@, . . Journal of Applied Mathematics and Physics, 2022, 10, 930-951

”“ Scientific https://www.scirp.org/journal/jamp
0 " Research : : s

94% Publishing ISSN Online: 2327-4379

@,

ISSN Print: 2327-4352

A Family of Global Attractors for a Class of
Generalized Kirchhoff-Beam Equations

Yuhuai Liao?, Guoguang Lin?, Jie Liuz

'"Wenshan Universiry, Wenshan, China
2School of Mathematics and Statistics, Yunnan University, Kunming, China

Email: 15925159599@163.com

How to cite this paper: Liao, YH, Lin, Abstract

G.G. and Liu, J. (2022) A Family of Global

Attractors for a Class of Generalized Kir-  The initial boundary value problem for a class of high-order Beam equations
chhoff-Beam Equations. Journal of Applied  with quasilinear and strongly damped terms is studied. Firstly, the existence
Mathematics and Physics, 10, 930-951.

and uniqueness of the global solution of the equation are proved by prior es-
https://doi.org/10.4236/jamp.2022.103064

timation and Galerkin finite element method. Then the bounded absorption
Received: February 24, 2022 set is obtained by prior estimation, and the family of global attractors for the
Accepted: March 27, 2022 high-order Kirchhoff-Beam equation is obtained. The Frechet differentiability

Published: March 30, 2022 of the solution semigroup is proved after the linearization of the equation,

Copyright © 2022 by author(s) and and the decay of the volume element of the linearization problem is further
Scientific Research Publishing Inc. proved. Finally, the Hausdorff dimension and Fractal dimension of the family
This work is licensed under the Creative of global attractors are proved to be finite.

Commons Attribution International

License (C(? BY 4.0). . Keywords

http://creativecommons.org/licenses/by/4.0/

() ® High-Order Kirchhoff-Beam Equation, Galerkin’s Method, Family of Global

Attractors, The Hausdorff Dimension

1. Introduction

In order to study the global stability of a wide norm model for vertical beam vi-
bration, the initial boundary value problems of the following Kirchhoff-Beam

equations are studied:

u, +,8(—A)2m u, +M(||Dmu

|Z )”t +aA"u+ N(”Dmuni)(_A)m u= f(x), @

u(x,t)=0,%=0,i=1,2,---,m—1,xe8Q,t>0, 2)
v
u(x,0)=u,(x),u, (x,0)=u(x),xeQc R". (3)

where m>1 is a positive integer, Q is the bounded region in R" with

DOI: 10.4236/jamp.2022.103064 Mar. 30, 2022 930 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2022.103064
https://www.scirp.org/
https://doi.org/10.4236/jamp.2022.103064
http://creativecommons.org/licenses/by/4.0/

Y. H. Liao et al.

smooth boundary 0Q. f(x) is the external force term. S (—A)zmu is the

t

strongly damped term, «,f are positive constants, o >—,

(o)l

P . .
) are the general non-negative real-valued functions,
P

" D"y

|p = ”Dmur dx, and the relevant assumptions will be given later. In this
P
Q

paper, we study the existence and uniqueness of global solutions for problems
(1) - (3), prove the existence of a family global attractor and estimate its Haus-
dorff dimension and Fractal dimension.

In 1883, Kirchhoff [1] proposed the following model when studying the free

vibration of elastic strings:
u, — G("Du”2 )Aut - ¢7(||Du||2 )Au + g(u) =h (x)

This model more accurately describes the motion of the elastic rod and reveals
the physical significance of elastic vibration, from which the Kirchhoff equation
model becomes a kind of classical problems in infinite-dimensional dynamic
systems. Many scholars have also achieved some good results in their research
on the global attractor of Kirchhoff equation and the estimation of Hausdorff
dimension. For details, please refer to references [1] [2] [3].

Igor Chueshov [4]: the long time behavior of the following Kirchhoff wave

equations with strong nonlinear damping is studied
0, u— G("Vu”z )Aatu - ¢(||Vu||2 )Au + f (u)=h(x).

Tokio Matsuyama and Ryo Ikehata [5]: the attenuation of global solution of
Kirchhoff type wave equation with nonlinear damping is proved:

,+ (<) w4 (|7 (-8) v g () = 1 ().
u(x,t)|6Q =0,t>0.

where M (s)e C'[0,00),M (s)=m,>0;6>0,11€ R are constants.
Guoguang Lin, Yunlong Gao [6]: the initial boundary value problem of Kir-
chhoff type equation with strongly damped term is studied

wy + M (V) s Sl = el

The existence and uniqueness of knowledge are proved by prior estimation and
Galerkin’s method, and then the existence of global attractor is obtained. The
Hausdorff dimension and Fractal dimension of global attractor are estimated.

Lin Chen, Guoguang Lin [7]: study the well-posedness and long-time beha-

vior of solutions for a class of nonlinear higher-order Kirchhoff equations:
m m |? m
w4 (-A)" [V )(-4)" g () = 1 (x).

The existence and uniqueness of global solutions are proved by prior estima-
tion and Galerkin’s method, and the Hausdorff dimension and Fractal dimen-

sion of global attractors are estimated. More studies of wave equations can be
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found in reference [8]-[19].

For the convenience of statement, the following Spaces and notations are de-
fined:

H-L(Q), D=V, H}(Q)=H" (Q)n (),
H{" Q) =H"" (Q)nHy(Q) . C,(i=1,2,---) are the different positive
constants. E, = H,"" (Q)xH{ (Q),(k=12,---,2m), k=0,
Ey=H,"x’(Q).

Defines (--) and || represents H the inner product and norm respectively:

()= i u(x)v(x)des [=Hss () =]l

4, is (EO,Ek) -global attractors, B, is the bounded absorption setin E,,
k=12,---,2m

Kirchhoff stress M (s),N(s) meet the conditions:

1) M(s)eC? ([0,+oo ,R) , 26<0,<M(s)<o,, 0,0, are the positive
constants;

2) N(s)eC? ([0,+oo),R) s Uy <N(s)Spy > Moy are the positive con-
stants;

2

—_n>2m (4271 «
3) 5 <p<in-2m , 0<&<min — 24" 1y

ntsm o,n<2m 4pA" 38
> max 4;112/11”’ £0, -20, J;2g+252 ’250'1 ’2C4 ’
(4a—1) el +2&(e-0,) 24" Al A
1 3uy, o a-1 52+¢+K—50'0+,u0+a—1 .
2AM=1722" 2P e+’ A" £ ’

Uy +& +p+x—(e+2)0,
ﬂ]Zm .

2. The Existence of the Family of Globals

For the initial boundary value problem (1) - (3), the existence of global solutions
is proved by prior estimation and Galerkin’s finite element method, and then the
uniqueness of global solutions is proved. Finally, the operator semigroup theory
is used to prove that the solution semigroup of this problem has a family of
global attractors.

Lemma 1. Assumes that (a), (b), (c) are held, f(x)eH, (uy,u)eE,,
then the initial boundary value problem (1) - (3) has global smooth solutions
(u,v) € E,,

"(LI,V)";0 = ||D2"’u||2 .|_||v||2 < (||D2'"u0 ||2 +||v0 "2)e—alt +§:<1_ealt>’ (4)
"(u,v)"i0 = ||D2’”u||2 +||v||2 < R(f,(t > t1) (5)

1 2 . o .
where v=u,+eu, C =—||f(x)|| , @ =mini#f,—=t, a non-negative real
£ o
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number R, and # =7,(Q)>0.

Proof. Take the inner product of v=u, +su and Equation (1) both sides,
(s B w0 (0] ot + a7 (- v)
’ P
=(/(x).v)-

By using Holder’s Inequality, Young’s Inequality, and Poincare’s Inequality,

(6)

The items in (6) can be obtained by successive processing:

1d
(,9) =5 I =l + 2% (w.v). )

(ﬁ(—A)zm u, ,v) = ﬁ"Dz"’v”2 - S,B(Dzmu,Dzmv)

R T T
. 4 |
(v (ol o) = v (o, Yo = (ol ). N
>0, ||v||2 -eM ("D"’u”i )(u,v)
(N(IID’”MII‘Z)(—AYIu’v)2—N(IID”"MII”)IID"luIIIID"“vII
2 (10)
L e Lt
4" B
(aau,v) =L LD + |l (a
(h(x)v)= |7 O + S (12)
(¢ e (Joralf o) > S +ESL a9

where A4, be the first eigenvalue of —A with a homogeneous Dirichlet boun-
dary.
Substitute Formulas (7) - (13) into Equation (6) to obtain

3 —
ooy

_ 2
fr st ot o

Jues

262

L

According to the hypothesis (a), (c),

2

2
& -0, 3¢ B €0 L&

- w
o, + >0, —-&gf° 20, ag+ — 15
0 2 2 - 44" 4 222 4 BA" - (15)
2_
191:20'0—3s+62—501,02:2[a5+g ;0'—2— ﬂlmj' (16)
24 4 PA
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Thus

d 2 m 2 2 m 2

(b valearaf Jea (b vafeayaf Jsa. an
Using Gronwall’s inequation,

I a0y <o +aay ol Jeor o). as

a,

11m|| u,v " <1 Cl (19)

1> a]
So there’s a positive constant R, # =¢(Q)> 0, such that

s, =22l M < B3 (> 1), @0)

Lemma 1 is proved.

Lemma 2. Assumes that (a), (b), (c) are held, h(x)e H/, (uy,u,) € E, , then
the initial boundary value problem (1) - (3) has global smooth solutions
(u, v) ek,

”(u,v) ; - u"2 +||Dkv||2
< 2mik, |2 |17 C et 1)
_(”D g+ D4 )e ” S (1-e),
e, = ulf + [t < RG> 1), (22)

where v=u,+eu, C, :—2||Dkf(x)|| , azzmin{bg,ﬂ}, L =1,(Q)>0.
& o

Proof. Take the inner product of (—A)k v =(—A)k u, +(—A)k eu and Equa-
tion (1) both sides,

(“n + ,b’(—A)'"2m u, +M ("D”’u": )ut + A" u + N("Dmu”Z )(—A)m u,(—A)Mk v)
(747" ),

By using Holder’s Inequality, Young’s Inequality, and Poincare’s Inequality,

(23)

The items in (23) can be obtained by successive processing:
(u,,,(—A)k v) = (v —&u ,(—A)k v) 2 py "D’ ” "Dkv"2 +&° (u,(—A)k v)
2
ok e ) e

(v {Jor Ju(-a)' )

=t (forul Jlo o = ene (ol o'l o]

) g )
L e e L

2/1[2m

(24)

m, || k| gM("D'”u":) k> € || yamek
2 v (|oal! oo -—5 o - S o

2

-1

2 &0,
>0, ||Dk " 1 > D2m+ku|| ,

=l
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) Voz
with a>—-.
m

O B L R L S e

S R e

(¥ (Jorf! -y w(-a))

o) 7
n 2
gl e (jomal) ol
The following two cases are used for prior estimation of Equation (25):
1) As %"D"”"u"2 >0, By assuming (b),
Vi) o
LS o wenor s Yok
R
let 1= u,,
(¥ (o] )y w2 2L o buf o fomf . @)
2) As %"D’”*ku"2 <0, By assuming (b),
Lz T
A N
o R LT
let p=p,
e Lo ) A P
Similarly discussion (27) can be obtained
(N(||Dmu||§ J(-a) u(-a) ) 2l Lot +au o . G2)
(cn?u,(~a) ) :( aru,(~A) u, +(-A)" cu)
(33)
=Sl e
(e s) < o el o) &

The comprehensive Equations (24) - (34) and (23) can be written as
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Lo sta-amlor i o )

R R
+£”D2’”*"u"2 < M
6 T2t
According to the hypothesis (c),
a-Pe>0, g, - Zi'"— , B + 0, 0—%—5 & >0.
_2(mf"’+ —%—g e j 0, :2gyo—i—;,95:§ae>0.

Let aZ:min{@,e“, Z }
u a-pe

lloF (e pe)|paff o)

ta, (”Dkv"2 +(a —[)’g)||D2’"+ku||2 + ,u"D’"*ku

2
| )s C,.
By Gronwall’s inequality, we can get

Y, <Ye ™ +%(1 —e""Z’).

2
where ¥, = "Dkv"2 +(a— ﬂ£)| Dz”’”‘u”2 + ,u"D"”kuuz .
||(u,v)||2Ek = ||D2"”"u||2 + ||D"v||2

2 2\ _ C _
B R T -]
a,

2
hm" u,v " <—=
l¢

t—©

C
a,
)>0, such that

So there’s a positive constant R, 1, =¢, (Q

sl =l o] |0 <o)

Lemma 2 is proved.

(35)

(36)

(37)

(38)

(39)

(40)

(41)

Theorem 1. (existence and uniqueness of solutions) Under the hypothesis of

Lemma 1 and Lemma 2, f € H, (uy,u, )< E, . Then there exists a unique global

solution to the initial boundary value problem (1) - (3), (u,v)eL” ([0, +0); B, ) .

Proof. Existence: The existence of global solution is proved by Galerkin’s fi-

nite element method.

The first step: To construct approximate solutions

Let (_A)z"”k w; =", k=1,2,---,2m, where 1, is the eigenvalues of

—A with homogeneous Dirichlet boundary on Q, w, is the eigenfunctions

determined by the corresponding eigenvalues and w,,w,,---,w, are the ortho-

normal basis formed by the eigenvalue theory.
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!
Let the approximate solution of problems (1) - (3) be (t): Zgﬂ(t)wj ,
=1

and g, (¢) is determined by the following nonlinear ordinary differential equ-

ations

(u,, +ﬂ(—A)2m u, +M(||D'”u

Jeesen(oafJoarun)

=<h(x),wj),j:1,2,~-,l.

It satisfies the initial conditions u,,(0)=u,,u, (0)=u,.As [ —+w0,In E,,
(9,1 ) = (ug,u;) in E, . It is known from the basic theory of ordinary diffe-
rential that approximate solutions exist on (0,7,).

The second step: A prior estimation

Because we want to prove the existence of weak solutions in space
E, (k=1,2,--,2m~1).

So we multiply both sides of Equation (42) with A; (gj'., (1)+eg, (t)) ,and the
sum of j let v, (1) =u, (¢)+&u,(t).

As k=0, Get a priori estimate of the solution in space £ :

"(”1 >V )

As k=12,---,2m -1, Get a priori estimate of the solution in space E, :
(-2

It can be known that the prior estimates of lemma 1 and lemma 2 of Equa-

L= < &2 3)

L=l < R (44)

tions (43) and (44) are valid respectively. According to Equations (43) and (44),
(#;,v,) beboundedin L* ([0, +oo];E0 ) » (4;,v,) bebounded in
r ([0, +oo];Ek) .

The third step: Limit process

In the space E, (k=1,2,---,2m—1), Selecting subcolumns u, from the se-

quence u,,

(u”,v”) - (u,v) Weak*-convergence, in L” ([0,+oo];Ek) (45)

By Rellich-Kohdrachov Compact embedding theorem, E, compact embed-
ded E,, (u#,vy ) - (u,v)

Strong convergence almost everywhere in E. (46)

Let /=y — +o, From (45),
) ) () e )

Weak*-convergence in L”[0,+).
d '
(s () v, ) = {1 (-8) )
Thus, (u/m,(—A)k wj)—>(u,,(—A)k wj) convergence in D'[0,+c) , here
D'[0,+x) is D[0,+x) Conjugate space of infinitely differentiable space
D[0,+oo).
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2m+k 2m+k 2m+k
J

(- o8 o) A{ ) v g
Weak*-convergence in L” [0, +).
(M(||Dmu||ij)uw,(_A)kW].)QM("Dmu";j)[(_A)EV_g(_A)’;u,,ﬂjéwjj
Weak*-convergence in L [0,+).

[l e e v Wl s

P

Weak*-convergence in L”[0,+).

. 2m+k 2m+k
2m _ 2 2
(aA u”,( A) w/.)—> aA u,/lj w; |
Weak*-convergence in L” [O, +oo) .
In particular u,, —>u, weak convergence in E;, u, —>u, =u, weak con-

vergence in E, . Forall jand u — +oo, It follows that
(uﬂ +B(-AY"u, + M (”D'”u"p )ut +aA"u+ N("Dmu”p )(—A)m u, wj)
P p (47)
=(f(x).w,).j =121
Therefore, the existence of the weak solution of the problem (1) - (3) is ob-
tained, and the existence is proved.
The uniqueness of the solution of the following proof.

Let u,v be two solutions of Equation (1), set w=u—v and take the inner

product of w, +ew in H,

(™t ([l o e (o] o+

(48)
+N(||D'"u||z )(—A)m u-— N("D”’v”i )(—A)m VW, + 8W) =0
Similar to Lemma 1, can be obtained
(0w, +ow) =2+ 25 (ow) = (49)
(8" w v ow)= gl [ + LS Dl (s0)

(e (|~ (o

»
p)vt,wt +5w)

= (|0 ) on )+ et (|7 ()

et (|ore] (ol ) (o + o)

> M("D”’u”: )"w, ||2 _gM("Dmu"Z)(w,,w)—C}v, (me,£w+ wt)
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ey M) el
> (ol Jou -l -
-C, "Dm w" . ||wt || -&C, "D"‘w" . ||w||
o (II II) (IID o)
2 (o) f - o -5 e
Sl -5
2 24"

S e

m
t

e L

C, C, 1
R =

/%

O e (A
E=sD"u +(1—S)D'”v,s € (0,1).
(s, o) > S-S oo s L AL ()

(W {loml? )y = {Jom]] )-a) v +ew)

(¥ (o)) o, )+(N(||Dmu||;)(_A)m [ A [CN
ce{w (o) ay )

ce{w (o oy N(IID"’ [})ay )

M) o
G A R

2
son(|pl; )IID’"WII ~<CJo sl |p™ |||

e d) oy ey e
Lo - Soraf Yo
+gN(||D'"u|| )"D'”w" —&C, "D'”w" (53)
(" ") 2 C; 2
orof o vl )5 e Jloruf 3o

S g%"mw"z [ﬂ —i—ﬁ—gqj"mw"z

vl i< )|

Substitute (49) - (53) into Equation (48)

where C =
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%{"wt ||2 + 249(wt,w)+y||D'"w"2 +(8ﬂ+a)”(—A)m W”2:|

+2(o, —¢)|w| +[a£—%) (-A)" w i +(2ﬂ/11m —ﬂ—l)"DmW, " (54)
C; 2 2
+ 2[5;10 —-¢eCy —?j"D’"w" +(a£/112’" -0, —€C4)||W|| <0,
£ & £ E frm IP
R e L 1 s
d 2 & m |I? m P
El:(l—g)”wt" +[ﬂ_ﬂ1_”’j"D w" +(ﬂg+a)H(—A) w, }
+2(o, —8)"Wt ||2 +(ag—%} (_A)m w i (55)
2
+2[5y0 -G, —%J D”’w|2 <0,
2
o> max{o-‘ ~I2-mC4 ,C4 +”:9C4 } T max{ i ,&+C6}
PR X2
and (¢),
y—z—mz 0,284 1= B> 0,4’ -0, - £C, 0,0, =0, —&,
2
0, =as— < +mgC4 ,0, = gu, — eCg —C—;Z 0.
Take @, =max 26, , O, , 26,
l-¢ a+pfs &
ﬂ'lm
Then, according to Gronwall’s inequality, get
(1-&)w +(Be+a)|[D>w]
(56)

<at ([ (O) +(pe-+ ) [P w(O)f Je = =0,

2
Then ||wt ||2 = ||D2'”w|| =0, thatis w(¢)=0,u = v, So the uniqueness is proved.
Theorem 1 is proved.
Theorem 2. According to lemma 1 and theorem 1, then the initial boundary

value problem (1) - (3) has a family of global attractors

A, =o(By, ) =(US(4) By (k=1,2,3,---,2m),

20127

where B, = {(u,v) ek, :"(u,v)"; = ||D2m+ku |2 +||Dkv||2 <R +R§} is a bounded

absorbing setin E, and satisfies the following conditions:
1) S(t)4, =4,,t>0;
2) limdist(S(t)B,,4,)=0(VB, cE,) B, isabounded set;

t—>w©
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Where dist(S(t)B,, 4, )= sup inf "S(t)x—y"E , S(t) is the solution semi-
xeB, V<A k

group generated by the initial boundary value problem (1) - (3).

Proof. It is necessary to verify the conditions (I), (II) and (III) for the exis-
tence of attractors in reference [8]. Under the condition of Theorem 1, there ex-
ists a solution semigroup S(¢): E, — E, of the initial boundary value problem
(1) - (3).

From lemma 1, we can obtain that VB, — E, is a bounded set that includes

in the ball {"(u,v)”EA < Rk} .

"S(t)(uo,vo )||

i _"”||2H " 2H Q
+ v||
Ey 3" (@) §(@)

<y "quw @7 v, ”:g @*C (57)

<R} +C,

where ¢20, (u,,v,)€B, , this shows that {S(t)} (>0) is uniformly
boundedin E, .
Furthermore, for any (u,,v,) € E,, when ¢>max{z,¢,}, we have

"S(t)(”o"’o )"; = "”"ZM”(Q) +"""Z§(Q) <R +R;, (58)

0
Therefore, B, = {(u,v) ek, "(u,v)”ik = ||D2m+ku||2 +||Dkv||2 <R; +R§} is a

bounded absorbing set in semigroup S(7).

According to the rellich kondrachov’s compact embedding theorem, if E, is
compactly embedded in E, then the bounded set in E, is the compact set in
E, . Therefore, the solution semigroup S(¢) isa completely continuous opera-
tor, thus the family of global attractors 4, of solution semigroup S(r) is

obtained. Where 4, = (B, )=()JS(?)B,, -

20127

The proof is completed.

3. The Dimension Estimation for the Family of Global
Attractors

In this part, we first linearize the equation into a first-order variational equation
and prove that the solution semigroup s(z) is Fréchet differentiable on E, .
furthermore, we prove the decay of the volume element of the linearization
problem. Finally, we estimate the upper bound of the Hausdorff dimension and
fractal dimension of 4,

Linearize problems (1) - (3),

0, (|l Yo, e (Joral ) Jorl ) w+ B (a0, + v

|” , (59)
+ N("D’"u"i )(—A)"’ U+ N(||D"'u||‘; )("Du Z ) (-A)"u=0,

U(x,t)=0,xedQ,t>0, (60)
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U(x,O)zé,U[ (x,O):n. (61)

where (&,17)eE,, (u,u,)=5(t)(uy,u;) is the solution of problems (1) - (3)
with (uo,ul) €4,.

Given (uy,u;) e 4,, S(t):E, — E,, Verifiable to any (&,77)e E,, Lineari-
zation of initial boundary value problems (59) - (61) has a unique solution:

(U(2).U, (1)) e L” ([0,+%); E, ). (62)

Lemma 3. If S(¢):E, — E,, the Frechet differential on ¢, =(u,,u,)" is a
linear operator F : (f,n)T - (U(t),Ut (t))T ,then V>0, R>0,the mapping
S(t):E, —> E, is Fréchet differentiable on E, , where U(¢),U,(¢) is the so-
lution of the linearized initial boundary value problem (59) - (61).

Proof. Set ¢, = (uy,1,)" € E, ¢ = (uy +Euy +17)' € E,,
¢ = (g1, )T cE, .4 =(uy + &,y +77)T € E, and ||¢O||Ek < R,"%"Ek <R,
the semigroup §(r) is Lipschitz continuous on the bounded set of E, , ie.

—_n ) TI?
[s@)a-s@alf, <e || (63)
Let §=U, +¢&U, then
0, —cb+¢ u+M(||D'" " )6’ SM("D u" )
+M'(||D’”u||§ )(”D”’u"i) u, +B(-A)" (0-su) (64)
v (ol )-ay o n (ol (o) () us asu <o,
6(0)=0,6,(0)=0. (65)
Set (v.¢)=n-n-w=wU-u-Uv-v-0),
i, +B(-A)" g, +M(||D'"L7||Z )L_t, + oA+ N("Dmﬁnz )(—A)’” = f(x),
u, +,B(—A)2m u, +M(||Dmu||i )”; +aA " u+ N(”D"’u"i )(—A)m u= f(X),
U, + p(-0)" T, e ([l o, s (o )|l ) 70
van v ([prall ) -ay v n ([l )(Jorul | Do (- u=o
Then the three equations can be subtracted
W, + B(-A)" w, +ahy + M (||D"’L7||p )ﬁt -M ("Du”i )ut
| (g )
(66)

o {Joral] Jay - afloraf)-a) (IID’” [o)-ar o

ool vy o
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1= (|oa| )@ _M(||Dmu||i )u, _M(||Dmu||j)U,
| R e e O
V(o) -2y u- (| II) v
- (ol Y[l ) oo -ay

then H=h+h,,

O o e et e A

, (67)
(ol oo,
= N("D’"ﬁ”i )(—A)”‘ - N("D’"u"i )(—A)’” u— N(||D'"u||z )(—A)"‘ U
, (68)
=N (ol (ol ) U (-a)

= (| |7 -aa (o |7+ oo,
| e e
= (|orel. (el ) o -y
SR (L (T e e ([ P
D"yu, + M (”D’”u"i )l//,
- ([l (jovel | (=) (07 @) 7
ear (o (ol ) o )@ )+ 0
(R e ey g (69)

& =sD"u+(1-s)D"u,s €(0,1),

g=sD" & +(1-5)D"u,s €(0,1).

‘[M"("Dmgni)("mdﬁ)l<1—S><D’" () 7Y ¢]‘

m (— 2 7
<c|f (D" (7-u)) D"utD"vﬁdX‘ (70)
<G [ ~ul},. [0
G

Al +Loforof,
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e prflora o -]
ol forl -
(seflon o - -7

i —u)D" (it, —u, ) D" pdx

o Iral

<C,

<o @ o @ )| Joo]

312

<2 {lo @-wf <ot @ =) ol
221 2

< Sl @-wf 4ot -

24 %

e - Jlor o

<G, "L_l—u"; -||D'””‘¢||

2
<Eolprof w5 fp

[l Mo v o

<C,
Q

lekule¢dx‘

<c o] o

q
k
<Gf[ptu]- 273 oy -]

s fpry o ofomof,

[aefloref Jor a1 o

_ ‘(M(||D’”u||p)(¢—g(//),(—A)k ¢)

2 O'l

S T R I ey

we obtain from Equations (69) - (73),
R ) R

+Ca(|tof oo +||D"¢|| )

(71)

(72)

(73)
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CZ
with C, :max{—w,gzol,ﬂ}.
24, 4

Do the same thing,

b=l -y @ (Jorull )=y - (o oy v
(ool | vy
= (el Jay (ol -ay
- (Jof ol o7 - -a)
(o ([l ) v -y s (o J-a) v
= V(I (Il ) (1-5)(D" (@) (-a)"@
(o)) o @) (@) (74

+N/(||Dmu||§)(||mu||§)' Dy (-a) we N ([0 )(-a)y

Take inner product A, with (—A)k¢ , by usingYoung’s inequality, Poin-
care’s inequality,

(N"(ufui)(uaui)'<1—s><Dm (@-u)) (-a)"@(-A) ¢j\

< Cullp™ @)oo

, (75)
<Gl o - o'
2
o R R
where
B R CER (eI
G- el o - fo-sefe
[N("D'”u"i )(”D"’u”i) D" (@ —u)(=A)" (T —u),(-A)" ¢J
<ca” o w-uf |0 79

2 . —-m—k
tafpref + S e
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[N'(||Dmu||j)(||mu||: | vy (o) ufa) ¢J

<ca oyl ol ot &

2
]

Cl s
<Slptef + o]

2
e S B AP
From Equation (75) - (78), it follows

2 ek
sy e AL A

<Gl v +Jotof

2 9-m 2
+
where C,, = max {Zyo,m—ﬂ'}.

24,
Equation (73) and Equation (79) deduce that,
Sallodl e[ vf (gl )+ o
o= oo < -3 oo
2 2 2 (80)
<(Cur o)l o v )+ cuov]
. CiA™" +C+CL+C 4™ 7
2, B
According to the hypothesis (c), SA4" —% Ho _Z_'L 20,
Gllooff +e ot +(a—pe)o=o )
N I Y s e B
+ CoA™" + C922+ Ch+CA"" "ﬁ_u"‘; i
Hy '
with C, =2max{C, +C;.C,} =2(C, +Cys),
Obtained by Gronwall inequality
kP L 2 k1P B 2m+k |12 Cigt T|*
o+ oo <t poloroff <coee ey
|D4g[ + (e pe) [ || < Cre |(£.0)" ; (82)
From (82), as “(é‘,f])T i -0,
k
s (5)7 -5 (e)n-Ds(e)(¢.€),, )
=< Ce™ ||(E,€). —0. (83)
T, il

Lemma 3 is proved.
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Theorem 3. Under the assumptions and conditions of theorem 2, then a family
of global attractors A4, of initial boundary value problem (1) - (3) has Haus-

dorff dimension and fractal dimension, and

d, (Ak)<%n, dF(Ak)<§n

Proof. Let w =R p= (u,v)T 0 =(u,u, )T ,v=u, +&u , then
R, :{u,u,} —{u,u, +cu} is an isomorphic mapping. If 4 (i=1,2,---,2m) is
the global attractor of {S (t)} ,then A, isthe global attractor of {Sé, (t)} ,and
they have the same dimension.

From Lemma 3, we can get that §(¢): E, — E, is Fréchet differentiable, then

the linearized first order variational Equation (59) can be rewritten as

P+A(y)P=0, (84)
v, +Ay=0. (85)
el -1
»
A, = 7 2 2 2
N| |42 A" +(a—Pe) A"+ —eM +¢+x |1 (ﬁA”’+M—£)I
P
(86)
where
m P2 m [P2 m m
$=M'[p|47u AzuAZdeu —Mjp A%u|  APud® -dxuU,
Q P P
m [P2 m m m P72 m m
k=N'[p|A7ul A>ud>Udxd" u—N'jp APyl APud? -dxA"uU,
Q p P

-A=4.

For a fixed (u,,v,)€E,,let y,,7,,--,7, be nelementsof E,,and
U,(1),U,(t),---,U,(t) be n solutions of linear Equation (84), whose initial

valueis U, (0)=y,,U,(0)=7,,-,U,(0)=7,.

Therefore,
|u, () AU, (£)A--AU, ( ||
(87)
:"7/1/\71/\.../\7/” rt, exp(J.OtrF' I/I(T))'Qn (r)dz').
where A is the outer product, # is the trace, Q,(7) is an orthogonal pro-

jection from space E, to span{U (1).U, ( ) LU, (1 )}
For a given time 7, let ,(7) =( ) /=1,2,---,n) be the stan-
)+

()}

dard orthogonal basis of spance span{w1 ( ) ) (1
We define the inner product of E, as

((5,77),(5_,77)) _ ((D2m+k§,D2m+k§_)+(Dk77’Dk77)). (88)

To sum up, it can be concluded that
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- (89)

where

T

*%"ka [ =2 m|otn [ +e|pn, | +

m ||P

A’y

JA”§,+(a—ﬂs>AMf,-

fh <o

s S o |

p

P m

A2

m

A’u

P

J+¢+K‘]§j + Ay, +M{

:_g||D2m+k§j||2 _(a_l_ﬂg)(D2m+k§j’D2m k’]j)

_N[ J(Dzm”gj,Dknj)—(gz+¢+K)(Dk§j,Dk77j)

V4
—ﬂ||Dzm+kn_,|r—M[ —ejumn,.r
4

< _€||D2m+k "2 +u"D2m+k§ "2 a-1- ,Bg "DZ”’”‘ "z

m P
2

A%u

p

m
A?u

2 & +p+Kr—é0,

2]q2m

o0, = |0, (e =)'

167 G s T IIDZ’"”“é- [

& +¢+x-éo,
+—
2

— ] — 2 J—
(et St e |

(= a

b=t 6%+ g —ao, - 7 =20, )| [+ 2|0t |

S(a—lz—ﬁg_g+%+gz +¢2~;1§n—60'0]||D2m+k§j"2 (90)

a1 o2 v b o0, 2o, o' [ o'
<y Joe | +Jon el

pe+l+a U, & +p+x—¢eo, -1 om
C, =mins ——+¢e-——-———,—|((a-1-Pc-2

N A L R I

DOI: 10.4236/jamp.2022.103064 948 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103064

Y. H. Liao et al.

According to the hypothesis (c),
a—-pPe-120,a—Pc—-1-5<0,
a—l—/y’e_g+&+52 +o+x-¢0,

2 2 2]12m

U +& +d+Kx—e0,—20,<0.

<0,

From (84) and (85),
(F(v(@)e, (D)0, (0)), <-Cuflo™ & +|pn [ )+ elotn |
2 2 k 2
<=CJ& I -+l | )+r||D |-

Owing to the w,(7)= §j( ] ) ,j=L2,---,n is the standard ortho-
normal basis of span{ (t), () LU, (t)},so

&I+, =1, (93)
(F'(y (), (c).0,(7)), <-nCu+ rz [o*n,|. (94)
Jj= =
Z”:"ka ||2 < iﬂj_l: (95)
=l =
Therefore
TrF'(l//(z'))~Qn (r)S—nC22 +ri/l;’1, (96)

J=1

T, .
q,(t)= sup sup (—IotrF (S(T)WO)-Q,, (r)dr], q, =limg, (¢), (97)
wo<Byk W/]Ef t t—o
IS

And

q,<—nC,, + rz /1;71. (98)

J=1

Thus, the Lyapunov exponent xi,x,,---,x,(n>1) of By is uniformly
bounded

K+, et Kk, <—nC,y, +rZA‘ ! (99)

then, thereisa s<[0,1], such that

(qj )+ <-nC,, + ri /lj’l < rzn: /I;f’l < ”CTzz’ (100)
= =
where A, isthe eigenvalueof 4", 4 <4, <--<4,.
q, s-%[l—nzc—;ﬁﬂj‘js—%ncn. (101)
w2 2 (102)
1<j<n ‘]n| 7

Then
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d, (Ak)<§n,dF(Ak)<§n,

the Hausdorff dimension and Fractal dimension of the family of global attractors

are finite. Theorem 3 is proved.

4. Conclusion

We have shown the existence and uniqueness of global solutions, the existence
of the family of global attractors and the upper bound estimates of Hausdoff and
Fractal dimensions for the wide norm model of vertical beam vibration. The

global stability of the problem is obtained.
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