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Abstract

To prove the existence of the family of exponential attractors, we first define a
family of compact, invariant absorbing sets B, . Then we prove that the solu-
tion semigroup has Lipschitz property and discrete squeezing property. Fi-
nally, we obtain a family of exponential attractors and its estimation of di-
mension by combining them with previous theories. Next, we obtain Kir-
chhoff-type random equation by adding product white noise to the right-hand
side of the equation. To study the existence of random attractors, firstly we
transform the equation by using Ornstein-Uhlenbeck process. Then we ob-
tain a family of bounded random absorbing sets via estimating the solution of
the random differential equation. Finally, we prove the asymptotic compact-
ness of semigroup of the stochastic dynamic system; thereby we obtain a fam-
ily of random attractors.

Keywords

Family of Exponential Attractors, Lipschitz Continuous, Squeezing Property,
Stochastic Dynamic System, Family Random Attractors

1. Introduction

In 1991, Eden A. et al [1] proposed the concept of inertial fractal set and how
inertial fractal set is constructed. Meanwhile, they provided some applications
for people to study how to prove the existence of exponential attractors. The au-
thors’ relevant research results can be referred to [2] [3] [4] [5].

With the advent of Kirchhoff [6] equation and the existence of its solution,
scholars began to study the existence of exponential attractors of Kirchhoff equ-

ation. Recently, Jia Lan, Ma Qiaozhen [7] studied the Kirchhoff-type suspension
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bridge equations:

un+A2u+aut+(p—ﬁ|Vmu

2)Au +k2u" + f (u)=g(x).(xt)e QxR",
Au(xt)=u(xt)=0,xe€dQ,t>0.

They proved the asymptotic compactness of the semigroup and showed the ex-

istence of exponential attractors by a new method of enhanced flattening prop-

erty under a weaker condition of nonlinearity.

Lin Guoguang, Wang Wei [8] discussed a class of higher-order Kirchhoff-type

equation with nonlinear damped term:

U, +(-A)"u +¢(||V2u||2 )(—A)m u+h(u )= f(x),

J
u(xt)= o%_o j=12,-,m-1 xedaQt>0.

They obtained the exponential attractors via proving the Lipschitz continuity
and discrete squeezing property of dynamical system.
In paper [9], we studied Kirchhoff equation:

P 2m 2m
of )" pa)" bl = £ (3,
j
U(X’t):a -=0, j=12,--,2m-1, xe0dQ, (1.1)
avl

( ) () ( ) (X), XxeoQ, t>0,

where m>1, p>2, QcR"(n>1) is a bounded region with a smooth boun-
dary 0Q, Q=Qx[0,:0) stands for the cylinder in R xR, the rigid term
M (s)eC"'[0,%0) is a general function, ﬁ’(—A)Zm U (B>0) is the strong dis-

sipative term,

utt+M(Vrn

u|p u is the nonlinear term and p>-1, f(x) denotes the ex-
ternal force. We have proved the existence and uniqueness of solution, a family
of global attractors and its dimension estimation. In this paper, we will discuss
the family of the exponential attractors and its dimension estimation. Meanwhile,
we will discuss the family of random attractors of stochastic Kirchhoff equation

with product white noise:

U, +M(||V’”u|| ) U+ p(-A)" U, +[ul” u=q(x)

) =280, jo1202m-1 xeoQ, (1.2)
Yl

u(x,0)=uy(x),u (x,0)=u,(x), xedQ, t>0,

where W (t) is independent of time denotes a two-side process in probability
space (Q,F,P), Q= {a) eC(R,R):w(0)= O} , F denotes a Borel o -algebra
generated by compact-open topology on €2, Pdenotes a probability measure.
Random attractor plays an important role in stochastic dynamic systems be-
cause of its property. Lu D. proposed the concept of stochastic process and its
application in the literature [10]. Then Guo Boling, Pu Xueke introduced the

knowledge of random infinite dimensional dynamical system in the literature
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[11]. Lin G.G., Qin C.L. [12] discussed the existence of the random attractors of
weekly damped Kirchhoff equation:

du, +adu +[—(l+(_[D|Vu|2 dx)iju +9 (u)}dt = f(x)dt+q(x)dW (t),t e[z, +0),
u(x,t)|xeaD =0,t>r,

Following, Lin, G.G., et al [13] proved the exponential attractor of Kir-

chhoff-type equations with strongly damped terms and source terms:
dut+[(—A)mut+¢(| 2)(—A)mu+g(u)}dt:f(x)dt+q(x)dW(t).

More relevant results can be referred to [14] [15] [16] [17].

v™u

2. Preliminaries
Combine paper [9] with some new definitions and assumptions, we have:
H=L1"(Q), HF (Q)=H"(Q)NH(Q), B =H""(Q)xHg(2),

where k=1,2,---,2m, U :(u,v)T , V=U+eu, C >0(i=012,-) are con-
stants. 1; denotes the jth eigenvalue of —A with the homogeneous Dirichlet

boundary on €. Define the inner of E, as following:
((5’77)'(5_'77)) _ (V2m+k§,vzm+k§_)+(Vk7’],vk77).

M(s),p and psatisfy the following conditions:
(A1) For Vs>0, we have £+1< 1, <M(s)< sy, where uq, 1, are con-

stants, and
di, mp
[ Sl =0
' o i"A”‘u”ZgO’
dt
8m
1<p< , h>4m
(A2) P am ;
p=-1 n<4m
2n
2<p< , h>2m
(A3) P n—2m ;
p=2, n<2m
2m 2m
(A9) O<e<min] 1sPh g 20 2047 [og 5 1 (1442}
4 B A" +1 A"

3. Exponential Attractors

Definition 3.1. Compact set M, is called a family of exponential attractors
of ({S (t)}tzo By ), if a family of compact attractors A < M, c E, satisfies:

1) S(t)M, =M, ,Vvt>0;

2) M, has finite fractal dimension d,, ;

3) There exist constants a,,a, >0 such that
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vt >0,dist(S(t)E, M, )<ae™.

Definition 3.2. [1] Solution semigroup S(t) is Lipschitz continuity, if there
is a bounded function 1(t), such that
[s(u-s()v], <I®)u-V], .UV <E,.
Definition 3.3. [1] Assume that solution semigroup S(t):E, — E, isa map
satisfies Lipschitz continuity, then we say S, =S(t,) is squeezing in E,, if

Vé‘e(o,%} 3t, >0, N=N(J), thereis

||QN (SU-sV )||Ek 2||PN (SU-SV )||Ek YUV €E,,

or

SU-SV

<6Ju-v|, VUV eE,

,

where P, isan orthogonal projectionin E,,Q, =1-P,.
Theorem 3.1. [15] Assuming that
1) S(t) possessesa family of (E,,E,)-compact attractors A;
2) S(t) existsa family of positive, invariant compact sets in E, ;
3) S(t) isLipschitz continuous and squeezing on E, ;
then S(t) existsa family of (E,,E,)-type exponential attractors M, and

My = Uy, SOM., M. =AU(U7, UL S () (E"))

moreover, the fractal dimension of M, satisfies d,, <cN;+1, where N, is
the least of N'which makes squeezing found.

Theorem 3.2. [9] Suppose that (A1)-(A4) are valid. Let (uy,u,) € E,,
k=12,---,2m, f (X) Sk (Q) , then the initial boundary value problem (1.1)
has a global solution (u,v) that satisfies ueL” (0,+oo; Hom (Q)) ,
vel” (O,+oo; HE (Q))ﬂ L? (O,T; H2m* (Q)) , and there exists a nonnegative real
number R, and T =t(Q)>0 so that

=7 o <. T,

According to paper [9], the solution semigroup S(t) of the initial boundary
value problem (1.1) exists a family of (E,,E,)-compact attractors A, and we
can define a family of positive, invariant compact sets B, = U octer O (t) By »
where By, ={U E, :|u], <RZ|.

Next, we prove the problem (1.1) exists a family of exponential attractors.

Let Equation (1.1) transform into a first-order evolution equation:

U +F(U)+R(U)=0U €E,, (3.1)

where

FU)= (gu v, e8(-A)"u+ B(-A)" v+t —gv)T ,

v™u

RU)=(om( E)(—A)Zmu+|u|pu—f(x))T.
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Lemma 3.1. (Lipschitz property) VUV, € B, , there is
[ ())Uo =S (o], <& oVl

where @, = max< &? 2+C12+C22/11m Er.
h 2 { ﬂ A’lZerk ! }
Proof. Let U (t)=U (t)- ( )=( (t).v(
U (0)=S(1Us = (6, (0) (1) + V()=5(
U(t)=u,(t)—u,(t), then we have
U +F(U)+R(U)-R(V)=0, (3.2)

)) where

t
o= (1, (1) % (1))

Taking the inner product of Equation (3.2) with Win E, , and we get that

2dt||U "Ek +(F(U), J)Ek +(R(U)=R(V).W)_ =0, (3.3)

k

By using Young’s inequality, Holder’s inequality, Poincare’s inequality and dif-

|2
— B (V2T VI )+ (VT VY ||v v|| (3.4)
_2p2
z(g «Zﬂ j”VZerk | (ﬂ_z_g_zjnvz,mk_
(RW)-RW).0),
:‘(V" (|u1|p Uy —[u,|” uz),Vkv)
(o (o} Jvemu-m
S ) Rt
Substitute (3.4) and (3.5) into (3.3), we have
2
v +[2ﬁ—2—1+7#1—ﬂfm kjnvmk_

CZ+C2p" e
[82ﬂ2+ 1112m+2k21 J"VZm kg

ferential mean value theorem, we obtain

(F(J)’J)E =8||V2m+kﬁ 2 _(V2m+kU’V2m+kv +ﬂ||V2m+kv
k

)
[e|vl

(3.5)

v'u,

p _
| )V2m+ku2 , V2m+kv)
p

|2

|2

IA

2 K—lI2
[ +e|vi| .

CZ+C2A"
/112m+k

2
Let o = 2ﬁ—2—1+7“1—ﬁ, a, = max{gzﬂz +

,5} , then we

have

ST +asoem o] s O, 69

By using Gronwall’s inequality, we get

2

(o) . (3.7)

Ey

IO, e
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a
2

Meanwhile, we obtain Lipg, (S (t)) <e

Lemma 3.1 is proved.

Lemma 3.2. (discrete squeezing) VUV, €B,, if
|Qy (.U, -5, )||Ek > [Py (S.U, SV, )||Ek :

then we have

S =SVl < %"u0 ~Vol, -
Proof. Applying Q, to Equation (3.2), we get
QWU (1)+QuF(U)+Q (R(U)-R(V))=0. (3.8)
Taking the inner product of Equation (3.8) with QU in E,, we obtain
1d

EEHQNLI"; +QuF(0).QU), +(Qu(R(U)-R(V)).QU)_ =0, (39)

Similar to the process of Lemma 3.1, we have

ol el salodl, 6o

; C2+C2AM
where a3:2ﬂ_2_1+_ﬂ1_7§14ﬂ a4=max{gzﬁ2+ 1 2N o

2m+k
& N+1 AN

By using Gronwall’s inequality, we get

RO, e

— 2

QU (0)]

E

Suppose |Qy (S.U, —S.V, )||Ek >Ry (8.U, =SV, )||Ek , then we have

S.U, SN[l <[P (5.5 =S +Qu (505 SN )|

QU (0)

2

< 2||QN (S*UO -SV, )"2Ek < Dt

Ey

<2e" U, -V, ||§k .

7In2

a,

, we have

Therefore, when t, <—

5.Us =Sy, =3[ -Vel, -
Lemma 3.2 is proved.

In fact, Theorem 3.1 has provided the theoretical basis to prove the existence
of random attractors. Because of the value of k (k = 1,~-,2m), furthermore, we
can obtain the existence theorem of the family of exponential attractors via
Lemma 3.1 and Lemma 3.2 as following:

Theorem 3.3. Assume (Al)-(A4) are valid, f e H,then VU eE,, the solu-

tion semigroup S(t) of the initial boundary value problem (1.1) exists a family
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of (Ey,E,)-type exponential attractors M, , and

My =Uber, SO(A V(UL ULS () (EV)

dy, SCN0+1,k:1,2,-~-,2m-

4. Random Attractors

Define the time-translation operator on Q: f.w(t)=w(t+s)-w(s), then
(2.7P.{0)

to paper [8], we have some definitions and theorems as following:

) constitutes an ergodic, metric dynamical system. According

Definition 4.1. (Q, F,PA6} . ) is a metric dynamical system,
(B ( R* )x FxB(E,),B(E, )) is measurable. ¢ is called a continuous stochas-
tic dynamical system, if map ¢:R"xQxE, — E, satisfies

1) ¢(O,a))X: X,XeE,,0eQ;

2) p(t+s,0)=¢(t,0,0)¢(s,»),Vt,seR,xeE,0eQ;

3) (t,o,x) > ¢(t,m,x) is continuous.

Definition 4.2. [8] B, — E, is called a family of tempered random sets, if

iminf e~ _
‘!‘lﬂlnf e”°d(B, (0,0))=0,0eQ,
where f>0, d(B,) =SUpP,g, ||X||Ek .

Definition 4.3. [8] D(®) is the set of all the random sets on E, . Random
set B, () is called a family of absorption sets on D(w), if VB, (®)e D(w),
3T >0, such that

#(t,0,0)B (0. ,@)< By (), P-aeweQ.

Definition 4.4. [8] Random set A4, (@) is called a family of random attrac-
tors of continuous random dynamic system {S(t,S;a))}tZS on E,if A (o)
satisfies:

1) A (@) isafamily of random compact sets;

2) A () isafamily of invariant sets, which means
Vt>0,S(t,w) A (0)=A (6w);

(

3) A (o) attractsall setson D(w),which means VB, (w)e D(w), there is

limd (S(t,6,0)B, (0_0),4 (v))=0,

t—>o

where d(A,B)=sup,_,in
Theorem 4.1. Assume the family of random sets B, (w)e D(w) is a family

f,.|[x—y| denotes the Hausdorff half-distance.
of random absorbing sets of the stochastic dynamic system {S (t, S, a))}tZS ,and it
satisfies:
1) random set B, () isclosed seton E,;
2) VP-aeweQ, B, (w) isasymptotically compact. Namely, when
t, — 4o, there exists a convergent subsequencein E, for VX, €S (tn 0. a)) .
Then there exists a unique family of global attractors A, (@) of the stochas-
tic dynamic system {S(t, a))}120 ,and

A (o) = ﬂm(w)Um 5(t.0.@)B, (0.).
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Rewrite Equation (1.2) into a stochastic differential equation:

m. [P _ 2m 2m P _
dul+(M(Vup)( A)Y"u+B(=A)"u, +|u] u)dt q(x)dw (t), @
u(x,0)=uy(x),u (x,0)=u,(x), xeoQ, t>0,

Equation (4.1) can be reduced to
{d(p+ Lodt = F (G0,0),
T (4.2)
@ (@) =(uy, Uy +uy)

where (pz(u,v)T, v=u,+éu, F(Qa),go)=(0,—|u|pudt+q(x)dW(t))T,

L—{((M( : z)iﬂ)ywjl (ﬂA””I-g)']l

Let 6=6(6w)= —J.io e'gw(s)ds, where §(6) denotes Ornstein-Uhlen-
beck process and is the solution of Ito equation:

do +odt =dw.

Let z=v- q( furthermore, rewrite Equation (4.1)
v, +Ly =F(Qoy),
= (Up, U, + U, —q(x) S (G0))'

where ¢=(u,z), ,p) (Ha)—|u| u+(s+1 ﬂAzm) (x)é‘(&ta)))T.
Lemma 4.1. ‘v’X (X1 )TEEk there is

(4.3)

(L), = e, + 22|y

Pete gt pAt" - et
28 2B 2

where o, = min{

_5}, a, = B— P’ + fe .
Proof.
(LX, X)Ek _ (V2m+k (gxl _ XZ)’V2m+kX1)+(M (|

_ﬂg(VZm-r-kX1 V2m+kx )+€2 (ka vkxz +ﬁ||V2m+kX2||2 _g”Vsz"Z

D"u

p )V2m+kX1’V2m+k Xz )
p

2 efvm s (o) [Tt - o - v |
N Y R T

g ol (B

N (ﬂ - pe’ + ﬁ5j||V2m+kX2 "2 _
2

Bet+e gt pAT" - ps?
28 24 2

Let aszmin{ —g}, o, = B— B’ + Pe, we ob-

tain
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(Lx, x)Ek > a ||x||2Ek +%||V2m*kx2||2.

Lemma 4.2. Assume ¢ is the solution of problem (4.3), then there exists a
bounded random compact set L5>0k( ) e D(E,), such that for arbitrarily ran-

dom set B, (w)e D(E,), there is a random variable T, >0, we have

o(t,6,0)B, (6, @) c By (@), Vt >T,,0 € Q.

Proof. Suppose y is the solution of problem (4.3). Taking the inner product
of Equation (4.3) with y in E, , we obtain

Sl (), = (Fgow)v), (4.4)

According to Lemma 4.1, we get

2
| . (4.5)

(L), 2 v, + ]
(lf(aw,y/),y/)Ek =(V2m+kq(x)5,vzm*ku)—(v" (|u|’°u),V"z)
—/J’(Vzm”‘q(x)& sz)+(g+l)(V"q(x)5,sz)

& 1+ e
<2 + S 2

1 B &+l
- —+=+
26 2 2212'"
Substitute (4.5)-(4.6) into (4.4), we have

1+
S +(oa o), + [ ﬁ——ﬂﬂ]

22"
<2C, +(—+/3+ ‘Z_lj |V2m+k X)”2 |5(6?1a))|2 :

(4.6)

| +C,

v ta(f o (o)

2m+k

r

z

Let C,=2a;—-¢, C;=2C;, C; = i:l X)"2 , then we obtain
d
Y N N )

By using Gronwall’s inequality, we get

(o), <o

wo (@)L + e (c5 +C, |5(¢9ta))|2)dr. (4.8)

Because &(6,w) istempered, §(6,w) is continuous about # According to paper
[11], we can obtain a temper random variable r,:Q — R",sothat Vte R,weQ,

we have
5(60)f <r(g0)<et k(o) (4.9)

Substitute 8 ,® for @ ininequality (4.8), andlet 7 =r -1, then we have
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ool <e (@@l +[ e (CrCols(0.0) Jde
c (4.10)

C
<eg 4 "l//o (tha))"ik + C—: + C_46 (o).

Because y, (0 ,w)eB, (6. ,w) istempered and |5 (H_ta))| is tempered,
C., 2C

RZ 75 6
’ (w) CG " C4

(@) isalso tempered. Then

|§0k = {1// e E, :"l,//"Ek <R, (a))} is a random attractor set. Because of

S~(t'a—ta))‘//o (H_ta))

= 0(1,0.0)(vo (0.0))+(0.0(x)5(6.@)" )-(0.0(x)5(0.0)) .
By, = {(p eE, :||go||Ek <R, (a))+||qu(x)5(97ta))" =R, (a))} is a random attrac-
tor set of ¢(t,w).

Lemma 4.3. When k=12--,2m, VB, (w)eD(E,), assume ¢(t) is the

solution of problem (4.2), and we decompose ¢ = ¢, + ¢, , where

do, + Ledt =0,
; (4.11)
Por (@) = (U, Uy + Uy ),
{dgoz +Lep,dt=F (@m,(p), (4.12)
Doz ((0) =0,

then ¢, (L6, ) —0(t—>x), Vg, (0,0)eB, (0,0).

Also, there exists a temper random radius R, (@), such that Vo eQ, R (o)
satisfies "(p2 (t,@)_ta))"E <R (o).

Proof. Suppose v =y, +y, is the solution of Equation (4.4), then we can
know from Equation (4.11) and Equation (4.12) that v,y satisfy

yy+ Ly, =0, (4.13)
T .
V/01=(uo'u1+5uo_q(x)5(‘9ta’)) '
{WZt"'LWz:E(‘//z’Hta’)! (4.14)
Ve (@) =0,
Taking the inner product of Equation (4.13) with y, in E, , we obtain
1d 2
EE"%"@ +(Lyy,p,)=0. (4.15)
By using Gronwall’s inequality and Lemma 4.1, we have
2 o 2
"‘/’1 (t, a))"Ek < g2t ||‘//01 (a))"Ek . (4.16)

Substitute 6, for @ in inequality (4.16), and &(6,w)e B, is tempered,
thus

to o), <o

. (a))”ZEk —0(t > ),V (0.,0)eB, (6 ,0)

Taking the inner product of Equation (4.14) with y, in E,, with Lemma 4.1
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and Lemma 4.2 we have

2

d
el +Calalf, <c +C,|5(80) . (4.17)

Eom

Substitute 6,® for @ in inequality (4.17), and by using Gronwall’s inequali-

ty, we obtain

(to.0)f, <o

Voo (10,07, + [0 (¢, +Cils(00)f Jar

4.18)
C, 2C (
<1 Zer (o),
C G
. , ) C, 2C
Thus, there exists a temper random radius R/ (@) =—="+ r,(®), such that
c, C °

VoeQ, |p, (L0, o) <R (o).

Lemma 4.4. The stochastic dynamic system {S(t,®),t >0} determined by
problem (4.3) has a family of compact absorbing sets D, (), while t=0,
P-aeweQ.

Proof. Suppose D, (@) be a closed ball with radius R?(®) in E,. Ac-
cording to Rellich-Kondrachov Compact Embedding Theorem, E, — E;. Then
D, () isthe compact setin E, . For any tempered random set
VB, (®),9(t,0.,) € B, according to Lemma 4.3, we have ¢, =¢p—¢, €D, (®),
then forall t>T, >0, when t— 00, via Lemma 4.2 we have

o(t,0,0)-v (t)”ZEk
o (Lo.o);,

<e? "%1 (t, Hfta))"ik -0

de, (S(t.0.0)B, (6,0),D, (0))= inf

v(t)eDy (@)

<

Lemma 4.4 is proved.

According to the lemma mentioned above, we verified two conditions in
Theorem 4.1. Similarly, we can obtain the theorem as following:

Theorem 4.2. The stochastic dynamic system {S(t,®),t>0} has a family of
random attractors A, (@)< D, ()< E,weQ, and there exists a slowly in-

creasing family of random sets D, (@), such that

A (o) = ﬂm(w)Um S(t,0_»)D, (0 0),P-acweQ.

and

S(t,w) A (w)=A (6w),k=12-2m.
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