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Abstract

The aim of this investigation is to determine the effect of fluid leak-off (suction)
and fluid injection (blowing) at the horizontal base on the two-dimensional
spreading under the gravity of a thin film of viscous incompressible fluid by
studying the evolution of the streamlines in the thin film. It is assumed that
the normal component of the fluid velocity at the base is proportional to the
spatial gradient of the height of the film. Lie symmetry methods for partial
differential equations are applied. The invariant solution for the surface pro-
file is derived. It is found that the thin fluid film approximation is satisfied for
weak to moderate leak-off and for the whole range of fluid injection. The
streamlines are derived and plotted by solving a cubic equation numerically.
For fluid injection, there is a dividing streamline originating at the stagnation
point at the base which separates the flow into two regions, a lower region
consisting mainly of rising fluid and an upper region consisting mainly of
descending fluid. An approximate analytical solution for the dividing stream-
line is derived. It generates an approximate V-shaped surface along the length
of the two-dimensional film with the vertex of each section the stagnation
point. It is concluded that the fluid flow inside the thin film can be visualised
by plotting the streamlines. Other models relating the fluid velocity at the
base to the height of the thin film can be expected to contain a dividing stream-
line originating at a stagnation point and dividing the flow into a lower region
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of rising fluid and an upper region of descending fluid.
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1. Introduction

In a recent paper [1] we investigated the effect of fluid leak-off (suction) and
fluid injection (blowing) at the horizontal base on the two-dimensional spread-
ing under the gravity of a thin film of viscous incompressible fluid. We derived
and analysed the plots of the streamlines to understand the fluid flow in the thin
film on which the evolution of the surface profile depended. The system of equa-
tions was closed by making the assumption that the normal component of the
fluid velocity at the base, v, is proportional to the height of the thin film at that
point. With this assumption, an analytical solution for the surface profile could
be derived and the streamlines were plotted by solving a cubic equation numeri-
cally. In this model, the magnitude of the suction and blowing is greatest near
the centre line of the thin film because the height is greatest on the centre line
and is least near the moving contact lines where the height vanishes.

In this paper, we will assume that v, is proportional to the spatial gradient of
the height. An analytical solution for the surface profile can again be derived.
We will plot the streamlines and investigate their properties and compare them
with the results obtained in [1]. In this model, the magnitude of the suction and
blowing is least near the centre line on which the spatial gradient vanishes and is
greatest near the moving contact lines on which the magnitude of the spatial
gradient is infinite.

Investigations of the evolution of a thin fluid film with a free surface generally
concentrate on the surface profile [2] [3] [4]. In this paper, we investigate the
properties and evolution of the thin film by deriving and analysing the stream-
lines of the fluid flow in the thin film.

Mason and Momoniat [5] made the assumption that v, is proportional to the
spatial gradient of the height in the axisymmetric spreading under the gravity of
a thin liquid drop with suction and blowing at the base. They did not investigate
the streamlines in the liquid drop. We will use Lie group analysis of differential
equations to reduce the nonlinear diffusion equation to an ordinary differential
equation and derive an analytical solution. This is a powerful and systematic me-
thod that has been applied successfully in other investigations in thin fluid film
theory. It can be used to analyse the evolution of a thin fluid film from a point or
line source of fluid and from a fluid film with an initial non-zero half-width as
considered here. A literature review of the relevant papers of thin fluid film theory
and of the application of Lie group analysis to thin fluid films was given in [1].

An outline of the paper is as follows. In Section 2 a summary is given of the
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results needed from [1]. In Section 3 the invariant solution is derived from the
Lie group analysis performed in [1]. In Section 4 the evolution with time of the
fluid variables is analysed. In Section 5 the streamlines are derived and plotted
and in Section 6 an approximate analytical solution for the dividing streamline is
obtained. Finally, the conclusions are summarised in Section 7.

A nomenclature is presented in Table 1.

2. Summary of Results

The fluid is viscous and incompressible. The spreading of the thin fluid film is
two-dimensional as shown in Figure 1. There is suction (fluid leak-off) or
blowing (fluid injection) at the base. The moving contact lines are X =+w(t)
and the height of the thin fluid film is z = h(t, X). The fluid film is infinite in
the y~direction. The variables are dimensionless.

The thin fluid film approximation is imposed. The x- and z-components of
the fluid velocity satisfy

(1, o
v, (t,x,z)_(zz zh(t,x)) 6x(t'x)' (2.1)
1 _;0°h 1,0,
v, (t,x,z):—gz y(t,x)+zz 67(h (t,x))+vn (t.x). (2.2)

Table 1. Nomenclature for significant variables and parameters.

Nomenclature
v, (t,x) fluid injection/leak-off velocity
h(t,x) height of thin film
w(t) half-width of thin fluid film
n X/ w(t) scaled similarity variable
f (77) invariant solution for h(t, X)
g (77) invariant solution for v, (t, X)
17 (t, X, Z) stream function
a c,/c, where ¢, and c, are constants in the Lie point symmetry
i constant in equation g(7)=- ﬁ*ngf—n
/ 28511
a(t) h(t,O)/W(t) thin fluid film ratio
7" Z/h (t,0) scaled variable
( - ) point of intersection of dividing streamline with free surface in
MprZp

(77, Z*) -plane

point of intersection of dividing streamline with free surface in

(X, Z) -plane
0(8) angle dividing streamline makes with positive 7 -axis
6’(t) angle dividing streamline makes with positive x-axis

DOI: 10.4236/jamp.2021.911176

2735 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.911176

N. Modhien et al.

vy (t,2,0) = v, (t, x)

Y

vg(t,2,0) =0

—_—

—w(t) 0 w(t)

Figure 1. Spreading of a two-dimensional thin fluid film under gravity illustrating the
coordinate system, body force and boundary conditions.

The height h(t, X) satisfies the nonlinear diffusion equation
8_h = lﬁ(hﬁ_h

" 3ox aXj+vn (t.x) (2.3)

where Vv, (t, X) is the normal component of the fluid velocity at the base. The

boundary conditions are that at the moving contact lines the height vanishes,

h(t,2w(t))=0 (2.4)

and the fluid flux vanishes,

oh
h®(t,+w(t))—(t,£w(t))=0. 2.5
(t2w(t) 2 (t.2w(t)) @5)
The balance law for fluid volume is
C;_\: = 2_[0W(t)vn (t,x)dx (2.6)

where V(t) is the total volume of the thin film per unit length in the

y-direction:
v (t)=2[""h(t,x)dx. 2.7)
An invariant solution is derived using Lie group analysis for differential equa-

tions [1] [6]. The nonlinear diffusion Equation (2.3) admits the Lie point sym-

metry

X :(c1+czt)§+(c3+04x)§+%(204—cz)h% (2.8)

provided Vv, (t,X) satisfies

ov ov, 2
(c, +<:2t)E”+(c3 +¢,X) ax” =§(c4 —2C,)V,. (2.9)

Using the Lie point symmetry (2.8) the nonlinear diffusion Equation (2.3) is
reduced to an ordinary differential equation. There are two cases, the general
case, C,#0 and the special case, ¢, =0.

When ¢, #0 the invariant solution is obtained by solving the ordinary dif-
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ferential equation

d df d 1
—| 3 — |+3—(nf)+| ==5|f+3g=0, 2.10
dn[ dﬂ]+ dﬂ07)+[a j i 210
where
c, X
= = 2.11
a ‘, n w(t) (2.11)
subject to the boundary conditions
f(£1)=0, (2.12)
d
f3(+1)— f (¥1)=0 2.13
(s2) 2 1(23) @1
and to the balance law for fluid volume,
1 1\ 1
E(S—Ejjof(n)dnzjog(n)dn. (2.14)
The invariant solutions for the fluid variables are
ﬁ“%]f()
t n
h(t,x)=|1 , 2.15
R o @19
1 R
v (t,X)= 1 , 2.16
w(t)=|1+ ¢ ) (2.17)
af®(0) ’ '
5( 1
V(t)=V,|1 ¢ 5("75)
. , 2.18
where
1 f (77)
V, =2 —Z%dn. 2.19
0 =2, O (2.19)
The Lie point symmetry which generates the invariant solution is
X :(f3(0)+ltjg+xi+1(2—l)hi. (2.20)
a jot  ox 3 a) oh

when ¢, =0 the invariant solution is obtained by solving the ordinary differen-

tial equation
9,59 (h1)-5143g=0 (2.21)
dp\ dp) dp

subject to the boundary conditions (2.12) and (2.13) and to the balance law for

fluid volume

gﬁfﬁﬁd”=ﬁ90ﬂdn- (2.22)
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The invariant solution is of the form

h(t,x) = exp(zﬁJ% (2.23)

exp[% fat Jg (n), (2.24)

1
v, (t,x) = (0)

w(t)=exp [f%@) , (2.25)
V (t)=V,exp {gf%(o)] (2.26)

where V, is given by (2.19) and # is given by (2.11). The Lie point symmetry
which generates the invariant solution is

X =1%(0 O x 24200 (2.27)
ot ox 3 oh

Unlike (2.20), the Lie point symmetry (2.27) is not a scaling symmetry. It can
be verified that the system of equations (2.21) to (2.26) for ¢, =0 can be ob-
tained from the Equations (2.10) to (2.20) for ¢, #0 by letting o —> .

For the two-dimensional flow of an incompressible fluid the streamlines can
be obtained from the stream function. The stream function !//(t, X, Z) satisfies

v, (t,x,z)zi—l//, v, (t,x,z)=—aa—l// (2.28)
z X

and the streamlines at time ¢ are the curves

w(tx,z)=k(t) (2.29)

where k(t) is given a range of discrete values. In the (X, Z) -plane the stream-
lines at time #are obtained by solving numerically for zas a function of x the cu-

bic equation [1]

A(t,x)2° +B(t,x) 2 +C(t,x) = K(t) (2.30)
for a range of discrete values of ( ) where
1¢h
A(t, X)_Ea_(t’x)’
oh
B(t.x)= ——h( X)= (231)

C(t,x)= —jo v, (t,5)ds.

We will also consider the streamlines in the (77, z*)—plane where 7= x/w(t)
and z' = Z/h (t,O) . In the (77, z*) -plane the streamlines satisfy the cubic equa-
tion [1]

A (x,n)z°+B(t,)z2?+C (t,7) =K(t) (3.32)

where
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*

A" (t,7)=h*(t,0)A(t,x),
B (t,7) =h?(t,0)B(t,x), (3.33)
C’ (t.7)=C(t,x).

In order to close the systems of equations and complete the formulation of the

problem an assumption needs to be made on Vv, (t,X). In [1] it was assumed
that v, (t, X) is proportional to h(t,X). In this paper it will be assumed that

v, (t,X) is proportional to the spatial gradient XZ—:(t, X)-

3. Invariant Solution

We first consider the general case ¢, #0. Assume that

. df
=-fn— 3.1
g(n) ﬁndn (3.1)
where - < ,[3* <o isa constant. The balance law (2.14) becomes
1 1)a L1 df
—|5-=| f dn=- —d 3.2
3[ aJL (n)dn ﬂ,Lndn n (3.2)

and by integrating by parts we find that

{ﬂ*_%(S—éJ}ﬁf(n)dnzo. (3.3)

Hence
1 « 5
=—, * —. 3.4
g 7 G
The differential Equation (2.10) with « given by (3.4) becomes
Jl-fﬁg-+3@—ﬁjlioﬂ)=o (3.5)
dp\ dn dn

which can now be integrated subject to the boundary conditions (2.12) and
(2.13). We obtain

() =30-p)(1-). -asnst @9

and therefore

1

f(n)=1(0)(1-n*), f(o):[g(L—ﬁ*ﬂ . (3.7)

Wl

For f >1 there is one real solution for f (0) which is negative and two
complex conjugate solutions which we do not consider. From (2.15) to (2.18) we

see that the real negative solution gives a positive solution for h (t, X) and that the

other fluid variables depend only on f*(0).Hence —o < B <o with g % g

In order to determine the physical significance of S  consider V, (t,X).
From (2.16),
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2(25"-3)

* 2(5-348") | 535 2
v, (t,x) = 4p —|1+ ( 'B*) 77—2/3 (3.8)

271(1-47)|  9(1-8") (1-7?)

We introduce the new parameter [ defined by
2 5

=— . 3.9
s (3.9)

The factor % is a normalisation factor to give S =-1 for the special case

*

B = g The range of S is —oo < S <oo. Equation (3.8) becomes

6+5/;’

2
WL):—ﬂP—{lﬂﬁ} n_n . (3.10)
(L-n’)
The normal fluid velocity at the base has the same signas g and >0 de-
scribes blowing (fluid injection) into the thin film, =0 describes an imper-
meable base and S <0 describes suction (fluid leak-off) at the base. The other

fluid variables are
2450

w(t) = [1+_(1 )t }”(“ﬁ) (3.11)

10 ﬁﬂ)
V(t)=V, {1+3(1+ﬂ)t} , (3.12)

: 2V gy 23
VO:ZIOU(l—r] ) d77—4, (3.13)
n(tx)=[1 2| 7 ) 614

From (3.10), (3.11) and (3.14)
5 _3(4+58)

vn(t,x)_—gﬂw(t) 2454 x&. (3.15)

We see that the physical significance of the solution is that V, (t, X) is propor-

tional to —xg—h which like Vv, (t, X) is an even function of x.
X

Consider now the special case, ¢, =0. Assuming (3.1), the balance law (2.22)

becomes

( j_[f )dn =0 (3.16)

and therefore g :% and f=-1 The differential Equation (2.21) becomes

Afsd) 59 1) =0. (3.17)
dp\ dp) dgn
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Integrating and imposing the boundary conditions we obtain

f(n)=1(0)(1-n*), f(0)=-3% (3.18)
Hence from (2.23) to (2.26),
ool _2) (12 )
h(t,x)_exp( gtj(l ), (3.19)
__0 (20
v, (t,x) = 27exp[ 9tj(1_772)2/3' (3.20)
1
W(t):exp(—gt), (3.21)
5
V(t)=V, EXp(_§tj’ (3.22)

where V, is given by (3.13).

4. Analysis of the Solution

We will determine the evolution in time of the fluid variables, especially W(t)

and h(t,0) and investigate the fluid velocity on the centre line, x=0.

4.1. Time Evolution of the Fluid Variables

Consider first the thin fluid film approximation [1]. From (3.11) and (3.14) for
p#-1,

4458

£(t) = hv(vt('t(;) - [1+%(1+ ﬁ)t} e (4.1)

and from (3.19) and (3.21) for f=-1,
h(t,0) 1
t)=————==exp| =t |. 4.2
“0=" o[ 5] (4.2)
For —wo< f<-1, g(t)—>oo as t—>t, where
9

t2 = —m > 0, (4.3)

for p=-1, g(t) — 0 exponentiallyas t— oo whilefor 1< < —g,
¢(t) > algebraically as t—>oo. For g= —g, £(t)=1 and therefore re-

. 4 o
mains constant and for —g < B<ow, £(t)>0 as t—oo. Since it is assumed

that the thin fluid film approximation is satisfied initially it will remain satisfied

for all time for —g < B <o which is the range of f for which the solution is

valid physically. The special solution for f=-1 with exponential behaviour
and the solution in the range —oo < <—1 in which the limit is attained in fi-
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nite time lie outside the physical range. Interestingly the thin film approximation
is satisfied for the whole range of blowing, 0< f <o, which also has the most
interesting streamlines. The spreading due to gravity is the dominant mechan-
ism and is stronger than the effect of blowing on the height. The results are

summarised in Table 2.
Consider next the half-width of the base, W(t), for the range —g <P<w

in which the solution applies. For this range, W(t) is given by (3.11). For

—ig Yij <§, W(t) —0 as t—>oo but in such a way that the thin fluid film

5
approximation remains valid. The two-dimensional thin film shrinks to a line as

t > oo due to suction. For g = %, W(t) remains constant as the fluid evolves

and for —§<,6’Soo, W(t) > as t—> oo. The behaviour of W(t) for the
full range, —o0 < f <0 is presented in Table 2.

Consider next h (t, 0) for the physical range, —g < <. From (3.14)

Table 2. Time evolution of g(t) ) W(t) ) h(t,O) and V (t) for —o0 < 3 <o0. The finite time t, is defined by (4.3). The thin

fluid film approximation is satisfied for all time only for —g <f<Loo.

de dw dh dv
t =& w(t = h(t,0 —(t,0 V(t =
s o(1) . v N o) ey v x
t w(t)—>0 h(t,0)—>0 V(t)—>0
—o< f<-1 g()—)w >0 ()—) <0 ( )_) <0 ()_) <0
t—>t, t—>t, t—>t, t—>t,
e(t) > w(t)—>0 h(t,0)—>0 V(t)—>0
p=-1 t— oo >0 t—w <0 t— o <0 t—ow <0
Exponentially Exponentially Exponentially Exponentially
t h(t,0)—>0 V(t)—>0
“1<f<- 2(t) > >0 w(t) >0 <0 (t0)— <0 (0~ <0
t— o0 t—>o0 t—>ow t>w
h(t,0)—> 0 V(t)—>0
ﬁz—i e(t)=1 0 w(t) >0 <0 (£0)~> <0 (0~ <0
5 t—>ow t—> o t—> o
_f</3<_g e(t)>0 0 w(t)—>0 0 h(t,0)—>0 0 V(t)—>0 0
5 5 t > o t—> oo t—> oo t—> o
t 0 h(t,0)—>0 V(t)—>0
,/3:—g #(t)> <0 w(t)=1 0 (t0)> <0 (©- <0
5 t— o0 t— o0 t— oo
—E<ﬂ<0 e(t)>0 0 w(t) > 20 h(t,0)—>0 0 V(t)—>0 -
5 t— oo t— oo t— oo t— oo
t 0 t h(t,0)—>0
=0 ()= <0 w(t) > >0 (t0)— <0 v=3 0
t— o t— o toow 4
0< p<om £(t)>0 0 w(t) > 20 h(t,0)—>0 - V(t)> o -0
t > o t—> o t—>o0 t—o0
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1

h(t,o)=[1+%(1+ﬂ)trw), (4.4)

and

6+54

dh, _2[, 10 D
M1,0)=v, (10.0)- 9[1+9(1+,8)t} . (45)

We see that %(t,0)<0 for —%S,Bgoo and that h(t,0)>0 as t—> o,

even for blowing when 0< <. The behaviour of h(t,0) as ¢evolves for the
full range, —oo < 8 < o0, is given in Table 2.

The evolution of V (t) is summarised in Table 2. The time evolution of
v, (t, X) for a fixed value of 7 intherange O<7 <1 isgiven in Table 3. Also
given in Table 3 is the time evolution of V, (t,O, h) . We see from (4.5) and (3.10)

that V,(t,x) and V,(t,0,h) evolve with time in the same way.

Table 3. Time evolution of Vv, (t, X) for x#0 andof v, (t,O, h) =

dh

E(I,O) for

-0 < B<oo. The finite time t, is defined by Equation (4.3). The thin fluid film ap-

4
proximation is satisfied for all time only for s <Pf<Loo.

B v, (t,x) %vn(t,x) v, (t,0,h)
tX) > - £,0,h) — —
—oos[z’<—§ Vn( X)_) 0 3Vn<0 VZ( )—) 00
> t—>t, at tot,
6 4 n’ ov 2
"3 Lx)=-g =0 t,0,h)=-=
B=-% v, (t.x) 911 p v, (t0.h)=~2
tx)—>0 t,0,h) >0
_§<ﬂ<—l Vﬂ( X)_) hs 0 Vz( )—)
5 t—>t, ot t>t,
vy (t,x) >0 o v, (t,0,h) >0
p=-1 t— >0 o
Exponentially Exponentially
h
1<p<t v, (t,x) >0 0 v, (t,0,h) >0
5 t—>ow ot t = o0
_ﬂ§ﬁ<o Vn(t,X)—)O "0 Vz(t,O,h)—>0
5 t—>ow ot t— o0
ov v,(t,0,h) >0
£=0 v, (t.x)=0 h o0
at t—>wo
0<f<m v, (t,x) >0 Ny _g v, (t,0,h) >0
t—>oo ot t— o0
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4.2. Fluid Velocity on Centre Line

On the centre line, x=0, we have V, (t,O,Z)=0 by (2.1). From (2.2), since
v, (t,0)=0 by (3.10) and (3.20),

1°h . 10% )
v, (t,O,z):—EW(t,x)X 0 z +Z¥(h (t,x)) By z°. (4.6)
But
1
h(t,x)=h(t,0)(1-7°)°, h(0,0)=1, (4.7)
and therefore
o°h 2 h(t,0)
—(t, =—= , 4.8
6x2( X)X:() 3w (t) 48)
o 4 h?(t,0)
—(h?(t, =—— . 4.9
6x2( ( X))x:o 3 wi(t) (45)
Equation (4.6) becomes
o 1h*(t0) ., .
v, (t,O,z ):5 w0 z 2(2 —3), (4.10)
where
. z
= . 4.11
h(t,0) (41D

For points in the thin film on the centre line, 0<z <1. Now v, (t,O, z*) =0
at 2 =0 and z =3 which lies outside the thin film. There is a stagnation
point at x=0, z =0 at which v, =0 and v, =0. There is no stagnation
point on the centre line for 0<z" <1.For 0<z <1, v, (t,O, z*) <0.

At the point of maximum height of the thin film,

v (ton)=-2 hjvgt('t(;).

(4.12)

Using (3.11) and (3.14) for S #1 we obtain again (4.5). For f=-1 and using
(3.19) and (3.21) we obtain
2 2
v (t,0,h)=——exp| —=t |. 4.13
(L00)=—3 p( 3 j (4.13)

The time evolution of V, (t,0,h) for o< <o issummarised in Table 3.

5. Streamlines

The tangent vector to a streamline is everywhere parallel to the fluid velocity
vector instantaneously. The streamlines in the (X,Z)—plane are obtained by

solving numerically the cubic Equation (2.30) for z
A(t,x)Z° +B(t,x)z* + C(t,x) = K(t) (5.1)

where the coefficients A(t,X), B(t,X) and C(t,X) are given in (2.21). Now
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from (3.11), (3.14) and (3.19), (3.21),

2 1
h(t,x) = w(t) 25 (1-7°)? (5.2)
and from (3.10), (3.11) and (3.20), (3.21),
N 2
v, (t,x) :Eﬂw(t)_z[;gﬁ] i ~. (5.3)
27 2
(L")
Thus from (2.31),
A(t,x)= —lw(t)’ [212,'2] X R (5.4)
9 , & )
W (t)
1 . [4+5ﬂ] X
B(t,x)==w(t) 255 -, (5.5)
=T
1-—
w* (t)
C(tx)=-2 pulty G s (5.6)

where —w(t)<x<w(t) and 0<z<h(tx).
We will mainly consider the streamlines in the (77, z*) -plane where

n= X/W(t) , -1<p<l,and 7" = Z/h(t,O) , 0<7 <1. In this plane the width
of the base and the maximum height are constant and the streamline pattern is
independent of time and depends only on the parameter S . The evolution of
the streamlines with time can be determined using the evolution with time of the
half-width of the base, W(t) , and the maximum height h(t, 0) given in Table
2.1In the (77, z’ ) -plane the cubic equation is given by (2.32) with coefficients

A (t.7) =h* (£,0) A(t,x) = _%w(t)s[ffs@] o (5.7)
by
« ) 1 75[ 2””] n
B™(t,7)=h (t,O)B(t,x)_gw(t) 2455 =, (5.8)
)
C*(t,7)=C(t,x)= -% ﬁw(t)—sﬂffsﬂp] jo”ﬁdg. (5.9)

The coefficients A’ (t,q) , B” (t,n) and C” (t,77) have the same time depen-
dent factor. The cubic Equation (2.32) for z" is

. - 10 2 .
(1_;72)2/3 z 3_3(1_32)1/3 z 2+?ﬂj‘:(1_§—2)2/3d§: K, (5.10)

where
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o
K™ =-9w(t) 1258 K (t). (5.11)

Since the left hand side of (5.10) does not depend on time explicitly, K" is a
constant. The constant K is given a range of values. The streamlines in the
(77, z*) -plane are obtained by solving numerically the cubic Equation (5.10) for
z° with —1<7<1. The pattern of streamlines is independent of time because
(5.10) does not depend on time explicitly. It depends only on the parameter £ .
For [ =0 the base is impermeable and the streamlines in the (77, z*) -plane

are plotted in [1]. In Figure 2, leak-off is considered and the streamlines are

. 4 2
plotted in the (77, z )—plane for strong suction, ﬂ:—%, (—g<ﬂ<§j and

2
for weak suction, = —% (—g <p< 0] . The streamlines begin on the free
surface. They are perpendicular to the base because there is no slip of fluid at the

base. The point (0, 0) where the centre line meets the base is a stagnation point.

. . . h . Lo
Since Vv, (t, X) is proportional to XZ_ , near the centre line the suction is weak
X

and spreading due to gravity dominates. As distance from the centre line in-
creases the suction increases and is strongest near the moving contact lines. The
streamlines are strongly curved near the centre line because of spreading due to
gravity and are weakly curved near the moving contact lines because suction is
more important than spreading.

In Figure 3 the streamlines are plotted in the (77, z*) -plane for fluid injection
(blowing) at the base for f =1, 15, 30 and 50. The magnitude of the fluid injection

velocity V, (t, X) increases as [ increases and the blowing becomes stronger.
oh

Since V, (t,X) is proportional to X v, (t,0)=0 and the point (0, 0) is again
X

a stagnation point. A dividing streamline extends from this stagnation point and

separates the flow into two regions. In the upper region the streamlines begin

and end on the free surface. The upper region shows fluid descending due to

V4 z
0.4 0 ]
0 l 0/
0/4 0/4 |
02 02
-1.0 -05 0.0 0.5 1.0” -1.0 -05 0.0 0.5 1.0'7
(a) (b)
Figure 2. Streamlines for leak-off at the base with (a) p#=-0.5 and (b) B =-0.2 plotted in the (77, Z*) -plane.
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(c)

(d)
Figure 3. Streamlines for fluid injection at the base with (a) g=1, (b) p=15, (c) =30 and (d) B =50, plotted in the
(77, Z*) -plane.

gravity and spreading. The fluid flow near the centre line is downwards but the
flow is forced upwards as it approaches the free surface because of the stronger
injection of fluid as the moving contact lines are approached. The lower region
describes the injection of fluid into the thin film. The streamlines begin at the
base and end on the free surface. The thickness of the fluid layer at the base in-
creases approximately linearly from zero at the stagnation point to the height of
the free surface h(t, X) as |X| increases because blowing increases as the
moving contact lines are approached. The angle which the dividing streamline
makes with the base at the stagnation point increases as [ increases and
therefore as the strength of the blowing increases.

In order to investigate the evolution in time of the streamlines only W(t)
and h ('[, 0) are required. The evolution of the streamline pattern with time can

be determined using

x=w(t)n, z=h(t,0)z, (5.12)

and the results of Table 2 for the evolution of W(t) and h (t, 0). In Figure 2(a),
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B= —% which lies in the range of strong suction, —% <B< —%, and W(t) -0

and h(t,0)—>0 as t—> oo. The half-width of the base, W(t), and the maxi-
mum height, h (t, 0) , will decrease steadily with time and the thin fluid film will

disappear as a line sink as t — o . In Figure 2(b), g = —% which lies in the

range of weak suction, —§<ﬂ<0, and W(t)—)oo and h—»0 as t—>o.

The half-width of the base, W(t) , will increase steadily with time and the max-
imum height, h(t, 0) , will decrease steadily with time. The thin fluid film will
spread over the whole plane z=0 with decreasing thickness and disappear as
t — oo . In Figure 3 fluid injection (blowing) is considered and S lies in the
range 0< f <o for which W(t) — o and h(t,0)—>0 as t—oo . The
half-with of the base will therefore increase steadily with time and the maximum
height of the thin film will decrease steadily with time. The angle which the di-
viding streamline makes with the base at the stagnation point will therefore de-
crease steadily with time.

The evolution of the streamline pattern with time is illustrated in Figure 4
where the streamlines are plotted in the (X, Z) -plane at time t=1 and t=10.
They are obtained by solving numerically the cubic Equation (5.1) for z as a
function of x at t=1 and t=10 where A(t, X), B(t, x) and C(t,x) are
given by (5.4) to (5.6).

In Figures 2-4, f lies in the range —g < B <o for which the thin fluid

film approximation is satisfied for all time. In the next section an approximate
analytical solution for the dividing streamline will be derived and its dependence

on S and its evolution with time will be determined.

6. Dividing Streamline

We will derive an approximate solution for the dividing streamline in the (77, Z*)

-plane. The solution can be expressed in the coordinates (X, Z) when required

Figure 4. Streamlines for $=1 at(a) t=1 and(b) t=10, plotted in the (X,z)-plane.
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later. Since the dividing streamline passes through the stagnation point (0, 0),
the constant K" =0 in (5.10). The cubic Equation (5.10) becomes

2
g 2,0 e

3P 0(1_42)2/3=°' (6D
In oder to transform (6.1) to standard form [7],
s +3Hs +G =0, (6.2)
let
1
=5 +(1—772 )3 ) (6.3)
Equation (6.1) becomes
2
*3 2\5 o 2y, 10 (1_772)5 n $fdg
s°-3(1-n" )P s" -2(1-n )+?ﬁ . X (1_42)2/3 =0, (6.4)
with
2
)=o) &
2
o 20 () g
G(n)=-2(1-n )+?ﬂ , [ (1_42)2/3. (6.6)

On the dividing streamline, 0< |77| <1. We perform an expansion in powers of
n’ and derive a solution for blowing, />0, to first order in 7°. No assump-
tion is placed on £ or £ We find that this gives a sufficiently accurate result.
We see from Figure 3 thatas [ increases the dividing streamline moves closer
to the centre line and the maximum value ¢° on the dividing streamline de-
creases. The solution should therefore be more accurate as f increases.

Now from (6.5) and (6.6),

2 , 4
H(n)=-|1-=-n"+0 , 6.7
(n) ( 77 +0(n )j (6.7)
_ S 2 4
G(n)=-2|1- LB +0(7")|. (6.8)
The expansion of the cubic equation in powers of 7° is therefore
*3 2, 4 * 5 2 4\ | _
s —3(1—577 +0(n")|s"-2|1- L+ g B +0(n")|=0 (6.9)
and from (6.3),
T .
z =s +1--n"+0 . 6.10
37" +0(n") (6.10)

The discriminant, A, of the cubic Equation (6.9) is [7]

A=GZ+4H3:—%Oﬂ 2+o(;7“). (6.11)
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Consider first the solution to zero order in 7°. Then A=0, H=-1#0 and
G =-2+0 and therefore the cubic equation has three real roots with two roots

coincident and one root different [7]. Equation (6.9) reduces to
* 2/ &
(s"+1) (s"-2)=0. (6.12)
Thus s'=-1, s'=-1, s"=2 and from (6.10), 2'=0, 27=0 and 7" =3.
For zero order in 77° we have 7 =0. The point (0, 3) lies outside the thin film.
The solution for the dividing streamline is the stagnation point (0, 0).
For the solution to first order in 7°, A<0 since 8>0 and the cubic equ-

ation has three real and distinct roots [7]. We use the trigonometric method of
solution described in [1]. The three roots of (6.9) are

1
s, =2(-H)z cos(¢+2lgnj, n=0,12, (6.13)

where ¢(0 <¢< g] is the smallest non-negative angle which satisfies

G 5

3p=——=1-=p7*+0(n"). (6.14)
c0s3¢ 2(—H)3/2 gﬂ + (77)
Thus from (6.7) and (6.10),
N 1 4 2nmw
z =|:]_—§772+O(77 )}[HCOS[(IHTH’ n=0,12. (6.15)

Consider now ¢.For 7=0, c0os3¢=1 and therefore ¢ =0 since 0<¢ < g

Thus for first order in 7°, ¢ will be small. Using the series expansion for co-

sine, (6.14) becomes

9 5
1—E¢2+O(¢4):1—§ﬁ772+0(774), (6.16)
and therefore since OS¢S§,
Jio !
b=+=5 B*n+0(n*). (6.17)

Consider first z, given by (6.15) with n=0. Using again the series expansion

for cosine and (6.17),

_ S 2 4
cosg=1-—p1 +0(n") (6.18)
and therefore
« 1 10 2 4
Z,=3|1-—|1+— +0 . 6.19
’ { 3( Blﬂjn (7 )} (6.19)

Consider next Zz, given by (6.15) with n=1.Now
cos(¢+2—;j:—%(cos¢+\@sin ¢). (6.20)

But cos¢ is given by (6.18) and from the series expansion for sine and (6.17)
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1
sin¢=@ﬂ2n+o(n3). (6.21)
Thus
2n) 1|, 30 r 5 5
cos| p+— |=—=|1+—pB°n—— +0 6.22
(¢ 3j 2{ g =g’ +0(7) (6.22)
and therefore
. B0 | N30t
7 === | 1--== 2 +0(n*) | (6.23)
9 54
Finally, z, isgiven by (6.15) with n=3.Now
47 1 .
cos(¢+?j = E[—cos¢+ J3sin ¢] (6.24)
and using (6.18) and (6.21) we obtain
4) 1| . 30 . 5
cos| p+— |==| -1+——p2n+—Bn* +0(7°) |. 6.25
(cﬁ 3} 2{ g P+ P (77)} (6.25)
Thus
. 30 [ VB0 2
5=~y P 1+5—4ﬁ277+0(772) : (6.26)

The dividing streamline must pass through the stagnation point (0, 0) and satisfy
2 >0. The root z =2,(n7) is not a dividing streamline because it does not

pass through (0, 0). The dividing streamline in the (77, z*) plane correct to or-

der n° is
1 1
0<p<1: z*:Z;(n)=@ﬂ2n{l+gﬁzn+o(nz)}, (6.27)
1 1
-1<n<0: z*:zf(r]):—@ﬂzn{l—gﬂzrﬁo(nz)}. (6.28)

Let 6(f) be the angle that the dividing streamline makes with the positive 7
-axis at the stagnation point (0, 0). Then

tane(ﬁ):%;

= @ ,[5'%. (6.29)

7=0
Thus 9( ﬂ) increases as [ increases. In Figure 3 the streamlines are plotted
in the (77, z*) plane for f=11530 and 50. From (6.29) the corresponding
values of H(ﬂ) are 6?(1) =313, 0(15) =67.0°, 9(30) =73.3 and
6(50) =76.9°, which agree well with the slope of the dividing streamlines at (0,
0) in Figure 3.

Let the point of intersection, 7, of the dividing streamline with the surface of
the thin film in the (77, z*) -plane be (77p \Zp ) . Then from (3.14),

1
7, =(1-n3 )? :1—%775 +0(75) (6.30)
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and therefore from (6.27) for 7, >0,

1 V30 N
L-2 +0(p ) === By {Hﬁﬂznﬁo(né) - (631)

Thus neglecting terms O(ng ) , np satisfies the quadratic equation

(1m0 i L0

1
> B2n, —3=0. (6.32)

If terms of order 775 are neglected then the point Pis

9 L z, =1. (6.33)

e _EW P
This approximation for 7, and Z, is consistent with (6.29) for tan H(ﬂ)

because approximately

tan&(ﬂ):zi:@ﬁi. (6.34)

e 9
As [ increases and the strength of the blowing increases, 7, decreases, veri-

fying that the dividing streamline moves closer to the centre line. The product
1 1

ﬁEnP occurs in the expansions (6.27) and (6.28) which are valid because 7, ﬁE
is of order of magnitude unity. The approximation correct to order 7° is ob-
tained by solving the quadratic Equation (6.32). The positive root of (6.32) can
be expressed as

e (639
5 54 6
1+Eﬁ

The evolution with time can again be determined by using the transformation
(5.12). Let 6’(t) be the angle which the dividing streamline in the (X, Z) -plane
makes with the positive x-axis at the stagnation point. Then

h(t,0) 62"
tang(t):g :Mai
Xlo  W(t) ony
and using (6.29) with (3.11) and (3.14) at 7=0 for W(t) and h(t,0) we

obtain

(6.36)

1=0

. (4458
tan e(t):@ﬂz [1+%(l+ﬂ)t} e ﬁ)]. (6.37)
The asymptotic solution for large values of S is
1
1 1
tan H(t):@ﬂz (%ﬂtj ro 1 - (6.38)
NES

Thus tan Q(t) decreases as time increases. For large values of £ corresponding

to strong blowing the gradient of the dividing streamline at the stagnation point
1

decreases with time like t 2 and is independent of /3. This makes quantitative
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the conclusion reached in Section 5 on the evolution of H(t) with time.
Let (XP , ZP) be the point of intersection of the dividing streamline with the
surface of the thin film in the (X, Z) -plane. Then

Xe =W(t)7,, 2z, =h(t,0)z,, (6.39)

where W(t) and h(t,O) are given by (3.11) and by (3.14) at 7 =0. Neglect-
ing terms of order 775 and using (6.33),

2458 1

Xp =2 [1+£(1+ﬂ)t}lo(l+ﬁ) 2z :{1+%(l+ﬂ)t} O (6.40)

1

V3032
and therefore for large S,
1
Xo =~/3t2, 7, =1. (6.41)

This approximation for X, and z, is consistent with (6.38) for tan H(t)

because approximately

tan 0 (t) _Z 1 - (6.42)
Xp Net
Keeping terms of order 7% we obtain from (6.30),
1 X 2
Xo =W(t)7p, Zp =|1-=—2—|w(t) 257, (6.43)
Sw(t)
where 7, is given by (6.35) and
2
h(t,0)=w(t) 2+55. (6.44)

In the (X, Z) -plane the dividing streamline is obtained by solving numerically
for zthe cubic Equation (5.1) with K (t) =0 and A(t, X) R B(t, X) and C (t, X)
given by (5.4) to (5.6). From (6.27) and (6.28) the approximate solution is, cor-
rect to second order in  X/W(t),

N V30 1 ox

P 2 X 2
O<x<w(t):z= s 7 w(t){lJr = B w(t)

}W(t)2+25ﬂ , (6.45)

-w(t)<x<0:z= —\/g_oﬂz B2 w(t) 255 . (6.46)

w)((t){l_ 54 7 w(t)

In Figure 5 the approximate solution, (6.45) and (6.46), for the dividing stream-

\/%1X:| 2

line is plotted in the (X, Z) plane for #=50 and times ranging from t=5
to t=1000. We see clearly that as ¢increases the angle 9('[) that the dividing
streamline makes with the x-axis steadily decreases because spreading is stronger
than blowing near the centre line. In Figure 6 the approximate solution, (6.45)
and (6.46), for the dividing streamline is compared with the numerical solution
of (5.1) with K(t) =0. The approximate solution is more accurate as [ in-
creases. The approximate solution (6.43) for (xp, zp) is also compared with the

numerical solution and its accuracy also increases as [ increases. Figure 6 also
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Figure 5. Approximate solution for the dividing streamline in the (X,z) -plane given by

(6.45) and (6.46) for S=50 attime t=5, t=100, t=500 and t=1000.

(d)

(c)
Figure 6. Approximate solution for the dividing streamline in the (X,z) -plane given by (6.45) and (6.46) (----) compared with
the numerical solution (—) at time t=5 and (a) g=5,(b) £=100, (c) #=500 and (d) S =1000. The point of intersec-

tion, P, of the dividing streamline with the surface is given approximately by (6.43).
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illustrates the increase in the base, ZW(t) , with time and the decrease during
blowing of the maximum height although the rate of decrease of h(t,O) de-

creases as [ increases. From (3.14) for large values of £,

%(t,o) o1 (6.47)

7. Conclusions

Analysis of the streamlines inside the thin fluid film contributed to the under-
standing of the effect suction and blowing at the base has on the fluid flow inside

the thin film. The properties could be analysed both analytically and numerically

I . . . . oh
because an invariant solution could be derived when v, is proportional to xa— .
X

The properties of the fluid flow in this study and in [1] where v, is propor-
tional to h(t, X) can be expected to be present in other models for suction and
blowing. If more realistic models cannot be solved analytically these properties
will be a useful guide in a numerical solution. In both studies, there is a range of
suction and blowing for which the thin fluid film approximation is satisfied and
outside this range, the solutions are not physically acceptable. In both models a
dividing streamline exists, starting at a stagnation point, which separates the
flow into two regions, a lower region at the base consisting of rising fluid and an
upper region consisting mainly of descending fluid. Both models have fluid va-
riables which tend to zero or infinity in a finite time. The transition solution to
an infinite limiting time is an exponential solution.

For the study presented here the thin fluid film approximation was satisfied

4 . .
for “ < B <0, that is, for moderate to weak suction and the whole range of

blowing. The exponential solution, generated by a special case of the Lie point
symmetry, and the solutions which tended to zero or infinity in a finite time, lie
outside this range. The study complemented the investigation in [1] for which
the thin fluid film approximation was satisfied for —oo < <2, that is, for the
whole of suction and for weak to moderate blowing. There was unexpected be-
haviour in the evolution of W(t) and h(t,O) caused by the relative impor-
tance of spreading due to gravity and suction or blowing. The base half-width

W(t) — oo for all blowing and even for weak suction for which —% < f<0.The
maximum height h(t, 0) — 0 for all suction and also for all blowing for which
0< f <, although %(t, 0) decreases as f increases. Because blowing is

weakest at the centre line and strongest at the moving contact lines the dividing
streamline generated an approximate V-shaped surface along the length of the
two-dimensional thin fluid film, with vertex of each section at a stagnation point.
This compares with the dividing streamline in [1] which also passed through a
stagnation point and generated an approximately horizontal surface that dipped

down at the moving contact lines.
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Further research can be undertaken. Surface tension was neglected and there

was no slip at the fluid/base interface. The streamlines in a thin fluid film with

surface tension or slip could be investigated to give a better understanding of the
fluid film flow inside the thin film.
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