

where 0 0 0k ω ε µ=  is the wave number and ω  is the angular frequency. We 
assume that the incident electromagnetic wave is plane and it is given by 

( )0 0ˆ ˆ

2
0

1 ˆ ˆe e ,ik ikinc curlcurl
k

⋅ ⋅= = × ×x d x dE p d p d              (2) 

( )0 0ˆ ˆ

0

1 ˆe e ,ik ikinc curl
ik

⋅ ⋅= = ×x d x dH p d p                (3) 

where p  is the polarization and d̂  is the incident direction with ˆ 1=d  
([11], p. 46). 

The total exterior electromagnetic field totE , totH  is given by 
3,     in \ ,tot inc sc tot inc sc D= + = +E E E H H H �            (4) 

where scE , scH  is the scattered electromagnetic field which satisfies the Sil-
ver-Müller radiation condition 

( )lim 0,   ,sc sc

r
r r

→∞
× − = =H x E x                  (5) 

uniformly in all directions ˆ = xx
x

. 

In the interior, as we have mentioned above, the medium is chiral. By using the 
Drude-Born-Fedorov constitutive relations ([1], p. 153), and the source-free Max-
well curl postulates, the total electromagnetic field ,E H  satisfies the equations 

2
2   in ,curl i D

k
γγ β= +E E H �                    (6) 

https://doi.org/10.4236/jamp.2022.104085


C. E. Athanasiadis et al. 
 

 

DOI: 10.4236/jamp.2022.104085 1203 Journal of Applied Mathematics and Physics 
 

2
2   in ,curl i D

k
γγ β= −H H E �                   (7) 

where k ω εµ=  and 
2

2
2 21

k
k

γ
β

=
−

, 1kβ < . The Equations (6) and (7) 

have been derived from the classical Maxwell equations in chiral media [2], by 
applying the same transformation as in the achiral case, i.e. E  has been re-

placed by 1
ε

E  and H  by 1
µ

H  ([22], p. 154). 

In isotropic homogeneous chiral media, we can use the Bohren decomposition 
[1], for the electric E  and magnetic H  fields via Beltrami fields LQ , RQ , 
considering the above transformation, as follows 

( )  in ,L R Dε= +E Q Q �                      (8) 

( )  in ,L Ri Dε= − −H Q Q �                    (9) 

where LQ  and RQ  satisfy the equations, [1], 

,    in ,L L L R R Rcurl curl Dγ γ= = −Q Q Q Q �               (10) 

where ( ) 11L k kγ β −= − , ( ) 11R k kγ β −= +  are the wave numbers of LQ , RQ , 
respectively. Moreover, all the fields totE , totH , E , H , LQ , RQ  are diver-
gence-free. 

The transmission conditions for a dielectric will be posed on the total fields as 

0ˆ ˆ   on ,tot Dε ε× = × ∂E E �ν ν                  (11) 

0ˆ ˆ   on ,tot Dµ µ× = × ∂H H �ν ν                 (12) 

where ν̂  is the unit outward normal vector to D∂ � . 
We now assume that ( ) ( ){ }3

1 2 3 1 2 3, , : , , D x x x x x D x= = ∈ ∈ ∈x�    is an in-
finitely long cylinder which is oriented parallel to the 3x -axis. The cross-section 
D of D�  in the 1 2x x -plane has 2C -boundary D S∂ =  and will be referred to 
as the scatterer in 2 , see Figure 1. 

We also suppose that all the fields are independent of the 3x  variable. Hence, 
the total exterior electromagnetic field is expressed as 

( ) ( ) ( ) ( )( )1 2 1 1 2 2 1 2 1 2, , , , , , ,tot tot tot tot
Ex x E x x E x x x x=E          (13) 

( ) ( ) ( ) ( )( )1 2 1 1 2 2 1 2 1 2, , , , , , .tot tot tot tot
Hx x H x x H x x x x=H          (14) 

The Maxwell Equation (1) lead to the following relations in 2 \ D  

0 1
2

,
tot

totE ik H
x

∂
=

∂
                        (15) 

0 2
1

,
tot

totE ik H
x

∂
= −

∂
                       (16) 

2 1
0

1 2

,
tot tot

tot
H

E E ik
x x

∂ ∂
− =

∂ ∂
                     (17) 
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Figure 1. The cross-section in the x1x2-plane and the notation used in the two-dimensional 
problem. 

 

0 1
2

,
tot

totH ik E
x

∂
= −

∂
                        (18) 

0 2
1

,
tot

totH ik E
x

∂
=

∂
                        (19) 

2 1
0

1 2

.
tot tot

tot
E

H H ik
x x

∂ ∂
− = −

∂ ∂
                    (20) 

Therefore, the 3x -components of totE , totH , i.e. tot
E  and tot

H , satisfy 
the following Helmholtz equation 

2 2
0 0 in \ , , ,tot tot

B Bk D B E H∆ + = =                (21) 

where 
2 2

2 2
1 2x x

∂ ∂
∆ = +

∂ ∂
 is the two-dimensional Laplace operator. 

In order to eliminate the 3x  variable of the incident wave incE , incH , the 
direction of propagation has the form ( )1 2

ˆ , ,0d d=d . For polarization vector 
( )1 2 3, ,p p p=p , the 3x -component of the incident wave in two dimensions has 

the form 

( )0 0ˆ ˆ
3 1 2 2 1e ,   e .ik ikinc inc

E Hp d p d p⋅ ⋅= = −x d x d              (22) 

According to the form of the polarization vector p , the incident wave can be 
reformulated. In particular, if ( )0,0,1=p , then ( ) ( )0 ˆ, e ,0ikinc inc

E H
⋅= x d   and 

inc
E  will be referred to as E-wave. If ( )2 1, ,0d d= −p , then  

( ) ( )0 ˆ, 0,eikinc inc
E H

⋅= x d   and inc
H  will be referred to as H-wave. Also, in the 

case of ( )2 1, ,1d d= −p , then ( ) ( )0 0ˆ ˆ, e ,eik ikinc inc
E H

⋅ ⋅= x d x d   and it will be referred 
to as (E,H)-wave. 
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The total exterior fields tot
E  and tot

H  are given by 
2  in \ ,  , ,tot inc sc

B B B D B E H= + =                 (23) 

where sc
E  and sc

H  are the 3x -components of the scattered fields scE  and 
scH , respectively and satisfy the Sommerfeld radiation condition 

0lim 0,  , .
sc

scB
Br

r ik B E H
r→∞

 ∂
− = = 

∂ 


               (24) 

Also, it holds the following asymptotic behaviour ([11], p. 62), 

( ) ( ) ( )
0

3 2e ˆ ,   ,
ik r

sc
B B r r

r
∞ −= + → ∞x x               (25) 

where ( )ˆB
∞ x  is the far field pattern which is given by 

( ) ( ) ( ) ( )0 0
4

ˆ ˆ

0

eˆ e e d .
8

i
ik iksc sc

B B BS
s

k ν ν
− ⋅∞

π
− ⋅∂ ∂ 

π
= − ∂ ∂ ∫ x y x yx y y y      (26) 

We also consider the two-dimensional Beltrami fields 

( ) ( ) ( ) ( )( )1 2 1 1 2 2 1 2 1 2, , , , , , ,L L L Lx x Q x x Q x x U x x=Q          (27) 

( ) ( ) ( ) ( )( )1 2 1 1 2 2 1 2 1 2, , , , , , .R R R Rx x Q x x Q x x U x x=Q          (28) 

By using the Equation (10) and the above representations of LQ  and RQ , we 
obtain the following equations in D 

1
2

,L
L L

U Q
x

γ
∂

=
∂

                        (29) 

2
1

,L
L L

U Q
x

γ
∂

= −
∂

                       (30) 

2 1

1 2

,L L
L L

Q Q U
x x

γ
∂ ∂

− =
∂ ∂

                     (31) 

1
2

,R
R R

U Q
x

γ
∂

= −
∂

                       (32) 

2
1

,R
R R

U Q
x

γ
∂

=
∂

                        (33) 

2 1

1 2

,R R
R R

Q Q U
x x

γ
∂ ∂

− = −
∂ ∂

                    (34) 

which imply the following two-dimensional Helmholtz equations for the 3x - 
components of LQ , RQ  

2 0 in , , .A A AU U D A L Rγ∆ + = =                  (35) 

In a similar sense, we express the transmission conditions (11), (12) in terms 
of the 3x -components of the corresponding fields. Specifically, we derive the 
following transmission conditions for the two-dimensional scattering problem 

( )0   on ,tot
E L RU U Sε= +                   (36) 
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0
0

1 1   on ,
tot
E L R

L R

U U S
εε

ωµ
ν µ γ ν γ ν

 ∂ ∂ ∂
= + ∂ ∂ ∂ 


           (37) 

( )0   on ,tot
H L Ri U U S

εµ
µ

= − −                  (38) 

0 0
1 1   on .

tot
H L R

L R

U Ui Sωε µ
ν γ ν γ ν

 ∂ ∂ ∂
= − − ∂ ∂ ∂ 


           (39) 

Summarizing the above analysis, we are able to define a two-dimensional 
scattering problem. In particular, we will denote by (P) the two-dimensional 
scattering problem which is defined by the Equations (21)-(24) and (35)-(39). 
The existence and uniqueness of solutions of the scattering problem (P) have 
been proved by Gerlach in [7]. 

3. Scattering Relations 

Let ( ) 0 ˆˆ, eikinc
B

⋅= x dx d  be an incident plane electric ( B E= ) or magnetic wave 
( B H= ). We will denote the dependence of the total fields in 2 \ D , of the scat-
tered field and of the far field pattern for the scattering problem (P) on the incident 
direction d̂ , by writing ( )ˆ,tot

B x d , ( )ˆ,sc
B x d , ( )ˆˆ ,B

∞ x d , ,B E H= , respec-
tively. Moreover, we will denote the dependence of the total Beltrami fields in D 
on the incident direction d̂ , by writing ( )ˆ,AU x d , ,A L R= . 

Using polar coordinates ( )cos , sinr rθ θ=x , r = x , ( )ˆ cos ,sinφ φ=d , 
[ ], 0, 2θ φ ∈ π  and writing for convenience ( ) ( )ˆˆ , ,B B θ φ∞ ∞=x d   the asymp-

totic behaviour (25) of the scattered field can be written as 

( ) ( ) ( )
0

3 2eˆ, , ,   .
ik r

sc
B B r r

r
θ φ∞ −= + →∞x d              (40) 

Also, the far field pattern ( ),B θ φ∞  is expressed as 

( ) ( ) ( ) ( )0 0cos o

0

4
c se, e e d ,

8
y y y y

sci
ik r ik rsc B

B BS
y y

s
k

θ θ θ θθ φ
ν ν

π
− − − −∞

 ∂∂
= − 

∂ ∂π 
∫ y

    (41) 

where ( ),y yr θ  are the polar coordinates of y . 
In what follows, we will use Twersky’s notation [15] 

{ }, d .S S

v uu v u v s
ν ν
∂ ∂ = − ∂ ∂ ∫                   (42) 

We note that the far field pattern can be expressed via the Twersky’s notation as 

( ) ( ) ( ) ( ){ }
0

4eˆ ˆˆ ˆ, , , , , .
8

i
sc inc

B B B B
Sk

θ φ∞
π

∞

π
= = ⋅ ⋅ −x d d x           (43) 

We now are in the position to state and prove the following reciprocity theo-
rem. 

Theorem 1 (Reciprocity). Let ( ) ( )( )ˆ ˆ, , ,inc inc
E H⋅ ⋅d d   and  

( ) ( )( )ˆ ˆ, , ,inc inc
E H⋅ − ⋅ −x x  , with ( )ˆ cos ,sinφ φ=d  and ( )ˆ cos ,sinθ θ=x , be two 

incident plane (E,H)-waves. Then the far field patterns ( ),E θ φ∞  and ( ),H θ φ∞  
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corresponding to the scattering problem (P) satisfy the reciprocity principle 

( ) ( ) ( ) ( ), , , , ,E E H Hθ φ φ θ θ φ φ θ∞ ∞ ∞ ∞− + + = − +π π+π π          (44) 

for all [ ], 0, 2θ φ ∈ π . 
Proof. Let ( )ˆ,sc

B ⋅ d , ( )ˆ,sc
B ⋅ −x  and ( )ˆ,tot

B ⋅ d , ( )ˆ,tot
B ⋅ −x  be the corres-

ponding scattered and total fields in 2 \ D  respectively. Considering the rela-
tion (23) and due to the bilinearity of the form (42), we obtain 

( ) ( ){ }
( ) ( ){ } ( ) ( ){ }
( ) ( ){ } ( ) ( ){ }

ˆ ˆ, , ,

ˆ ˆˆ ˆ, , , , , ,

ˆ ˆˆ ˆ, , , , , , .

tot tot
B B

S

inc inc inc sc
B B B B

S S

sc inc sc sc
B B B B

S S

⋅ ⋅ −

= ⋅ ⋅ − + ⋅ ⋅ −

+ ⋅ ⋅ − + ⋅ ⋅ −

d x

d x d x

d x d x

 

   

   

        (45) 

For the integral in the left-hand side of the above relation and for B E= , we 
use the transmission conditions (36), (37) and we have 

( ) ( ){ }

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( )

ˆ ˆ, , ,

ˆ,ˆ,1 ˆ ˆ, , d

ˆ,ˆ,1 ˆ ˆ, , d

ˆ,ˆ,1 1ˆ ˆ, , d

ˆ,1 ˆ,

tot tot
E E

S

LL
L LS

L

RR
R RS

R

LR
L RS

R L

L
RS

L

UU
a U U s

UU
U U s

UU
U U s

U
U

γ ν ν

γ ν ν

γ ν γ ν

γ ν

⋅ ⋅ −

  ∂ ⋅∂ ⋅ −  = ⋅ − ⋅ −
  ∂ ∂
  

 ∂ ⋅∂ ⋅ − + ⋅ − ⋅ −
 ∂ ∂
 

 ∂ ⋅∂ ⋅ − + ⋅ − ⋅ −
 ∂ ∂
 

∂ ⋅ −
+ ⋅

∂

∫

∫

∫

∫

d x

dx
d x

dx
d x

dx
d x

x
d

 

( )
( )ˆ,1 ˆ, d ,

R
L

R

U
U s

γ ν

 ∂ ⋅
 − ⋅ −
 ∂
  

d
x

     (46) 

where 0 0a εωε µ
µ

= . 

Applying the scalar Green’s second theorem on ( )ˆ,AU ⋅ d  and ( )ˆ,AU ⋅ −x , 
,A L R= , in D and taking into account that ( )ˆ,AU ⋅ d , ( )ˆ,AU ⋅ −x  are solutions 

of the Helmholtz equation (35), the first two integrals of the right-hand side of 
relation (46) are equal to zero. In a similar way by using (38) and (39), we obtain 

( ) ( ){ }

( ) ( ) ( )
( )

( ) ( ) ( )
( )

ˆ ˆ, , ,

ˆ,ˆ,1 1ˆ ˆ, , d

ˆ,ˆ,1 1ˆ ˆ, , d .

tot tot
H H

S

LR
L RS

R L

RL
R LS

L R

UU
a U U s

UU
U U s

γ ν γ ν

γ ν γ ν

⋅ ⋅ −

  ∂ ⋅∂ ⋅ −  = ⋅ − ⋅ −
  ∂ ∂
  

 ∂ ⋅∂ ⋅ −  + ⋅ − ⋅ −
 ∂ ∂
  

∫

∫

d x

dx
d x

dx
d x

 

     (47) 

Therefore, we have 

( ) ( ){ } ( ) ( ){ }ˆ ˆˆ ˆ, , , , , , 0.tot tot tot tot
E E H H

S S
⋅ ⋅ − − ⋅ ⋅ − =d x d x           (48) 
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For the first integral in the right-hand side of the relation (45), due to the fact 
that ( )ˆ,inc

B ⋅ d  and ( )ˆ,inc
B ⋅ −x  are regular solutions of Helmholtz Equation 

(21) in D, applying the scalar Green’s second theorem, we get 

( ) ( ){ }ˆ ˆ, , , 0.inc inc
B B

S
⋅ ⋅ − =d x                    (49) 

In order to compute the last integral in the right-hand side of (45), we consid-
er a disc RS  centred at the origin with radius R large enough to include D  in 
its interior. 

Applying again the scalar Green’s second theorem on ( )ˆ,sc
B ⋅ d  and 

( )ˆ,sc
B ⋅ −x  in the region exterior to S and interior to RS∂ , we can get that the 

desired integral is equal to the line integral on RS∂ . Letting R →∞  and using 
(25), we have 

( ) ( ){ }ˆ ˆ, , , 0.sc sc
B B

S
⋅ ⋅ − =d x                    (50) 

From the relation (43), we have 

( ) ( ){ } ( )0
4ˆ ˆˆ ˆ, , , 8 e , ,sc inc i

B B B
S

k ∞− π⋅ ⋅ − π=d x x d             (51) 

( ) ( ){ } ( )0
4ˆ ˆˆ ˆ, , , 8 e , .inc sc i

B B B
S

k ∞− π⋅ ⋅ − = −π− −d x d x           (52) 

Applying (45) for ,B E H=  and subtracting the two formulae, considering 
the relations (48)-(52), we obtain 

( ) ( ) ( ) ( )ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ, , , , ,E H E H
∞ ∞ ∞ ∞− = − − − − −x d x d d x d x             (53) 

 

which proves the theorem. 
We now consider incident E-waves, i.e. 

,   ,tot inc sc tot sc
E E E H H= + =                      (54) 

or incident H-waves, i.e. 

,   .tot sc tot inc sc
E E H H H= = +                       (55) 

For these cases the reciprocity principle (44) takes the following form. 
Corollary 1. Let ( )ˆ,inc

B ⋅ d  and ( )ˆ,inc
B ⋅ −x , with ( )ˆ cos ,sinφ φ=d , 

( )ˆ cos ,sinθ θ=x , be two incident plane B-waves, ,B E H= . Then the far field 
pattern ( ),B θ φ∞  corresponding to the scattering problem (P) satisfies the re-
ciprocity principle 

( ) ( ), , ,B Bθ φ φ θ∞ ∞ + π π= +                    (56) 

for all [ ], 0, 2θ φ ∈ π . 
Proof. In case of incident E-waves, we have 0inc

H =  and by applying the re-

lation (45) for B H=  we get ( ) ( ){ }ˆ ˆ, , , 0tot tot
H H

S
⋅ ⋅ − =d x  . Therefore, from 

(48) we have ( ) ( ){ }ˆ ˆ, , , 0tot tot
E E

S
⋅ ⋅ − =d x   and through the relation (45) for 

B E=  we obtain ( ) ( ), ,E Eθ φ φ θ∞ ∞ π+ π= +  . Similarly, for incident H-waves 
we obtain the corresponding result.                                    
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In the sequel, w  denotes the complex conjugate of w. 
Theorem 2 (General scattering). Let ( ) ( )( )ˆ ˆ, , ,inc inc

E H⋅ ⋅d d   and  
( ) ( )( )ˆ ˆ, , ,inc inc

E H⋅ ⋅x x  , with ( )ˆ cos ,sinφ φ=d  and ( )ˆ cos ,sinθ θ=x , be two 
incident plane (E,H)-waves. Then the far field patterns ( ),B θ φ∞ , ,B E H= , 
corresponding to the scattering problem (P) satisfy 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

4 4

4 4

20
0

20
0

e , e , ,  , d
2

, e , ,  , d .
2

i i
E E E y E y y

i i
H H H y H y y

k
i s

k
e i s

θ φ θ φ θ φ θ θ θ

θ φ θ φ θ φ θ θ θ

∞ ∞ ∞ ∞

∞ ∞

π− π π

ππ ∞ ∞− π

− −

= −

π

+ +
π

∫

∫

   

   

 (57) 

Proof. Let ( )ˆ,sc
B ⋅ d , ( )ˆ,sc

B ⋅ x  and ( )ˆ,tot
B ⋅ d , ( )ˆ,tot

B ⋅ x , ,B E H= , be the 
corresponding scattered and total fields in 2 \ D  respectively. This theorem is 
proved following a similar analysis with the proof of Theorem 1. We briefly de-
scribe the basic steps of the proof. It holds 

( ) ( ){ }
( ) ( ){ } ( ) ( ){ }
( ) ( ){ } ( ) ( ){ }

ˆ ˆ, , ,

ˆ ˆˆ ˆ, , , , , ,

ˆ ˆˆ ˆ, , , , , , .

tot tot
B B

S

inc inc inc sc
B B B B

S S

sc inc sc sc
B B B B

S S

⋅ ⋅

= ⋅ ⋅ + ⋅ ⋅

+ ⋅ ⋅ + ⋅ ⋅

d x

d x d x

d x d x

 

   

   

         (58) 

For the first integral, which concerns the total fields, we have 

( ) ( ){ }
( ) ( ) ( )

( )

( ) ( ) ( )
( )

( ) ( ){ }

ˆ ˆ, , ,

ˆ,ˆ,1 1ˆ ˆ , , d

ˆ,ˆ,1 1ˆ ˆ, , d

ˆ ˆ, , ,

tot tot
E E

S

LR
L RS

R L

RL
R LS

L R

tot tot
H H

S

UU
a U U s

UU
U U s

γ ν γ ν

γ ν γ ν

⋅ ⋅

  ∂ ⋅∂ ⋅  = ⋅ − ⋅  ∂ ∂   
 ∂ ⋅∂ ⋅  + ⋅ − ⋅  ∂ ∂    

= − ⋅ ⋅

∫

∫

d x

dx
d x

dx
d x

d x

 

 

      (59) 

and hence we get 

( ) ( ){ } ( ) ( ){ }ˆ ˆˆ ˆ, , , , , , 0.tot tot tot tot
E E H H

S S
⋅ ⋅ + ⋅ ⋅ =d x d x             (60) 

For the integral which involves the two incident waves of (58), we apply the 
scalar Green’s second theorem and taking into account that ( )ˆ,inc

B ⋅ d , 
( )ˆ,inc

B ⋅ x  are regular solutions of the Helmholtz equation (21) in D, we directly 
obtain 

( ) ( ){ }ˆ ˆ, , , 0.inc inc
B B

S
⋅ ⋅ =d x                     (61) 

Moreover, we derive the following relations 

( ) ( ){ } ( )4
0

ˆ ˆˆ ˆ, , , 8 e , ,inc sc i
B B B

S
k π ∞−⋅ ⋅ = − πd x d x             (62) 
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( ) ( ){ } ( )0
4ˆ ˆˆ ˆ, , , 8 e , ,sc inc i

B B B
S

k ∞π⋅ ⋅ π=d x x d              (63) 

( ) ( ){ } ( ) ( ) ( )2
0 0

ˆ ˆˆ ˆ ˆ ˆ ˆ, , , 2 ,  , d .sc sc
B B B B

S
ik s∞ ∞π

⋅ ⋅ = ∫d x y d y x y          (64) 

Adding the two generated relations (58) for ,B E H= , and considering the 
relations (60)-(64), we derive 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

4 4

4

2

4

0
0

20
0

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆe , e , ,  , d
2

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆe , e , ,  , d ,
2

i i
E E E E

i i
H H H H

k
i s

k
i s

π− π π

π−

∞ ∞ ∞ ∞

∞ ∞π ∞π ∞

− −

= −

π

π
+ +

∫

∫

d x x d y d y x y

d x x d y d y x y

   

   

 (65) 

which proves the theorem. 
 

Corollary 2. Let ( )ˆ,inc
B ⋅ d  and ( )ˆ,inc

B ⋅ x , with ( )ˆ cos ,sinφ φ=d  and 
( )ˆ cos ,sinθ θ=x , be two incident plane B-waves, B = E,H. Then the far field 

pattern ( ),B θ φ∞  corresponding to the scattering problem (P) with the addi-
tional assumption that ( )0,0,sc sc

BB =   satisfies 

( ) ( ) ( ) ( ) ( )24 4 0
0

e , e , ,  , d ,
2

i i
B B B y B y y

k
i sθ φ θ φ θ φ θ θ θ∞ ∞ ∞π− π ∞π

π
− = ∫       (66) 

for all [ ], 0, 2θ φ ∈ π . 
Proof. For B E=  we have that ( )0,0,sc sc

E=E  , ( )0,0,inc inc
E=E   and 

hence ( )0,0,tot tot
E=E  . Considering the Maxwell equation 0

tot totcurl ik=E H , 
we get ( )1 2, ,0tot tot totH H=H , i.e. 0tot

H =  in 2 \ D . 
By using the transmission conditions (38), (39) and due to the continuity, we 

obtain the equalities 

1 1,    on .L R
L R

L R

U UU U S
γ ν γ ν

∂ ∂
= =

∂ ∂
               (67) 

From relation (59) and using (67), we have ( ) ( ){ }ˆ ˆ, , , 0tot tot
E E

S
⋅ ⋅ =d x  , which 

proves the corollary for B E= . 
Similarly, if B H=  we have 0tot

E = , due to the Maxwell equation 

0
tot totcurl ik= −H E . In this case we utilize the transmission conditions (36) and 

(37), which lead to the relations 

1 1,    on ,L R
L R

L R

U UU U S
γ ν γ ν

∂ ∂
= − = −

∂ ∂
              (68) 

and from (59) we have ( ) ( ){ }ˆ ˆ, , , 0tot tot
H H

S
⋅ ⋅ =d x  , which completes the proof of 

the corollary. 
 

The scattering cross-section scσ  is a measure of the disturbance caused by 

the chiral scatterer to the incident wave. It is defined by ( )2

0

1 d
2

scσ σ θ θ
π

π
= ∫ , 

where ( )σ θ  is the differential scattering cross-section given by  

( ) ( )
2

2σ θ θ∞π=   [23]. Then we have 
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( )
22

0
d .scσ θ θ

π ∞= ∫                       (69) 

Theorem 3 (Optical). Let ( ) ( )( )ˆ ˆ, , ,inc inc
E H⋅ ⋅d d   with ( )ˆ cos ,sinφ φ=d  be 

an incident plane (E,H)-wave and E
∞ , H

∞  the far field patterns correspond-
ing to the scattering problem (P). Then we have 

( ) ( )( )
0

48 e , , .sc sc i
E H E HIm

k
σ σ φ φ φ φ− π ∞ ∞ + = +

π
            (70) 

Proof. Applying Theorem 2 for θ φ=  we derive 

( ) ( ) ( )

( ) ( ) ( )

220
0

2

4

4 20
0

e , d
8

e , d .
8

i
E E

i
H H

k
Im s

k
Im s

φ φ θ θ

φ φ θ θ

π− π

π∞ ∞− π

∞ ∞  − 

 = − +

π

π

∫

∫

 

 

          (71) 

From (69) and (71), we obtain the relation (70). 
 

Corollary 3. Let ( )ˆ,inc
B x d  with ( )ˆ cos ,sinφ φ=d  be an incident B-wave 

and B
∞  the corresponding far field pattern of the scattering problem (P) with 

the additional assumption that ( )0,0,sc sc
BB =  , ,B E H= . Then the scattering 

cross-section satisfies 

( )4

0

8 e , ,   , .sc i
B BIm B E H

k
σ φ φ∞− π = = 

π
              (72) 

Proof. We apply Corollary 2 for θ φ=  and we derive 

( ) ( ) ( )
220

0
4e , d .

8
i

B B
k

Im sφ φ θ θ− ∞ππ ∞  =  π ∫             (73) 

From relations (69) and (73), we obtain (72). 
 

4. The Far Field Operator 

Two meaningful notions, that play a central role in studying inverse scattering 
problems, are the Herglotz wave functions and the far field operators. In the 
present scattering problem, the Herglotz wave function is an entire solution of 
the Helmholtz Equation (21) and it is given by 

( ) ( ) ( )0
2 cos

0
e d ,ik r

g g θ φθ φ φ
π −= ∫                  (74) 

with kernel [ ]2 0, 2g L∈ π . 
The far field operator [ ] [ ]2 2: 0, 2 0,2BF L L→π π  corresponding to the far 

field pattern B
∞  is defined by 

( )( ) ( ) ( )2

0
: , d .B BF g gθ θ φ φ φ∞π
= ∫                  (75) 

We now consider as incident field a Herglotz wave function of the form (74), 
which will be denoted by ,

inc
B g  with ,B E H= , and we prove the formulae 

given in the following corollary. 
Corollary 4. We consider two incident Herglotz wave functions ,

inc
B g  and 
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,
inc
B h , ,B E H= . Let ,

sc
B g , ,

sc
B h  and ,B g

∞ , ,B h
∞  be the corresponding scat-

tered fields and far field patterns for the scattering problem (P), respectively. 
Then we have 

{ } ( ) ( )4 2
, , 0 ,0

, 8 e  d ,sc inc i
B g B h B g

S
k h φ φ φ

π ∞− ππ= ∫             (76) 

{ } ( ) ( )2
, , 0 , ,0

, 2  d .sc sc
B g B h B g B h

S
ik φ φ φ∞ ∞π

= ∫                (77) 

Proof. From the definition of Herglotz wave function (74) and by using the 
relation (43), we have 

{ } ( ){ }
( ) ( )

0
2 ˆ

, , ,0

2
0 ,0

4

,  , e d

8 e  d ,

iksc inc sc
B g B h B g

SS

i
B g

h

k h

φ φ

φ φ φ

π

π− ∞π

− ⋅=

= π

∫

∫

x d  


          (78) 

where ( )ˆ cos ,sinφ φ=d . The relation (64) leads to the generation of (77). 
 

Let us denote the inner product on [ ]2 0, 2L π  by ,⋅ ⋅ . Then we can formu-
late the following theorem. 

Theorem 4. Let ( ), ,, inc inc
E g H g   and ( ), ,, inc inc

E h H h   be two incident Herglotz wave 
functions. Then the far field operator [ ] [ ]2 2: 0, 2 0,2BF L L→π π , ,B E H= , cor-
responding to the scattering problem (P) satisfies the relation 

0

4 4

4 4

0e , e , ,
2

e , e , , ,
2

i i
E E E E

i i
H H H H

k
F g h g F h i F g F h

k
F g h g F h i F g F h

− π π

− π π

− −

= −
π

+ +

π          (79) 

for every [ ]2, 0, 2g h L∈ π . 
Proof. As it is well-known, the far field operator BF g  is the far field pattern 

corresponding to the incident field ,
inc
B g  ([22], p. 231). Applying Theorem 2 by 

considering as incident fields Herglotz wave functions ,
inc
B g  and ,

inc
B h  and 

taking into consideration the relations (76), (77), Theorem 2 is reformulated and 
leads directly to the proof of the present theorem.                         

Corollary 5. Let ,
inc
B g  and ,

inc
B h  be two incident Herglotz wave functions. 

Then the far field operator [ ] [ ]2 2: 0, 2 0,2BF L L→π π  corresponding to the 
scattering problem (P) with the additional assumption that ( )0,0,sc sc

BB =  , 
,B E H= , satisfies the relation 

4 04e , e , , .
2

i i
B B B B

k
F g h g F h i F g F h− π π

π
− =           (80) 

Corollary 6. The far field operator [ ] [ ]2 2: 0, 2 0,2BF L L→π π  corresponding 
to the scattering problem (P) with the additional assumption that  

( )0,0,sc sc
BB =   is normal and its eigenvalues lie on the circle of radius 

0

2
k
π

 

with center at 3 4

0

2e i

k
π π

. 

Proof. This corollary is proved as Theorem 7.15 presented in ([11], p. 144). 
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 
When the incident field is a Herglotz type wave ( ), ,, inc inc

E g H g  , then two far 
field patterns E

∞ , H
∞  are derived and hence two far field operators EF g , 

HF g , for [ ]2 0, 2g L∈ π , are defined. In this case for the two-dimensional scat-
tering problem (P) we can define an operator [ ] [ ]2 2: 0, 2 0,2L Lπ → π  with 

( )( ) ( ) ( ) ( )2

0
, , d .E Hg gθ θ φ θ φ φ φ∞ ∞π

 = + ∫              (81) 

It is clear that E HF F= +  and the following theorem is valid. 
Theorem 5. Let ( ), ,, inc inc

E g H g   and ( ), ,, inc inc
E h H h   be two incident Herglotz 

type waves. The operator [ ] [ ]2 2: 0, 2 0,2L Lπ → π  corresponding to the scat-
tering problem (P) satisfies the relation 

4 04e , e , , .
2

i i k
g h g h i g h− π π− =

π
                (82) 

Proof. From relation (79) we obtain the relation (82).  

5. Reduction to Achiral Case 

When the scatterer is an achiral dielectric, i.e. 0β = , then it holds  

L R kγ γ γ ω εµ= = = = . In this case, the relations which are presented in Sec-
tion 2 can be simplified. Specifically, the Equations (6) and (7) are rewritten as 

,    in .curl ik curl ik D= = −E H H E �                 (83) 

The 3x -components EU , HU  of E , H  respectively satisfy the following 
Helmholtz equation 

2 0  in ,  , .B BU k U D B E H∆ + = =                 (84) 

Moreover, the transmission conditions (36)-(39) are reformulated as follows 

0    on ,tot
E EU S

ε

ε
=                      (85) 

0 0   on ,
tot
E EU S

µ ε
ν νµ ε

∂ ∂
=

∂ ∂


                   (86) 

0    on ,tot
H HU S

µ

µ
=                      (87) 

0 0   on .
tot
H HU S

ε µ
ν νε µ

∂ ∂
=

∂ ∂


                   (88) 

The Equations (83) and (84), the transmission conditions (85)-(88) are in-
cluded in [24] and hence the corresponding scattering relations can be obtained 
in a similar way. 

6. Conclusion 

In the present work, we formulated a two-dimensional electromagnetic scatter-
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ing problem for a chiral scatterer in an achiral environment. Although the inte-
rior of the scatterer is a chiral material, we proved that it holds the reciprocity 
principle (56) in Corollary 1 and a general scattering relation (66) in Corollary 2. 
The scattering relations that have been proved as well as the far field operator 
play a central role in the solution of inverse scattering problems. In particular, 
using the reciprocity principle and appropriate conditions for our scattering 
problem we can prove, as in the achiral case [11], that the far field operator is 
injective and its range is dense. These properties are used to apply the linear 
sampling method for studying inverse scattering problems. From the process of 
proof we see that the reciprocity principle can be proved for more general scat-
tering models (multi-layered scatterer, mixed boundary value problem, etc., 
[11]). If 0β = , then it holds L R kγ γ γ ω εµ= = = =  and the achiral scatter-
ing problem can be written as two decoupled scattering problems for the electric 
and the magnetic field. In this case the presented relations cover the corres-
ponding ones which already have been proposed in the literature [11] [24]. Spe-
cifically, the reciprocity principle given by (56) and the general scattering theo-
rem given by (66) are separately stated for electric and magnetic fields. Moreo-
ver, the operators BF  and   can be used for studying inverse scattering 
problems. We aim to study this problem in a future work. Specifically, we will 
prove a mixed reciprocity theorem which will be used to prove the uniqueness of 
an inverse scattering problem. Also, we will use the factorization method in or-
der to specify the shape of the scatterer and its chirality. 
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