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Abstract

In this paper, a three-parameter lifetime distribution named power Hamza
distribution (PH) is proposed. The PH distribution is a useful generalization
of the Hamza distribution which accommodates heavy-tailed, upside-down
bathtub and J-shaped hazard rates making it more flexible than the Hamza
distribution for modelling various kinds of lifetime data. A comprehensive
account of the properties of this distribution is presented. The maximum
likelihood estimators of the unknown model parameters are discussed. Fi-
nally, a real-life data is analyzed for illustrative purpose proving that the PH
outperforms the Hamza distribution and several other lifetime distributions.

Keywords

Hamza Distribution, Hazard Rate Function, Conditional Moments,
Stochastic Ordering, Maximum Likelihood Method

1. Introduction

The Hamza distribution was introduced by [1] with the cumulative distribution

function (cdf) and the corresponding probability density function (pdf) respec-

tively given by
ox(6° y5 + 6494y4 +306° y3 +1206? y2 +3608y + 720
FH(y)zl— 1+ ( ) e (1)
(a6® +120)
and
6° o
fo(X)=————|a+=y° e 2
# (%) a95+120( ey) @
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for y>0, >0 and a>0.

It may be observed that the Hamza distribution was obtained by compound-
ing the exponential distribution having scale parameter 6 and the gamma dis-
tribution having shape parameter 7 and scale parameter 6, with mixing propor-
tions p= a95/(a95 +120) and q= a95/(a95 +120) such that p+q=1.

[1] studied the properties and applications of this distribution in the context
of lifetime analysis, showing that the distribution is superior to Lindley distribu-
tion due to [2], Ishita distribution by [3] and Pranav distribution by [4], respec-
tively.

The aim of this paper is to introduce a new distribution, called the power
Hamza distribution, which is a direct generalization of the Hamza distribution.
Some of the distributions proposed using the power transformation include the
power Lindley due to [5], power Akash and Shanker proposed by [6] [7], power
Ishita and power Aradhana due to [8] [9], power Rama and power Garima due
to Abebe eral [10] [11], power Pranav due to [12], power Sujatha by [13], power
Prakaamy by [14]. From the literature reviewed in this paper, all the power
transformed distributions were shown to be more flexible than their corres-
ponding baseline distributions and more useful for analyzing complex data
structures in various fields of life.

The rest of the paper is organized as follows. The pdf, cdf and hazard rate func-
tion of the new distribution is given in Section 2. Section 3 provides a comprehen-
sive account of the properties of the distribution including the moment generating
function, moments, skewness, kurtosis, mean residual lifetime, mean deviations,
Bonferroni and Lorenz curves, stochastic ordering, entropy measure, stress-strength
reliability, distributions and moments of order statistics. In Section 4, the maxi-
mum likelihood estimates of the parameters of the distribution are given. Also,
Section 5 gives the asymptotic confidence intervals. Section 6 illustrates the pro-

posed model in two real-datasets. The paper is concluded in Section 7.

2. The Power Hamza (PH) Distribution

The probability density function, cumulative distribution function and hazard
function of the power Hamza distribution having parameters ¢, o and J
are provided in as Propositions 1, 2 and 3.

Proposition 1. A random variable X is said to have a PH distribution if its pdf

is of the form

f (x)—ﬂ—‘g6 £ 0560 |xb e L x50, 050, >0, f>0 (3)
M e +1200“ 6 ’ ’ ’ ’

Proof. Given the distribution of the Hamza random variable Y defined in (2).
Assume that another random variable X is related to Y by the power function
X=g (Y):YW . Then the distribution of X is the power Hamza distribution.
To derive the distribution of X, we notice that X is a one-to-one function of ¥
and so, X=0 when y=0 and X=o when Y=o, which implies that the
support of the distribution of Xis (0,).
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Letting X=(¢ (y) = yw ,and Y= gfl(x) =x" in (2), gives

6
(8 00) = i g X” Je 0 x20 @

According to [15], the probability density function of a continuous random
variable X =g(Y) is gotten by

_ dy
f(x)="f(g™ — 5
()= (g7 (x))[5; ©)
Substituting (4) and dy/dx = Bx”7 into (5), one obtains
0° 0 s o0 p-1
fPH (X):m(a'f'gx j |ﬂX | x>0 (6)

Further simplification of (6) yields the pdf of the power Hamza random varia-
ble X defined in (3), and the proof of Proposition 1 is complete.
Corollary 1. Let X be a power Hamza random variable, then the function de-
fined by Equation (3) is a pdf.
Proof. We show that fy, (x)>0Vx and J. fo (X)dx =1 are satisfied.
1) fo (x)=0Wwx
[ fonu (x)dx= —sﬂee (a N j xP e 0 gy
0 v a8 +120 6
2)

6 0 )
= —’53 0 af X/t dx 4 ¢ [ X" 1e 0 dx
ad® +120| 3 61

By setting X = y"/ in the above integral and noting that

y“ e ?dy = F(a)/@a one obtains

o—3

TfPH(x)dx: po° je“gydy+ jyee‘gydy
! a0° +120|

po° |al(l) o0 T(7)
a0 1120\ 5 0 65 O

__p¢ [a 120
at® +120| p0  pO°

_ B [at® +120} 4
ad®+120|  po°
Henceforth, a random variable X that follows the distribution in (3) is symbo-
lized by X ~PH (9, a,p ) The power Hamza distribution reduces to the Ham-
za distribution when f=1.
Proposition 2. For x>0, >0, a>0 and p>0, the cdf of
X ~PH (0,a,B) isgiven by

Ox” (0°x +60'x" +300°x* +1200°x*" +3600x” +720) |
FPH (X) :l— 1+ ei'gx (7)

(a¢95 +120)
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Proof. [15] defines the cdf of a continuous random variable X as

F(x)=P(X <x :I'f (8)
0

Substituting (3) into (8) leads to

ﬁ‘96 h 0 648 |, f-1,-0u"
F.. (x a+—u’ [u" e ™ du 9
on (%) = a6’5+120‘[ 6 ®)

Letting x=u*’, u=x", du/dx=/x"", the integral (9) becomes

6 oxP oxP
1
Fou (X) = a@fflzo{ J' e’*dx+6— [ xaexdx} (10)

Applying direct integration to the first part of the square bracket in (10) and

integration by parts to the second part the square bracket in (10) gives

oxP
j e dx=1—e (11)
0
and
o’ Y, 5 b 4 ,p
j xe*dx = (Hxﬂ) g —6(9x”) e —30(9xﬁ) e ¥
(12)
~120(0x" ) & ~360(0x" ) e ~7200x e +720
respectively. Substituting (11) and (12) into (10), we obtain
,806 a _oxP 1 6 _gub 5 _oxb
Foy (X)ZM[E(l_e o )+6—96(—(9xﬂ) e —6(0x") e’
-30(0x") e’ ~120(6%" ) & ~360(0%" ) & (13)

—7200x"e " + 720)}

Further simplification of (13) gives (7), which completes the proof of Proposi-
tion 2.

Proposition 3. Let X ~PH (H,a, ﬂ), then the hazard rate function of X is
given by

B6° (a + g x8# J NG

ox” (95x5ﬂ +60°xY +300°x% +1200°x% +3600x” + 720) + 6(a95 +120)]

hey (x)=[ (14)

Proof. The proof of Proposition 3 follows from using (4) and (7) in the rela-

tion

Figure 1 and Figure 2 demonstrate the graphs of the pdf and hazard function
of the PH distribution for different values of 8, & and f.
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Figure 1. (a) pdf plot of power hamza distribution; (b) pdf plot of
power hamza distribution.

(=) ; <= 1

A a=0.1 6=1.30 3=1.0 - H4 —— a=1.5:6=1.15Rr=1.5
- a=0.5 ©6=1.40 R=0.6 <l a=4.0./0=0.16 R=1.1

a=3.2 6=0.35 3=2.8 —+— a=3.7.0=2.17 R=4.1

o a=3.4 =0.27 R=2.5 - —— a=1.806=2.18 3=1.3

(= ; = H

o o

s | =

= =
= =

< <

o o

o~ o~

o _| o

= . =]

o o
T T T T T T T T T T T
o 1 2 3 a 5 o 1 2 3 a

X X
(a) (b)

Figure 2. (a) hazard plot of power hamza distribution; (b) hazard plot of
power hamza distribution.

3. Properties of the Power Hamza (PH) Distribution
3.1. Moment Generating Function
Proposition 4. Ler X ~PH (0,05, ,B), then the moment generating function

of X is given by

(16)

Mx(t)zz rid

z 60:6?51“(r/ﬁ+1)+1“(r/ﬁ+7)[ t J
= 6(a05+120)r!0'/ﬂ

Proof. The moment generating function of X ~PH (H,a, B ) is obtained as

follows
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0

M (8) = E(6%) = [€% fi (x)dx

0

6 0
= Hégflzj [a+ x° )x’“eexﬁdx (17)
a 0

6 o ¢+ 0 ©
_ Sﬂ‘g Z t aj Xﬂ+r—le—9xﬂ dx + EJ‘ X7/3+r—1e—6xﬁ dx
ab® +120=r!| Ty 69

Letting x=y"", y=x" and dx=(1/B)y" dy, (17) reduces to

__pY < /p o0y (/p+6-0
M, (t)= 95+120r0r{ [y"e dy+ jx dy

(18)

C af®+1205 1!

6° 2t | al(r/B+1) OT(r/B+7)
ZF g/ + 60"+
Further simplification of (18) gives (16), which completes the proof of Propo-

sition 4.

3.2. Non-Central Moment

Proposition 5. Ler X ~PH (H,a,ﬂ) , then the rth non-moment of X is given
by
_ 6a0°T (r/ﬂ+1)+l“(r/,8+7)

r=12.3,- (19)
66"” (a95 +120)

Proof. The rth moment of X ~ PH (9, a,p ) is obtained as follows
_E( ) jx fon (X)X _ﬁ—HSTXr o+ 2568 | xP1e0 o
PH 6

ab® +1207
(20)
6 © ®©
_ Sﬁg aJ‘ Xﬂ+r—le—9xﬁ dx +€J' X7ﬁ+r—1e—6xﬁ dx
af’® +120| 6y
Putting X = vy, y=x# and dx= (1/ J/] ) y”7dy into (20), yields
96 o é71 oy 000 [L+6j71 ~
= edy+—=[y¥ ’ e?d
H a95+120[ !y Y 6£y Y
(21)

6 al"(r/ﬂ+1)+491“(r/ﬂ+7)
Cab®+120|  @7PH 69"+

Simplifying (21) a little bit, we get (19), hence the proof of Proposition 5.
Corollary 2. The first four non-central moments of X ~PH (0,a, ) are

,_6a0°T(YB+)+T(YS+T) _ (22)
66"/ (0° +120)
| 6a6°T(2/p+1)+T(2/B+7) (23)
2= 66% (a0® +120)
50 T(3/8+1)+T(3/8+7) (24)

60%° (a6’5 +120)
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~ 600°T (4/B+1)+T(4/B+T7)
- 66"" (a6® +120)

’
4

(25)

Proof. The proof of (22)-(25) follows directly from Proposition 5 by substi-
tuting r=1,2,3 and 4 into (19).

3.3. Variance

Apart from the non-central moments, variance of a distribution is always rele-
vant for measuring the spread from the mean. So, we provide the variance of the
PH distribution in Proposition 6.

Proposition 6. Letr X ~ PH (9,01,,3) , then the variance of X is given by

, 6(a0°+120)(6a0°T (2/f+1)+T(2/f+7))~(6a0°T (YS+1)+T (1A + 7))2

o’ = > (26)
36677 (a95 +120)

Proof. The variance of a random variable X can be computed using the rela-

tion
o = (4l @)

The proof of (26) follows directly from substituting (22) and (23) into (27)

o 8alT(2p+1)+(2/p+7) [6alTWp) (A7)
- 667/ (06° +120) 66" (a6® +120)

(28)

3.4. Coefficient of Variation and Index of Dispersion

The coefficient of variation is given by

6(a6® +120)(66°T (2/8+1)+T(2/f+7))~(6a°T (VB +1)+T (1 B+ 7))2 "

3607 (a6® +120)

o
u 6a0°T (U +1)+T (YB+7)
60"# (a95 +120)

CcV =

(29)
[6(0{95 +120)(6a4951"(2/ﬂ+1)+F(2/,B+7))—(6a95F(1/,B+1)+F(1/ﬁ+7))2}]/2
6a0°T (1/B+1)+T (VB +7)
The index of dispersion is given by
6(a6® +120)(6a6°T (2/+1)+T'(2/f+7))~(6a6°T (Y +1)+ T (Y5 +7))
2 3667/ (a6® +120)

u 60T (1/B+1)+T(1/B+7)
66"/ (6° +120)

(30)

6(ad® +120)(6a6°T (2/f+1)+T(2/B+7))-(6a0°T (Y B+1)+T(1/ 5+ 7))
66"/ (a6® +120)( 6a0°T (1 +1)+T (Y B+7))
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3.5. Central Moment
Proposition 7. Let X ~PH(6,a,f), then the central moment of X is given

by

(rj(_l)r_i 6a0°T (1/+1)+T (VB +7) HX 6l L (i/ )+ D(A+T)| ()
[ 60Y" (a¢95 +120) 66"” (a95 +120)

>
i=0
Proof. The rth moment of the X ~PH (6’,05, ﬂ) can be obtained from the

relation

u=E(X-p) =%

r
i=0

(D(—u)“ E(x') (32)

Using (22) and (19) in (32) gives (31) and the proof of Proposition 7 is com-
plete.

3.6. Conditional Moment

A function that is useful in deriving the mean residual life function of a compo-
nent as well as the mean deviations is the conditional moment. Given that X fol-

lows a power Hamza distribution with parameters #, @ and f, then

m\]n (x) (33)

E(x” X >x)=

where

J (X)_Ttnf (t)dt_ﬁ—HGTt” o+ 2100 |trtee” gt
P T gt 1100, 6

X

(34)

6 © ©
= —sﬂ 0 ot e dt +€It7ﬂ*“’1e’“ﬁ dt
a6’ +120 67

X

Letting X = 6t in (34) leads to

3 (x) = po° a1 g g (Bln+7)1gxg
W (X)=—% S I X e X+ —— .[ X e *dx
ab® +120| pO" 686"
6
- 59 a 1F(£+1,Hxﬂ)+L7F(ﬁ+7,9xﬂj
ab® +120| poP™ "\ n 6467  n
aHSF('B+l,9xﬁj+F(ﬁ+7,9xﬁj
n n
J,(x)= (35)
() 66 +120)60”"

©

where T'(a,z)= J.ta’le’tdt is the complementary incomplete gamma function.

X

Also from (7), we get
ox” (95x5” +60*x* +300°x*” +1200*x*# +3600x” +720)
(a95 +120)

(1-F(x)=|1+ ]egxﬁ (36)
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Plugging (35) and (36) into (33), we have the conditional moment as
{aesr(f +1,0x" ) +T (f +7,0x" ﬂ e’

(37)
[exﬂ (6°X +66°x* +306°x +1206°%* +3600x" +720)+6(a6® +120)} o#n

E(xn

X>x):

3.7. Mean Residual Life Function

In many life testing experiments, it is always of interest to know the additional
lifetime given that a component has survived until a certain amount of time. To
achieve this purpose, the mean residual life function (MRL), which refers to the
expected remaining life, X —X, given that the item has survived up to time x, is
required. It may be observed from (37), that the MRL function is derived from

the conditional as follows

my (X)=E(X =X/ X >x)-x (38)

Putting n=1 in (37) and substituting the result into (38), we obtain MRL
function as

[aesr(ml, Hx'”)+1"(/3+7,¢9x/’ﬂe9xﬂ

-Xx (39)
ox” (er”x” +60*x*” +300°x% +1200°x*” +3600%” + 720) + 6(a95 +120)} o’

my (X):
|

3.8. Mean Deviations

In statistical modelling, it is often an interest to measure the spread in a popula-
tion from either the mean or the median. To achieve this, two indices, namely
mean deviation about the mean (4;) and mean deviation about the median
(M) areused.Let x denote the mean and 4, the median of a power Hamza
distributed random variable X. The values of x; and M;, can be calculated

using the relationships
Hy :“X—,u| fon (X)dx =2uF (1) —2u+2J, (1) (40)
0
and

M, :T|X—M|fPH(x)dx:2J1(M)—,u (41)
0

respectively. By replacing xwith x and Min (7) and (35), yields the following

O’ (6° 1™ +60" u*’ +300° u* +1200° 1> +3600y” +720) o
[

Ho =2\ 1o I (a6° +120)
(42)
z[sy(a95+120)9ﬁ -(a95r(ﬂ+1,eﬂﬂ)+r(ﬁ+7,9yﬁ))]
- 6(ad® +120)0”
v 2[a95r(ﬂ+1,9|v|ﬂ)+r(ﬂ+7,mv|ﬂ)—sy(aes+120)9ﬂ] )

3(a05 +120)9/’
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3.9. Bonferroni and Lorenz Curves

It has been found that the Bonferroni curve proposed by [16] and Lorenz curve
proposed by [17] have applications in the fields of economics, reliability, demo-
graphy, insurance, medicine, among others. So, if X ~PH (49,0!, ﬁ), the Bon-
ferroni and Lorenz curves are respectively given by

l q
B =—1 | x Ty, (x)dx (44)
(p)= X ()
and
1q
L(p)==[xfey (x)dx (45)

0

where p#=E(X) and = F*(p), 0<p<l. Hence, for the power Hamza
pdf (3), one gets

q 6 q
J. X pr (X)dX = Sﬂ—ej. X(a +€ Xeﬁj Xﬁfle—ﬁxﬁ dx
0 al’ +120 0 6

(46)

6 q q
:—'fg af xﬂe"’xﬂdx+g.[x7ﬂe"’xﬁdx
ad +120| - 6y

Letting w=0x", x= (W/H)W , dx= (l/ﬁ)(l/ﬁ)w w7 dw and noting that
xe€(0,q) implies we (0,9qﬂ), (1) becomes

q

.([Xpr (x)dx

= 9—6 (Z( 1 j(/pr;] 9}/} W[m%}le—wdw_’_ o ( 1 j(7ﬂ+;‘j 9]-5 W[UH%]—le_WdW

a6’ +120 6lo

0 0

1

0 a(ij“*ﬂ]r[m%ﬂqﬂjﬁ@”’*ﬂ)r(m%,aqﬂj v

ad® +120| |0 60
P! ) ,

96(1] / {maﬁﬂr[ﬁ*l,eqﬂjwr[w”,eqﬂﬂ
0 s s

60% (a95 +120)

Substituting (46) and (47) into (44) and (45), we obtain the Bonferroni and
Lorenz curves, respectively, for the power Hamza distribution as

L4 2 2
0° (1] g {Baé’sﬁr([m,&qﬁ jwr[w*l,eqﬁ ﬂ
0 B B

B(p)= (48)
(p) 6p0* u(a® +120)
i ) )
6° (1j ’ Neaetrr| 2 tL ggf |+ or| 72 *L o
0 B B
L(p)= T - (49)
60°/M (a0® +120)
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3.10. Stochastic Ordering

In this section, we discuss the comparative behaviour of the power Hamza ran-
dom variable using the stochastic ordering. In line with [18], a power Hamza
random variable Xis said to be smaller than another random variable Yin the 1)
stochastic order (X <Y) if F,(X)>F (x)Vx, 2) hazard rate order
(X <,Y) if h (x)=h (x)¥x, 3) mean residual life order (X < mrIY) if
my (X)=m, (X) VX and 4) likelihood ratio order (X <,Y) if f, /f

a decreasing function of x. To show the flexibility of the power Hamza dlstrlbu—
tion, we present the following Proposition.

Proposition 8. Let X ~(6,c,p,) and Y ~(0,,0,,/3,) be two indepen-
dent random variables. If 1) 6,>0,, a,=a, and f=5,; 2) o >a,,
6=06,, B=p5;3) B<pB,, 6=6,, ay=a, and 4) 6,>0,, a,<a,,
Bi<Pthen X<, Y, X<, X<, Y and X<, Y.

—Ir —mlr

Proof. The likelihood ratio is

fx(x;al,al,ﬁl)_ﬁlng(%e;ﬂzo)xﬁrﬂz 6o + 0% | o)
fy (%000 8,)  B,605 (0] +120) 6ct, + 6,x

The log-likelihood ratio is

n fe (%6, a,5) N .65 (2,05 +120)
fy (X605, ;) 6% (a6 +120)

]+(ﬂ1—ﬁ2)lnx
(51)
64
sln| S tOx +01X6 —(6x" - 6,x" )
6ar, + 6,x°"
Differentiating the log-likelihood with respect to x, we get

iln{ fx(x;é’l,al,ﬁl)}

dx | fy (6,0, )

) 36(691a2ﬁlxﬁﬂ1—1 +92a1ﬂ2X6ﬁz—1)+69192 (ﬂl ﬂz) 6(4~P2)-
(60, +6,x°% ) (6ax, +6,x° )

(52)

+ (ﬁl - ﬁZ) - (‘91181)(1317l - ezﬁzxﬁrl)
X

fe (X6, 04,

Since iIn fx(x6,a,4)
dx | fy (%6, .8)
X<,Y and hence, X<, Y, X<, Y and X <,Y, which completes the

proof of Proposition 8.

}<O for conditions 1), 2), 3) and 4), then

3.11. Rényi Entropy

To quantify the amount of information (such as the diversity, uncertainty, or
randomness) contained in a random sample drawn from a population, the en-
tropy is utilized. It may be noted that a large value of entropy indicates that the
data contains greater uncertainty. Several studies have applied entropy in the

fields of physics, probability and statistics, communication theory, economics,
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among others. Therefore, we derive one of the commonly used entropies, name-
ly the Rényi entropy. For p>0 and p=#1, the Rényi entropy due to [19] is

defined for a continuous random variable as

E, =1—Iog[£ fors (X J (53)

P

Using the pdf (3) in (53), we obtain

o0 6 P
E :—Iog J' sﬁ 0 [ gxfﬂ jxiﬂle'ox'ﬁ dx
P 1-p K a6’ +120 6

6 P o P
= 1 log Sﬂé’ I(a +Qxeﬁj Xp(ﬂ—l)e_opxﬂ dx
1-p ad’>+120 ) | 6

_ |Og P [pj 0%+ g p—jﬁp TX6ﬂ+pﬂ 7) _gpxﬁdx
16 (a95 +120)

_ 1 |Og P Epj 6*] 96P+iaﬂ*iﬂppfl]f y(6j+p—1/p+l/ﬂ)—le—€pydy Y= Xﬂ
=p 1=\ (a0 +120)
E 1 log p (p)GigﬁmiaPJ’ﬂPl F(6j+p—]/p+1/,3) (54)
P —p P J (0{(95 +120)p (ep)ﬁhp—l/ml//f

3.12. Distribution of Order Statistics for the PH Distribution

Suppose X o < X(z) << X(n) constitutes the order statistics for a random
sample X, X,,---, X, drawn from the power Hamza distribution with pdf (3)
and cdf (7). Then the pdf of the rth order statistic X(,) can be written as

Fe ()= gt e (0o 0 (= ()5 =220
_ Bo°n! S (N R a+gxeﬂ
_(m95+120)(r—1)!(n—r)!u:g( 1)( u J ( 6 j (55)

r+u-1

Ox” (0°x* +60'x" +300°x* +1200°x*" +3600x” +720) | __ ,

x|1-|1+ g
(6° +120)

Putting r =1 into (55) gives the pdf of the first order statistic X(l) as

6
fy, (X)= _Npo_ X e | oy 9 X%/
@ af® +120 6

1 (56

ox’ (95x5/’ +60*x" +300°x* +1200°x*” +3600x” +720) p (6)

x| |1+ g
(a6® +120)

Putting '=n into (55) gives the pdf of the nth order statistic X(n) as
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6
f, (X) = DB ypigo [ gy O yer
) a6® +120 6

n-1 (57)
—_oxP

- Ox” (0°X +60'x" +300°X*” +1206°x*” +3600x” +720)
x| 1-|1+
(a6® +120)

4. Maximum Likelihood Estimators of the Power Hamza
Distribution

Let X,,X,,---,X,, denote a random sample of size n from the PH distribution
having parameters 6, o and f. To estimate the parameters ¢, « and J
using the maximum likelihood method, we define the likelihood function of the

random sample form the PH distribution as

" —6%)({7 n

L(g’a’ﬂ)zﬁf(xi;g’“’ﬂ)z(ﬁ—ee] e = H[a+gxfﬂjxiﬁ_l (58)

ad® +120 i

Taking the natural log of (58), we obtain the log-likelihood function as

InL(6,a,8)=n[In(B)+6In(0)~In(at" +1zo)]+_§n]|n(a +%xi6ﬂj
= (59)

n

+(B-1)2.x -6

n
x?
i1 i1

Differentiating (59) with respectto 6, o and f respectively and equating

the resulting derivatives to zero, one obtains

oInL(6.a.8) 6n 5na94 0

7 =0 60
06 0 ab le a+9x6ﬂ .lex (60)
oInL(8,a, -ng® n 6

( ,8): 5n + 7= (61)

oa ad’ +120 = 6a +0X

alnL(e,a,ﬁ) n n x* In(x;) n
— T =460 In 0> x’In(x)=0 62
op .Z;Ga+t9x6ﬂ Z n(x)- lex n(x) (62)

The above non-linear systems of equations are solved by numerical iteration
technique and maximum likelihood estimates are obtained. Since the maximum
likelihood estimates for 8, a and f are not in closed form we use the large
sample behaviour of maximum likelihood estimators to obtain the confidence

intervals for model parameters.

5. Asymptotic Confidence Intervals of the Power Hamza
Distribution

In this section, we present the asymptotic confidence intervals for the parame-
ters of the PH distribution. Let = (é,o?, /A})T be the maximum likelihood es-
timate of = (H,a, ﬁ)T. Under the conditions that the parameters are in the
interior of the parameter space, but not on the boundary, the asymptotic distri-
bution of \/ﬁ(\il—\u) is N, (O, I’l(\y)), where 1(y) is the expected Fisher

information matrix. The asymptotic behaviour of the expected information ma-
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trix can be approximated by the observed information matrix, denoted by 1, ().

The observed information matrix of the power Hamza distribution is given by

*InL(6,a,8) *InL(0,a,8) &°InL(6,a,pB)
00’ 000c 000
L (§)= &% In LEQ,Aa,ﬁ) 8% In L(i,a,ﬁ) &% In LA(H,Aa,,B) (63)
0600 oa oaop
?InL(6,a,8) °InL(6,a,8) &*InL(6,a,pB)
0po6 opoa B

Thus,
var(A) cov(é,o?) cov(é,ﬁ)
I;l(ﬁ;):(nl(\fz))flz cov(o},é) var(a) cov(&,[}) (64)
cov(,@,é) cov(ﬁ,o‘z) var(ﬁ)

Taking the second order derivatives of (59) with respect to ¢, o and f

are, respectively, we obtain the entries of (63) as follows

o°InL(0,«a, 6n 5nad’(ad®-480) w128
#:__+ ( 7 )—Z (69
00 0 (ab®+120) 6+ 0% )
*InL(6,«, ov° n 36
( 2 “ ﬁ) = ; 2 _Z 2 (66)
da (a6° +120) 5 (6ar+ 0% )
2 n 88 2 . n
IO 0 prears ) oS i) )
op B i=1 (Ga +0x%F ) i=1
*InL(6,a, —600n&"* n 65
Vah) ey (68)
0a00 («6° +120)" i (6a+0X")
z n 85| g n
MZBGG{ZL(XI)Z_ZXF |n(xl) (69)
0po0 i=1 (6a + fo/’) =1
2 n X% In(x
o°InL(6,a,p) _ 363 X; In(x,)2 (70)
0a0f = (6 +0x")

The expectations in the Fisher information matrix can be obtained numeri-
cally. The multivariate normal distribution with mean vector (O, 0, 0)T and co-
variance matrix l_l(\|l) can be used to construct confidence intervals for the
model parameters. The approximate 100(1—77)% two-sided confidence inter-

valsfor @, a and f are determined by

6+7,, /var(é), a+Z,,\var(@) and f£7,, /var(ﬁ) (71)

respectively, where Z, , is the upper (7] / Z)th percentile of a standard normal
distribution.
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6. Applications

In this section, we provide an application to real data set to demonstrate the
importance and flexibility of the PH distribution.

The data set is on the breaking strength of carbon fibres of 50 mm length
(GPa). The data has been previously used by [20] and [21]. The data is as fol-
lows:

0.39, 0.85, 1.08, 1.25, 1.47, 1.57, 1.61, 1.61, 1.69, 1.80, 1.84, 1.87, 1.89, 2.03, 2.03,
2.05, 2.12, 2.35, 2.41, 2.43, 2.48, 2.50, 2.53, 2.55, 2.55, 2.56, 2.59, 2.67, 2.73, 2.74,
2.79, 2.81, 2.82, 2.85, 2.87, 2.88, 2.93, 2.95, 2.96, 2.97, 3.09, 3.11, 3.11, 3.15, 3.15,
3.19, 3.22, 3.22, 3.27, 3.28, 3.31, 3.31, 3.33, 3.39, 3.39, 3.56, 3.60, 3.65, 3.68, 3.70,
3.75, 4.20, 4.38, 4.42, 4.70, 4.90.

We fitted the PH distribution to the data set by using the method of maxi-
mum likelihood and the results are compared with five other competitive life-
time distributions namely,

1) Hamza distribution (HD) defined in Equation (2),

2) Weighted Weibull distribution (WWD):

Hﬁc+1x/3(c+l)—le—0x/’
I(c+1)

f(x0,8)= ;1 x>0,6>0,8>0,c>-1,

3) Two-Parameter Weibull distribution (TPWD):
f(x0,8)=08x"*%"" ;x>0,6>0,5>0,

4) Pareto distribution (PD):

o
f(X;a):aa—Xfi;X>0,a>O,
X

5) Exponential distribution (ED):
f(x0)=0e";x>06>0.

We used the goodness-of-fit test based on the Kolmogorov-Smirnov test due
to ([22] [23] [24] [25]) with its corresponding p-value to verify that the data set
under consideration actually follow the proposed distribution. The computa-

tional formula for this goodness-of-fit test is given by

KS:max{%—lf(x(i)),If(x(i))—%} (72)
where If(Xi) is the estimated distribution function under the ordered data.
Since there is more than one distribution to be compared, the distribution with
the largest KS p-value will be more appropriate to fit the given sample.

We shall also determine the appropriate model from among all models com-
pared for the real data set by considering three discrimination criteria, based on
the log-likelihood function evaluated at the maximum likelihood estimates, the
Akaike information criterion (AIC) due to [26] and the Bayesian information
criterion (BIC) due to [27], respectively. To compute the AIC and BIC, the fol-

lowing formulae are used
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Table 1. Parameter estimates, standard errors, log-likelihood values and goodness-of-fit

measures.
Model Parameter Estimates  S.E -LL AIC BIC KS p-value
a=0.0214 0.0237
HD 89.4837 182.9673 187.3466 4.5059 0.0000
6=2.4995 0.1185
a=0.4189 0.6854
PHD p=1.3588 0.1678 86.3233 178.6467 185.2157 0.0684 0.9172
6=1.6560 0.3409
0=2.2611 0.2157
WWD £ =0.0004 0.8067 87.4061 180.8121 187.3811 0.7612 0.0000
c=0.1759 0.0850
a=0.9363 0.1153
TPWD 132.8473 269.6945 274.0738 0.3373 0.0000
6=2.7593 0.3510
PD a=1.0562 0.1300 124.8820 251.7640 253.9536 1.7185 0.0000
ED 6=2.7595 0.3397 132.9944 267.9887 270.1784 0.3581 0.0000
AIC = -2 + 2k (73)
BIC = -2l +klog(n) (74)

where /denotes the log-likelihood function evaluated at the maximum likelihood
estimates, k& is the number of parameters in the statistical model and 7 is the
sample size of the fitted data respectively. All the computations for (72)-(74)
were performed using R software. Generally, for the given data-sets, we consider
a distribution to be best among all competing distributions if it has smallest AIC
value, the smallest BIC value, the smallest log-likelihood value and the largest
p-value.

As shown in Table 1, the PH distribution has the largest KS p-value and
smallest AIC, BIC and log-likelihood values as compared to other fitted distribu-
tions. Hence, the PH distribution is better than the other distributions in Table

1 for fitting the data under consideration.

7. Conclusion

This study introduced a new distribution, called the power Hamza distribution
using power transformation method. The contribution of this paper has to do
with addition of skewness to the Hamza distribution, which depends only on
one parameter. The density function of the power Hamza distribution can take
various forms depending on its shape parameter. The hazard rate function of the
power Hamza distribution exhibits heavy-tailed shape, upside-down bathtub
shape and J-shape, which implies that the distribution can be used for analyzing
lifetime and survival time datasets. A detailed discussion of the properties of the
proposed distribution has been given. Estimates of the three unknown parame-

ters of the PH distribution are obtained using the maximum likelihood estima-
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tion method. The PH distribution was fitted to a real dataset and compared to
five distributions and the results showed that the proposed distribution outper-
formed all of them in modelling the data under consideration.
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