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Abstract

Our modeling fluid flow, especially if the fluid is referred to as a gas, is estab-
lished on mimicking each particle/molecule’s movement and then gathering
that movement into macro quantities characterizing the fluid flow. It has re-
sulted in discovering a new principle of the property (mass, momentum, and
energy) balance in space. We named it the Ballistic Principle of the Property
Balance in Space as described earlier in our publications. This paper uses a
different scheme of defining a net rate of total property efflux than our origi-
nal paper. Using this scheme, we formulated integro-differential forms of mass
balance and momentum balance equations adapted to the incompressible
fluid flow (gas flow with a mass-flow velocity less than 0.3 Ma) at the non-
uniform temperature in the infinite gas space. We also investigated the ana-
lytical behavior of the integro-differential equations in the region bounding
the point of singularity by applying the Taylor series expansion method to
transform the integro-differential mass and momentum balance equations into
the corresponding vector differential equations. Then we compared them with
the Navier-Stokes equations of mass and momentum conservation for an in-
compressible fluid. We were surprised to find that the Navier-Stokes momen-
tum balance equation does not describe the fluid flow adequately. Particularly,
it does not consider the momentum associated with the part of velocity ac-
quired by each gas particle during its free path traveling in the body force
field. Also, the Navier-Stokes momentum balance equation is silent about the
influence of the temperature non-uniformity on the momentum balance. Fi-
nally, we have demonstrated that the Navier-Stokes equations are not appli-

cable to govern fluid flow on R’ x [0,00) .
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1. Introduction

Navier-Stokes equations are designed to govern the motion of fluids, including
gases. Originally, they were derived based on the continuum assumption that
considers fluids to be continuous. The equations are formulated by considering
the mass, momentum, and energy conservations for a control volume of arbi-
trary size. The flow is considered continuous and differentiable so that the mass,
momentum, and energy balances may be expressed as partial differential equa-
tions. However, being essential for physics and fluid dynamics, these equations
are extremely difficult to solve. Moreover, for three-dimensional Navier-Stokes
equations and given initial conditions, mathematicians have not yet proved that
physically realistic smooth solutions always exist on all R’. The Clay Mathe-
matics Institute has named this question as one of the significant obstacles con-
fronting mathematicians and physicists in the twenty-first century.
The Navier-Stokes mass and momentum balance equations for incompressi-

ble fluid are expressed as

V-i=0 (1)
and

0. [~ ove = 1 -
—u+(a-Vyu-g+—Vp=W-Vau, (2)
el

respectively, for >0 and 7 eR’. In the equations above, p is the constant
density of the fluid, #(t,F)e R* is mass flow velocity evaluated at point 7 € R’
and at a time & p(t,F)eR’ is the pressure field, g(¢,7) is the smooth on
R* x [0,00) external force per unit mass, and v is the kinematic viscosity. For
gases, the kinematic viscosity is defined as

v=kAv, (3)

where A, isthe mean free path, v, is the thermal velocity of a particle defined

through the “average kinetic energy” as

Vr = > (4)

where kj, is Boltzmann constant, 7 is the temperature, and m is the mass of a
particle and k, is a numerical coefficient the value of each varies from a typical
1/3to 5m/32=0.49 obtained via a mathematically rigorous derivation [1]. The
initial condition on # attime ¢=0 isgiven by

i(0,F) = iiy (F) for FeR?, (5)

where #, isa C” divergence-free vector fieldon R’.
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The Fundamental Problem related to the Navier-Stokes equations is: Given the
initial distribution of velocity u,(F) at time t=0 and the body force g(1,F)
for t>0, one needs to determine a unique regular solution u (t, r ) s P (t, r ) to
(1), (2), and (5) for all times t>0 [2].

The Clay Millennium Problem on Navier-Stokes equations for a viscous fluid
(v >0) is also presumed to be solved in the case of the breakdown of Navier-
Stokes solutions on R® upon the proof that “there exists no solution ( p,ﬁ) ” of
(1), (2), and (5) on R’ x[0,00) [3].

Note: in the text, the terms “fluid flow”, which mostly relates to the Navier-
Stokes equations, and “gas flow”, which mainly relates to the following descrip-
tion of our model, have an identical meaning.

The Navier-Stokes equations assume that the fluid behaves as a continuous
matter rather than discrete particles. Namely, the number of gas particles (atoms
or molecules) within the smallest applicable region (infinitesimal material ele-
ment used for deriving governing differential equations of fluid dynamics) is
sufficient that all fluid properties are point functions. Navier-Stokes equations
arise from applying Newton’s second law of motion in combination with fluid
stress (due to viscosity) and a pressure term.

The pressure force is defined as the force transmitted across the closed surface

S. with the outer unit normal #n_. As shown below schematically in Figure 1.

e

|

e

Figure 1. Schematics of defining the pressure in the confined space, the 3D Heaviside
step function H(f) , and the concept the property balance in 3D gas space. The ob-

server’s Cartesian coordinate system is labeled by index 100.
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In this schematic, the observer’s coordinate system is labeled by index “100”.
The net surface force due to pressure p exerted by the surroundings on the con-

trol volume (CV) is
F;' = _@S pﬁst > (6)

where —pn dS is an external force applied on the differential surface element
dS of the CV [4]. Using the corollary divergence theorem (gradient theorem) to

the above gives
—@S( piids =—| -”n Vpdv . (7)

According to the divergence theorem, the pressure gradient Vp is defined
only inside the CV and will have a non-zero value if the pressure is distributed
non-uniformly over the surface S,. If the pressure p is constant on S§,, then
Vp =0 inside of the CV. From this, one can expect that the term 1/pVp
should not appear in the Navier-Stokes momentum balance equation if it is ex-
panded to describe the fluid flow in the infinite space V., =V, =R’ x [0,00) and
the ambient pressure p_ is constant at infinity.

The Navier-Stokes equations are derived by formulating conservation of the
properties of fluids (mass, momentum, or energy) in a finite arbitrary volume,
called a control volume ¥, bounded by a closed surface S,.Then invoking the
Reynolds transport theorem, an integral relation stating that the sum of the
changes of some extensive property (mass, momentum, or energy) defined over
the CV must be equal to the loss or gain through the boundaries or control sur-
face (CS) of the control volume and generation or loss by sources and sinks in-
side the CV. Finally, one can deduce differential equations for the mass conser-
vation, Equation (1), and the momentum conservation, Equation (2), by using
the divergence theorem [4]. The unknowns in the Navier-Stokes equation are
the velocity ft(t,?) and the pressure p(t,? ) Because of three dimensions,
there are three first-order non-linear differential equations having four un-
known variables u , u,,and u, and pressure p Therefore, an additional equ-
ation is needed. The continuity equation V-#=0 (Equation (1)) that describes
the conservation of mass of the fluid will not be too much useful as an indepen-
dent equation since it has been used for deriving the Navier-Stokes Equation (2).
The common mathematicians’ efforts to solve the problem are reduced mostly to
prove the existence and the uniqueness of the Navier-Stokes solution.

Mathematicians recognize that “...clearly the structure of the pressure term
demands dependence on u or the derivatives of u. However, in fluid flow, it
should be clear that the fluid velocity u and the pressure term p are deeply con-
nected. A fluid velocity field will produce pressure on a surface, while the pres-
sure itself must interact with the velocity field. This dance back and forth be-
tween velocity and pressure must drive every system of fluid under study [5].”
Also, “most fluid systems must function inside some form of containment. The
flow of fluid in a pipe, from a tank, down a river, has physical constraints that
move a fluid along a certain path. Therefore, there must be bound on the fluid
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velocity u, as well as the spatial derivatives D”u [5].

Given the fluid flow in the form of a non-isothermal incompressible gas flow,
one may conclude that the temperature gradient defined in each point of the gas
space may serve as “a bound on the fluid velocity &”. Applying operator V to
the equation of state of the ideal gas, the pressure gradient at a point inside the

incompressible gas at the non-uniform temperature is expressed as

Vp =nk, VT, (8)

where n is the particle density, which, for the incompressible gas, is constant. It
implies that, in each point of the gas space V, =R’ x[O,oo) , the pressure gra-
dient is along with a temperature gradient and is directly proportional to the
temperature gradient. However, at the uniform temperature, the temperature
gradient and associated with it the pressure gradient is zero, so the “bound on
the fluid velocity «” vanishes.

The Navier-Stokes equations originally derived solely for the bounded space
appeared to describe fluid flow correctly. However, their expansion for describ-
ing the fluid flow in the infinite space without relying on the physically reasona-
ble model is doubtful. We explain this in the following example. Assume that,
based on the analysis of a certain hypothetical model, someone has derived a
differential equation by analyzing a process in a small, confined interval [0, 0.5).
The differential equation intending to govern some physical process has the fol-
lowing form

L(x):[l+x+£+£j 9)
dx 2 6

with the initial value f(0)=1. Is it proper to expand the application of the dif-
ferential equation for governing the physical process in the interval [0.5,00)?
The general answer is no. While the solution of Equation (9) in the interval

0<x<0.5 in the form

2 3

f(x):1+x+%+% (10)

is almost identical (with the relative error, let us say less than 0.2%) to the hypo-
thetical experimental function, which is extrapolated as f,, (x) ~e " in the in-
terval 0<x <35, it unfits to be applied in the wider range of known hypothetical
experimental data at x>1. The relative error in this range is increased from
1.8% at x=1 to74% at x =35, which is unacceptable.

Luckily, a new physically reasonable hypothetical model expanding its appli-

cation to the interval [0,00) was proved. The derived governing equation

) _ an
dx

with the initial value f(0)=1 has a physically reasonable solution f (x) =e"
for all x>0 and a low relative error in comparison with f, (x). Applying

the Taylor series expansion method to the equation above, we obtain:

DOI: 10.4236/jamp.2022.103052

735 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103052

N. Kislov

df(x) o xk

—dx = k:lﬁ (12)

According to the Taylor theorem, since €' is a C”, then the solutions of
Equations (11) and (12) are identical. The range of applicability of the equation
above is [0,00) and the radius of convergence of its solution is infinity. Suppose
the Taylor series is truncated after a few numbers of derivatives. In that case, the
range of applicability of the truncated differential equation will be limited as well
as the radius of convergence of its solution will not expand to infinity. If, for
certainty, the Taylor series is truncated after the third derivative, the equation
above will be reduced to Equation (9). Therefore, even without comparison with
Jow (x) , we may conclude that the differential Equation (9) is not applicable for
governing the physical process in the interval [0.5,00). We report a similar
strategy to determine whether the Navier-Stokes momentum balance equation
can govern the fluid flow in the infinite space.

Navier-Stokes equations result from applying Newton’s second law of motion
to fluids. The first two left-hand terms are inertial forces, the third and fourth
left-hand terms are external body force and the pressure force. The right-hand
term represents viscous forces. Is this combination of the forces being exhaustive
in the momentum balance equation? In other words, is there something missing
in the momentum balance equation? This question may be considered unrea-
sonable because the Navier-Stokes equations have been under intense study by
many physicists and mathematicians since 1822 [6] (this year is the 200th anni-
versary of their discovery). Therefore, it would be difficult to imagine missing
some unknown effect. However, in this paper, we report that we found the new
important terms associated with the Navier-Stokes momentum balance equa-
tion. One of them relates to the component of velocity acquired by each gas par-
ticle during its free path traveling in the body force field. The other is linked to
the temperature gradient in a non-isothermal fluid system.

Recently we proposed a new approach in the modeling of fluid dynamics
problems. It recognizes that each gas particle moves with a probability between
two points in space occupied by the gas and follows a ballistic trajectory go-
verned by a law of motion in free space. Each gas particle is treated as a property
carrier transporting one or more mass, momentum, and energy between the
points of consecutive collisions. Each point in space occupied by the 1 gas is both
a sink accumulating property delivered by converging ballistic particles from the
entire gas system and a source dispersing property by diverging ballistic particles
[7]. Based on this approach, we formulated the Ballistic Principle of the Property
Balance in the Space (BPPBS) occupied by the gas, which may simplify and re-
duce computations in applications dealing with modeling of fluid dynamics prob-
lems [8] [9]. In the most recent publication [10], we discuss a novel computa-
tionally efficient method of modeling rarefied gas flow in a microchannel based
on the BPPBS. We explicitly investigated the effect of the Knudsen number on
the gas flow in the microchannel. Moreover, we concluded that the assumption

that the MFP varies as a function of the surface confinement (Knudsen number),
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widely issued in the literature, is mistaken.

This paper provides further insights into the newly discovered BPPBS and its
application to formulate governing mass and momentum balance equations for
incompressible gas flow in integro-differential and differential forms. Specific
attention is paid to comparing the governing differential equations derived from
the principles of our theory and the Navier-Stoke equations. We also paid atten-
tion to the Fundamental Problem related to the Navier-Stokes equations, which
requires the answer whether there is a solution of the Navier-Stokes equation on
R x[0,00).

In Section 2, we describe the physical principles of the Ballistic Model (BM)
adapted to the three-dimensional incompressible gas flow and its application to
construct the property balances.

Section 3 provides integro-differential forms of mass balance and momentum
balance equations adapted to the incompressible gas flow in the infinite gas
space.

Section 4 presents the technique of reducing integro-differential forms of mass
and momentum balance equations to the corresponding differential forms by the
Taylor expansion of the integral terms.

Section 5 signifies similarities and differences of the governing differential
equations derived from the principles of our theory and the Navier-Stoke equa-
tions.

Finally, in Section 6, we present the discussion and conclusions.

2. Physical Principles of the Ballistic Model Adapted to the
Three-Dimensional Incompressible Gas Flow

This section describes the physical principles of the BM adapted to the three-
dimensional incompressible gas flow at the non-uniform temperature and low
flow velocity (with the Mach number less than 0.3). The BM is based on the
newly discovered BPPBS occupied by the gas [7] [8]. According to the BPPBS, in
each nonmoving point of the gas space at a given time, the net rate of property
(mass, momentum, or energy) influx per unit volume, formed by the carrying
the properties converging ballistic particles (each traveling along a ballistic tra-
jectory with certain survival probability) from an initial point within the space
occupied by the gas equals to the temporal rate of property change per unit vo-
lume and the net rate of property efflux per unit volume, the efflux formed by
the diverging particles dissipating their property in the surrounding space by
collisions [8].

Recognizing the unconventional nature of our approach and in the interests of
a better understanding of our method, we provide a short introduction to the
methodology adapted to the incompressible gas flow at the non-uniform tem-

perature in general.

2.1. Properties and Features of the Incompressible Gas

Here we assign the following properties to the gas, which are originally proposed
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in [7] and [8]:

1) The gas particles being in a constant state of mostly random motion and
interaction by collisions participate in the transport of properties, including
mass, momentum, and energy.

2) Each gas-particle moves by obeying a ballistic trajectory governed by a law
of motion in free space. It overcomes a distance between any two points of the
ballistic trajectory with a certain survival probability.

3) Each gas particle carries a combination of one or more properties between
a point of initial collision and a point of ending collision.

4) Each point within the gas space is treated as a point of collisions for con-
verging ballistic particles physically capable of simultaneously targeting the same
ending point.

5) Each point of collisions is treated as either a point source for diverging bal-
listic particles or a point sink for converging ballistic particles.

6) Each ballistic particle moving from the point source to the point sink is
treated as a property carrier created in the point source by obtaining one or
more properties of specific values intrinsic to the gas surrounding the point
source. It is ended in the point sink by transferring one or more properties of
specific values in the point sink.

7) The properties carried by the ballistic particle are conserved during the bal-
listic traveling time.

One can note from the above that the gas properties differ from the properties
typically assigned to the ideal gas (see in Introduction of [8]).

2.2. Bases of Construction of the Property Balance in the
Incompressible Gas Space

On the microscopic scale, the incompressible gas flow is characterized by the
group of particles of mass m, which move randomly and interact by collisions
with effective collision cross-section o, . In each point of gas space at a given
time, the parameters quantifying gas flow are the particle density n, which is
constant for the incompressible gas, the magnitude of thermal velocity v, and
the vector of mass flow velocity # . Also, in the presence of external force, each
particle is accelerated during its ballistic traveling with acceleration g .

Based on the BPPBS [8], we expect maintenance of an overall property bal-
ance in each of the collision points within the incompressible gas system. The
BPPBS is formulated as follows: in each nonmoving point 7 at a given time ¢
the net rate of property influx per unit volume, B, -, formed the converging
ballistic particles (each traveling along a ballistic trajectory with certain survival
probability) from the gas space is equated to the net rate of property efflux per
unit volume, B.", formed the diverging ballistic particles and the temporal
rate of property change per unit volume 7n0/dt¥ . This statement is expressed
symbolically as

Bi;F(F,t)+n%"I’(l,7):Bi:’j(?’t) (13)
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2.2.1. The Model Parameters
The parameters associated with defining the property balance in the 3D incom-

pressible gas space are presented in Table 1 and Table 2.

Table 1. The list of the model parameters associated with defining the net rate of total
property influx per unit volume in the 3D incompressible gas space.

Parameters Short description
:0 <0 0 . - . =
V=i_—+j—+k— the operator of vector differentiation with respectto ¥
ox "oy Oz
r_ ¥ 0 5 0 - 0 . P . —
V=i o +J o +k o the operator of vector differentiation with respectto #’
x y
t given time
t the time of the initial collision of the converging particle
7 the ending point of the converging particle
7 the starting point of the converging particle
u(tl,,r') mass flow velocity in the point 7' at time ¢,
(t' _,,) the thermal velocity of converging particle in point ¥’
v, (t,,F )
T attime ¢
Z, (1, F) rate of collisions per unit volume at #' at the time ¢, 0
5 ( N F) the velocity vector of the converging particle in the
0 ending point 7 attime ¢
probability of free path traveling along the ballistic
0, ([,ti'ﬂ) trajectory of the converging ballistic trajectory starting

attime ¢, and endingattime ¢

v (t' 7t F) property content delivered by the converging ballistic
mATeE particle in the ending point 7 at the given time ¢

traveling time between an initial and ending consecutive

Oo=t=t collisions or the ballistic traveling time

n gas particles density

m gas particle mass

o, the effective particle’s cross-section of collisions

Pecn number of particles placed within a collision tube of a
‘ unit length

o, the cross-section of collisions

v the volume of integration over space occupied by the gas
g the external force that applies to a particle of a unit mass
v the average velocity of the traveling particle with respect

rel

to a nearby passed particle
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Table 2. The list of the model parameters associated with defining the net rate of total
property efflux per unit volume in the 3D incompressible gas space.

Parameters Short description

t given time

position of the starting point of a ballistic trajectory of the diverging

=

particle

position of the ending point of a ballistic trajectory of the diverging

particle
th time of positioning the ending point of the diverging particle
u(F,t) mass flow velocity in point 7 at time ¢
vy (7 >t ) the thermal velocity of a diverging particle in point 7 at time ¢
5 (t iy ) the velocity vector of the diverging particle at the time of
AT positioning in point ¥’
0 (t' t) probability of free path traveling along the ballistic trajectory
W0} a0 starting at time ¢and ending at time ¢,
o property content carried by the diverging particle at the time
(¢, 7,1, F")

! : : =
t,, Inpoint r

2.2.2. Important Assumptions and Approximations of the Model
In the following, referring to [8], we examine the case of the collision-dominated
flow regime, which implies the following assumptions and approximations:

1) For each of the gas particles, the average value of the thermal velocity v,
is much higher than the absolute value of the mass-flow velocity |ﬁ| , namely:

|ﬁ| <. (14)

2) The gain/loss of the velocity because of interaction with the external field of
force during the ballistic traveling time ¢, or ¢,, is insignificant in compar-

ison with the thermal velocity v, , namely:
|§¢7i0| <V, or |§g0+0| <V, (15)

where ¢, and ¢,, are the ballistic traveling times between two consecutive
collisions at ¥ and ¥ and 7 and ', respectively. Moreover, nevertheless
the external field of force g(#,7), such as the gravitational force, may vary in
space and time, its change generally is very insignificant on the length scale or
time scale of several mean free paths or mean free times, respectively (see the es-
timations by Equations (89) and (90)). Therefore, in the following, we will treat
g asa constant when differentiating or integrating.

Because of the limitations shown by Equations (14) and (15), when defining
@, Oor @,,,we approximate trajectories of the gas particles forming fluxes as
straight lines so that

_F=F

= , 16
@10 VT (tl»lo,?') ( )
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and
-
v (1,F)

where f, is the time of the converging particle positioning in point 7', which

¢+0 = > (17)

is defined as
fo =t=@y. (18)
3) The relative change of any property value or any parameter characterizing

the gas ¥ is insignificant during the period between collisions (Pv,, )_1 in each

point of the gas, which is expressed:

dy
1 |dt

B L« 19
Py, |3 < (19)

¢ rel

4) The relative change of any property value or any parameter characterizing
the gas is insignificant on the length scale of the average distance between the

gas particles P', which is expressed:

—— <. (20)

5) For clarity and simplicity, when applying the operator V, we neglect in-
significant terms having V(v;] ) , V(v;z) , or V-g. Therefore, Vo, and

Vo,, areapproximated as

7 n
Vo, =—2— and Vop,, = —"—, 21
(010 VT (ti'o’f') an gDJrO VT (t,F) ( )

respectively, where n,, is the unit vector of arbitrary direction from the point

7', which is

iy = (22)

and n,, isthe unit vector of arbitrary direction from the point ¥, which is

F'—F (23)

H,=—"-:.
-
6) We will use analytical representations for ¥ (tl.'o,F',t,f ) and ¥, (t,i’,t;o,?')
as

Vv (8, F 6, F) >V (. FL 6, F) = vy (8, F ) iy + (2, F') + 80, (24)
and
Voo (6F, 1, F ) = v (L,F )iy +u(6,F )+ 80, (25)

respectively [8]. In the equation above, f/; is the time of positioning in point

F' of the diverging from F particle, which is defined as

t,=t+o,. (26)

7) We adapt Equation (70) of [8] to the incompressible gas flow at the non-
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uniform temperature, we approximate Q, (t,ti'o) as
0,(6,1)) > O (1:1y) = Oy (9,0) = eXp(_Q J.:m Vel (F(f,()))df) > @7)

where v, (F (f,O)) is expressed by Equation (24) of [8] with some minor sym-

bolic modifications:

v, (F(,0))

1 R 3 R 3
_ v (F(E0))) <[ (¢, 7 )= v (7(£,0
6vT(z,-’o,f’)vT(f(f,O)){(VT(’”’)”T(’(t ))) | (o 7) = (7 ))‘}
(28)
and 7 (f ,0) is expressed as
F(2,0)=F +v, (t)y.F") iy, (29)

and / varies from zeroto @, .
Similarly, we adapt Equation (72) of [8], which was approximated there as-
suming a high frequency of collisions expressed as P.v,, and non-violent gra-

dients of fluid parameters within the gas system, which yields
Ty
vy (£ 7) ‘

Analogously, adapting Equation (65) of [8] to the incompressible gas flow at

Vo, ((Dioao) =-0, (t’ t )Pcvrez (ta ?) (30)

the non-uniform temperature, we approximate O, (t;,t) as
0, (t;oat) =0, (0> @0 ) = eXP(_PL- -[j)m Vyel (F<f)) df) > (31)

where =@, +t, v, (F(f,O)) is expressed by Equation (24) of [8] with some

minor symbolic modifications:

V. (F(f,O))

1 _ R 3 N 3) (32)
o a6 O ) w0
and ?(f,O) is expressed as
F(2,0)=F +v, (t,F)in,, (33)

and { varies from zero to ¢, . Similarly, assuming the high frequency of col-
lisions expressed as Pv,, and non-violent gradients of fluid parameters within

the gas system, this yields:

.\ N,
VQ+0 (0’ §0+0) = Q+0 (O’ gZ)Jr())})cvre/ (t’r) Vr (:F) ' (34)
At the uniform temperature, Equation (27) is reduced to
4
Q,-o(ff')=exp(—§1’c|7—7'|j- (35)

8) Also, recognizing that the magnitudes of the thermal velocity of nearby
particles are approximately identical, we may determine the average magnitude

DOI: 10.4236/jamp.2022.103052

742 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103052

N. Kislov

of the velocity with respect to each particle moving in an arbitrary direction (rel-

ative velocity) by substitution of v, (f (7 ,O)) =v, (,,F') in Equation (28):
= 4 ! =
Vsl (tiIO’r ) = EVT (tiO’r ) . (36)

Analogously, we determine the average magnitude of the velocity with respect
to each particle moving in an arbitrary direction (relative velocity) by substitu-
tion of v, (?(f,O)) =V, (t,?) in Equation (32):

4

vm,(t,?)ZEVT (1,F). (37)

At the uniform temperature or in the nearby region surrounding the singular

point at 7, Equation (27) is reduced to

0, (F.F")= exp(—gg ?—7'|j (38)
and Equation (31) is reduced to
0, (F.F)= exp(—%Pc |f'—f|j. (39)

9) The mean free path A, or the average distance that a gas particle pass
through before experiencing a collision is found by calculating the average dis-

tance traveled p = |F' - F| :

» dO, x4 4 31
A== p—=0dp= —Pexp|——Pp |dp=—— 40
’ Iopdppjopyp(ypjpélg (40)
10) The gas pressure gradient at a point inside the incompressible gas at the

non-uniform temperature is

v gy (41)
m

11) Using Equations (32) of [8] as the bases, we define the rates of collisions

per unit volume in the point #', Z, (#,F'),andin point 7, Z, (t,F),as
7, (£.7) > Z, (1, F) = %nPch (10,7) 42)
and

Z, (t,F)z%nPch (¢,7), (43)

respectively.
12) Finally, we will use G(F,F'), a first vector derivative of the Green func-

tion with no boundary conditions, as

I 1 F-F 1 n
G(r,r)z 5 o (1,2, (44)
4Tc|r_r| 4TE|r—r|
which has the following property:
V-G(F,F')=6(F-F) (45)
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and

V-G(7, 7). =0. (46)

13) We will also use the following relationships:

Let F (F') is a continuously differentiable vector field defined on a neighbor-
hood of the volume V confined by the closed surface S, defined by a function

:|F'—F|2 —a’, where ais a constant, (—#,) is inward normal to S, and

H ( f ) is the Heaviside step function defined as follows:

H(x):{l .ifoO @)
0 if x<0
Then
Il ve (r)-F(F.F)av’
=—meV'H -F(F’,F)dV’:#SOF(F’,F)-(ﬁiO)dAS 4
where S, is the surface of the body where f =0
m f)V-F(#)dv' = m V-F(¥)dV, (49)

where ¥ isthe region outside of S, where f >0.
14) Distribution definition: Let (D(?',F ) is a scalar function given with con-

tinuous derivatives of all orders that vanishes outside some finite domain outside

of V,. When
[If, v'-(®F)dr =0, (50)
then
=[], Vo(F.r) F(F.F)dv' = [[[ ©(F.F)V'-F(F.F)dV’ (51)
15) Divergence theorem for V:
I, v F#F)ar =gp F(#.F)-(i,)d4, (52)
Applying the divergence theorem for the arbitrary volume containing point
7 we find
[If, V-F(F.F)dv =dp F(F.F)-(ii,)dd, . (53)
16) The following relationships will also be useful for mathematical pro-
cessing.
., ., 1 0| vy (8, F )u(t)y,¥')| _
V [y (60, F )i (1,7) ] = - L (4 ) (5 )]on,.o, (54)
vy ot}
where p=|F—
O| vy (L, 7" )u(t,, 7'
V"l_l'(t;o,il)zi [VT( oo ?u( 0o F ):|'ﬁi0 +V;’ 'l—l(l;o,;,), (55)
vy ot,
and
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V/.[Vr(f,,o,'_’d) 0T :|+V [VT i0s T )ﬁ(ti'O’F,)J
=V. '[VT (1,7 )ﬁ(th’r,)]’

where the subscript on the “nabla” symbol V indicates the variable with re-

(56)

spect to which differentiation is performed. Namely, V! does not act on the
dependable variable ¢ .
Analogously, we obtain
1 ov, (8, F") _
- T( i0 )n

s 57
v, ot 0 (57)

Vv, ( zlo’ a,) =
and
Vv (8, F )+ Vv (60, F) = Vv (6, F") . (58)

17) The integration of these three integrals, which will be often used in the
following, is performed by converting the orthogonal coordinate system into the

spherical having the origin in point 7 followed by integration:

1 = ,
. 7—7'2 exp(—— )dV

TR R VTR TR
P pzp 'Y Q0 4PC’
1 1 4 o ’
Em%ﬁexp(——li r —r|JdV
.[ J-sz- Xp(—— jlp dpsin@dadgo:ii (©0)
P 16 P>’
0, exp(__p " _rng,
(61)
HZHI ( ijp dpsdeHdgo—i; !
L, ool 2217 - sl
:_J.EJ.M_[WGXP(—EP,D]p3dpsin9d0d¢;=&L (©
4 do 0 J0 3¢ 128PL_4'

18) The following relationships from the vector analysis involving vectors and

dyads [11] are used below
A-VB-C=CA:VB (63)
and
1:VB=V-B, (64)
where A, B,and C are vector functions, and I is the unit dyad.
2.3. Analytical Representation of a Net Rate of Total Property

Influx Per Unit Volume in a Nonmoving Point of Gas Space in
the Collision-Dominated Flow Regime

To express analytically the net rate of total property influx per unit volume in
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the collision-dominated flow regime, which applies to a given non-moving point
of space occupied by the gas at a given time, we will, first, define the property
flux from the gas space in a given non-moving point # at time £ as schemati-
cally shown in Figure 1, by adapting Equation (34) of [8] to the incompressible
gas flow at the non-uniform temperature, which is done by substituting Equa-
tions (24), (27), (42), and applying some minor symbolic modification, which
yields

g =] ij I (th,Ft,F) AV

— —

= LHJ'V O, ([’ ti’O) Z, (t:-wi) Vr (tio,r )n,-o—“‘ li(l;io,r )+g¢)1.0 (65)
4o v (8, F') |7~ 7

<, (1, F,t,F)dV’

in \"i

In the equation above, each term confined in the square brackets is the par-
ticle flux component associated, the first, with the thermal velocity v,n,,, the
second, with the mass velocity # , and the third, with the velocity gg,, ac-
quired by the ballistic particle because of the external field of the force. As it was
mentioned earlier, point 7 shall be excluded from integration because we are
quantifying the total rate of the property flux in the point sink at #, which is
originated from the surrounding point sources of the initial collisions at 7". The
first term in the square bracket in the equation above has a “naturally” built-up
analytical structure such as the first vector derivative of the Green function,
which allows vector differentiation in the singularity point and sequential ze-
roing the result (see Equation (46)).

However, the under integral terms in the second and the third integrals do not
reflect symbolically such important physically reasonable limitation, and there-
fore we changed them by incorporating the Heaviside step function as a test

function such as the Heaviside step function, which yields
1 Z, (thy, ') vy (8o, ¥ )l + H(f)u(t)y, 7' )+ H(f) 8o,
7 :_m‘V 0, (1) v ( L ﬂ) r (f:F") g ({) ﬂ(zo )+H (f) &0
4 vy (8, F") r_y|

(th,F,t,F)dV’

x ¥

(66)
The 3D Heaviside step function H (/) is defined below.
Consider a space in which point 7 is surrounded by a region bounded by a

spherical surface S, of radius a, as shown in Figure 1, defined by function £
f=F-i -a. (67)

We expect that only the impact of particles originated from preceding colli-
sions in the volume V| outside of the volume confined by surface S, may
participate in forming the gas particles flow. Function fis greater than zero out-
side a volume enclosed by a surface S, and less than zero inside the volume
[12]. Then the unit normal to the surface f =0, pointing out of the region, is

given by
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—n, =— . (68)

Thus, using function fas an argument of the Heaviside step function, H(f),
allows removing the impact of the flux from the region inside of the surface S,
[12].

Then we may find the net rate of total property influx per unit volume in a
nonmoving point of gas space by applying the divergence operator V- as fol-

lows

B, (F,t)=-V-J,

_y ﬁ.‘lﬂy/m 0, (t’ti,o)fv (10 F") vy (8o F' )ty + H (f) i (8, 7') + H (f) 80y

. (tilo"—;l) |;:_i:/|2

¥, (.7, t,F)dV’

i

(69)

In the equation above, we introduced the minus sign because B, - (F,t) is
intended to be used in the right-hand of the balance equation. Finally, since the
point 7 is excluded from integration in the domain of integration Q in which
F'#F , the operation of differentiation regarding a parameter 7 is interchan-

geable with the operation of integration over some other variable, which yields:
B, (F.1)=-V-J;

_ meV'{Qfo (t’ti'O)ZV (t,!o,;?') 1 VT(%’F')'E"O+H(|f)’7(f/o,?')+H(f)g¢m

o v (1, F') 4m ?

F—F
<, (tl.’o,F’,t,F)}dV’
(70)

2.4. Analytical Representation of a Net Rate of Total Property
Efflux Per Unit Volume From a Nonmoving Point of Gas Space
in the Collision-Dominated Flow Regime

Here we use a different than in [8] scheme of defining a net rate of total property
efflux per unit volume from a nonmoving point of gas space. Upon more de-
tailed analysis, we realized that, since each point in the gas space serves as the
sink of the converging gas particles and the source of the diverging gas particles,
one shall consider the exhaustive combination of the transport events in each
point of the gas space. Each trajectory of the ballistic particle converging in point
F at time ¢ (traveling from the past) is the trajectory of the same ballistic par-
ticle diverging from the point #' at time #, (traveling toward the future rela-
tive to the time ¢}, ). Therefore, one may conclude that the balance will not be
conserved if one ignores to consider the event of delivery of the diverging ballis-
tic particle from 7 attime tto 7' attime ¢,.

Using Equation (65) as a template, we define the property flux J,\,*; , which is

originated from initial collisions in point 7 and directed toward the plurality

DOI: 10.4236/jamp.2022.103052 747 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103052

N. Kislov

=

of points ¥’ in the space occupied by the gas, as schematically shown in Figure 1,
by removing H (/) in the template Equation (because now the source at the
point 7 is included in the integration) and by switching the source location to
the point 7 and the think location to the plurality of points 7' within the gas
space. This procedure will automatically lead to substituting in the template eq-
uation of Q,(t.1y), Z, (t.7'), vy (th.F'), Hy, and @, by 0,(0,0,),
Z,(t,F), v, (t,F), n,,and @,, respectively, which are defined in the equa-
tions above. This yields the following:

J\P m o (171, F) AV

(LF) vy (LF)ig 4 (1) + 0, o
41-[:.'..‘-.'.m vy tr) s |0;‘"—f| 0Q+0(05¢)+0)‘Ij(t,r,ta0,r )dV

Then we may find the net rate of total property efflux per unit volume from a
nonmoving point of gas space by applying the divergence operator V- to the

quantity above as follows:
B =V-J;

1 Z, (t,F) v, (t,F) i, +u(t,F)+ 80,
g, L

— 0,0 (0,00, ) ¥ (1,7, 1., F")dV"
P -7

(72)

Since point ¥ is included in integration and J,Z exists as a continuously
differentiable function of ¥ on V_, then the operator V- can be applied di-

rectly to the under integral function so that

B =V-J;

IH { t’;) (f r) 0+ll(|z r)+g(p+0 0, (0:¢+0)‘P(t7rata07 )}dV'

[F' —F

(73)

2.5. A General Integro-Differential Form of Property Balance
Equation in the Three-Dimensional Gas System

The general integro-differential form of property balance equation is formulated
by Equation (74) given below, which is obtained by substitution of Equations
(73) and (70) in Equation (13):

m v. (1,7) 0,0 (0,00, )Y (1,7, 200, F') vy (6, F ) iy + 10 (2,F )+ 800, '
vy (4,F) 4n|f — 7|’

(74)

:-IIIVWV-{ZV(”'(”V)Q 0121 ®, (1 PtoF) vy (1) + H (1)1 7 “')+H(f)§¢,-o}dy,

(,0, ) 4n|r—r|

Remark that the integro-differential property balance equation must be formed
for each unknown property/variable. Also, the number of equations in a system
of balance equations is sufficient to determine each of the unknown properties

characterizing the gas flow. In the following, we provide general governing in-

DOI: 10.4236/jamp.2022.103052 748 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103052

N. Kislov

tegro-differential forms of mass balance and momentum balance equations

[8].

3. Integro-Differential Forms of Mass and Momentum
Balance Equations in the Collision-Dominated Flow
Regime

We consider the fluid to be an incompressible homogeneous gas described by
continuous (C”) functions and filling the whole space R’. The gas may be
subjected to an external body force g defined as a time-variant vector field
g:R'x [0,00) > R*. The force is assumed to be independent of the velocity field
u.

The following analytical representations of mass and momentum balance ap-

proximations are provided.

3.1. Integro-Differential Form of the Mass Balance Equation of
Incompressible Gas in the Collision-Dominated Flow Regime

Our approach in formulating mass balance equation, as we reported earlier [8],
is based on the hypothesis that there exists a unique combination of ballistic par-
ticles converging from the entire gas system in a given point at a given time and
the diverging ballistic particles from the given point at the given time. Moreover,
each of the converging ballistic particles originated from a preceding collision
within the gas system is selected from the group of the converging ballistic par-
ticles by a ballistic trajectory governed by the law of motion, which provides an
opportunity for the particle to enter point 7 at given time £ Such a combina-
tion of converging and diverging ballistic particles capable of targeting or escap-
ing point ¥ at given time #is treated as an exhaustive combination. Therefore,
from a physical viewpoint, the solution ﬁ(t,i" ) is unique [8]. To formulate a
general integro-differential form of mass balance equation in a given non-moving
point of space occupied by the model at a given time, we will modify Equation
(74) by assigning:
Y=V =1. (75)
Then, upon substitution of Equations (16), (17) (42), (43), and (75) in Equa-

tion (74), we obtain the following general integro-differential form of the mass

balance equation

i.m- oo, (O’QO)VT (t,r)ﬁm+ﬁ(t,r2)+gl:(t’;|) .
4 oo |F'—F
o, (76)
T e
4900 oA FoF|
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Executing the vector differentiation in the equation above followed by apply-
ing substitution for VQ,, by Equation (30) as well as using the functional rela-
tionships presented by Equations (37), (48), (49), (51), (53), (56), and (57), gives

v (6,F)+ Vi (,F) [[], {475'%' - QO}dV’
+Vv, (6,F)-[], { » 4RW}dV’
A3, Qfogf_—ﬂzd‘/'

0o P e

—mVOQ,-o<m:o>%_;,|z 9, ali )
+PvT tr _m. [oR 4n|* = dV' g (77)
+[1f,, Q,o Larg

| vy

Here we need to admit that the second right-hand term in the equation above
is insignificant compared with the first one (see the comments to Equation (19))

and will be neglected in the future analysis.

3.2. Integro-Differential Form of the Momentum Balance
Equation in the Collision-Dominated Flow Regime

Here we again should note that the momentum balance equation is formed by
considering a unique combination of ballistic particles converging from the en-
tire gas system in a given point at a given time and the diverging ballistic par-
ticles from the given point at the given time [8]. Each of the gas particles carries
the momentum with the vector components associated with the thermal velocity
vy and the mass flow velocity # . Besides, each of the converging ballistic par-
ticles can target point # at given time ¢ and originates from an initial collision
within the gas system earlier than time # Such a combination of converging and
diverging ballistic particles capable of targeting or escaping point 7 at a given
time ¢ is an exhaustive combination. Therefore, from a physical viewpoint, the
solution #(7,F) isunique.

To formulate a general integro-differential form of the momentum balance
equation in a given non-moving point of space occupied by the model at a given

time, we may formally modify Equation (74) by assigning:
‘I’(t,r,tao, )— (t,r,ta,r m[vT tr)n +u( )+g(o+0:| (78)
W, (1. F 1. F) = mv (1,7 F) = m[ vy (6, F )i + i (1), 7)) + 8y |, (79)

and

DOI: 10.4236/jamp.2022.103052

750 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103052

N. Kislov

W (t,F)=mu(t,F). (80)

3.2.1. Defining a Net Rate of Total Momentum Influx Per Unit Volume in
the General Non-Moving Point at the Given Time

Substituting Equations (16), (42), (57), and (79) in Equation (65), we define the
momentum vector flux JJ", which is originated from impact of initial colli-

sions within entire space occupied by the incompressible gas

7 N
Vr (tl()’ ) n, +u( i0° ’) 4 "o Vr (t;o,l‘ )nlo
e 2mnP 1 . vy (£ 7) ,
sl || A (LY F_f,|zT : a
I . . Pi-Fl |,
vT(tt’O’r')ﬁtO+ii(ti,0’r')+§ o u(tt'O’ ,)
i,
2mnP 1 J.J..[ QIO ttlo L F_’_;'|2 vT( i0 r )_ dVr (81)
| A — (1 ’ -~ ;:_F,| |r |
vT(tIO’r )n10+u(t10’r)+g o= g ’
2mnP 1 .”-J- QIO ttlo L - _’I|2vT (tiOsr )_ VT (tIO;r)dV/
r—r

In the equation above, each term in the square brackets is the particle flux
component, while each the second term is the momentum carried by the ballistic
particle.

As it was mentioned earlier, point 7 shall be excluded from integration be-
cause we are interested in calculating the total rate of the momentum flux in the
point sink at #, which is originated from the impact of surrounding point
sources of the initial collisions at #'. We may note only one term in the equa-
tion above that has a “naturally” built-up analytical structure that is the first
vector derivative of the Green function, which allow vector differentiation in the
singularity point and sequential zeroing the result because 7' =7 (see Equation
(46)). The other terms do not reflect symbolically such important physically
reasonable limitation and therefore need to be modified. To this aim, we
changed these terms by incorporating in each of them a test function such as the

Heaviside step function, H ( /) defined above, which yields:

. 2mnP 1 - /
sy 2 L { e u}dV
2mnP, 1 TINTINYS n
c_— H ] i07%i0°T dVl
AL 0 e
2mn3i 1 ool ug+ gu 1 ,
+ 3 4n..‘J..[VK{H(f)QiO|’—;_Fr||:(ni0g+gni0)+( v ﬂ+ggv;}dV

T
(82)
Integration in the equation above expands over the volume V, from a point
at 7 to the infinity. The modified under integral terms will become “infinitely
smooth” functions having continuous derivatives of all orders. They vanish at the

infinity and within the volume confined by surface S, of radius a surrounding

DOI: 10.4236/jamp.2022.103052 751 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103052

N. Kislov

point A positioned at 7. Here we need to note that mnv; is the pressure p in
n,, direction on the surface normal to the #,, direction, which is owing purely
to the flux of momentum (mv,n,)(nv, i, ). Now we may apply the operator
V- to the vector distribution above, and since J ;" exists as a differentiable
function of ¥ on V,, then the operator V- can be applied directly to the

under integral function, which yields:

B =V,
| vTu}dV'

_2mE L {

_2mnP, 1 iV T T | e
mn [,y 0, ”IO:'tgfnguaflg’ﬁ__leuu ' (g3
[F -7 [F-F  |F-7
(”Log"'gﬁfo)"{ﬁg-'_gﬁ)
_2mnP, 1m viu(s U gt gy
r—r| vy

In the equation above, we introduced the minus sign because By’ (F,1) is
intended to be used in the right-hand of the balance equation. Executing the
vector differentiation in the equation above followed by applying substitution
for VQ,, by Equation (30) as well as using the functional relationships pre-
sented by Equations (37), (48), (49), (51), (52), (53), (56), and (58) and neglect-
ing the terms having V (v;l ) » V (v

wy  2mnP, 41 | TR
Bme = 3 P (, )34 J.J] Qlomu(tio,r)df/

T i0

;2), and V-g gives

’

_m_num%v; 0 (r,0:>ﬁ<ff°*’”{gf° N

3 4 |r—r

_ 2mnkF, lﬂ-j Q,o

_" { V. ("0’?,)+V, (ii(tzO’ ’)ﬁ(;oa_’l))}dV'

2mnP, 8 1 1 ,
+ 3 Pch (t,r)§g4_n”_[,,w Q[Omvr (tiro’i;y) dV
2mnP, 1 1 1 ' "N x il F '
200 i ¥ e gt

(84)

3.2.2. Defining the Total Momentum Efflux Per Unit Volume at the Given
Time from the General Non-Moving Point

Substituting Equations (17), (42), (43), and (78) in Equation (71), we define the
momentum vector flux J}, , which is originated from initial collisions in point

7 and directed toward the space occupied by the incompressible gas
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g =2 L0, (0,0,,) B BE () g
=
2 £l ; t’_‘ q+ _‘+ +_‘,__‘ q+ ~+~~+ ’
| 2mnP, 4_”.[% Qw(o’%o)w( F)A i, |F|i‘_'72r|(n 8 +gi O)dV )
u(r,F)u(t F)+(ﬁ(t F)g+gi(t F)) |r —r| |f’_7~2g;
2mnF, 1 ’ ’ ’ v (6F) v (tF) ,
’ 3 4n J‘J‘J‘VQO Ou (0,(P+0) |7’—7|2 dv

Now we may apply the operator V- to the vector distribution above, and
since J)| exists as a differentiable function of 7 on V,_, then the operator

V- can be applied directly to the under integral function, which yields:
By =V

2mnP 1 J-” { +O 0 %O n,v, (t r)u+vT (t F)ﬁﬁm}dV,

7~ [
ZmnP 1 Hj { 0.,(0.9) vy (8,F ) fon,, +u(t,F)u(t, a)}dV’

77

1
(7,08 + 8, ) +—(a(t.F) g+ g (t.F))
L2
mnP. 1 m‘ 0., (0.0,0) V|TF’_;| 4

, 2mnP, 1m { ’ 2 }dV,

(86)

Executing the vector differentiation in the equation above followed by using
the functional relationships presented by Equations (37) and (53) and neglecting
the terms having (v;' ) , V(v;2 ) ,and V-g gives

B :@vr(t,f)ﬁ(z,f)

2mnP 2 — - - ’

+ C{VVT(I,V)+V' u(e,F)u( }”V 4TC|_" = ——0,dV
2mnP N 11 o

+Z2y [ (1) (7)) ] g Qe (57)
2mnP, _ 1 1 _ ,

+ 3 V-(VTM)J‘J.J.VQO“—TCWQJrOnJrOdV
2mnF, 1o ro oy o 11 ,

3 VTV [a(t,F)g+8 (t,r)]ﬂ’[l/x 4n—|’7,_?| 0,,dV

3.2.3. Formulating the Integro-Differential Momentum Balance Equation
in the Infinite Gas Space

Now we formulate the momentum balance equation according to Equation (13),

which is done by substitution of B).", ¥, and B, with B;" , mu, and

out in

B;';; of Equations (80), (84), and (87) respectively, and normahzmg all the terms
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by mn. This yields the following:

+25€ {Vv% (t,?)-i—V'(ﬁ(t,;)’—’(tj))}”.[lfw Qo Emdl/'

+ =2V v, (1.7 ]m Q+0 = ~| i v
(i) [[[, . *'—|210dV
L2R IV [a(e.F)g+ga(.F)][], O™ de,
B m Q:o j ii(tl,,F)dy’
+ZB. - ;_1;r|2via(6‘;?0 )dV'
2P . Qo 4n|~_1~| i,V (v (4,7 )i 8]y, 7)) AV’ .
_2Pc i ioﬂﬁ{v vT(th’F’)-FV;/.(ii(ti,OBF,)ﬁ(t;O,F,))}dV'
25 by, (u7) S ], Q,O%ﬁ%mw,
2P, 1, Qo 4nmv+f,)v [a(t,.7) & + i (£, 7)]av"

The equation above as well as Equation (77) reveals that, at the non-uniform
temperature, the momentum balance and mass balance between the converging
and diverging fluxes are affected by the thermal velocity gradient Vv, and the
external field of force g . Moreover, while the converging fluxes depend on the
location 7' and time f, of the initial collisions, the diverging fluxes also de-
pend on the probability of the ballistic traveling at the advanced times following
the given time (present). It may be explained that the spatial distribution of
the temperature (at the advanced time) will affect the ballistic path probability
through the relative velocity v,,, which, in turn, eventually will modify the ef-
flux from point 7. At the first glance, such observation may have some con-
cerns. It implies that the future is affecting the present. However, each point in
the gas space serves as the sink for the converging gas particles and the source of
the diverging gas particles, each trajectory of the ballistic particle converging in
point 7 at time ¢ (traveling from the past) serves as the trajectory of the same
ballistic particle diverging from the point 7' and time ¢ (traveling toward
the future relative to the time ;). Therefore, we may conclude that the balance
will be conserved if we count the impact of the diverging particles not at the time
of their leaving point 7 but at the time for each of them when the trajectory

path is completed by a collision at the point 7' and time ¢,
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Here we need to admit that the second right-hand term in the equation above
is insignificant compared with the first one (see the comments to Equation (19))

and will be neglected in the future analysis.

4. Reducing Integro-Differential Forms of Mass and
Momentum Balance Equations to the Corresponding
Differential Forms by the Taylor Series Expansion of the
Integral Terms Near Point r

Recognizing that, in the collision-dominated flow regime, the relative change of
any property value or any parameter characterizing the gas (momentum or
thermal velocity) is insignificant on the length scale of the average distance be-
tween the gas particles 1, and the most significant impact in the dissipation or
consumption of the property occurs in the nearby region surrounding the sin-
gular point at 7, where the relative velocity is shown by Equation (37), we will
simplify the integro-differential mass and momentum balance equations by us-
ing approximations for O, (7,F') and Q,(t,t) as shown by Equations (38)
and (39), respectively. But first, we verify the claim about the significance of the
impact in the property dissipation in the nearby region surrounding the singular
point at 7 by substitution of Equation (38) in the third and the sixth left-hand
terms of Equation (88), executing integration over the spherical volume of the
radius R having the origin in point 7, and comparing these results with the re-
sults of integration over the spherical volume of the radius of the infinity. Inte-
gration of the third left-hand term yields
J5(R)= .[.”V Oy %%dV’
& T |

|?'—r

4 . )L 1 ,
= ”IVR exp(—EPc F—Fr 0 p |F'—F|2 \14
4
= eXp(—chp)dp

=ii I—exp —iPCR
4P 3

We find that at R=5/P,, the ratio J, (R)/J3 (0)=0.998. Analogously, we
integrate the sixth left-hand term so that

1 1 ,
Js (R) = _U_'.Vw O, E|—_.dV

f’—r|
= {1, (57
= eXp(—éPcp] pdp

= 2% l—exp(—iPERj(iPcR-klj
16 P, 3 3

and at R=5/P,, the ratio J, (R)/J6 (0)=0.99. The above justifies the ap-

f—f'|ji—1 v’
4r |7 —F|
(90)
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proximations for Q,(F,F') and Q,,(t,,.t) by Equations (38) and (39), re-
spectively, and validates using these approximations while integrating over the

infinite gas space.

4.1. Approximate Integro-Differential Form of the Mass Balance
Equation for Incompressible Gas

Substituting in Equation (77) O, and O, by Equations (35) and (39), re-
spectively, executing integration for the infinite space in the second left-hand
and the first right-hand terms (see Equation (59)), neglecting the second right-hand
term because of its minor impact on the mass balance and evaluating that the
third left-hand term and the fourth and the fifth right-hand terms are zeroed
(since all components of the unit vector n,, are oddin V_, which is a symme-
tric set with respect to the coordinate plains of the coordinate system having the

origin in point 7 ), we obtain the following:

4
% exp[—gpv

In the equation above, we returned to the traditional representation of the

lV.ﬁ:
2

- = 1 /**l ’
r—r|)4n| |V a(f')ydv'.  (91)

vector differentiation V' with respect to 7' while keeping in mind that now
V' does not act on the dependable variable ¢ .

4.2. Approximate Integro-Differential Form of the Momentum
Balance Equation for Incompressible Gas

Substituting in Equation (88) O, and (,, by Equations (35) and (39), re-
spectively, we obtain the following:

+2§{W;Wv-<a<f,f>a<nf>>}mywexp(-%ﬂ
T R B e
LV G, (-l Al

v fat e N, oSl -alf g e
R e e
11, exp(_gﬂ P —f'oilf—lf'r A V- (vr (10, F) i (85, F)) 47"

2P P S S
P e

2P, 4
1, 0 -3

7'—f|)i—1 dv’
4n |;'_,7|2

1 1

f—f’@i L v, (@ (15, 7) i (2, 7)) dV"’
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1 ,
|j 4r |r I3 | Vr 10,?')dV

“-7'|Ji 1V fathregs gai.r]
4n |F -r | v (8, 7")

(92)

Executing integration for the infinite space in the third and sixth left-hand of
the equation above (see Equations (59) and (60)) and evaluating that the fourth
and the fifth left-hand terms are zeroed (since all components of the unit vectors
n, and n, areoddin V_, which are symmetric sets with respect to the coor-
dinate plains of the coordinate system having the origin in point # ), we obtain

the following:

%ﬁ +2%vrﬁ+%V -(ﬁﬁ)+%Vv§ +§1)¢-VT V- [ug+gu|-g
1 1
p— C P _” - _’dV'
sl el 5ol

4 . 1 | S ,
CS (—gl’s F—F |j4_7t|;7—f’|2 1,V (vyu)dv
= 1 1 r 2 ’ (93)
, &P~ F - 4—n| ’|2V dV
4 N1 1
Voexp(—gl’c r—r|)E|q ﬁ,|2V (au)dv
Il 1 r
,, X p( |j4n = | V'-[ug+gu]|dV

In the equation above, we returned to the traditional representation of the
vector differentiation V' with respect to ¥’ while keeping in mind that now
V' does not act on the dependable variable ¢ .

Let u(1,F)eC” (]R3 ><[O,oo)) be a solution of the system of mass and mo-
mentum balance equations shown by Equations (91) and (93) with partial deriv-
atives of all orders on R’ ><[0,00) that holds an interior point 7 and with ini-

tial condition
ii(O,i’)zftO(F) for FeR’. (94)

In the system of Equations (91) and (93), we assume that
v, (1,F)eC” (R3 % [0,00)) and g(1,F)eC” (R3 % [0,00)) are known conti-
nuous functions with partial derivatives of all orders on R’ x [0,00) . The system
of mass and momentum vector integro-differential Equations (91) and (93) may
be reduced to a system of three first-order non-linear integro-differential equa-
tions having three independent variables u,, u,, and u, . Each of the inde-
pendent equations has its independent initial condition from Equation (94).
Such a system of three independent equations may have only one solution. The
Equations (91) and (93) system does not need a pressure gradient term because
the gas system is expanded to infinity. However, if these equations are applied to

a confined gas space, then the surface force due to pressure exerted by the sur-
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roundings on the confined gas space shall be considered, and the pressure term
(l/mn)Vp needs to be added in the left-hand of Equation (93).

Also, we note that the BPPBS assumes that each of the converging ballistic
particles originated from a preceding collision within the gas system is selected
from the group of the converging ballistic particles by a ballistic trajectory go-
verned by the law of motion, which provides an opportunity for the particle to
enter point F at given time # Such a combination of diverging and converging
ballistic particles capable of targeting or escaping point 7 at a given time ¢is an
exhaustive combination [8]. Moreover, in a hypothetical infinitely large system
with no gravitational force, real straight-line trajectories of the particles may start
from infinity so that each gas particle of the infinite gas system has a real chance
to enter point F at given time £ In turn, each gas particle diverging from the
point 7 atgiven time #has a real probability to reach any point within the infi-
nite gas space. It implies that the solution of the system of integro-differential
mass and momentum balance equations shown, for the non-isothermal gas sys-
tem, by Equations (91) and (93), respectively, will be unique and physically rea-

sonable on R’ x[0,0).

4.3. Approximating Integro-Differential Mass and Momentum
Balance Equation Using Taylor Series Expansion of a Vector
Field

Returning to the system of approximate integro-differential mass and momen-
tum balance equations shown, for the non-isothermal gas system, by Equations
(91) and (93), respectively, we may note that each of them has singularities at
F'=F with the order of the pole of one or two. To investigate the analytical be-
havior of the integro-differential equations in the region bounding the point of
singularity, we will use the Taylor series method. Taylor series expansion me-
thod is widely used for approximating the solution of integro-differential Equa-
tions (IDE) because of its efficiency [13]. Our research particularly uses the Tay-
lor series expansion method to transform the integro-differential mass and mo-
mentum balance equations shown by Equations (91) and (93), respectively, into
the corresponding vector differential equations. More specifically, we concen-
trate on using zero through second order the Taylor series expansions and com-
paring them with the Navier-Stokes equations of mass and momentum conser-
vation for incompressible fluid shown here by Equations (1) and (2), respective-
ly.

Definitions: Given the region of the Taylor expansion $ surrounding point 7,
so that S c IR?, the Taylor series for i(F') about point 7 in the first right-
hand term of Equation (93) is

i(F)=T u(r') = ::0%[(F'—F)-V' “u(i, (95)

F'=F

where T;" is the Taylor polynomial of degree m around point 7. We use a

convenient vector form of the Taylor polynomial (5.109) of [14] in the equation
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above. Similarly, we transform the other original under integral functions in the
right-hand terms of Equations (91) and (93):

vea(F) =T V()] = X0, L) VT [V, 00

Vo (F) =T [V (7) ] =27, '[(r -F) Vv ()], o7
V() =1 [V (@@)) = X[ F) VT [V @@, 09
V'-[iig + gi| =T, [ V'-[ig + gii] ]
o Lo, S (99)
~ X[ =7 T [V (g gl

v T [V (veii) | = Z,,o (F=F)-V' [V (vii) ], - (100)

Substituting the under integral functions of Equations (91) and (93) by the
corresponding polynomials shown by Equations (95)-(100), we obtain the fol-
lowing transforms of Equations (91) and (93)

§vi= e 5

:t

= i 1 o0 (T4 ’
—F j4n|f_f’|2T; [V'-a(F)]dV" (101)

and

o. 2P _ 1 TN | 3
—ha+—vu+—V-(ai)+=Vv; +=
o 3 2 2 Py,

=5 o ], e 221 |
e
ool
FrEns
Voexp(—;

respectively. These equations become vector differential mass and momentum

v g +gi]- g

j L B = T (7) v

-
1 1 ' _, '
]4——2 T2 [V (i) ]av

P [ ()

%

(102)

11 -
]Er—”'z ; [V (wu) ]dV

1
|j4n|r |v —T7 [V [ug+gu }dV

balance equations, respectively. Since all the polynomials of the infinite order in
the vector differential mass and momentum balance Equations (101) and (102)
are identical to the corresponding original functions in the vector integro-
differential mass and momentum balance Equations (91) and (93), then, ac-
cording to Taylor’s theorem, the solution of the system of Equations (101) and
(102), u, (l‘,l7 ) , and the radius of expansion Rz shall be identical to the solu-
tion of the vector integro-differential mass and momentum balance Equations
(91) and (93) and the radius of expansion R? x[O,oo) , hamely:

DOI: 10.4236/jamp.2022.103052

759 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103052

N. Kislov

i, (t,F)=ii(t,F) and R} =R’ x[F,»). (103)

However, it will be impossible to solve the system of Equations (101) and (102),
where each has an unlimited number of terms. Therefore, the number of mea-
ningful terms in the equations is limited for practical purposes. Fortunately, the
Taylor series expansions method allows, in general, to limit the expansion to a
few terms, which will result in an approximation that may be sufficiently close to
the true value. Since we investigate gas flow in the collision-dominated flow re-
gime, in which the relative change of the property value or any parameter cha-
racterizing the gas, such as momentum, is insignificant on the length scale of
the average distance between the gas particles 1/P, and the most significant
impact in the dissipation or consumption of the property occurs in the nearby
region surrounding the singular point at 7 (see Equations (89) and (90) and
the comments to them), in the Taylor expansions for the under integral original
functions in Equations (91) and (93), we will use only terms associated with the
zero, first, and second order terms in the Taylor expansion. A second order

Taylor series expansion of a vector-valued function of three variables can be

written as
i (F) = i(F)+ (F=F)-[Vi(#)],
| ) (104)
[(F-F) ) aE) | R, (@),
where
R.,, —Zjn—![(f'—f) v a(F). (105)

4.3.1. Applying the Taylor Series Expansion Method to Derive a
Differential Form of the Mass Balance

Now, using Equation (104) as a template, we approximate in Equation (91)
V. -u(F") by second order Taylor series expansion. Then we have:
V(7)) =V a(F)+ (7 -F) -V (Vi)
1 2 (106)
# 3 (F=7)-VV(V-@)-(F~7)+ R,

F,on=1

(Vi)
Ignoring the error term in Equation (106) for a moment and substituting Eq-
uations (106) in Equation (91), we obtain
2P
v -af[f exp(—il’c f—f’|)i%drﬂ
3 Ve 3 4n |;7 _;7’|
2P 4
“V(V-u)- exp| ——P.
Ly (v, el 37
2P 4
SR

4.3.2. Applying the Taylor Expansion Method to Derive a Differential
Form of the Momentum Balance

lyiz-
2

= = 1 ’7'0 '
I e 10
r r|j = |F—F’|dV (107)

f—f’|j41—nﬁ,.0 VV(V-ii)-n,dV’

First, using Equation (104) as a template, we approximate vector functions # (7 ') ,
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V'v% , V'-(ﬁft), V'-(ft§+§ﬁ) , and V'-(v,ﬁ) in Equation (93) by second or-

der Taylor series expansions. Then we have:

ﬁ(?')zﬁ(?)—%(?—?’)Vﬁ(F)

1 (108)
+5(r—7') VVﬁ(?)'(F—F,)"‘an 2(’7)
Vv (F)=V(v})-(F=F)-VV(¥})
1 (109)
_,_E(f—?’)-VVV(V%)'(?_’?()"'Rr,nzz (V(V%))
V' (an)=V-(uu)—(F-r")-VV-(uu)
(110)

+%( F)-VVV-(iiti)-(F —F)+R,,_, (V- (i)
V' -[ig + gii) =V - (g + gii)— (F = F')-VV - (iig + gii )
+%(F—F’)-VV[V-(ﬁ§+§ﬁ)]-(;7—i’) (1)
+R,, (V- (g + gi))
and
V' (vpid) =V - (vyii) = (F = F)-V (V- (vii))
1 (112)

LEF) V(T (o)) (77 R ()

Ignoring the error terms in Equations (108), (109), (110), (111), and (112) for

a moment and substituting these equations in Equation (93), we obtain

+

0. 2P 1 . 3 e e -
5u+TVT (t,r)+5V (uu)+ Vv; t3 C TV~[ug+gu]—g
_8P 4 11 ,
— 9 PVTMJ'”- exp(—gP r—r j—anV
8P 4, o
5 Pv,Vu- “] exp( 3 |J4n|” q,| n,dV

”—”’]—ﬁio VVii-ii, dV’

1 1
F—F||————n,dV’
|j 47'[ |F_?,|2 nlO

+“§evfmy x5
2Ly alf]], e -3
+2;’ a)) [, exo[ -3 7
Voexp(‘gl’c
229 (3) e -2
229 (2] e 57
I, (5

o 1 1 '
|j4n—| | nn.,dV

U U S I,
_r|j4nW oo VV(V (vyii )) i, dV’

Aoz L1 '

e
o
|J4n|~ T

—F jaﬁio VYV (7 )t yd
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P?—fﬂl L_ap
‘ An |f -7’

L
|]4n|r T

J—n,o VYV - (i) 7, dV’

F—F ULf av’
4l -7
1
T

v (aa) ], exp(
—im% x| 21

_2TP_V [ug+gu]m. exp[

3
1
j iy —dV (113)
4 T

+ 3C VV~(ﬁg+gﬁ)-jijo exp(—g >

e[

We may expect that the truncation error decreases by adding terms to the

F —f’|jﬁ|f —F|#i,, -VVV -[ug + gii]- i, dV’

Taylor series. Similarly, we may assume that, for a selected fixed truncation er-
ror, the addition of terms in the Taylor series will increase the interval of the

Taylor series expansion with the acceptable tolerance.

5. Comparison of the Derived Differential Forms of Mass and
Momentum Balance Equations with the Corresponding
Navier-Stokes Equations

To gain insight into the formation of the mass and momentum balance in the
point of singularity at 7 as well as to provide an estimate of the impact of the
most significant terms in the mass balance Equation (107) and the momen-
tum-balance Equation (113), we assemble zero-order and the second-order Tay-

lor series approximations separately.

5.1. Zero-Order Polynomial Approximations of Integrals in the
Mass and Momentum Balance Integro-Differential Equations

The balance by zero-order approximation only generates the most significant
impact in the mass and momentum balances. For the mass balance equation,
executing integration for the infinite space in the first right-hand term of Equa-
tion (107) (see Equation (59)), neglecting the second and the third right-hand

terms, and rearranging the rest of the terms, we obtain the following
V-u=0. (114)

We may note that the equation above, in fact, is the zero-order term of the
vector differential mass balance Equation (101) that has an infinite number of
the differential terms.

For the momentum balance equation, first, we select in the right-hand of Eq-
uation (113) the first, fourth, seventh, tenth, and thirteenth terms (zero-order
approximation) and neglect the rest of the right-hand terms. Second, we execute
integration for the infinite space in first, seventh, tenth, and thirteenth by ap-
plying Equations (59) and (60). Third, we evaluated that the fourth right-hand
term is zeroed (since all components of the unit vector s, are oddin V, that
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is a symmetric set with respect to the coordinate plains of the coordinate system

having the origin in point # ). Finally, upon rearranging the terms, we obtain:
0 . Ly , 3
—u+V-(un)-g+Vvi +—
ot (siF) =8+ Vo 4

V. -[ug+gu]=0. (115)
c’'T

We may see that the equation above is the zero-order term of the differential
momentum balance Equation (102) that has an infinite number of the differen-
tial terms.

Solving a system of the mass balance and the momentum balance Equations
(114) and (115), and using in the resulting equation the relationships shown by
Equation (41), we obtain

£ﬁ+ﬁ~Vﬁ—§+&VT+ﬁ§~Vﬁ=O. (116)
ot m Vr

The equation above is valid to describe the momentum balance only at the
point 7. Comparing the equation with Equation (2), one may note that the first
three left-hand terms in the equation above and the first three left-hand terms in
Equation (2) appear identical.

Remarkably, the zero-order Taylor series expansion of the integro-differential
equation formulated by applying the BPPBS revealed two new terms. One of
them, the fourth term, is the temperature gradient, and the other, the fifth term,
is associated with the interaction of the external force field and the mass-flow
velocity. These new terms may significantly impact the momentum balance at
certain conditions, but they are absent in the Navier-Stokes momentum balance
equation. We will explain their appearance in the next section while analyzing
the second order of the Taylor series expansion of the differential momentum

balance equation.

5.2. Second-Order Polynomial Approximations of Integrals in the
Mass and Momentum Balance Integro-Differential Equations

The second order of the Taylor series expansion would improve the approxima-
tion by increasing an interval with desired tolerance. The desired tolerance level
will be acceptable if we reveal the Taylor series expansion terms associated
with the gas viscosity. We estimate the impact of the first- and second-order ap-
proximation terms in the mass balance Equation (107) and the momentum-

balance Equation (113).

5.2.1. Non-Isothermal Fluid System

For the mass balance equation, we add not yet used terms of Equation (107),
namely, the second and the third right-hand terms, to the right-hand of Equa-
tion (114). One may evaluate that the second right-hand term vanishes (since all
components of the unit vector #n,, are odd in V,, which is a symmetric set
with respect to the coordinate plains of the coordinate system having the origin
in point ¥ ). Applying the vector analysis rules shown in Equations (63) and

(64) to the third right-hand term followed by integration for the infinite space in
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all right-hand (see Equation (61)), we finally obtain the following:
V-V(V-ﬁ)+§Pf (V-id)=0 (117)
The equation above is a Helmholtz type equation. Its solution is a com-

plex-valued wave function. The only real-valued solution of Equation (117) is
V-u=0. (118)

For the momentum balance equation, we add not yet used terms in the right-
hand of Equation (113), namely, the second, fifth, eighth, eleventh, and four-
teenth, a group of the first-order terms of the Taylor expansion, and the third,
sixth, ninth, twelfth, and fifteenth, a group of the second order terms of the
Taylor expansion. One may evaluate that, in the group of the first order terms of
the Taylor expansion, all terms except the fifth vanish (since all components of
the unit vector n,, are oddin V_, which is a symmetric set with respect to the
coordinate plains of the coordinate system having the origin in point 7). Ap-
plying the vector analysis rules shown in Equations (63) and (64) to each of the
group of the second order terms of the Taylor expansion followed by integration
for the infinite space in all survived terms (see Equations (59), (60), (61), and

(62)), we finally obtain the following:
0

—i+V-(un)-g+Vv; o3 V-[ug + gu]
ot cVT
3v _ 31 _
=§?iVVu+§EV(V[VTu]) (119)
9 1 .y 9 -
—EP—CZV'V|:V(VZZ~)+V'(MM)+ZVT CV [”g"‘g”]}

Solving a system of the mass balance and the momentum balance Equations
(118) and (119), using in the resulting equation the relationships shown by Equ-
ations (40) and (41), and rearranging the terms, we finally obtain

3k A
ﬁﬁ+ﬁ-w—g+—3vr+—-’g~va
ot m vy

1 _ 1 .
=54vY -Vu+E/I/V(VvT i) (120)

1 3k I A
-—2;V-V ZEVT+u-Vi+3-Lg-Vi
2 m vy
In this interpretation, the fourth left-hand term can be expressed by applying
Equation (8) as the gas pressure gradient associated with the temperature gra-
dient at a point inside the incompressible gas. It may serve as “bound on the

»

fluid velocity u, as well as the spatial derivatives D“u [5].

5.2.2. Isothermal Fluid System
We also formulate the momentum balance equation at the uniform temperature

by assigning Vv, =0 and Vp =0 in Equation (120). Then we have:
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, (121)
=%@VTV-Vﬁ—%ﬁjV-V{ﬁ-Vﬁ+3—f§-Vﬁ}

Vr

5.3. Revealing an Unknown Effect Associated with the Interaction
of the External Field of Force and the Mass-Flow Velocity,
Which Is Missed in the Navier-Stokes Momentum Balance
Equation

The fourth identical left-hand term of Equations (120) and (121), mentioned
above, quantifies the interaction of the mass flow velocity # with the vector
field of force g . The expression A, / vr 8 is the added velocity gained by a gas
particle during its free traveling time and g-Vu is the directional derivative of
u in the direction of g . This new term may significantly impact the momen-
tum balance at the high external force field and lower gas density and the tem-

perature.

5.4. Revealing an Unknown Effect Associated with the
Temperature Gradient at the Non-Uniform Temperature

Contrary to the Navier-Stokes theory, according to which only the viscosity coefti-
cient has some temperature dependence, we admit that the derived momentum
balance equation governing the gas flow in a non-isothermal gas system has addi-
tional five temperature-dependent terms in the equation. We show this by subs-

tituting Equations (3) and (4) in Equation (120), which yields:

_ 3k A Lo
§ﬁ+ﬁ-w—g+—3w+ M 71 5.V

m 3k, NT
=N.Vﬁ+%/1/ &V(VT%) (122)
’ m

)
—1/1§V~V M grvavir P2 g va
2 m ky, T

The most significant temperature effect on the momentum balance is expected
from the fourth left-hand of the equation above. In physics, the effect of the
temperature gradient on the gas flow is known as the thermo-osmotic transport
phenomenon [15]; however, the underlying molecular mechanism of the trans-
port is mostly still unexplored. We are surprised to discover this term in the
momentum balance equation. However, its appearance in the momentum bal-

ance at the non-uniform temperature seems reasonable.

5.5. The Evidence of the Inapplicability of the Navier-Stokes
Equations to Govern Fluid Flow in the Infinite Space

Here we shall admit the following. We may note here that the second order
truncation of Equation (102) shown by Equation (120) is a significant improve-

ment over the zero-order truncation shown by Equation (116) since it reveals
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the viscous term and the other two terms associated with the momentum ex-
change in the region surrounding point 7. However, the radius of convergence
or the radius of the zone with given tolerance R,, for the differential Equation
(120) is limited. In other words, while the solution of Equation (102) is #, (t,? )
for R; =R’ X[O,oo), the solution of Equation (120), which is the second order
truncation of Equation (102), is #,, (¢,7) for R}, =R’ x[0,R,,). Considering
the fact that all the terms of the Navier-Stokes Equation (2) are built-in Equation
(120), we may conclude that, for the solution of the Navier-Stokes Equation
(120) iy (7,F) for R, =R’ x[0,Ryq ), the radius of the zone R; with the
same tolerance as for the solution of Equation (120) will be equal to or less than

R, . Symbolically, the above is reflected by the following inequality:
Ry <R, <o, (123)

Thus, we have shown that there exists no solution of the Navier-Stokes equa-
tionsin R’ x[O,oo).

We may conclude from the discussion above that Equations (121) and (122)
may be applied only to a confined gas space. Therefore, the surface force due to
pressure exerted by the surroundings on the confined gas space shall be consi-

dered (see the comments to Equation (7) in Introduction), and Equations (121)

and (122) are modified by introducing the pressure term LVp in the left-hand
mn

of these equations as follow:

o . - 1 Ay oo
—u+u-Vu—-g+—Vp+—g-Vu
ot mn vy

5 (124)
=%/L,VTV-Vﬁ—%ﬁjv-v{ﬁ-wu—fg-w}

Vr

and
2
CiviVii-g+—vp+Foyr s | g v
ot mn m 3k, NT
=W- Vu+2/1 /3k V (VT -u) (125)
——/1V V|—=2VT+u-Vu+ g-Vu
[ \/ f }

Comparing Equations (124) and (125) with Equation (2), one may note that
the first four left-hand terms in Equations (124) and (125) and the left-hand
terms in Equation (2) are identical. Also, the first right-hand terms of Equations
(124) and (125) are identical to the viscous right-hand term of Equation (2). Our
derivation produces the numerical coefficient k, =0.5 (see Equation (3)),
which is remarkably close to 0.49 obtained in [1]. However, we revealed the ad-
ditional two left-hand terms and four right-hand terms in Equations (125) that
are not detected in the derivation originally developed by Stokes [16] [17] and

many other alterations since then. Similarly, we have one left-hand term and two
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right-hand terms in Equations (124) absent in the Navier-Stokes momentum

balance equation.

6. Discussion and Conclusions

6.1. Approach in the Modeling Gas Flow

Our approach in the modeling gas flow is established on mimicking the move-
ment of each particle/molecule composing the gas and then gathering that move-
ment into macro quantities characterizing the fluid flow. It has resulted in dis-
covering a new principle of the property (mass, momentum, and energy) balance
in space, which we have named the Ballistic Principle of the Property Balance in
Space. The BPPBS is based on recognizing that each particle composing the gas
follows its ballistic trajectory governed by a law of motion in free space and
moves with a probability between any of two points in space occupied by the gas.
Each ballistic particle is treated as a property carrier transporting one or more
mass, momentum, and energy between the points of consecutive collisions. Each
point in space occupied by the gas is a sink accumulating property delivered by
converging ballistic particles from the entire gas system and a source dispersing
property by diverging ballistic particles.

In this paper, we use a different than in our original paper [8] scheme of de-
fining a net rate of total property efflux per unit volume from a nonmoving
point of gas space. We realized that each point in the gas space serves as the sink
of the converging gas particles and the source of the diverging gas particles.
Therefore we shall consider the exhaustive combination of the transport events
in each point of the gas space. As a result, we consider the balance by taking into
account the events of delivery of the diverging ballistic particle from the point
source at ¥ at time fto the point sink at 7' within the fluid system. Then we
formulated integro-differential forms of mass balance and momentum balance
equations adapted to the incompressible gas flow at the non-uniform tempera-
ture in the infinite gas space. To investigate the analytical behavior of the inte-
gro-differential equations in the region bounding the point of singularity, we
used the Taylor series method. We concentrated on using zero through second
order the Taylor series expansions and comparing them with the Navier-Stokes
mass and momentum balance equations for incompressible fluid shown here by
Equations (1) and (2).

6.2. Comparative Analysis of the Navier-Stokes Momentum
Balance Equation and the Derived in Present Work
Non-Isothermal and Isothermal Differential Momentum
Balance Equations

Navier-Stokes equations have been known by mathematicians and engineers
exactly for two hundred years. This paper's main innovation is finding that the
Navier-Stokes momentum balance equation does not describe the fluid flow

adequately. Particularly, it does not consider the momentum associated with the
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interaction of the external field of force and the mass-flow velocity and with the
significant temperature dependence. These effects, which are not considered in
the Navier-Stokes equations, may significantly diminish the accuracy and pre-
dictability of computer simulations in various engineering and fundamental ap-
plications under certain conditions.

Applying the BPPBS, our derivation generates all terms associated with the
Navier-Stokes equations. It also has led to discovering the unknown effect asso-
ciated with the part of velocity acquired by each gas particle during its free path
traveling in the body force field. Furthermore, we discovered a significant effect
of the temperature non-uniformity on the momentum balance. In addition, our
derivation produces the numerical coefficient k, =0.5 in the equation for the
kinematic viscosity for gases (see Equation (3)) that is remarkably close to 0.49
obtained via a mathematically rigorous derivation [1], which may also be sup-
plemental support of the BPPBS [8].

We also investigated the analytical behavior of the integro-differential equa-
tions in the region bounding the point of singularity by applying the Taylor se-
ries expansion method to transform the integro-differential mass and momen-
tum balance equations into the corresponding vector differential equations. Our
analysis has demonstrated that the Navier-Stokes equations are not applicable to
govern fluid flow on R’ x [0,00) . Therefore, we have concluded that the derived
momentum-balance Equation (121) or (122), as well as the Navier-Stokes mo-

mentum balance Equation (2), can be applied only to a confined gas space.

6.3. Conclusions

From the above, we may conclude the following:

1) We derived integro-differential forms of the mass balance and momentum
balance equations adapted to the incompressible non-isothermal gas flow in the
infinite gas space. Since both the mass balance and momentum balance are for-
mulated by considering an exhaustive combination of diverging and converging
ballistic particles capable of targeting point or escaping point # at a given time ¢
we concluded that the solution of the system of integro-differential mass and
momentum balance equations is unique and physically reasonable on R’ x [0,00) .

2) While deriving the balance equations, we determined that the balance is
conserved only if we count the impact of each of the diverging particles upon
completion by each of them a trajectory path ending at 7' but not upon the
start of the trajectory at 7.

3) We used the Taylor series expansion method to investigate the analytical
behavior of the integro-differential equations in the region bounding the point
of singularity. Particularly we applied the Taylor series expansion method to
transform the integro-differential mass and momentum balance equations into
the corresponding vector differential equations. We found that the transformed
differential form of the incompressible mass balance equation is identical to the

corresponding Navier-Stoke counterpart, which supports the validity of the BPPBS
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claimed in our previous publications.
4) We derived the following vector differential forms of the momentum bal-
ance equation, which apply to a confined incompressible fluid flow at the non-

uniform temperature

%ﬁ+ﬁ-Vﬁ—§+LVp+&VT+ m

A Vi
mn m 3k, ﬁg
3k, -
=W Vu+2/1 bl V(VT i) (126)

——ZVV{ —EVT+u Vu+\/7\/_ }

and at the uniform temperature

0 .
—u+u-Vu— +—V +
o 84 P f

(127)
)
=W Vi ——/12V v|i-vi+ |22 5.vi
k, T

We found that the derived vector differential forms of the momentum balance
equation include the corresponding Navier-Stokes momentum balance equation
terms in full. Namely, the first four left-hand terms and the first right-hand
terms are identical to the corresponding terms of the incompressible Navier-
Stokes momentum balance equation).

5) We have demonstrated that the Navier-Stokes momentum balance equa-
tion does not adequately describe the fluid flow.

a) It does not consider the momentum associated with the part of velocity ac-
quired by each gas particle during its free path traveling in the body force field.
This effect may significantly modify gas flow at low temperature and a high val-
ue of the external field of force, such as the gravitational force.

b) It ignores the influence of the temperature non-uniformity on the momen-
tum balance. This effect may significantly modify gas flow at high-temperature
gradients.

6) We have shown that:

a) The Navier-Stokes momentum balance equation is an incomplete version
of the second-order approximation of the Taylor differential transformation of
the integro-differential momentum balance equation based on the BPPBS.

b) The radius of expansion with a given tolerance of the second-order trunca-
tion of the Taylor differential transformation of the integro-differential equa-
tions of the mass balance and the momentum balance is limited. All the terms of
the Navier-Stokes equation are built-in the second-order approximation of the
Taylor differential transformation. Therefore, the solution of the Navier-Stokes
equation may exist only within the limited, confined space.

c) Therefore, there exists no solution (p,ii) of (1), (2), and (5) on R*x [O,oo) .
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