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Abstract 
The initial boundary value problem for a class of high-order Beam equations 
with quasilinear and strongly damped terms is studied. Firstly, the existence 
and uniqueness of the global solution of the equation are proved by prior es-
timation and Galerkin finite element method. Then the bounded absorption 
set is obtained by prior estimation, and the family of global attractors for the 
high-order Kirchhoff-Beam equation is obtained. The Frechet differentiability 
of the solution semigroup is proved after the linearization of the equation, 
and the decay of the volume element of the linearization problem is further 
proved. Finally, the Hausdorff dimension and Fractal dimension of the family 
of global attractors are proved to be finite. 
 

Keywords 
High-Order Kirchhoff-Beam Equation, Galerkin’s Method, Family of Global 
Attractors, The Hausdorff Dimension 

 

1. Introduction 

In order to study the global stability of a wide norm model for vertical beam vi-
bration, the initial boundary value problems of the following Kirchhoff-Beam 
equations are studied: 

( ) ( ) ( )( ) ( )2 2 ,
p pm mm m m

tt t tp p
u u M D u u u N D u u f xβ α+ −∆ + + ∆ + −∆ =   (1) 

( ), 0, 0, 1, 2, , 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

            (2) 

( ) ( ) ( ) ( )0 1,0 , ,0 , .n
tu x u x u x u x x R= = ∈Ω ⊂              (3) 

where 1m >  is a positive integer, Ω  is the bounded region in nR  with 
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smooth boundary ∂Ω . ( )f x  is the external force term. ( )2m
tuβ −∆  is the 

strongly damped term, ,α β  are positive constants, 3
2

α ≥ ,  

( ) ( ),
p pm m
p p

M D u N D u  are the general non-negative real-valued functions, 

d
p pm m
p

D u D u x
Ω

= ∫ , and the relevant assumptions will be given later. In this  

paper, we study the existence and uniqueness of global solutions for problems 
(1) - (3), prove the existence of a family global attractor and estimate its Haus-
dorff dimension and Fractal dimension. 

In 1883, Kirchhoff [1] proposed the following model when studying the free 
vibration of elastic strings: 

( ) ( ) ( ) ( )2 2 .tt tu Du u Du u g u h xσ ϕ− ∆ − ∆ + =  

This model more accurately describes the motion of the elastic rod and reveals 
the physical significance of elastic vibration, from which the Kirchhoff equation 
model becomes a kind of classical problems in infinite-dimensional dynamic 
systems. Many scholars have also achieved some good results in their research 
on the global attractor of Kirchhoff equation and the estimation of Hausdorff 
dimension. For details, please refer to references [1] [2] [3]. 

Igor Chueshov [4]: the long time behavior of the following Kirchhoff wave 
equations with strong nonlinear damping is studied 

( ) ( ) ( ) ( )2 2 .tt tu u u u u f u h xσ φ∂ − ∇ ∆∂ − ∇ ∆ + =  

Tokio Matsuyama and Ryo Ikehata [5]: the attenuation of global solution of 
Kirchhoff type wave equation with nonlinear damping is proved: 

( ) ( )( ) ( ) ( )
2

.m mm
tt tu u D u u g u f x+ −∆ + −∆ + =  

( ), 0, 0.u x t t
∂Ω

= ≥  

where ( ) [ ) ( )1
00, , 0; 0,M s C M s m Rδ µ∈ ∞ ≥ > > ∈  are constants. 

Guoguang Lin, Yunlong Gao [6]: the initial boundary value problem of Kir-
chhoff type equation with strongly damped term is studied 

( )( )2 1 1

2
.p q

tt t tu M u t u u u u uδ µ− −+ ∇ ∆ + =  

The existence and uniqueness of knowledge are proved by prior estimation and 
Galerkin’s method, and then the existence of global attractor is obtained. The 
Hausdorff dimension and Fractal dimension of global attractor are estimated. 

Lin Chen, Guoguang Lin [7]: study the well-posedness and long-time beha-
vior of solutions for a class of nonlinear higher-order Kirchhoff equations: 

( ) ( )( ) ( ) ( )
2

.m mm
tt tu u u u g u f xφ+ −∆ + ∇ −∆ + =  

The existence and uniqueness of global solutions are proved by prior estima-
tion and Galerkin’s method, and the Hausdorff dimension and Fractal dimen-
sion of global attractors are estimated. More studies of wave equations can be 
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found in reference [8]-[19]. 
For the convenience of statement, the following Spaces and notations are de-

fined: 
( )2H L= Ω , D = ∇ , ( ) ( ) ( )1

0 0
m mH H HΩ = Ω ∩ Ω ,  

( ) ( ) ( )2 2 1
0 0

m k m kH H H+ +Ω = Ω ∩ Ω . ( )1,2,iC i = 
 are the different positive 

constants. ( ) ( ) ( )2
0 0 , 1, 2, , 2m k k

kE H H k m+= Ω × Ω =  , 0k = ,  
( )2 2

0 0
mE H L= × Ω . 

Defines ( ),⋅ ⋅  and ⋅  represents H the inner product and norm respectively: 

( ) ( ) ( ), du v u x v x x
Ω

= ∫ , 2L⋅ = ⋅ , ( ) 2,u u u= . 

kA  is ( )0 , kE E -global attractors, 0kB  is the bounded absorption set in kE , 
1,2, , 2k m=  . 

Kirchhoff stress ( ) ( ),M s N s  meet the conditions: 
1) ( ) [ )( )2 0, ,M s C R∈ +∞ , ( )0 12 M sε σ σ≤ ≤ ≤ , 0 1,σ σ  are the positive 

constants; 
2) ( ) [ )( )2 0, ,N s C R∈ +∞ , ( )0 1N sµ µ≤ ≤ , 0 1,µ µ  are the positive con-

stants;  

3) 
2 , 22

2
2 , 2

n n mn p n m
n m n m

 >≤ < −
+ ∞ ≤

, 1
1 0

1

4 1
0 min , , 2

34

m
m

m

λ αε λ µ
ββλ

 −< <  
 

, 

( ) ( )

( )

22
1 01 1 1 4

2 2
1 1 1 1 1

2
0 0 01

2 2
1 1 1 1

2
0 0

2
1

2 2 24 2 2
max , , , ,

4 1 2 2

3 11 1, , , ,
12 1 2

2
.

m

m m m m

m m m m

m

Cεσ σ ε εµ λ εσ
β

α ελ ε ε σ λ λ λ

µ ε φ κ εσ µ ασ α ε
ε ελ λ λ ελ

µ ε φ κ ε σ
λ

 − + +≥ 
− + −

+ + − + −−
+ + −

+−

+ + + − + 



 

2. The Existence of the Family of Globals 

For the initial boundary value problem (1) - (3), the existence of global solutions 
is proved by prior estimation and Galerkin’s finite element method, and then the 
uniqueness of global solutions is proved. Finally, the operator semigroup theory 
is used to prove that the solution semigroup of this problem has a family of 
global attractors. 

Lemma 1. Assumes that (a), (b), (c) are held, ( )f x H∈ , ( )0 1 0,u u E∈ , 
then the initial boundary value problem (1) - (3) has global smooth solutions 

( ) 0,u v E∈ ,  

( ) ( ) ( )1 1

0

2 22 222 2 1
0 0

1

, e 1 e ,t tm m
E

Cu v D u v D u v α α

α
− −= + ≤ + + −    (4) 

( ) ( )
0

22 22 2
0 1, ,m

E
u v D u v R t t= + ≤ >               (5) 

where tv u uε= + , ( ) 2
1

1C f x
ε

= , 2
1 1min ,

θ
α θ

α
 =  
 

, a non-negative real 
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number 0R  and ( )1 1 0t t= Ω > . 

Proof. Take the inner product of tv u uε= +  and Equation (1) both sides, 

( ) ( ) ( )( )( )
( )( )

2 2 ,

, .

p pm mm m m
tt t tp p

u u M D u u u N D u u v

f x v

β α+ −∆ + + ∆ + −∆

=
    (6) 

By using Holder’s Inequality, Young’s Inequality, and Poincare’s Inequality, 
The items in (6) can be obtained by successive processing: 

( ) ( )2 2 21 d, , .
2 dttu v v v u v

t
ε ε= − +                 (7) 

( )( ) ( )22 2 2 2

2 2 22 2 2 2

, ,

,
4

m m m m
t

m m m

u v D v D u D v

D v D u D v

β β εβ

εβ εβ

−∆ = −

≥ − −
        (8) 

( )( ) ( ) ( )( )

( )( )

2

2
0

, , .

, .

p p pm m m
tp p p

pm
p

M D u u v M D u v M D u u v

v M D u u v

ε

σ ε

= −

≥ −
       (9) 

( )( )( ) ( )
22 22 1

1

,

,
4

p pmm m m m
p p

m m
m

N D u u v N D u D u D v

D v D uµβ
βλ

−∆ ≥ −

≥ −
       (10) 

( ) 2 22 2 2d, .
2 d

m m mu v D u D u
t

αα αε∆ = +              (11) 

( )( ) ( ) 2 21, .
2 2

h x v f x vε
ε

≤ +                  (12) 

( )( )( )
2 2

2 22 1 1, .
2 2

pm
p

M D u u v u vε εσ ε εσ
ε ε

− −
− ≥ +       (13) 

where 1λ  be the first eigenvalue of −∆  with a homogeneous Dirichlet boun-
dary. 

Substitute Formulas (7) - (13) into Equation (6) to obtain  

 

( )

( )

222 22 1
0

2 2 2 22 2 21 1
2

1 1 1

2

2

1 d 3
2 d 2 2

4 2 4

,
2

m

m m
m m m

v D u v
t

D u D v

f x

ε εσεα σ

ε εσ µε βαε β εβ
λ βλ λ

ε

 −
+ + − + 

 
   −

+ − + − + − −   
   

≤

   (14) 

According to the hypothesis (a), (c), 
2 2 2

21 1 1
0 2

1 1 1

3 0, 0, .
2 2 44 2m m m

ε εσ ε εσ µε β εσ β εβ αε
λ λ βλ

− −
+ − ≥ − − ≥ + ≥ +  (15) 

2 2
2 1 1

1 0 1 2 2
1 1

2 3 , 2 .
42 m m

ε εσ µεθ σ ε ε εσ θ αε
λ βλ

 −
= − + − = + − − 

 
      (16) 

https://doi.org/10.4236/jamp.2022.103064


Y. H. Liao et al. 
 

 

DOI: 10.4236/jamp.2022.103064 934 Journal of Applied Mathematics and Physics 
 

Thus  

( ) ( )
2 22 2

1 1
d ,
d

m mv u v u C
t

α α α   + −∆ + + −∆ ≤   
   

       (17) 

Using Gronwall’s inequation,  

( ) ( ) ( )1 1
2 22 2 1

1

e 1 e ,m m t tCv u v u α αα α
α

− − + −∆ ≤ + −∆ + − 
 

   (18) 

( )
0

2 1

1

lim , .
Et

Cu v
α→∞

≤                     (19) 

So there’s a positive constant 0R , ( )1 1 0t t= Ω > , such that 

( ) ( )
0

22 22 2
0 1, , .m

E
u v D u v R t t= + ≤ >              (20) 

Lemma 1 is proved.  
Lemma 2. Assumes that (a), (b), (c) are held, ( ) 0

1h x H∈ , ( )0 1, ku u E∈ , then 
the initial boundary value problem (1) - (3) has global smooth solutions 
( ), ku v E∈ ,  

( )

( ) ( )2 2

2 22 2

2 22 2
0 0

2

,

e 1 e ,

k

m k k
E

t tm k k

u v D u D v

CD u D v α α

α

+

− −+

= +

≤ + + −
       (21) 

( ) ( )
2 22 2 2

1 2, , .
k

m k k
E

u v D u D v R t t+= + ≤ >            (22) 

where tv u uε= + , ( )
2

2 2

1 kC D f x
ε

= , 4
2 3min ,θ

θ
α

σ
=  

 
 

, ( )2 2 0t t= Ω > . 

Proof. Take the inner product of ( ) ( ) ( )k k k
tv u uε−∆ = −∆ + −∆  and Equa-

tion (1) both sides,  

( ) ( ) ( )( ) ( )( )
( ) ( )( )

2 2 ,

, ,

p pm m m mkm m m
tt t tp p

mk

u u M D u u u N D u u v

f x v

β α+ −∆ + + ∆ + −∆ −∆

= −∆
(23) 

By using Holder’s Inequality, Young’s Inequality, and Poincare’s Inequality, 
The items in (23) can be obtained by successive processing: 

( )( ) ( )( ) ( )( )2 2 2

2 22 2 2

1

1 d, , ,
2 d

1 d ,
2 d 2 2

k k kk k
tt t t

k k m k
m

u v v u v D v D v u v
t

D v D v D u
t

ε ε ε

ε εε
λ

+

−∆ = − −∆ = − + −∆

 
≥ − + − 

 


 (24) 

( ) ( )( )
( ) ( )

( ) ( ) ( )

( ) ( )

2

2 2 22
2

1

2 2 22

2 2 221
0

,

2 2

2 2

,
2 2

p km
tp

p pm k m k k
p p

p pm m
p p pm k k m k

mp

pm
p pm k k m k
p

k k m k

M D u u v

M D u D v M D u D u D v

M D u M D u
M D u D v D v D u

M D u
M D u D v D v D u

D v D v D u

ε

ε ε

λ

ε αε

εσ αεσ

+

+

+

−∆

= −

≥ − −

≥ − −

≥ − −

  (25) 
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with 1
2

1
m

σ
α

λ
≥ . 

( ) ( )( ) 2 2 22 2 2 2 2
1

2 2 22 2 2
1

d,
2 d

d ,
2 d 3

m k m k m k m k
t

m k m k m k

u v D v D u D u
t

D v D u D u
t

βεβ βλ βε

βε αεβλ

+ +

+ +

−∆ −∆ ≥ − −

≥ − −
 (26) 

( )( ) ( )( )
( ) ( )2 2

,

d .
2 d

p m km
p

pm
pp m k m m k
p

N D u u v

N D u
D u N D u D u

t
ε+ +

−∆ −∆

= +

        (27) 

The following two cases are used for prior estimation of Equation (25): 

1) As 
2d 0

d
m kD u

t
+ ≥ , By assuming (b),  

( ) ( )2 2

2 20
0

d
2 d
d ,

2 d

pm k
pp m m k m
p

m m

N D u
D u N D u D u

t

D u D u
t

ε

µ
εµ

+

++

≥ +

         (28) 

let 0µ µ= ,  

( )( )( ) 2 2

0
d, .

2 d
p mm m k m k
p

N D u u v D u D u
t

µ εµ+ +−∆ ≥ +        (29) 

2) As 
2d 0

d
m kD u

t
+ < , By assuming (b), 

( ) ( )2 2

2 21
0

d
2 d

d ,
2 d

pm k
pp m m k m
p

m m

N D u
D u N D u D u

t

D u D u
t

ε

µ
εµ

+

++

≥ +

         (30) 

let 1µ µ= , 

( )( )( ) 2 2

0
d, .

2 d
p mm m k m k
p

N D u u v D u D u
t

µ εµ+ +−∆ ≥ +       (31) 

Similarly discussion (27) can be obtained  

( )( ) ( )( ) 2 2

0
d, .

2 d
p m km m k m k
p

N D u u v D u D u
t

µ εµ+ +−∆ −∆ ≥ +      (32) 

( )( ) ( ) ( )( )2 2

2 22 2

, ,

d ,
2 d

k k km m
t

m k m k

u v u u u

D u D u
t

α α ε

α αε+ +

∆ −∆ = ∆ −∆ + −∆

= +
         (33) 

( ) ( )( ) ( )
2 2 2

2

1, .
2 2

k k kf x v D v D f xε
ε

−∆ ≤ +            (34) 

The comprehensive Equations (24) - (34) and (23) can be written as 
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( )( )

( )

2 2 22

22 22 21
1 0 0

1

2
22

2

1 d
2 d

2 2

.
6 2

k m k m k

m k m k
m

k
m k

D v D u D u
t

D v D u

D f x
D u

α εβ µ

εσ εβλ σ ε ε εµ
λ

αε
ε

+ +

+

+

+ − +

  + + − − − + −  
   

+ ≤

     (35) 

According to the hypothesis (c), 
2

2 21
0 1 0

1

0, 0, 0.
22

m
m

εσεα βε εµ βλ σ ε ε
λ

−− > − ≥ + − − ≥        (36) 

2
2 21

3 1 0 4 0 5
1

12 , 2 , 0.
2 3

m
m

εσ εθ βλ σ ε ε θ εµ θ αε
λ

 = + − − − = − = > 
 

 

Let 54
2 3min , ,

θθ
α θ

µ α βε
 

=  
− 

, 

 
( )( )
( )( )

2 2 22

2 2 22
2 2

d
d

.

k m k m k

k m k m k

D v D u D u
t

D v D u D u C

α βε µ

α α βε µ

+ +

+ +

+ − +

+ + − + ≤
       (37) 

By Gronwall’s inequality, we can get  

( )2 22
1 1

2

e 1 e .t tCY Y α α

α
− −≤ + −                   (38) 

where ( )
2 2 22

1
k m k m kY D v D u D uα βε µ+ += + − + . 

( )

( ) ( )2 2

2 22 2

2 22 2
0 0

2

,

e 1 e ,

k

m k k
E

t tm k k

u v D u D v

CD u D v α α

α

+

− −+

= +

≤ + + −
       (39) 

( ) 2 2

2

lim , .
kEt

Cu v
α→∞

≤                       (40) 

So there’s a positive constant 1R , ( )2 2 0t t= Ω > , such that 

( ) ( )
2 22 2 2

1 2, , .
k

m k k
E

u v D u D v R t t+= + ≤ >            (41) 

Lemma 2 is proved. 
Theorem 1. (existence and uniqueness of solutions) Under the hypothesis of 

Lemma 1 and Lemma 2, f H∈ , ( )0 1, ku u E∈ . Then there exists a unique global 
solution to the initial boundary value problem (1) - (3), ( ) [ )( ), 0, ; ku v L E∞∈ +∞ . 

Proof. Existence: The existence of global solution is proved by Galerkin’s fi-
nite element method. 

The first step: To construct approximate solutions 
Let ( )2 2 , 1, 2, , 2m k m k

j j jw w k mλ+ +−∆ = =  , where jλ  is the eigenvalues of 
−∆  with homogeneous Dirichlet boundary on Ω , jw  is the eigenfunctions 
determined by the corresponding eigenvalues and 1 2, , , lw w w  are the ortho-
normal basis formed by the eigenvalue theory. 
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Let the approximate solution of problems (1) - (3) be ( ) ( )
1

l

l jl j
j

u t g t w
=

= ∑ , 

and ( )jlg t  is determined by the following nonlinear ordinary differential equ-
ations  

( ) ( ) ( )( )( )
( )( )

2 2 ,

, , 1, 2, , .

p pm mm m m
tt t t jp p

j

u u M D u u u N D u u w

h x w j l

β α+ −∆ + + ∆ + −∆

= = 

   (42) 

It satisfies the initial conditions ( ) ( )0 0 10 , 0l ltl lu uu u= = . As l → +∞ , In kE , 
( ) ( )0 1 0 1, ,l lu u u u→  in kE . It is known from the basic theory of ordinary diffe-
rential that approximate solutions exist on ( )0, lt . 

The second step: A prior estimation 
Because we want to prove the existence of weak solutions in space 
( )1,2, , 2 1kE k m= −

. 
So we multiply both sides of Equation (42) with ( ) ( )( )k

j jl jlg t g tλ ε′ + , and the 
sum of j, let ( ) ( ) ( )l lt lv t u t u tε= + . 

As 0k = , Get a priori estimate of the solution in space 0E : 

( )
0

22 22 2
0, ,m

l l l lE
u v D u v R= + ≤                 (43) 

As 1,2, , 2 1k m= − , Get a priori estimate of the solution in space kE : 

( )
22 22 2

1, .
k

m k
l l l lE

u v D u v R+= + ≤                (44) 

It can be known that the prior estimates of lemma 1 and lemma 2 of Equa-
tions (43) and (44) are valid respectively. According to Equations (43) and (44), 
( ),l lu v  be bounded in [ ]( )00, ;L E∞ +∞ , ( ),l lu v  be bounded in  

[ ]( )0, ; kL E∞ +∞ . 
The third step: Limit process 
In the space ( )1,2, , 2 1kE k m= −

, Selecting subcolumns uµ  from the se-
quence lu ,  

( ) ( ), ,u v u vµ µ →  Weak*-convergence, in [ ]( )0, ; kL E∞ +∞       (45) 

By Rellich-Kohdrachov Compact embedding theorem, kE  compact embed-
ded 0E , ( ) ( ), ,u v u vµ µ →  

Strong convergence almost everywhere in 0E .           (46) 

Let l µ= → +∞ , From (45),  

( )( ) ( ) ( ), , ,k k k
t j j j j ju w v w u wµ λ ε λ−∆ → −  

Weak*-convergence in [ )0,L∞ +∞ . 

( )( ) ( )( )d, ,
d

k k
tt j t ju w u w

tµ µ−∆ = −∆  

Thus, ( )( ) ( )( ), ,k k
tt j t ju w u wµ −∆ → −∆  convergence in [ )0,D′ +∞ , here 

[ )0,D′ +∞  is [ )0,D +∞  Conjugate space of infinitely differentiable space 
[ )0,D +∞ . 
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( ) ( )( ) ( ) ( )
22 22 22 2, ,

m km k m km k
t j j ju w v u wµβ β ε λ

++ + 
−∆ −∆ → −∆ − −∆  

 
 

Weak*-convergence in [ )0,L∞ +∞ . 

( ) ( )( ) ( ) ( ) ( ) 22 2, ,
kk kp pkm m

t j t j jp p
M D u u w M D u v u wµ ε λ

 
−∆ → −∆ − −∆  

 
 

Weak*-convergence in [ )0,L∞ +∞ . 

( )( ) ( )( ) ( )( ) 22, ,
m km kp pm km m

j j jp p
N D u u w N D u u wµ λ

++ 
−∆ −∆ → −∆  

 
 

Weak*-convergence in [ )0,L∞ +∞ . 

( )( )
2 2

2 2 2, ,
m k m k

km
j j ju w u wµα α λ

+ + 
∆ −∆ → ∆  

 
. 

Weak*-convergence in [ )0,L∞ +∞ . 
In particular 0 0u uµ →  weak convergence in kE , 1t tu u uµ → =  weak con-

vergence in kE . For all j and µ → +∞ , It follows that 

( ) ( ) ( )( )( )
( )( )

2 2 ,

, , 1, 2, , .

p pm mm m m
tt t t jp p

j

u u M D u u u N D u u w

f x w j l

β α+ −∆ + + ∆ + −∆

= = 

 (47) 

Therefore, the existence of the weak solution of the problem (1) - (3) is ob-
tained, and the existence is proved. 

The uniqueness of the solution of the following proof. 
Let ,u v  be two solutions of Equation (1), set w u v= −  and take the inner 

product of tw wε+  in H, 

( ) ( ) ( )(
( )( ) ( )( ) )

2 2

, 0

p pm m m m
tt t t tp p

p pm mm m
tp p

w w M D u u M D v v w

N D u u N D v v w w

β α

ε

+ −∆ + − + ∆

+ −∆ − −∆ + =
     (48) 

Similar to Lemma 1, can be obtained 

( ) ( )2 21 d d, , ,
2 d dtt t t t tw w w w w w w

t t
ε ε ε+ = + −         (49) 

( )( ) 2 22 2 2d, ,
2 d

m m m
t t tw w w D w D w

t
βεβ ε β−∆ + = +       (50) 

( ) ( )( )
( )( ) ( )( )

( )( ) ( )

( ) ( )( ) ( )2
3

,

, ,

,

, ,

p pm m
t t tp p

p pm m
t t tp p

p pm m m
t tp p

p pm m m
t t t tp p

M D u u M D v v w w

M D u w w M D u w w

M D D D wv w w

M D u w M D u w w C v D w w w

ε

ε

ξ ξ ε

ε ε

− +

= +

′
′+ +

≥ − − +
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( ) ( ) ( )

( ) ( ) ( )

( )

22 2

1

4 4

22 2

1

2 2 2 24 4 4 4

1

2 22 2 4 21 4
0

1

22

22

2 2 22

1
,

2 2 2 2

p pm m
p p pm m

t tmp

m m
t

p pm m
p p pm m

t tmp

m m m
tm

m m
t t m

M D u M D u
M D u w D w w

C D w w C D w w

M D u M D u
M D u w D w w

C C C CD w D w D w w

CCw D w w D w

ε ε

λ

ε

ε ε

λ

ε ε
λ

εεσ εβσ
λ

≥ − −

− ⋅ − ⋅

≥ − −

− − − −

+ ≥ − − + − 
 

   (51) 

( )( ) ( )( )3 4, .
p p p pm m m m

tp p p p
C M D D C M D D vξ ξ ξ ξ

∞ ∞

′ ′
′ ′= =  

( ) ( )1 , 0,1 .m msD u s D v sξ = + − ∈  

( )
22 2 22 2 2 1d, ,

2 d 2 2

m
m m m

tw w w D w D w w
t

αελα αεα ε∆ + ≥ + +     (52) 

( )( ) ( )( )( )
( )( )( ) ( )( ) ( )( )( )

( )( )( )
( )( ) ( )( )( )

( ) 2

5

,

, ,

,

,

d
2 d

p pm mm m
tp p

p p pm m mm m m
t tp p p

p mm
p

p pm mm m
p p

pm
p m m m m

t

N D u u N D v v w w

N D u w w N D u v N D v v w

N D u w w

N D u v N D v v w

N D u
D w C D w D v D w

t

ε

ε

ε

−∆ − −∆ +

= −∆ + −∆ − −∆

+ −∆

+ −∆ − −∆

≥ −

 

( )
( )

( )
( ) ( )

2

5

22 2 26

2 2

6

22 2 26
6

22 2 26
0 6

d 1
2 d 2 2

d 1
2 d 2 2

d 1 ,
2 d 2 2

pm m m m m
p

pm
p m m m

t

pm m m
p

pm
pp m m m m

tp

m m m
t

N D u D w C D w D v D w

N D u C
D w D w D w

t

N D u D w C D w

N D u C
D w N D u C D w D w

t

C
D w C D w D w

t

ε ε

ε ε

ε ε

µ εµ ε

+ −

≥ − −

+ −

 
≥ + − − − 

 

 
≥ + − − − 

 

 (53) 

where ( )( )5

p pm m
p p

C N D Dξ ξ
∞

′
′= . 

Substitute (49) - (53) into Equation (48) 
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( ) ( ) ( )

( ) ( ) ( )

( )

222

2 22 4 4
0 1

1

2 2 226
0 6 1 1 4

d 2 ,
d

2 2 1

2 0,
2

mm
t t

m m m
t tm

m m

w w w D w w
t

C Cw w D w

C
C D w C w

ε µ εβ α

ε
σ ε αε βλ β

λ

εµ ε αελ εσ ε

 + + + + −∆  
 +

+ − + − −∆ + − − 
 

 
+ − − + − − ≤ 

 

 (54) 

( )
22 22

1

, ,
2 2 2 2

m
t t t mw w w w w D wε ε ε εε

λ
≥ − − ≥ − −  

( ) ( ) ( )

( ) ( )

222

1

22 4 4
0

1

2 23
0 3

d 1
d

2

2 0,
2

mm
t m

m
t m

m

w D w w
t

C Cw w

C
C D w

εε µ βε α
λ

ε
σ ε αε

λ

εµ ε

  
− + − + + −∆  

   
 +

+ − + − −∆ 
 

 
+ − − ≤ 

 

      (55) 

1 4 4 4
2

1 1

max ,m m

C C Cσ ε
α

λ λ
 + +

≥  
 

, 
2
6

0 6
1

max ,
2m

C
Cεµ

ελ
 ≥ + 
 

 

and (c), 

2
1 1 1 4 5 0

1
2
64 4

6 7 0 6
1

0, 2 1 0, 0, ,

, 0.
2

m m
m

m

C

CC C C

εµ βλ β αλ σ ε θ σ ε
λ

ε
θ αε θ εµ ε

λ

− ≥ − − ≥ − − ≥ = −

+
= − = − − ≥

 

Take 5 6 7
3

1

2 2
max , ,

1
m

θ θ θ
α

εε α βε µ
λ

 
  =  
− + −

  

 

Then, according to Gronwall’s inequality, get  

( ) ( )

( ) ( ) ( )( ) 3

22 2

22 2
3

1

0 0 e 0,

m
t

tm
t

w D w

w D w α

ε βε α

α βε α −

− + +

≤ + + =
           (56) 

Then 
22 2 0m

tw D w= = , that is ( ) 0,w t u v= = , So the uniqueness is proved. 
Theorem 1 is proved. 

Theorem 2. According to lemma 1 and theorem 1, then the initial boundary 
value problem (1) - (3) has a family of global attractors 

( ) ( ) ( )0 0
0

, 1, 2,3, , 2k k k k
t

A B S t B k m
τ τ

ω
≥ ≥

= = = 



, 

where ( ) ( ){ }2 22 2 2 2
0 0, : ,

k

m k k
k k kE

B u v E u v D u D v R R+= ∈ = + ≤ +  is a bounded 

absorbing set in kE  and satisfies the following conditions: 

1) ( ) , 0k kS t A A t= > ; 
2) ( )( ) ( )lim , 0k k k kt

dist S t B A B E
→∞

= ∀ ⊂  kB  is a bounded set; 
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Where ( )( ) ( ), sup inf
kkk

k k Ey Ax B
dist S t B A S t x y

∈∈
= − , ( )S t  is the solution semi-

group generated by the initial boundary value problem (1) - (3). 
Proof. It is necessary to verify the conditions (I), (II) and (III) for the exis-

tence of attractors in reference [8]. Under the condition of Theorem 1, there ex-
ists a solution semigroup ( ) : k kS t E E→  of the initial boundary value problem 
(1) - (3). 

From lemma 1, we can obtain that k kB E∀ ⊂  is a bounded set that includes 

in the ball ( ){ },
k

kE
u v R≤ . 

( )( ) ( ) ( )

( ) ( )

2
0 0

2
0 0

2 2 2
0 0

2 2
0 0

2

,

,

m k k
k

m k k

H HE

H H

k

S t u v u v

u v C

R C

+

+

Ω Ω

Ω Ω

= +

≤ + +

≤ +

           (57) 

where 0t ≥ , ( )0 0, ku v B∈ , this shows that ( ){ }( )0S t t ≥  is uniformly 
bounded in kE . 

Furthermore, for any ( )0 0, ku v E∈ , when { }1max , kt t t≥ , we have 

( )( ) ( ) ( )2
0 0

2 2 2 2 2
0 0 0, m k k

k
kH HE

S t u v u v R R+ Ω Ω
= + ≤ + ,        (58) 

Therefore, ( ) ( ){ }2 22 2 2 2
0 0, : ,

k

m k k
k k kE

B u v E u v D u D v R R+= ∈ = + ≤ +  is a 

bounded absorbing set in semigroup ( )S t . 

According to the rellich kondrachov’s compact embedding theorem, if kE  is 
compactly embedded in 0E , then the bounded set in kE  is the compact set in 

0E . Therefore, the solution semigroup ( )S t  is a completely continuous opera-
tor, thus the family of global attractors kA  of solution semigroup ( )S t  is  
obtained. Where ( ) ( )0 0

0
k k k

t
A B S t B

τ τ
ω

≥ ≥

= =


. 

The proof is completed. 

3. The Dimension Estimation for the Family of Global  
Attractors 

In this part, we first linearize the equation into a first-order variational equation 
and prove that the solution semigroup ( )s t  is Fréchet differentiable on kE . 
furthermore, we prove the decay of the volume element of the linearization 
problem. Finally, we estimate the upper bound of the Hausdorff dimension and 
fractal dimension of kA  

Linearize problems (1) - (3),  

( ) ( )( ) ( )

( )( ) ( )( ) ( )

2 2

0,

p p p mm m m m
tt t t tp p p

p p pm mm m m
p p p

U M D u U M D u D u u U U

N D u U N D u D u u

β α
′

′+ + + −∆ + ∆

′
′+ −∆ + −∆ =

  (59) 

( ), 0, , 0,U x t x t= ∈∂Ω >                       (60) 
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( ) ( ),0 , ,0 .tU x U xξ η= =                       (61) 

where ( ), kEξ η ∈ , ( ) ( )( )0 1, ,tu u S t u u=  is the solution of problems (1) - (3) 
with ( )0 1, ku u A∈ . 

Given ( )0 1, ku u A∈ , ( ) : k kS t E E→ , Verifiable to any ( ), kEξ η ∈ , Lineari-
zation of initial boundary value problems (59) - (61) has a unique solution:  

( ) ( )( ) [ )( ), 0, ; .t kU t U t L E∞∈ +∞                   (62) 

Lemma 3. If ( ) : k kS t E E→ , the Frechet differential on ( )T
0 0 1,u uφ =  is a 

linear operator ( ) ( ) ( )( )TT: , , tF U t U tξ η → , then 0t∀ > , 0R > , the mapping 
( ) : k kS t E E→  is Fréchet differentiable on kE , where ( ) ( ), tU t U t  is the so-

lution of the linearized initial boundary value problem (59) - (61). 
Proof. Set ( ) ( )T T

0 0 1 0 0 1, , ,k ku u E u u Eφ φ ξ η= ∈ = + + ∈ ,  
( ) ( )T T

0 0 1 0 0 1, , ,k ku u E u u Eφ φ ξ η= ∈ = + + ∈  and 0 0,
k kE E

R Rφ φ≤ ≤ , 
the semigroup ( )S t  is Lipschitz continuous on the bounded set of kE , i.e. 

( ) ( ) ( )
22 T

0 0 e , .
k k

ct
E E

S t S tφ φ ξ η− ≤                 (63) 

Let tU Uθ ε= + , then 

( ) ( )
( )( ) ( ) ( )

( )( ) ( )( ) ( )

2

2

2 0,

p pm m
t p p

p p mm m
tp p

p p pm mm m m m
p p p

u M D u M D u U

M D u D u u u

N D u U N D u D u u U

θ εθ ε θ ε

β θ ε

α

− + + −

′
′+ + −∆ −

′
′+ −∆ + −∆ + ∆ =

  (64) 

( ) ( )0 0, 0 0.tθ θ= =                       (65) 

Set ( ) ( ), ,u u U v vψ φ η η ω θ= − − = − − − − , 

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( )
( )( ) ( )( ) ( )

2 2

2 2

2

2

,

,

0.

p pm mm m m
tt t tp p

p pm mm m m
tt t tp p

p p pm m m m m
tt t t tp p p

p p pm mm m m m m
p p p

u u M D u u u N D u u f x

u u M D u u u N D u u f x

U U M D u U M D u D u D U u

U N D u U N D u D u D U u

β α

β α

β

α

 + −∆ + + ∆ + −∆ =

 + −∆ + + ∆ + −∆ =

 ′ ′+ −∆ + + ⋅

 ′ ′+ ∆ + −∆ + ⋅ −∆ =

 

Then the three equations can be subtracted 

( ) ( ) ( )
( ) ( )( )
( )( ) ( )( ) ( )( )

( )( ) ( )

2 2

0,

p pm m m m
tt t t tp p

p p pm m m m
t tp p p

p p pm m mm m m
p p p

p p mm m m
p p

M D u u M D u u

M D u U M D u D u D U u

N D u u N D u u N D u U

N D u D u D U u

ψ β ψ α ψ+ −∆ + ∆ + −

′
′− − ⋅

+ −∆ − −∆ − −∆

′
′− ⋅ −∆ =

   (66) 
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( ) ( ) ( )
( )( ) ( )( )

( )( ) ( )( )

( )( ) ( ) .

p p pm m m
t t tp p p

p p p mm m m m
tp p p

p pm mm m
p p

p p mm m m
p p

H M D u u M D u u M D u U

M D u D u D Uu N D u u

N D u u N D u U

N D u D u D U u

= − −

′
′− + −∆

− −∆ − −∆

′
′− −∆

 

then 1 2H h h= + , 

( ) ( ) ( )
( )( )

1

,

p p pm m m
t t tp p p

p pm m m
tp p

h M D u u M D u u M D u U

M D u D u D Uu

= − −

′
′−

       (67) 

( )( ) ( )( ) ( )( )

( )( ) ( )

2

,

p p pm m mm m m
p p p

p p mm m m
p p

h N D u u N D u u N D u U

N D u D u D U u

= −∆ − −∆ − −∆

′
′− −∆

 (68) 

( ) ( ) ( )
( )( ) ( )

( )( ) ( )

( )( ) ( ) ( )( )

1

p p pm m m
t t tp p p

p pm m m
tp p

p pm m m
tp p

p p p pm m m m m
tp p p p

h M D u u M D u u M D u

M D u D u D u u u

M D D D u u u

M D u D u D u u u M D u D u

ψ

ψ

ξ ξ

= − +

′
′− − −

′
′= −

′ ′
′ ′− − +

 

( )
( )( ) ( ) ( )( )

( )( ) ( )( )

2
1

pm m
t tp

p pm m m
tp p

p pm m m
t tp p

D u M D u

M D D s D u u u

M D u D u D u u u u M

ψ ψ

ς ς

+

′
′′= − −

′
′ ′+ − − +

 

( )( ) ( ) ,
p p pm m m m

t tp p p
D u D u D u M D uψ ψ

′
+             (69) 

( ) ( )1 , 0,1 ,m msD u s D u sξ = + − ∈  

( ) ( )1 , 0,1 .m msD s D u sς ξ= + − ∈  

( )( ) ( ) ( )( ) ( )

( )( )

2

2

7

2
8

2 3 248 1 0

0

1 ,

d

,
2 2

m

k

p p km m m
tp p

m k k
t

k
H

m
m k

E

M D D s D u u u

C D u u D u D x

C u u D

C
u u D

ς ς φ

φ

φ

λ µ
φ

µ

Ω

−
+

 ′
′′ − − −∆  

 

≤ −

≤ −

≤ − +

∫       (70) 
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( )( ) ( )

( )( ) ( )

7

8

1 ,

1 .

p pm m
p p

p pm m k
tp p

C M D D s

C M D D s D u

ς ς

ς ς

∞

∞

′
′′= −

′
′′= −

 

( )( ) ( )( ) ( )

( ) ( )

( ) ( )

( ) ( )( )

3

3

2
1

2 223
2

2
1

,

d

2

p p km m m
t tp p

m k k
t t

m k m k
t tm

m k k m k
t tm k

M D u D u D u u u u

C D u u D u u D x

C
D u u D u u D

C
D u u D u u D

φ

φ

φ
λ

φ
λ

Ω

+

+ +
+

 ′
′ − − −∆  

 

≤ − −

≤ − ⋅ − ⋅

≤ − + −

∫
 

( ) ( )(
( ) )

2 223
2

2
1

22 2
1

2
9

22 40 9

0

2

,
2 2

k

k

m k k
m k

m m k m k

m k
E

m k
E

C
D u u D v v

D u u D

C u u D

C
D u u

λ

ελ φ

φ

µ
φ

µ

+
+

− + +

+

+

≤ − + −

+ −

≤ − ⋅

≤ + −

                  (71) 

( )( ) ( )

3

3

22
3 1

2 2 2210 0

0

,

d

,
2 2

p p km m m
tp p

m k k
t

m k k
t

kmk m k m k
t

m k m k

M D u D u D u

C D D u D x

C D D u D

C D u D D

C
D D

ψ φ

ψ φ

ψ φ

λ ψ φ

µ
ψ φ

µ

Ω

∞

− − + +

+ +

 ′
′ −∆  

 

≤

≤ ⋅ ⋅

≤ ⋅ ⋅

≤ +

∫

             (72) 

( ) ( )( )
( )( ) ( )( )

2 2 221
1 1 1

,

,

,
4

p km
tp

p km
p

m m k k k

M D u

M D u

D D D

ψ φ

φ εψ φ

σ
λ σ φ φ ε σ ψ− +

−∆

= − −∆

≤ + +

            (73) 

we obtain from Equations (69) - (73), 

( )( )

( )

2 3 22 40 8 1 91
1

01

2 2 22
11

3
,

2 2

,

k

m
k m k

m E

k m k k

C C
h D u u

C D D D

µ λσ
φ φ

µλ

ψ ψ φ

−
+

+

  +
−∆ ≤ + + − 

 

+ + +
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with 
2

210 1
11 1

0

max , ,
2 4
C

C σ
ε σ

µ
 =  


. 

Do the same thing,  

( )( ) ( )( ) ( )( )

( )( ) ( )

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( ) ( )( )

2

p p pm m mm m m
p p p

p p mm m m
p p

p pm mm m
p p

p p mm m m
p p

p p pm mm m m m
p p p

h N D u u N D u u N D u U

N D u D u D U u

N D u u N D u u

N D u D u D u u u

N D u D u D u N D uψ ψ

= −∆ − −∆ − −∆

′
′− −∆

= −∆ − −∆

′
′− − −∆

′
′+ −∆ + −∆

 

( )( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( )

( )( ) ( ) ( )( )

2
1p p mm

p p

p p mm m m
p p

p p pm mm m m m
p p p

N s D u u u

N D u D u D u u u u

N D u D u D u N D u

ς ς

ψ ψ

′′′= − − −∆

′
′+ − −∆ −

′
′+ −∆ + −∆

      (74) 

Take inner product 2h  with ( )k φ−∆ , by usingYoung’s inequality, Poin-
care’s inequality,  

( )( ) ( ) ( )( ) ( ) ( )

( )

( )

( )

2

2 2
12

22 2
12 1

2 4 2213 0

0

1 ,

,
2 2

p p m km
p p

m m k k

m k m k m k k

m k k

N s D u u u

C D u u D u D

C D u D u u D

C
D u u D

ς ς φ

φ

λ φ

µ
φ

µ

+

+ − − +

+

 ′′′ − − −∆ −∆ 
 

≤ − ⋅ ⋅

≤ ⋅ − ⋅

≤ − +

      (75) 

where 

( )( ) ( )

( )( ) ( )

12

2
13 1

1 ,

1 .

p pm m
p p

p pm m m k m k
p p

C N D D s

C N D D s D u

ς ς

ς ς λ

∞

+ − −

∞

′
′′= −

′
′′= −

 

( )( ) ( )( ) ( ) ( )

( )

( )

222
5 1

22 420 5 1

0

,

.
2 2

p p m km m m
p p

m k
m k k

m k
k m k

N D u D u D u u u u

C D u u D

C
D D u u

φ

λ φ

µ λ
φ

µ

+
+−

− −
+

 ′
′ − −∆ − −∆  

 

≤ −

⋅
≤ + −

      (76) 
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( )( ) ( ) ( )

22
5 1

22 20 14

0

,

,
2 2

p p m km m m
p p

k
m k m k k

k m k

N D u D u D u

C D D u D

CD D

ψ φ

λ ψ φ

µ
φ ψ

µ

−
+ +

+

 ′
′ −∆ −∆  

 

≤ ⋅ ⋅

≤ +

           (77) 

( )( ) ( )( ) 22 220 1

0

, ,
2 2

p m km k m k
p

N D u D D
µ µ

ψ φ φ ψ
µ

+−∆ −∆ ≤ +       (78) 

From Equation (75) - (78), it follows  

( )( ) ( ) ( )
22 2 42 213 5 1

2 15
0

, ,
2

m k
k m k k m kC C

h C D D D u u
λ

φ ψ φ
µ

− −
+ ++

−∆ ≤ + + −  (79) 

where 
2 2

14 1 1
15 0

0

max 2 ,
2

mCC λ µ
µ

µ

− +=  
 

. 

Equation (73) and Equation (79) deduce that,  

( )( )
( )

( )( )

2 2 2 22 2 3

2 22 2 1
1 0

1

2 2 22
11 15 11

2 3 2 2
48 1 9 13 5 1

0

1 d
2 d

3
2

.
2 k

k k m k k

m k m m k
m

k m k k

m m k

E

D D D D
t

D D

C C D D C D

C C C C
u u

φ ε ψ α βε ψ ε ψ

σ
αε βε ψ βλ µ φ

λ

φ ψ ψ

λ λ
µ

+

+ +

+

− − −

+ + − +

 
+ − + − − 

 

≤ + + +

+ + +
+ −

       (80) 

According to the hypothesis (c), 1
1 0

1

3 0
2

m
m

σ
βλ µ

λ
− − ≥ , 

 

( )( )
( )( )

2 2 22 2

2 2 22 2
16

2 3 2 2
48 1 9 13 5 1

0

d
d

,
2 k

k k m k

k k m k

m m k

E

D D D
t

C D D D

C C C C
u u

φ ε ψ α βε ψ

φ ε ψ α βε ψ

λ λ
µ

+

+

− − −

+ + −

≤ + + −

+ + +
+ −

           (81) 

with }{ ( )16 11 15 11 11 152 max , 2C C C C C C= + = + , 
Obtained by Gronwall inequality 

( ) ( )18
42 2 2 T2 2

17e ,
k

C tk k m k

E
D D D Cφ ε ψ α βε ψ ξ ζ++ + − ≤ . 

( ) ( )18
42 2 T2

17e ,
k

C tk m k

E
D D Cφ α βε ψ ξ ζ++ − ≤          (82) 

From (82), as ( )T 2
0,

kE
ξ η → ,  

( ) ( ) ( )( )

( )
( )20

2
192

,
e , 0.

,
k

k

k

E C t
E

E

S t S t DS t
C

η η ξ ζ
ξ ζ

ξ ζ

− −
≤ →       (83) 

Lemma 3 is proved. 
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Theorem 3. Under the assumptions and conditions of theorem 2, then a family 
of global attractors kA  of initial boundary value problem (1) - (3) has Haus-
dorff dimension and fractal dimension, and 

( ) ( )2 4, 
7 7H k F kd A n d A n< < . 

Proof. Let ( ) ( )TT, , , ,t tR u v u u v u uεψ ϕ ϕ ε= = = = + , then  

{ } { }: , ,t tR u u u u uε ε→ +  is an isomorphic mapping. If ( )1,2, , 2iA i m= 
 is 

the global attractor of ( ){ }S t , then iAε  is the global attractor of ( ){ }S tε , and 
they have the same dimension. 

From Lemma 3, we can get that ( ) : k kS t E E→  is Fréchet differentiable, then 
the linearized first order variational Equation (59) can be rewritten as 

( ) 0tP Pψ+Λ = ,                       (84) 

0t εψ ψ+ Λ = .                        (85) 

( ) ( )2 2 22

Pm
m m m

p

I I

N A u A A M I A M Iε

ε

α βε ε ε φ κ β ε

− 
 
   Λ =    + − + − + + + − 
      

(86) 

where 
2 2

2 2 2 2 2 2d d ,
p pm m m m m m

t t
p p

M p A u A uA U xu M p A u A uA xu Uφ
− −

Ω Ω

′ ′= = ⋅∫ ∫  

2 2

2 2 2 2 2 2d d ,
p pm m m m m m

m m

p p

N p A u A uA U xA u N p A u A uA xA uUκ
− −

Ω Ω

′ ′= = ⋅∫ ∫  

A−∆ = . 

For a fixed ( )0 0, ku v E∈ , let 1 2, , , nγ γ γ  be n elements of kE , and  

( ) ( ) ( )1 2, , , nU t U t U t
 be n solutions of linear Equation (84), whose initial 

value is ( ) ( ) ( )1 1 2 20 , 0 , , 0n nU U Uγ γ γ= = =
. 

Therefore,  

( ) ( ) ( )

( )( ) ( )( )
2

1 2

1 1 0
exp d .

k

k

n E

t
n nE

U t U t U t

trF Qγ γ γ ψ τ τ τ

Λ

Λ

Λ Λ Λ

′= Λ Λ Λ ⋅∫





        (87) 

where Λ  is the outer product, tr  is the trace, ( )nQ τ  is an orthogonal pro-
jection from space kE  to ( ) ( ) ( ){ }1 2, , , nspan U t U t U t . 

For a given time τ , let ( ) ( ) ( )( ) ( )T
, 1, 2, ,j j j j nω τ ξ τ η τ= =   be the stan-

dard orthogonal basis of spance ( ) ( ) ( ){ }1 2, , , nspan w t w t w t . 
We define the inner product of kE  as 

( ) ( )( ) ( ) ( )( )2 2, , , , , .m k m k k kD D D Dξ η ξ η ξ ξ η η+ += +         (88) 

To sum up, it can be concluded that 
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( )( ) ( ) ( )( ) ( ) ( ) ( )( )

( )( ) ( ) ( )( )
1

1

,

, ,

k

k

n

n n j j Ej

n

j j Ej

trF Q F Q

F

ψ τ τ ψ τ τ ω τ ω τ

ψ τ ω τ ω τ

=

=

′ ′⋅ = ⋅

′=

∑

∑
      (89) 

where 

( )( ) ( ) ( )( ) ( ), , .
k

j j j jE
F εψ τ ω τ ω τ ω ω′ = − Λ  

( ) ( )

( )

22

2 22 2

22 2 2 2 2 22 14 1
1 0

22

, ,

, ,

2 2 2

pm
m m

j j j j j j
p

p pm m
m

j j j j j j
p p

m k
k m k k m k k

j j j j j

m k
j

N A u A A

M A u A M A u

CD D D D D

D

εω ω εξ η ξ α βε ξ

ε ε φ κ ξ β η η εη ξ η

λε εη λ µ η ε η ξ η
ε

ε ξ α

− −
+

+

  
  − Λ = − − + −
  

 
     
     + − + + + + −
     

      

+ − + + +

= − − ( )( )

( ) ( )( )

2 2

2 22

1 ,

, ,

m k m k
j j

pm
m k k k k

j j j j
p

D D

N A u D D D D

βε ξ η

ξ η ε φ κ ξ η

+ +

+

− −

 
 − − + +
 
 

 

( )

2 22 2

2 2 22 2 2

22 2 22 20 0 0
2

1
2 2 2 220

0

2
20 0

2
1

1 1
2 2

2 2 2

2
1
2 2 2

pm
m k k

j j
p

m k m k m k
j j j

m k k m k
j j jm

k m k k
j j j

m k
m

D M A u D

D D D

D D D

D D D

D

β η ε η

α βε α βεε ξ ξ η

µ µ ε φ κ εσ
ξ η ξ

λ

ε φ κ εσ
η β η σ ε η

µ ε φ κ εσα βε ε ξ
λ

+

+ + +

+ +

+

+

 
 − − −
 
 
− − − −

≤ − + +

+ + −
+ + +

+ + −
+ − − −

 + + −− −
= − + + 
 

2

j

 

( )

( )( )

( )

22

2 22 2
1 0 1 0

2 2201
2

1

2 22 2
1 0 0 0

2 2 22
21

1
2

1 2
2

1
2 2 2

1 1 2 2
2

,

m k
j

m k k
j j

m k
jm

m k k
j j

m k k k
j j j

D

D D

D

D D

C D D D

α βε β η

µ ε φ κ εσ βλ σ η ε η

ε φ κ εσµα βε ε ξ
λ

α βε β λ µ ε φ κ εσ σ η ε η

ξ η ε η

+

+

+

− − − + 
 

+ + + + − − − +

 + + −− −
≤ − + + 
 

+ − − − + + + + − − +

≤ − + +

 (90) 

( )(

)

2
20 0

21 12
1

2 22 2
0 0 1 0

1 1min , 1 2
2 2 22

2 .

m
m

m k k
j j

C

D D

µ ε φ κ εσβε α ε α βε β λ
λ

µ ε φ κ εσ βλ σ η ε η

+ + −+ + −= + − − − − −


+ + + + − − − + 


 (91) 

https://doi.org/10.4236/jamp.2022.103064


Y. H. Liao et al. 
 

 

DOI: 10.4236/jamp.2022.103064 949 Journal of Applied Mathematics and Physics 
 

According to the hypothesis (c),  

2
01

2
1

2
0 0 0

1 0, 1 0,

1 0,
2 2 2

2 0.

m

α βε α βε β

ε φ κ εσµα βε ε
λ

µ ε φ κ εσ σ

− − ≥ − − − ≤

+ + −− −
− + + ≤

+ + + − − ≤

 

From (84) and (85),  

( )( ) ( ) ( )( ) ( )
( )

2 2 22
21

22 2
22

,

.

k

m k k k
j j j j jE

k
j j j

F C D D D

C r D

ψ τ ω τ ω τ ξ η ε η

ξ η η

+′ ≤ − + +

≤ − + +
 (92) 

Owing to the ( ) ( ) ( )( )T
, , 1, 2, ,j j j j nω τ ξ τ η τ= =   is the standard ortho-

normal basis of ( ) ( ) ( ){ }1 2, , , nspan U t U t U t , so 
2 2

1,j jξ η+ =                        (93) 

( )( ) ( ) ( )( ) 2

22
1 1

, ,
k

n n
k

j j jEj j
F nC r Dψ τ ω τ ω τ η

= =

′ ≤ − +∑ ∑         (94) 

2 1

1 1
,

n n
k s

j j
j j

D η λ −

= =

≤∑ ∑                     (95) 

Therefore 

( )( ) ( ) 1
22

1
.

n
s

n j
j

TrF Q nC rψ τ τ λ −

=

′ ⋅ ≤ − + ∑              (96) 

( ) ( )( ) ( ) ( )
0 0

00

1

1sup sup d , lim ,
k j k

j

t
n n n ntB E

q t trF S Q q q t
tψ η

η

τ ψ τ τ
→∞∈ ∈

≤

 ′= ⋅ = 
 ∫  (97) 

And 

1
22

1
.

n
s

n j
j

q nC r λ −

=

≤ − + ∑                      (98) 

Thus, the Lyapunov exponent ( )1 2, , , 1n nκ κ κ >
 of 0kB  is uniformly 

bounded 

1
1 2 22

1
.

n
s

n j
j

nC rκ κ κ λ −

=

+ + ⋅⋅⋅ + ≤ − + ∑                (99) 

then, there is a [ ]0,1s∈ , such that 

( ) 1 1 22
22

1 1
,

9

n n
s s

j j j
j j

nCq nC r rλ λ− −

+
= =

≤ − + ≤ ≤∑ ∑            (100) 

where jλ  is the eigenvalue of m
kA , 1 2 nλ λ λ< < < . 

122
22

122

2 71 .
2 18

n
s

n j
j

nC rq nC
nC

λ −

=

 
≤ − − ≤ − 

 
∑             (101) 

( )
1

2max .
7

j

j n
n

q

q
+

≤ ≤
≤                         (102) 

Then 

https://doi.org/10.4236/jamp.2022.103064


Y. H. Liao et al. 
 

 

DOI: 10.4236/jamp.2022.103064 950 Journal of Applied Mathematics and Physics 
 

( ) ( )2 4,
7 7H k F kd A n d A n< < , 

the Hausdorff dimension and Fractal dimension of the family of global attractors 
are finite. Theorem 3 is proved. 

4. Conclusion 

We have shown the existence and uniqueness of global solutions, the existence 
of the family of global attractors and the upper bound estimates of Hausdoff and 
Fractal dimensions for the wide norm model of vertical beam vibration. The 
global stability of the problem is obtained. 
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