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Integrability, Multi-Solitary Wave Solu-

tions and Riemann Theta Functions Peri-  Lhis paper systematically studies the complete integrability of the Newell eq-
odic Wave Solutions of the Newell Equa-  uation. Using generalized Bell polynomials, the corresponding bilinear equa-
tion. Journal of Applied Mathematics and
Physics, 10, 415-424.
https://doi.org/10.4236/jamp.2022.102032

tion, bilinear Bicklund transformation, Lax pair, and multi-shock wave solu-
tions are successfully obtained. In addition, using the multidimensional Rie-

mann theta functions, the periodic wave solutions of the Newell equation are
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tion is given, which is the relationship between the periodic wave solution
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and the solitary wave solution.
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1. Introduction

Since the pioneering introduction of solitons into nonlinear science, many ex-
perts and scholars have studied and explored its various aspects. In a great deal
of work and efforts of scientists, the main focus has been on the search for exact
solutions of nonlinear evolution equations and the study of integrability [1]-[7].
The application of the bilinear method, pioneered by the Japanese mathemati-
cian Hirota is very important in nonlinear theory [8]. Nakamura proposed a syn-
thetic approach for constructing multi-periodic wave solutions of nonlinear eq-
uations based on the Hirota bilinear method. The advantage of this method is
that it only depends on the bilinear form. However, it is not easy to seek a bili-
near transformation of a nonlinear evolution equation. It is necessary to make

an appropriate transformation, and considerable skill is required to find this
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transformation. To solve this problem, Lambert et al introduced the concept of
the Bell polynomials in algebra to nonlinear differential equations, which made
it simple to construct bilinear forms of nonlinear equations [9]. This method not
only simplifies the computational complexity but is also practical. Furthermore,
it was found that based on the bilinear form, the Bicklund transformation, Lax
pair and infinite conservation laws can be obtained [10] [11]. At present, Bell
polynomial theory and the Riemann theta function are extended to superintegr-
able systems, discrete systems and higher-order integrable systems [12]. In addi-
tion, Wang wrote the corresponding package, so that the Bell polynomial theory
method became more procedural and simplified [13].

The Newell equation is a very important equation in nonlinear mathematical
physics. It is widely used in hydrodynamics, and for coastal wave simulation,
nonlinear motion of charged particles in electromagnetic fields, propagation of
solitary waves in media, and vibration of a one-dimensional nonlinear lattice. Its

general form is
2
Uy —CoUy —aU, Uy, _ﬁuxxxx =0, 1

using the homogeneous balance method, the Biacklund transformation and exact
solutions of the Newell equation were presented in [14] [15]. The content of this
paper is arranged as follows. In Section 2, the bilinear expression of Newell equ-
ation is constructed by using multidimensional Bell polynomials. In Section 3,
multiple solitary wave solutions and Riemann theta function periodic wave solu-
tions are obtained by using the bilinear expression of Newell equation. In Sec-
tion 4, the relationship between periodic wave solution and solitary wave solu-
tion is further analyzed, and it is strictly proved that the periodic solution tends
to soliton solution under the small amplitude limit. In Section 5, the Backlund

transformation and Lax pair of Newell equation are derived.

2. Bilinear Form

First, we do the following transformation by introducing the potential function g
u=m(t)a,,

where m=m(t) is a function to be determined, bring the above into Equation

(1) you can get
m.q, + thqx,t + qu,Zt - CgquX - amt2q2xq3x _ﬂmqsx =0,

integrating it with respect to x once, and taking the integral constant to zero, can

derive the following equation
M, q+2M,G, + M0, —CoMd,, —0.5am{ gy, — fma,, =0, )
65 . . L

take m(t)=——, then Equation (2) can be written as a combination of P-poly-
o

nomials,

E(q): Py (q)—chzX _ﬂP4x =0.
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By using the following transformation

q=2(Inf) e u=m(t)q,, =6—'Bq2X =12—ﬁ(ln f)
a

X!

the bilinear form of Equation (1) can be obtained as

(D?-c;D} - D)) f - f =0. 3)

3. Solitary Wave Solutions and Riemann Theta Functions
Periodic Wave Solutions

In this section, we use the bilinear form of the Newell equation to construct the

multi-solitary wave solutions and periodic wave solutions.

3.1. Multi-Solitary Wave Solutions

Once the bilinear form of Equation (1) is given, the multi-solitary wave solution
of Equation (1) can easily be obtained by using symbolic computation and Hi-
rota method. The multi-solitary wave solutions of the Newell equation can be
written as

u:%(ln f)

(2

, (4)

X

with
f=2 exp[ipmj + 2 PiP,A,-],
p=0.1 j=1 1<j<isN
2, 2 .
hi __(Vi _Vj) —Co (/ui _/uj) _ﬂ(,ui —ﬂj)
2 ’

_ (+v,) = () =Bl )

n = mX+Vit+C;, vy =Eyceut + Bul, (1< j<i<N), (5)

in which u;,V; are all free constants, and zp:o , sums all possible combina-

tions of p;, p; =0,1.

When N =1, one-solitary wave solutions of Equation (1) is given by

u;%(]ﬁ.(ﬂ) , = uxt c§y2+ﬂy4t+C, (6)
a X

where U,C are free constants (Figure 1).

3.2. Riemann Theta Function Periodic Wave Solutions

Here, we obtain one-periodic wave solution of the Newell equation and analyze
its asymptotic properties. To do this, we introduce the following one-Riemann
theta function:

+00

3(51 T) — Z eninzr+2nin.§, (7)

n=—w

in which the phase variable &=kx+awt+¢,and Im(z)>0.
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Figure 1. One-solitary wave with parameters: « =-0.1,3=05,c,=2,c=1u=18.

To construct the periodic wave solution of Equation (1), we consider the more

general form of the bilinear equation as
(D? -c;D} - BD; +5) f - f =0, (8)
where 6 isan arbitrary nonzero constant.

Theorem 1. If 9((,‘,1) is a one-Riemann theta function (7) and

& =kx+ wt + &, the Newell equation allows a one-periodic wave solution as fol-

lows:
u=%axln3(§,r), 9)
[04
with
0)2 _ bla22 — bzaiz 5= b1a21 _bzall
&18y — 8,8y 8,8, —8;;8y
and

+00 2 +00 2
a:Ll - _ Z 16n27'l:2p2n , aiz — Z SOZn ,
n=—wo

n=—o0

a __io 4(2!’1—1)2 2 _2n?-2n+1 _ O 22 ana
21 T TP ’ azz - Z £ ’

=3 (256pn'n’k* ~16c2n’n?k? ) ™",

b, = - f (16ﬁ(2n ~1)" n*k* —4c? (2n-1)° nzkz)goznz’z"”, p=e"", (10)

n=-o0

in which the parameters k,&,7 are free.
Proof. For Equation (1), we consider the Riemann theta function solutions of
the form (7), according to the Theorem 1 in Ref. [10] and the bilinear equation

(8), the parameters K,w, & satisfy the following system
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> (-16n*r?e’ +16cinn’k? — 25640’ n'k* +&5)e*™ " =0,

S (~4(20-1)" et +4c} (2n-1) K’

N=-w0

~164(2n-1)" n'k* + 5)e“‘(z”z‘2”“)’ -0.

According to the representations in (10), the upper expressions are naturally

written in the following matrix form:

S w
a21 a22 9 bZ

solving the above linear system results in one-periodic wave solution (9) of Equ-

ation (1) (Figure 2).

4. Asymptotic Analysis

In this section, we use asymptotic analysis theory to discuss the relationship be-
tween one-solitary wave solution and one-periodic wave solution. It is worth
noting that if the coefficient matrix, right end vector and solution vector of the
system (6.14) can be expanded by a power series with parameter g, the
asymptotic behavior of the periodic wave solution can be analyzed by using the
method of small parameter expansion. Via the results from Ref. [10], we expand

system (6.14) by parameter o

(aﬂ ay,
a21 a22

]=A0+A150+A2502+---

Figure 2. One-periodic wave with parameters: a=1.1,8=25,c,=0.1,7=05i,k=1¢=2.
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(Elj: B, + B+ By’ +--
2

602
(5]=Xo+xlso+xz¢+--- (12

based on Equation (10), rewrite the functions a; ,bj (i, j=1 2) as series expan-

sion with respectto
a, =-32n° (goz +408 +90"® + 4’ +)
a, :l+2(go2 e+ et ™ +)
a,, =-8n’ (go+9505 +250" +---+(2n-1)° P +)
a22 :2(80_'_(@5+Sol3+.”+802n2—2n+1+'”),
b, =32n° ((16ﬁn2k“ —cok?) @ +(256 Bn°k* —4cgk? ) @ + -
+(16ﬂn4n2k4 _anzkz)(@zn2 +_“)’
b, =8n? ((4ﬂn2k4 ~ ok ) +(4(2n-1)" k!
(13)

_Coz (Zn_l)z k2)802n2—2n+1 +”'),

combined with Equations (12) and (13), we get
0 O -327° 2
Al_(—snz 2)' & _( 0 oj’
=A =0 B, = 0
A=A =0, B = 8r2A, |

321°A 0
BZ:[ 0 2)’ Bsz(mzAJ’ S o

in which A, are presented as follows:
A, =4p7°k" —cZk?, A, =16pm°k* —cZk?, A, =368n°k" —cik’.

Then, using Equation (4.15) in Ref. [10], we can calculate the following for-

w o[ —8Ak™
Lo ) 7 (32nkta, )
" - -39k %A, -9k 'A,
¢ 192r%k A,

mula

J, X, =X, =0, (15)

combined with Equation (12) and the above expression, we can derive
o = KA, —8K A0 +(—64k°A, 25k °A, ~9k A ) o +0 ("),

8 =32k A yp” +(-256m°k *A, +64n°k A, )0 +0(p"). (16)
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Further, rewrite the Riemann theta function 3(§ ) to
9(5) =1+(eZni§ 4+ 2mié )80+(e4ni§ 4+ 4mi¢ )804 e (17)

with the following transformation

o M _C+mr

1 € : 18
2mi 2mi (18)
it is easy to get that Equation (17) can be rewritten to

9(&7) =1+6° +(e‘5 +e2‘5)(go2 +(e‘25 +e35)go6 4o > 14e°, (19)

where & =2nié —nz = ux+2miot+c.
Combining Egs. (17)-(19), we can get

E o ux+.Jciu? + put+c=n, when p —0,

59%, when o — 0,
i

which means

3(&,7)—>1+e”, when p 0.

According to the above analysis, we can conclude that under the limit condi-
tion g — 0, the one-periodic wave solution (9) is exactly inclined to the one-

solitary wave solution (6).

5. The Backlund Transformation and Related Lax Pair

Bilinear Backlund transformation plays an important role in constructing solu-
tions of nonlinear equations and characterizing the integrability of given systems.
Next, we derive the Backlund transformation and related Lax pair of the Newell
equation.

Let g=2Ing,q'=2Inf be two different solutions of Equation (1), then we

can get
E

)-E(a)

(g
(a'=a), ¢ (a'~a), —3B(a'~q),, (a'+a),, ~B(a'~q),,
0,

the above formula can be regarded as the bilinear Backlund transformation of

Equation (1). Based on this, we introduce two new independent variables

Vzgzm(f/g), w:%:ln(fg),

according to multidimensional binary Bell polynomials, namely # -polynomials

[9], the corresponding two-field condition is rewritten as
E(q')-E(a)=E(v+w)-E(w-V)
=V — CSVZX - 6ﬁv2xw2x _ﬂv4x (20)
=0, %, (v, W)+R(v,w)=0,

where
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R(v,w) =-3BWronskian[ %, (v,w), % (V) |+ v, — v,

In order to represent Equation (20) as a # -polynomial Backlund transfor-

mation, we need to add a constraint condition, we can take this constraint as
kZ, (V. W)+ Z(v,w) =4,
in which k=+4,/-3f and A are free parameters.
According to the above constraints, we can get

R(v,w)=0, [—k%,t (v,w)+0, (ik —ct ) # (v, W)j| :

by the above relations, the two-field condition (20) is decomposed into #
-polynomial type Bicklund transformation as

Kz, (V,W)+ Z(v,w) = 4,
2, [—ﬂ%x (v,w) =k, (v,w)+ (/Ik —c )% (v, W):| =0.
On the basis of the relation between # -polynomials and Hirota bilinear op-

erator [9], we can directly obtain the bilinear Backlund transformation of the

Newell equation as

(kD +D,-2)f-g=0,

(-BD} kDD, + (k- )D, +5) f-g =0,
in which k=+,-38 and 4,5 are arbitrary parameters.

Based on related theories of Bell polynomials, and by making use of the

Hopf-Cole transformation v =Iny , we have

7 _& — V/Zx
%((V)_ l//' %X(V’W) q2x+ w ’

_ Y Yy
%,y(v*w)_qx,y-" v ! %(V) v !

H (vow) =30, L Vo g(vy =21,
v v 4

thus, the system (21) can be linearized as a Lax pair with parameters 4,0
(kB +0,)w =K(Guy + ¥+, = 2w,
(pZ - kﬁxt )(// = (_3ﬂq2x _Cg )Wx _ﬂWSX - kqx,tl// - kl//x,t + 5(// =0.

6. Conclusion

In this paper, we use the binary Bell polynomials to study the integrable proper-
ties of the Newell equation from many aspects, such as the bilinear equation, bi-
linear Backlund transformation and Lax pair. In Section 3, we use the Riemann
theta functions and some of the results in Ref. [10] to obtain the periodic wave
solutions of the Newell equation. In addition, by considering the small ampli-
tude limit, we further obtain the asymptotic behaviour between the one-periodic

wave solution and the one-solitary wave solution. It is noteworthy that the Hi-
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rota bilinear method, the Riemann theta function and the Bell polynomials play

important roles in constructing the solutions of nonlinear evolution equations.
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