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Abstract

In this paper, we firstly introduce some new results on overlap functions and
n-dimensional overlap functions. On the other hand, in a previous study,
Goémez et al. presented some open problems. One of these open problems is
“to search the construction of n-dimensional overlapping functions based on
bi-dimensional overlapping functions”. To answer this open problem, in this
paper, we mainly introduce one construction method of n-dimensional over-
lap functions based on bivariate overlap functions. We mainly use the con-
junction operator A to construct n-dimensional overlap functions ;" based

on bivariate overlap functions and study their basic properties.
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1. Introduction

The concepts of overlap functions and grouping functions were firstly intro-
duced by Bustince et al in [1] [2] and [3], respectively. Overlap functions and
grouping functions are two particular cases of bivariate continuous aggregation
functions [4] [5]. Those two concepts have been applied to some interesting
problems, for example, image processing [1] [6], classification [7] [8] and deci-
sion making [3] [9]. In recent years, some extended forms of overlap functions
and grouping functions were presented, for example, n-Dimensional overlap
functions and grouping functions [10], general overlap functions [11]. Overlap
functions and grouping functions can be constructed by using additive generator

pairs [12] or multiplicative generator pairs [13]. Xie [14] proposed the concepts
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of multiplicative generator pairs of n-dimensional overlap functions and pre-
sented the condition under which the multiplicative generator pairs can generate
an n-dimensional overlap function. In [10], some open problems were presented.
One of the open problems is “to search the construction of n-dimensional over-
lapping functions based on bi-dimensional overlapping functions”. So far, this
open problem has not been solved. In this paper, we try to solve this open prob-
lem. One characteristic of the conjunction operator A satisfies associativity and
commutativity. We construct n-dimensional overlap functions O by means
of A, and study their basic properties.

The rest of this paper is organized as follows. In Section 2, we review some
concepts and results about overlap functions and n-dimensional overlap func-
tions, which will be used throughout this paper. In Section 3, we mainly intro-
duce some new results on overlap functions and n-dimensional overlap func-
tions. In Section 4, one construction method of n-dimensional overlap functions
based on bivariate overlap functions is discussed. We provide some conclusions

in Section 5.

2. Preliminaries

In this section, we recall some concepts and properties of bivariate overlap func-
tions and n-dimensional overlap functions which shall be needed in the sequel.

Definition 2.1 (See Bustince et al. [1]). A bivariate function O: [0,1]2 —[0,1]
is said to be an overlap function if it satisfies the following conditions:

(O1) O is commutative;

(02) O(x,y)=0 iff xy=0;

(03) O(x,y)=1 iff xy=1;

(O4) O isincreasing;

(O5) O is continuous.

Example 2.1 (See Qiao and Hu [15]). For any p >0, consider the bivariate
function O, :[0,1]2 —[0,1] given by

O, (% y)=x7y"

for all x,ye[0,1]. Then it is an overlap function and we call it p-product
overlap function, here. It is obvious that 1-product overlap function is the prod-
uct t-norm. Moreover, for any p =1, the p-product overlap function is neither
associative nor has 1 as neutral element. Therefore, it is not a t-norm.

Definition 2.2. (See Dimuro and Bedregal [16]) An overlap function
0:[0,1]° »[0,1] satisfies the Property 1-section deflation if

(06) Vvxe[0,1],0(x,1) < x, and the Property 1-section inflation if

(07) vxe[0,1],0(x,1)=x.

An overlap function 0:[0,1]° —[0,1] satisfies the Property diagonal infla-
tion [17] if

(08) O(x,x)=x forall xe[0,1].

Denote by O the set of all overlap functions. Then (0,<;) with the ordering
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<y defined for O,,0,e0 by O, <, 0, if and only if O (X,y)<0,(xy)
forall x,ye[0,1],is a lattice [16].

Lemma 2.1 (See Wang and Liu [18]). Let O:[O,l]2 —[0,1] be an overlap
function, and ¢:[0,1]—[0,1] be a strictly increasing automorphism. Then
0, :[O,l]2 - [0,1] is an overlap function given by

0, (xy)=¢"(0(e(x).0(y))).

forall x,ye[0,1].

Definition 2.3 (See Bustince et al [2]). Let G :[O,l]2 —[0,1] be a mapping
and ke]0,00[. G is homogeneous of order k if for any « e[0,00[ and for
any X,ye[0,1] such that a*x,a'y e [0,1] the identity

G(ax,ay)=a"G(x,y)

holds.

An n-ary aggregation function A:[0,1]" —[0,1] is said to be idempotent if
A(X,---,x)=x forany xe[0,1].

Definition 2.4 (See Dimuro and Bedregal [19]). An overlap function
O:[O,l]2 —[0,1] is said to be Archimedean if, for each (x,y)e ]0,1[2, there
exists neN—{0} such that X <y, where X is X% =x and
X = o(x, xg‘)) .

Lemma 2.2 (See Dimuro and Bedregal [19]). Let O: [0,1]2 —[0,1] be an Arc-
himedean overlap function. Then, for all x € ]0,1], it holds that O(x,x) < X.

Definition 2.5 (See Gémez et al. [10]). An n-dimensional aggregation func-
tion O: [0,1]n - [0,1] is an n-dimensional overlap function if and only if:

Ol. O issymmetric.

02. O(x,,%,)=0 ifandonlyif []' ,x =0.

03. O(x,--,%,)=1 ifand onlyif x =1 forall ie{1,---,n}.

O4. O isincreasing.

O5. O is continuous.

Let us denote by SO" the set of all n-dimensional overlap functions. The set
SO" is alattice with the ordering <_ . defined for 0,0, € SO" as
O <. O, ifandonlyif O (x)<0,(x) forall xe [0,1]" [10].

Lemma 2.3 (See Gémez et al. [10]). Let ¢:[0,1] —[0,1] be an automorphism.
Then, for every overlap function O, @oO and O(@(X),@(y)) are also over-
lap functions.

In this paper, the overlap function O(go(x) , g)(y)) will be denoted by
0?(x,y), ie, O (xy)=0(p(x).0(y)).

Definition 2.6 (See Gémez et al [10]). Let G :[O,l]n —[0,1] be a mapping
and let k>0 be a positive value. Then, the function G is homogeneous of or-
der k ifand onlyif for any o e[0,1] and forany xe[0,1] (with ‘X €[0,1]
forall ie{l,---,n}) the identity

G(ax, - ax,)=a"G(x,,X,)
holds.
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3. Some New Results on Overlap Functions and
n-Dimensional Overlap Functions

In this section, we mainly present some new results on overlap functions and
n-dimensional overlap functions. These new results mainly reflect three proper-
ties: 1-section deflation, 1-section inflation and diagonal inflation on overlap
functions and n-dimensional overlap functions.

Proposition 3.1. Let O,,0, :[0,1]Z —[0,1] be two overlap functions and
0,5, 0,.If O, satisfies the Property 1-section deflation, then O, also satis-
fies the Property 1-section deflation.

Proof. Since O, <, O,, if O, satisfies the Property 1-section deflation, then
for any xe[0,1], one has that O,(1,x)<0O,(1,x)<x. Hence O, satisfies the
Property 1-section deflation. (]

Proposition 3.2. Let O,,0, :[0,1]z —[0,1] be two overlap functions and
0,5, 0,.If O satisfies the Property 1-section inflation (or diagonal inflation),
then O, also satisfies the Property 1-section inflation (or diagonal inflation).

Proof. It can be proven in a similar way as that of Proposition 3.1. O

Proposition 3.3. Let O:[O,l]2 —[0,1] be an overlap function. If O satis-
fies the Property 1-section deflation (1-section inflation or diagonal inflation),
then O, also satisfies the Property 1-section deflation (1-section inflation or
diagonal inflation).

Proof. We only verify that the Property 1-section deflation. The other two
properties can be verified in a similar way.

If O satisfies the Property 1-section deflation, then for any x e[0,1],
0. (11)= ¢ (0(p(x).0(8)) =9 (0(0(x).)) < ™ (o(x)) <.

Hence O, satisfies the Property 1-section deflation. (]
Now, we extend three properties 1-section deflation, 1-section inflation and
diagonal inflation to the n-dimensional case (n>2).
Definition 3.1. An n-dimensional overlap function O, :[0,1]n - [O,l] satis-
fies the Property 1-section deflation if
(06) vxe[0,1],0,(x1,---,1) < x, and the Property 1-section inflation if
(O7) Vxe [0,1] .0, (x,1,---,1) > x, and the Property diagonal inflation if
(08) vxe[0,1],0,(X,X,--+,X) = X.
One can extend O, in Lemma 2.1 to the n-dimensional case O, .
Proposition 3.4 Let O': [0,1]n —[0,1] be an n-dimensional overlap function,
and ¢:[0,1]—[0,1] be a strictly increasing automorphism. Then

0,:[0,1] >[0,1] isan n-dimensional overlap function given by
0, (%% %) =9 (0(0(%).0 (%), 0(x,)))

forall x [0,1](i=1,2,---,n).
With similar Propositions 3.1 - 3.3, we easy to get the following Propositions.
Proposition 3.5. Let 0,0': [0,1]n —[0,1] be two n-dimensional overlap func-

tionsand O<_, O'.If O satisfies the Property 1-section deflation, then O

DOI: 10.4236/jamp.2021.911177

2760 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.911177

H. Xie

also satisfies the Property 1-section deflation.

Proposition 3.6. Let C’),O’:[O,l]n —[0,1] be two n-dimensional overlap
functions and OSSOn O'. If O satisfies the Property 1-section inflation (or
diagonal inflation), then O’ also satisfies the Property 1-section inflation (or
diagonal inflation).

Proposition 3.7. Let (9:[0,1]n —[0,1] be an n-dimensional overlap func-
tion. If O satisfies the Property 1-section deflation (1-section inflation or di-
agonal inflation), then (O, also satisfies the Property 1-section deflation

(1-section inflation or diagonal inflation).

4. Constructing n-Dimensional Overlap Functions Based on
Bivariate Overlap Functions

In this section, we mainly introduce the construction method of n-dimensional
overlap functions based on bivariate overlap functions.

Proposition 4.1. Let O: [O,l]2 —[0,1] be a bivariate overlap function. Then
the function O :[0,1]n - [0,1] defined as

n

OnA(Xlaxzf"!Xn): A O(Xi,Xj)

Iii:Jl
is an n-dimensional overlap function.
Proof. O1.Itisobviously that O, issymmetric, because O issymmetric.
02.
n

O (X %%, ) =0 A O(x,%,)=0

1777

03.
O (X, %, ,xn)=1<:>_/_n\10(xi,xj)=1
i j=
i<i
©0(x,x;)=1 forall i,je{l-n}, i<]
&% =1 forall ie{l,,n}.
O4 and O5 obviously hold. (]

Example 4.1. By use of O, in Example 2.1, we can construct an 3-dimensional
overlap function O (X, %,,X;) as follows
3
O} (%, %. %)= A O, (xi,xj )= XPxE AXPXE A XEXS.

i,j=1
i<j

Proposition 4.2. Let x e[0,1] be the idempotent element of bivariate over-
lap function O.Then x is also the idempotent element of O, .
Proof. Let x&[0,1] be the idempotent element of O, then

(’)rf(x,x,---,x):_/_n\ O(x,x):_/_n\ X=X.
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Hence x is the idempotent element of O;. ]
Proposition 4.3. Let O: [O,l]2 —[0,1] be an Archimedean overlap function.
Then, forall x €]0,1[, it holds that O, (X, X,++,X) < X.
Proof. Let O: [0,1]2 —[0,1] be an Archimedean overlap function, by Lem-
ma 2.2, forall xe]0,1[, we have
OnA(x,x,--~,x)=AO(x,x)<;\x=x. O

ij=1 ij=1
i<j i<j

Proposition 4.4. Let O:[O,l]2 —>[O,l] be a bivariate overlap function and
Q: [0,1] - [0,1] be an automorphism. Then
(Orf)w(xl,xz,--nxn):»/\ O”(xi,xj). (1)

i,j=1
i<j

Proof.

=5

() (X %) = 07 (9(%), 0 (%), 0(x,)

O(p(x).0()) =

_ Il
»—\>3

A
— I

Il
>3

it

Og”(x X )
ij

Il
iN

Proposition 4.5. Let O:[O,l]2 —[0,1] be a bivariate overlap function and
O is homogeneous of order k. Then (. isalso homogeneous of order K.
Proof. Forany « €[0,1] and forany xe[0,1]
O (ax,aXy, -, ax,)= O(axi,axj)

i,j=1
i<j

= /n\ akO(xi,xj)

s O
KA
= iélO(Xi,Xj)

i<j

=a O} (%, %, Xy )-

Proposition 4.6. Let O: [0,1]2 —[0,1] be a bivariate overlap function. If O
satisfies the Property 1-section deflation, then (O also satisfies the Property
1-section deflation.

Proof. If O satisfies the Property 1-section deflation, then for any x €[0,1],
we have that
o (X,l,---,l) = O(X,l)/\---/\O(X,l)/\O(l,l)/\~--/\O(l,l)

n-1 c2-(n-1)

SXAAXALIA--AL
—_—
n-1 c2-(n-1)
=xnal
=X
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Therefor, O, satisfies the Property 1-section deflation. g
Similar to Proposition 4.6, we can get the following proposition.
Proposition 4.7. Let O: [0,1]2 —[0,1] be a bivariate overlap function. If O
satisfies the Property 1-section inflation (or diagonal inflation), then O also

satisfies the Property 1-section inflation (or diagonal inflation).

5. Conclusion

In this paper, we first introduce some new results on 1-section deflation,
1-section inflation and diagonal inflation. Next, three properties 1-section defla-
tion, 1-section inflation and diagonal inflation are extended to the n-dimensional
case (n=2), and the corresponding results are presented. Finally, we focus on
one construction method of n-dimensional overlap functions ;" based on bi-
variate overlap functions and discuss their main properties, and well solve the
open problem “to search the construction of n-dimensional overlapping func-
tions based on bi-dimensional overlapping functions” in [10]. Because of the
duality of n-dimensional overlap and grouping functions, one can also construct
n-dimensional grouping functions based on bivariate grouping functions in a

similar way.
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