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Abstract 
In this paper, we consider the Cauchy numbers and polynomials of order k and 
give some relation between Cauchy polynomials of order k and special poly-
nomials by using generating functions and the Riordan matrix methods. In ad-
dition, we establish some new equalities and relations involving high-order 
Cauchy numbers and polynomials, high-order Daehee numbers and polyno-
mials, the generalized Bell polynomials, the Bernoulli numbers and polyno-
mials, high-order Changhee polynomials, high-order Changhee-Genocchi 
polynomials, the combinatorial numbers, Lah numbers and Stirling numbers, 
etc. 
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1. Introduction 

Combinatorial constants are widely used in many disciplines such as probabilis-
tic calculations, theoretical physics problem solving, computer algorithm analy-
sis, etc. Cauchy numbers are special sequences that are widely used in number 
theory, numerical analysis, etc. In recent years, many papers in [1] [2] [3] [4] 
have been devoted to the study of Cauchy numbers and polynomials identities 
by various methods. High-order Cauchy numbers and polynomials are intro-
duced by Taekyun Kim, Dae San Kim, Hyuck In Kwon and Jongjin Seo in [1]. 
Higher-order Cauchy of the first kind and poly-Cauchy of the first kind mixed 
type polynomials are introduced by D. S. Kim, T in [2]. About Cauchy numbers 
and polynomials and other polynomials, more combinatorial identities are de-
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rived. In this paper, we establish some new identities and properties by using 
High-order Cauchy polynomials. 

The High-Order Cauchy polynomials of the first kind and the second are de-
fined by the following generating function in [1] [2]. 

The High-Order Cauchy polynomials of the first kind are defined by the fol-
lowing generating function 
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When 0x = , 1k = , ( )0n nC C=  are called the Cauchy numbers. 
The High-Order Cauchy polynomials of the second kind are given by the ge-

nerating function 
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When 0x = , 1k = , ( )ˆ ˆ 0n nC C=  are called the Cauchy numbers of second 
kind. 

The generating functions of the relevant special combinatorial sequences in-
volved in this paper are as follows [3]-[17]: 

The α-Cauchy numbers of the first kind are given by the generating function 
to be 
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The α-Cauchy numbers of the second kind are given by the generating func-
tion to be 
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For α +∈ , the high-order generalized Cauchy numbers are given by the 
generating function to be 

( )
( ) ( )

0
.

!1 1

k
n

k
n

n

t tc
nt α

α α
∞

=

 
  =
 + − 

∑                   (5) 

The High-order Daehee polynomials of the second kind are given by the ge-
nerating function to be 
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When 0x = , 1k = , ( ) ( )0n nD x D=  are called the Daehee numbers of second 
kind. 

For α +∈ , the α-Daehee polynomials of the first kind are given by the ge-
nerating function to be 

https://doi.org/10.4236/jamp.2022.104079


L. W. Liu, Wuyungaowa 
 

 

DOI: 10.4236/jamp.2022.104079 1128 Journal of Applied Mathematics and Physics 
 

( )
( )

( ) ( ) ( ),
0

ln 1
1 .

!1 1

k
n

x k
n

n

t tt D x
nt

αα

α ∞

=

 +
  + =
 + − 

∑                (7) 

The generalized Bell polynomials of the first kind are given by the generating 
function 
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The generalized Bell polynomials of the second kind are given by the generat-
ing function 
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The generalized Bernoulli polynomials are given by the generating function to 
be 
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∑  are called Bernoulli polynomials. 

For α +∈ , the high-order degenerate Bernoulli numbers of the second are 
given by the generating function 
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The high-order Changhee polynomials are defined by 
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When 0x = , ( ) ( ) ( )0k k
n nCh Ch=  are called the Changhee-Genocchi numbers. 

When 0k = , we get the following generating function 

( ) ( ) ( )0

0
1 .

!

n
x

n
n

tt Ch x
n

∞

=

+ = ∑                     (13) 

The negative order Changhee polynomials are defined by 
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The high-order Changhee-Genocchi polynomials are defined by 
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When 0x = , ( ) ( ) ( )0k k
n nCG CG=  are called the high-order Changhee-Genocchi 

numbers. 
The Lah numbers are given by the generating function 
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The generalized Lah numbers are given by the generating function 
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When 0r = , ( ) ( ), ;0 ,L n k L n k= . 
The classical Harmonic numbers are given by the generating function 
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The generalized Harmonic numbers are given by the generating function 
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The Stirling numbers of the first kind and the second kind are defined by 
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The generalized Stirling numbers of the first kind and the second kind are de-
fined by 
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For integer , 1n r ≥ , the combinatorial numbers are defined by 
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then Equation is equivalent to 

( )( )
( )

( )1
0

ln 1
, , .

1

r

n
k

n

t n k
P r n k k t

kt

∞

+
=

− − + 
= + 

−  
∑              (25) 

Lemma 1 (Inversion Formula) [15] Let ,f g  be functions defined on the 
set of positive integers, then 
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A Riordan array is a pair ( ) ( )( ),g t f t  of formal power series with 
( )0 0 0f f= = . It defines an infinite lower triangular array ( ), ,n k n k

d
∈

 accord-
ing to the rule: 
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2. Properties about Cauchy Polynomials 

In this section, we establish some identities and give some properties of high-order 
Cauchy polynomials by using generating functions. 

Theorem 2.1. For nonnegative integer n, we obtain 
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Corollary 2.1. For ( )0 1,2,ix i= = �  in (30), we obtain 
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Corollary 2.2. For 2m =  in (30), we obtain 
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Corollary 2.3. For 0s =  in (32), we obtain 
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For 0y =  in (33), we obtain 
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For 0r =  in (33), we obtain 
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Similarly, we can obtain 
Theorem 2.2. For nonnegative integer n, we obtain 
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Theorem 2.3. For integer 1n k≥ ≥ , we have 
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Proof From generating function (1), we have 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0

1
0

1
0

1d
!

!d

ln 1
1

ln 1 !

,
! !

, .
!

lk
n n

k
n

l k
x

n n
l

n
n n k

nn k
l

m
n k m

C x
tk
nx

tt t
t k

t tC x S n k
n n

n tC x S n m k
m n

∞

=

∞

= ≥

−

≥ =

 
 
 

  +
= +  + 

=

 
= − 

 

∑

∑ ∑

∑∑
 

Comparing the coefficients of 
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 in both sides, we can easily get the identi-

ties. 
Similarly, we can obtain 
Theorem 2.4. For integer 1n k≥ ≥ , we have 
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Theorem 2.5. For nonnegative integer n, we obtain 
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Proof From generating function (1), (6), we get 
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Comparing the coefficients of 
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n

 in both sides, we can easily get the identities. 

Corollary 2.4. For nonnegative integer n, 0x =  in (30), we have 
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Similarly, we can obtain 
Theorem 2.6. For nonnegative integer n, we have 
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Corollary 2.5. For nonnegative integer n, 0x =  in (41), we have 

( ) ( )

( ) ( )

( ) ( )0

ˆ , ,
ˆˆ 1, ,

ˆ , .

s r
nn

r s
m n m

m r s
n

C r r s
n D C r s
m

D s r s

−

−
= −

 <
  = = 

   >

∑               (42) 

Theorem 2.7. For nonnegative integer n, α +∈ , we have 
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Proof From generating function (1), (7), we get 
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Comparing the coefficients of 
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 in both sides, we can easily get the identities. 

Corollary 2.6. For nonnegative integer n, 0x =  in (43), we have 
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Theorem 2.8. For nonnegative integer n, we have 
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Proof From generating function (1), (5), we get 
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( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )

( ) ( )

0 0 0 0

1

1

0

! ! !

1
1

ln 1 ln 1

1 1
ln 1

.
!

n n nn
k k

m n m n n
n m n n

k
x

k
x

n
k

n
n

n t t tC x C C x C
m n n n

t tt t
t t

t t t
t

tC x
n

α α

α

α

α

∞ ∞ ∞

−
= = = =

+

∞
+

=

 
= 

 

  +
= +  + + 

 
= + +  + 

= +

∑ ∑ ∑ ∑

∑
 

Comparing the coefficients of 
!

nt
n

 in both sides, we can easily get the identi-

ties. 
The proof of the Theorem 2.9 is similar to the proof of the Theorem 2.8, we 

can obtain 
Theorem 2.9. For nonnegative integer n, we have 

( ) ( ) ( ) ( )1

0

ˆ ˆ .
n

k k
m n m n

m

n
C x C C x

m
α α+
−

=

 
= + 

 
∑                (46) 

Corollary 2.7. For nonnegative integer n, 0x =  in (45), (46), we have 

( ) ( ) ( )1

0
.

n
k k

m n m n
m

n
C C C

m
α α+
−

=

 
= 

 
∑                   (47) 

( ) ( ) ( )1

0

ˆ ˆ .
n

k k
m n m n

m

n
C C C

m
α α+
−

=

 
= 

 
∑                  (48) 

Theorem 2.10. For nonnegative integer n, we have 

( )( ) ( ) ( ) ( )1 , ; 1 , ; .
n k k

m
m k

S n m k r C x k L n k x r
=

− − − = −∑          (49) 

Proof From generating function (1), (22), we get 

( )( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )( )
( ) ( ) ( )

( ) ( )

1
0

1
0

, ; 1
!

, ; 1
! !

ln 1
1 1

ln 1! 1

1 1 , ; .
! !

nn k k
m

n k m
n n

k k
n

n k n
k k

k x k
r

k

n
x r

n k

tS n m k r C x k
n

t tS n k r C x k
n n

t t t
tk t

t
tt t L n k x r

k n

∞

= =

∞ ∞

= =

−

∞
−

=

− − −

= − −

+  
= − +  ++  

− 
 + = + = −

∑ ∑

∑ ∑

∑
 

Comparing the coefficients of 
!

nt
n

 in both sides, we can easily get the identi-

ties. 
By means of Lemma 1, the inverse relation (27). This leads to the following 

conclusion, 
Theorem 2.11. For nonnegative integer n, we have 
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( ) ( ) ( ) ( ) ( )2 , ; , ; 1 .
n k k

n
m k

S n m k r L m k x r C x k
=

− − = − −∑          (50) 

Similarly, we can obtain 
Theorem 2.12. For nonnegative integer n, we have 

( )( ) ( ) ( ) ( )1
ˆ, ; 1 , ; .

n k k
m

m k
S n m k r C x L n k x r

=

− − = −∑            (51) 

( ) ( ) ( ) ( ) ( )2
ˆ, ; , ; 1 .

n k k
n

m k
S n m k r L m k x r C x k

=

− − = − −∑          (52) 

Theorem 2.13. For integer , 1n k ≥ , we have 

( ) ( ) ( ) ( ) ( ) ( )1
1

0
1 1 1 .

n n m nk k
n m m n

m
C x H nC x− −

− −
=

− = − −∑            (53) 

Proof From generating function (1), (18), we get 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 0 0 1
1

1

1
1 1

1
0 1

1 1
! !

ln 1
1 1

ln 1 1 ln 1

1 1 1 1 .
! !

n nn n m nk k n
n m m n n

n m n n
k k

x x

n n
n nk k

n n
n n

t tC x H C H t
n n

tt tt t t
t t t

t tC x nC x
n n

∞ ∞ ∞
−

−
= = = =

−
−

+∞ ∞
− −

−
= =

− = −

   − −− −
= − = −      − − −   

= − − = − −

∑ ∑ ∑ ∑

∑ ∑
 

Comparing the coefficients of 
!

nt
n

 in both sides, we can easily get the identi-

ties. 
Theorem 2.14. For nonnegative integer n, we have 

( ) ( ) ( ) ( )
( ) ( ) ( )
( )
( ) ( ) ( )

1

0 1

1 1 , 1,
1 1, , 1,

1 1 , 1.

n s r
nn n m s

n m n
m n r s

n

C x r s
H m r r C x n x r s

D x r s

− −

−
−

= + −

 − − < −
− + + = − = −

− − > −

∑   (54) 

Proof From generating function (1), (19), we get 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )
( )( )
( )

0 0

0 0
1

1

1 1,
!

1 1,
!

ln 1
1

ln 1 1

nn n m s
n m

n m
n

n s n
n

n n
rs

x
r

tH m r r C x
n

tC H n r r t
n

tt t
t t t

∞
−

−
= =

∞ ∞

= =

+

+

− + +

= − + +

− − −
= −  − − 

∑ ∑

∑ ∑

 

( ) ( ) ( )

( )

( ) ( ) ( )

1
1 1

1

1
1 1

1 1 , 1,
ln 1

1 , 1,

ln 1
1 1 , 1.

s r
r s x

x

r s
r s x

t t r s
t

t r s

t
t r s

t

− −
+ + −

−

+ −
+ + −

  
 − − < −  −  
= − = −


−  − − > − 
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( ) ( ) ( )

( )

( ) ( ) ( )

1

0

0

1

0

1 1 , 1,
!

, 1,
!

1 1 , .
!

n
n s r

n
n

n

n
n

n
n r s

n
n

tC x r s
n

tn x r s
n

tD x r s
n

∞
− −

=

∞

=

∞
+ −

=


− − < −


= − = −



− − >


∑

∑

∑
 

Comparing the coefficients of 
!

nt
n

 in both sides, we can easily get the identities. 

Theorem 2.15. For integer 1n m≥ ≥ , α +∈ , we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), ,, ; 1 2 .
, ,

mm m m
i j n

i j k n

n n
D x C x L n m r b x r m

i j k mα α
+ + =

   
= − + −   

   
∑   (55) 

Proof From generating function (1), (7), (17), we get 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

( )
( ) ( )

,

,
0 0

2

0

, ;
, , !

, ;
! ! !

ln 1 11 1 1
ln 1 !1 1

11 1
!1 1

n
m m

i j
n m i j k n

i j k
m m

i j
i j k m

m
m m

x x r

m
m

x r

n

n tD x C x L n m r
i j k n

t t tD x C x L k m r
i j k

t
t t tt t t

t mt

t
t tt t

mt

b

α

α

α

α

α

α

∞

= + + =

∞ ∞ ∞

= = =

∞

=

 
 
 

=

− 
    + +  = + + +    ++ −   

− 
   +  = + +

 + − 

=

∑ ∑

∑ ∑ ∑

∑ ( ) ( ) ( ) ( ) ( ) ( ), ,

1
2 1 2 .

! ! !

m mn n
mm m

n n
n m

t nt tx r m b x r m
mn m nα α

∞

=

−  + − = − + − 
 

∑

 

Comparing the coefficients of 
!

nt
n

 in both sides, we can easily get the identities. 

Theorem 2.16. For nonnegative integer n, we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0

1 2 .
2

mn n
r r r

n m m n mm
m m

n n
Ch x C x r C x

m m
−
− −

= =

    =    
    

∑ ∑         (56) 

Proof From generating function (1), (14), we get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )

0 0 0 0

2

0 0

0 0

! ! !

2 1 1
2 ln 1

11 1
ln 1 2

12
! 2 !

1
2

n n mn n
r r r r

n m m n m m
n m n m

rr
x x

r r
x

mn mn
r

n m
n m

mn

nm
n m

n t t tCh x C x Ch x C x
m n n m

t tt t
t

t t t
t

t tC x r
n m

n
r C

m

∞ ∞
− −
− −

= = = =

∞

= =

∞

= =

  = 
 

 + = + +    +   

   = + +    +   

 =  
 

  =     

∑ ∑ ∑ ∑

∑ ∑

∑ ∑ ( ) ( )2 .
!

n
r

m
tx
n−
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Comparing the coefficients of 
!

nt
n

 in both sides, we can easily get the identities. 

Theorem 2.17. For integer 1n r≥ ≥ , we have 

( ) ( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( ) ( )
( )

( )
( ) ( ) ( )( )

0

0

,
0

! 2 , ,
! !

2 , ,
! !

2 0!, 1 !, , .
! !

n
r s

n m m
m

n
r s

m n r m
m

r
n rr

n r
r

m n s m r s
m

n CG x C xm
n Ch C x r s

n r m m
n Ch x r s

n r s
Ch x B r s

n s m m

−
=

+ −
=

−

−

− − −
=

 
 
 


< + −= =
 −
 − >

− −

∑

∑

∑ �

    (57) 

Proof From generating function (1), (15), we get 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0

0 0

!

! !
2 ln 1

1 1
2 ln 1

nn
r s

n m m
n m

n n
r s

n m
n n

sr
x x

tn CG x C xm n
t tCG x C x
n n

t tt t
t t

∞

−
= =

∞ ∞

= =

 
 
 

=

 + 
= + +    + +   

∑ ∑

∑ ∑  

( ) ( )

( )

( ) ( )

2

2

2

2 1 , ,
2 ln 1

2 1 , ,
2

2 1 ln 1 , .
2

sr
x r

r
x

r
r sx s

tt t r s
t t

t t r s
t

t t t r s
t

−

−

    + <    + +   

 =  + = + 

  + + >     +   

( ) ( ) ( )

( ) ( )

( ) ( ) ( )
( ) ( )

( )

0 0

0

1
1

0

2 , ,
! !

2 , ,
!

1 ! 1
!

! 2 , .
! !

n n
r sr

n n
n n

n
rr

n
n

r sm
m

mn
rs

n
n

t tt Ch C x r s
n n

tt Ch x r s
n

tm
mtt r s Ch x r s

n r s

∞ ∞
−

= =
∞

=
−

−∞

=∞

=


<


 == 
  

− −  
  − > −

∑ ∑

∑

∑
∑

 

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )( )

0 0

0

,
0

2 , ,
!

2 , ,
!

! 2 0!, 1 !, , .
! !

nn
r sr

m n m
n m

n r
r

n
n

n n
rs

n n r s
n n r s

tnt Ch C x r sm n
tCh x r s
n

t tt r s Ch x B r s
n n

∞
−

−
= =

+∞

=
∞ ∞

−
= = −

   <   
= =



− − >


∑ ∑

∑

∑ ∑ �

 

( )
( ) ( ) ( )

( )
( ) ( )

( )
( )

( ) ( ) ( )( )

0

,
0

! 2 , ,
! ! !

! 2 , ,
! !
! !

2 0!, 1 !, , .
! ! !

nn
r s

m n r m
n r m

n
r

n r
n r

nn r
r

m n s m r s
n r m

n tCh C x r s
n r m m n

n tCh x r s
n r n

n r s tCh x B r s
n s m m n

∞

+ −
= =

∞

−
=

∞ −

− − −
= =


<

+ −
= =

−
 −

− >
− −

∑ ∑

∑

∑ ∑ �
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Comparing the coefficients of 
!

nt
n

 in both sides, we can easily get the identi-

ties. 

3. Identities about High-Order Cauchy Polynomials 

In this section, by means of the Riordan matrix, we derive some new equalities 
between High-order Cauchy polynomials and Striling numbers, Bell numbers, 
Bernoulli numbers, Lah numbers, Changhee numbers and so on. 

Theorem 3.1. For nonnegative integer n, we have 

( ) ( ) ( ) ( ) ( ) ( )2 2
0 0

!, ; , , , .
!

n k
m

k
k j

nL j k r C x S n k S n m m r m x
n m= =

= + − −
+∑ ∑    (58) 

Proof By Lemma 2 (29), we get 

( ) ( )! , ; 1 , .
! 1

rk tR L n k r t
n t

−   = +   +   
                (59) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

0 0

! , ;
, ; !

! !

! 1 1 |
ln 1 1

! 1 .
ln 1

mk k
m k

k
j j

m
r xk

m
r m x mk

k

j L j k r C x
L j k r C x k

k j

y tk t t y y
y t

tk t t C r m x
t

= =

− −

=

   −  = + + =    + +   

 
 = + = − −    + 

∑ ∑

 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( )

( ) ( )

2
0 0

0 2

0

2

, ; ,

, ; ! ,
!

! !

! 1 | e 1
ln 1

e 1! e

! , , .
!

n k
m

k
k j

k m
n kj

k

m
r m xn t

mt r m xn t

L j k r C x S n k

L j k r C k S n k
n

k n

yn t y y
y

n t
t

n S n m m r m x
n m

= =

=

=

− −

− −

=

  
  = + = −    +   

 − =   
 

= + − −
+

∑ ∑

∑
∑

 
Corollary 3.1. For 0r =  in (58), we have 

( ) ( ) ( ) ( ) ( ) ( )2 2
0 0

!, , , , .
!

n k
m

k
k j

nL j k C x S n k S n m m m x
n m= =

= + − −
+∑ ∑     (60) 

By means of Lemma 1, the inverse relation (27). This leads to the following 
conclusion. 

Theorem 3.2. For nonnegative integer n, we have 

( ) ( ) ( ) ( ) ( ) ( )2 1
0 0

! , , , , ; .
!

n n
m

j
k j

k S k m m r m x S n k L j n r C x
k m= =

+ − − =
+∑ ∑    (61) 
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Theorem 3.3. For nonnegative integer n, we have 

( ) ( ) ( ) ( )
1

2 2
0

, ; , ; .
n

m
k

k

n m
S n k r C x S n m m r x

m

−

=

+ 
= + + 
 

∑         (62) 

Proof By (29), we get 

( ) ( )2
! , ; e ,e 1 .
!

rt tkR S n k r
n

  = − 
 

                 (63) 

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )
( ) ( )

2
2

0 0

1
2

2

! , ;
, ; !

! !

! e 1 | e 1
ln 1

e 1! e ! e 1 e

! ! , ;
, ; ,

!

mn n
m k

k
k k

m
xn rt t

mt mr x t r x tn n m t

k S n k r C x
S n k r C x n

n k

yn t y y
y

n t n t
t

n m S n m m r x n m S n m m r x
mn m

= =

+ ++

−

=

  
  = + = −    +   

 −   = = −    
 

+ + + = = + + +  

∑ ∑

 

which completes the proof. 
By (27), we have 
Theorem 3.4. For nonnegative integer n, we have 

( ) ( ) ( ) ( )
1

1 2
0

, ; , ; ,
n

m
n

k

k m
S n k r S k m m r x C x

m

−

=

+ 
+ + = 

 
∑         (64) 

which completes the proof. 
Theorem 3.5. For nonnegative integer n, we have 

( ) ( ) ( ) ( ) ( )
1

1 2
0 1

, , , ; .
n k

m
j

k j

n m
B k j C x S n k S n m m x

m

−

= =

+ 
= + 
 

∑ ∑       (65) 

Proof By (29), we get 

( ) ( ) ( ) ( )( )e 1
1

! !, 1,e 1 ,     , 1, ln 1 .
! !

tk kR B n k R S n k t
n n

−   = − = +   
   

     (66) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( )

1 1

e 1

e 1 e 1

! ,
, !

! !

! 1 | e 1
ln 1

e 1! e .
e 1

t

t
t

mk k
jm

j
j j

m
xk

m
xk

t

C xj B k j
B k j C x k

k j

yk t y y
y

k t

= =

−

−
−

=

  
  = + = −    +   
 − =     − 

∑ ∑

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1
0 1

1 1

0

e 1 e 1

, ,

, ! ,
!

! !

e 1! e | ln 1
e 1

y
y

n k
m

j
k j

k m
n jj

k

m
xn

y

B k j C x S n k

B k j C x k S n k
n

k n

n t y t

= =

=

=

−
−

=

  −  = = +     −  

∑ ∑

∑
∑  
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( )

( )
( ) ( )

1
2

2

e 1! e ! e 1 e

! ! , ;
, ; ,

!

mt mn xt n m t xtn t n t
t

n m S n m m x n m
S n m m x

mn m

+

−

 −   = = −    
 

+ + 
= = + +  

 

which completes the proof. 
By (27), we have 
Theorem 3.6. For integer 1n ≥ , we have 

( ) ( ) ( ) ( ) ( )
1

2 2
0 1

, ; , , .
n n

m
j

k j

k m
S k m m x S n k B n j C x

m

−

= =

+ 
+ = 

 
∑ ∑       (67) 

Theorem 3.7. For nonnegative integer 1n ≥ , we have 

( ) ( ) ( ) ( ) ( )

( ) ( )
( )

( )

2
0 0

1

2

,

2 , ,

2 , ,

, ;2 , .

n k
m r

j n k
k j

r m
n

n

n
C x S k j B x

k

B x m r

x m r

n m r
S n m r m r x m r

n

−
= =

−

−

 
 
 

 <

 =

= 
 + − 

+ − − > 
 

∑ ∑

          (68) 

Proof By (29), we get 

( ) ( )2
! , 1,e 1 .
!

tkR S n k
n

  = − 
 

                   (69) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2
2

0 0

! ,
, !

! !

! 1 | e 1
ln 1

e 1! e .

mk k
jm

j
j j

m
xk t

mt
k xt

C xj S k j
C x S k j k

k j

yk t y y
y

k t
t

= =

=

  
  = + = −    +   

 − =   
 

∑ ∑

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( )

2
0 0

20

0

0

,

,
!

! !

e 1! e e
e 1

n k
m r

j n k
k j

k m rn jj n k

k

m rtn
k xt n k xt

t
k

n
C x S k j B x

k

C x S k j B x
n

k n k

tn t t
t

−
= =

= −

=

−

=

 
 
 

=
−

 −     =        −  

∑ ∑

∑
∑

∑
 

2

2

2

! e , ,
e 1

! e , ,

e 1! e , .

r m
n xt

t

n xt

m rt
n xt

tn t m r

n t m r

n t m r
t

−

−

     <   − 


 = =  

  −  >   
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( ) ( )
( )

( )
1

2

2 , ,

2 , ,

, ;2 , ,

r m
n

n

B x m r

x m r

n m r
S n m r m r x m r

n

−

−

 <

 =

= 
 + − 

+ − − > 
 

 

which completes the proof. 
Theorem 3.8. For integer , 1n r ≥ , we have 

( )
( ) ( )

( )

( ) ( )

( )
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Proof By (29), we get 
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which completes the proof.  
Similarly, we can obtain 
Theorem 3.9. For integer , 1n r ≥ , we have 
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Theorem 3.10. For nonnegative integer n, we have 
( ) ( ) ( ) ( ) ( )
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1 1
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n
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1 1
.

! !

nm mn
k n
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k i k n=

− − − − −+ 
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Proof By (29), we get 

( ) ( )( )1 , ,     1 1 , .
1 1

n k rn rtR R t t
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( ) ( ) 1
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11 1r i

r n k n i tR t R
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    + − −   +    
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We only prove the first equation. 
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which completes the proof. 
Theorem 3.11. For nonnegative integer n, we have 

( )
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( ) ( ) ( ) ( )
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2 .
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Proof By (29), we get 
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r
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which completes the proof. 
Theorem 3.12. For nonnegative integer 1n ≥ , we have 
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Proof By (29), we get 
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which completes the proof. 
Corollary 3.2. For α β=  in (81), we have 
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