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(ORORN o s

Abstract

A proper k-edge coloring of a graph G=(V(G),E(G)) is an assignment
c:E(G)—>{1,2,---,k} such that no two adjacent edges receive the same

color. A neighbor sum distinguishing k-edge coloring of Gis a proper k-edge
coloring of G such that > c(e)# Y c(e) for each edge uve E(G). The

uee

neighbor sum distinguishing index of a graph G is the least integer k& such
that Ghas such a coloring, denoted by z; (G). Let

20E(H)
v (#)

In this paper, we prove s (G) < max {9,A(G)+1} for any normal graph G

vee

mad(G)=maX{ |H < G} be the maximum average degree of G.

with mad (G)< % Our approach is based on the discharging method and

Combinatorial Nullstellensatz.

Keywords

Proper Edge Coloring, Neighbor Sum Distinguishing Edge Coloring, Maximum
Average Degree, Combinatorial Nullstellensatz

1. Introduction

All graphs mentioned in this paper are undirected, finite and simple. For a graph
G, we denote its vertex set, edge set, maximum degree, minimum degree by
V(G), E(G), A(G), 6(G), respectively. Let N, (v) be the set of neigh-
bors of the vertex vin G, and d,; (v)=|NG (v)| be the degree of vin G. The
2|E(G)|
7 (6)

average degree of a graph G is defined as . The maximum average de-
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gree mad(G) of Gis the maximum of the average degrees of its subgraphs.

A proper k-edge coloring of a graph G=(V(G),E (G)) is an assignment
c:E(G)—>{1,2,--,k} such that c¢(e)#c(e,) for any two adjacent edges ¢,
and e,. Let ¢ be a proper k-edge coloring of G. We use f(v) to denote the
sum of colors of the edges incident to v. If f'(u)# f(v) for each edge
uv € E(G), then cis called as a neighbor sum distinguishing k-edge coloring or
an nsd-4-coloring of G for short. The neighbor sum distinguishing index of a
graph G is the least integer k& such that G has an nsd-4-coloring, denoted by
2+ (G). By S(v), we denote the set of colors taken on the edges incident to v,
Le. S(v) = {c(uv) |uv e E(G)} . The proper k-edge coloring c is a neighbor set
distinguishing k-edge coloring, if S(u)#S(v) for each edge uve E(G). Let
Z.(G) be the smallest value k such that G has a neighbor set distinguishing
k-edge coloring. It is easy to observe that G has a neighbor sum(or set) distin-
guishing edge coloring if and only if G does not contain isolated edges. A graph
with no isolated edges is called as a normal graph. Then y;(G)2 y.(G) for
any normal graph by definition.

In 2002, Zhang et al [1] introduced the concept of the neighbor set distin-
guishing edge coloring and posed the following conjecture.

Conjecture 1.1 ([1]) If G is a connected normal graph with at least 6 vertices,
then y.(G)<A(G)+2.

Hatami [2] proved y.(G)<A(G)+300 by probabilistic method for normal
graph G with A(G)>10". Akbari et al. [3] showed that y!(G)<3A(G) for
any normal graph. Wang et al. [4] improved this bound to that y, (G)<2.5A(G)
for any normal graph.

The neighbor sum distinguishing edge coloring was introduced by Flandrin et
al. [5]. They determined the neighbor sum distinguishing index of graph classes
including paths, trees, cycles, complete graphs and complete bipartite graphs,
and posed the following conjecture.

Conjecture 1.2. ([5]) If G is a connected normal graph with at least 3 vertices
and G #Cs, then A(G)< z;(G)<A(G)+2.

Flandrin et al [5] proved that i (G)S{ for each connected

TA(G)-4 l
2

normal graph G'with maximum degree A(G)>2.Wang and Yan [6] improved this

bound to {%—l . Bonamy and Przybylo [7] showed that z; (G) < A(G)+1

for planar graph with A(G)>28. Dong et al. [8] studied the connections be-

tween neighbor sum distinguishing index and maximum average degree, and

proved that if Gis a normal graph with mad (G) <% and A(G) > 5, then

s (G) < A(G) +1. Later, Gao et al. [9] showed that if Gis a normal graph with
8 '

mad (G) < 3 and A(G)>5, then y;(G)<A(G)+1. Hocquard and Przybylo

[10] proved that #; (G)<A(G)+1 for any normal graph G with mad (G)<3
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and A(G)=6. Wang et al [11] proved that if G is a normal graph with

mad(G)<i’—Z and A(G)>7, then z(G)<A(G)+2. Recently, Wang et al.

[12] proved that if G is a normal graph with mad(G)<? and A(G)=>8,

then # (G)<A(G)+2.
In this paper, we improve the result given by Wang et a/ [11] and obtain the
following result:

Theorem 1.1. Let G be a normal graph. If mad (G) < % , then
7+ (G) <max {9,A(G)~+1}.
Corollary 1.2. Let G be a normal graph. If mad(G)< % and A(G)=38,

then y,(G)<A(G)+1.

2. Preliminaries

To prove our main result, we need to introduce some notations. A vertex v is
called a k-vertex (a k' -vertex, ora k  -vertex, respectively) if d (v) =k
(d(v)=k,or d(v)<k,respectively). A vertex vis called a feafif d(v)=1.

At first, we introduce several lemmas.

Lemma 2.1. ([11]) Suppose that k and n are positive integers with k<n, S,
is a set of integers with |Sl.| =Lzn, i=12,---,k. Let
T, = {Z;xi |x, €8x #x,(i# ])} , then |T,| 2 Zl’;l L-k*+1.

Lemma 2.2. ([13]) Let F be an arbitrary field, and let P = P(xl,---,xn) be a
polynomial in F[x,,-+,x,]. Suppose the degree deg(P) of P equals )k,
where each k, is a non-negative integer, and suppose the coefficient of

K K
xl e xn

" in P is non-zero. Then if S,,---,S, are subsets of F with |S,.| >k,
thereare s, €8,,--,s, €S, sothat P(s,-,s,)#0.
Lemma 2.3. ([14]) Let

2
P(xl,xz,---,xn) :1 H (xi —xj)[zxk]
<i<j<n

be a polynomial in n variables, where n>2. Let C, (xl" X5 X" ) denote the

n

coefficient of x"x,>---x" in P, then

n_n-1_n-3_n-4 _
CP(xlx2 DA '--xn_l)—l.

3. Proof of Theorem 1.1

3.1. Unavoidable Configuration

In this paper, we will prove Theorem 1.1 by contradiction. Let

K =max{9,A(G)+1}. Let G be a counterexample of theorem 1.1 such that
|V(G)|+|E (G)| is the smallest. Obviously, G is connected. Let A be a normal
subgraph of G. By the minimality of G, A has an nsd-K-coloring c using the col-
orset {1,2,---,K}.
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Remark 1. Let u €V (G). Suppose that u is adjacent to a 2-vertex v with
Ng(v)={u,w} and d;(w)<4.If G'=G-vw admits an nsd-K-coloring c
such that ¢(uv)# f(w), then there are at least K ~3-3-1-1>1 colors availa-
ble for vw. Hence we can get an nsd-K-coloring of G. Hence, in the following
discussion, we will omit the proof of recoloring or coloring of vw; and just show
that G'=G-vw has an nsd-K-coloring cwith c(uv)= f(w).

Let H be the graph which is obtained by removing all the leaves of G. Let
d, (v) (afk+ (v) , dk, (v)) be the number of neighbors of v with degree & (at
most &, at least &) in AH.

Claim 3.1. The graph Hhas the following properties:

(1) 6(H)=2.

(2)If d, (u)<4,then d;(u)=d, (u).

(3) If “YW isapathin Hsuchthat d, (v)=2, 2<d,(w)<4,then
dg(u)=d, (u).

Proof: (1) This statement follows from [8].

(2) Assume to the contrary that d (u)>d, (u)=d . Let
dg(u)—d, (u)=121.Then uin Gis adjacent to d2*-vertices u,,u,, --,u, and
Ileaves v, v,, -+, v,.

Suppose that /=1. Let G'=G-uv,. Then y;(G')<K by the minimality
of G. The colors in {c(uu,.)|1S i< d}U{f(u,)—f(u) [1<i< d} are forbidden
for uv,. So we have at least K —2d > K —-82>1 available colors for uv,. There-
fore, we can get an nsd-K-coloring of G, a contradiction.

Suppose that 2</<A(G)-d. Let G'=G—{uv,[1<i<[} and S, denote
the feasible color set which uv, can use for each 1<i</.Then |Si| >K-d col-
ors available for uv,. By Lemma 2.1, |T,| >[(K—d)-1I*+1. Let
f()=1(K-d)-1I*+1=1(K—-d~1I)+1. Note that
K—-d-1>2A(G)+1-d—-121. If >4, then f([)2I+1>4.1If 2</<3,
then K-d-[>9-4-3>2 and f(l) >2x2+1>4. Thus, we can show that
£ (I)>4. Hence we can get an nsd-K-coloring of G, a contradiction.

(3) According to Claim 3.1 (2), we have d (v) =d, (v) =2 and
d;(w)=d, (w). Assume to the contrary that d(u)>d, (u)=d, this means
that there exist at least one leave v, adjacent to zin G. Let G'=G—vw. Then
G' has an nsd-K-coloring ¢ by the minimality of G. If ¢(uv)# f(w), we can
get an nsd-K-coloring of G by Remark 1, a contradiction. If ¢(uv)=f(w),
then we exchange the colors of uv, and wv, and get an nsd-K-coloring of G'by
Remark 1, a contradiction. [J

A 2-vertex is called bad if it is adjacent to a 2-vertex; weak if it is adjacent to a
3-vertex or a 4-vertex; good if it is adjacent to two 5*-vertices; deficient if it is
bad or weak. Let d,, (u) (d,,(v), d,,(u)) be the number of bad 2-vertices
(deficient vertices, good 2-vertices) adjacent to uzin H.

Claim 3.2. Suppose that u is a weak 2-vertex in H. Let N, (u)={u,u,},
where d,; (u,)=3 or4.

(DIf dy, (u)=3,then d_ (u)=2.
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(2)If d, (u,)=4, then d, (u,)=3.

Proof: (1) By Claim 3.1 (2), dg(u,)=d, (u,)=3 and d;(u)=d, (u)=2.
Let N (u,)={u,x,y}. Assume to the contrary that d, (x)<4. According to
Claim 3.1 (2), dg(x)=d,(x)<4. Let G'=G—{uu,,ux}. Then G' has an
nsd-K-coloring by the minimality of G. It is easy to see that there are at least
K—-3-3-1-12>1 available colors for u,x.So we can extend the coloring to G
by Remark 1, a contradiction.

(2) By Claim 3.1 (2), dg(u,)=d, (u;)=4 and d;(u)=d, (u)=2.Let
Ng (”1) = {u,x, y,z} . Assume to the contrary that d,, (x) <3. By Claim 3.1 (2),
dg(x)=d, (x)<3. Let G'=G—{uu,u;x}. Then G' has an nsd-K-coloring
by the minimality of G. There are at least K—-2-2-2-1>2 available colors
for u,x.So we can obtain an nsd-K-coloring of G by Remark 1, a contradiction.
O

If wxy isa pathof Hsuchthat d,(y)=2 and d, (x)=3, then uis called
the source vertex of y, yis called sink vertex of u. We use s(u) to denote the
number of sink vertices of u. By Claim 3.2 (1), we know that s(u) <d, (u) .

Claim 3.3 Let ueV(H) with d, (u)=d. Let u,,---,u, be the neighbors
of uin H.

(1) If d=2,then a’4 (u)sl
(2) If d =3, then a’3 (u)Sl
(3)If d=>5,then d,,(u)<1.

(4)If d=5,then dz( )_2.
(41)If d,, (u)=1,then s(u)=
(42)If d,(u)=2,then d,, (u)
(43)If d,(u)=2 and d,, (u)=1,then d,(u)=0.

(5)If d=6,then d, (u)<1. d_(u)=5
(G If dyy(u)=0 and d,,(u)>5,then 3 :

(52)If d,, (u)=1,then d,(u)<1.
Proof: (1) Assume to the contrary that uis adjacent to two 4-vertices u, and
uy. By Claim 3.1 (2), dg(u)=d, (u)=2 and dg;(u;)=d, (u;) for i=12.
Suppose that wu, ¢ E(G) (If wu, € E(G), we can prove it similarly). Let

0.
<1

G'=G-u.Then G’ has an nsd-K-coloring ¢ by the minimality of G. It is easy
to show that the colors in
{c(uw)|we Ng (u)JU{f (w)— f ()| we Ng (u)}U{f (u,)} are forbidden
for wuu, . So we have at least K —3-3-1>2 available colors for uv,. Then we
can get an nsd- K-coloring of Gby Remark 1, a contradiction.

(2) Assume to the contrary that u is adjacent to two 3 -vertices u, and u,.
By Claim 3.1 (2), d;(u)=d, (u)=3 and dg(u,)=d, (u,) for i=12.Let
G'=G—{uu,,uu,} . Then G’ has an nsd-K-coloring ¢ by the minimality of G.
The colors in {c(uw), f(w)=f(u)|we Ng ()} Ulc(uny), f(u,)—c(uuy)}
are forbidden for wu,. So we have at least K —2-2-1-1>3 available colors
for wuu, . Next, there are at least K-2-2-2-22>1 colors available for wuu, .

Hence we have y; (G)<K , a contradiction.
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(3) Assume to the contrary that u is adjacent to two bad 2-vertices u, and
u, . By Claim 3.1 (2), we have d;(u,)=d, (u,)=2 for i=12.

Case 1: uu, € E(G).

Let G'=G-uu,. The colors in
{f(u)—c(uu1 ), f () —c(uuy),c(uu,),c(uu, )} are forbidden for u,u, . So there
are at least K —4>5 available colors for u,u,. Hence, we can extend this co-
loring to G, a contradiction.

Case2: uu, ¢ E(G).

Let Ng(u,)={u,w} for i=12. By Claim 3.1 (2), dg(w)=d,(w)=2
for i=1,2.ByClaim3.2 (1), w, #w, and ww, ¢ E(G). Let
Ng (w,)={u,,v,} for i=12.

Case2.1: v, =v, =v.

Let G'=G—{uw,u,w,}.Then G' has an nsd-K-coloring ¢ by the minimali-
ty of G. Note that c(uu,)#c(uu,) and c(vw)#c(ww,). If c(uu)=c(vw)
(similarly for ¢(uu,)=c(vw,)), then we switch the colors of wuu, and wuu,.It
is worth noting that f'(u,)# f(w) and f(u,)# f(w,) for this new nsd-X-
coloring ¢’ of G'.The colorsin
{¢(uwy), f (u)=c (un;) " (vw,), f(v)—c'(vw,)} are forbidden for u,w,. So we
have atleast K —1-1-1-1>5 available colors for u,w, . Similarly, there are at
least 5 colors available for u,w,. Hence we have y;(G)<K, a contradiction.
If c(uw)#c(vw) and c(uuy)#c(vw,), then f(u)=f(w) (i=12).
Now we can extend this coloring to G with the similar discussion as above, a
contradiction.

Case2.2: v, #v,.
Let G'=G—{uw,u,w,}+{ww,} . Now we will show that mad (G") < f—; In
fact, let H' be the subgraph of G'. If ww, ¢ E(H'), then H'c G and

mad(H')<i—Z. So suppose that ww, € E(H'). If at most one of w,v, and
w,v, belongs to E(H'), say wyv, € E(H') if it exists, then H=H'—w,, is
2|E(H)| 37

< — . Therefore,

() 12

37
' —|V(H)+2
2AE(H") 2(|E(H)|+1) _20E(H)[+2 < 12| ()| SELARTa  E(H)
V) )+ (E)+1 [ HE)+1 12
and w,v, e E(H'), then H =H'—{w,w,} is the subgraph of G. Note that

20E(#)| 37

the subgraph of G. Note that

37
, v(H)+6
|V(H’)| |V(H)|+2 |V(H)|+2 |V(H)|+2 12

that G' isagraph with mad(G')< % and
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|E(G')|+|V(G')|<|E(G)|+|V(G)|. Then G’ has an nsd-K-coloring c by the
minimality of G. Note that c(wv,)#c(w,,) by f(w)#f(w,). Then we
can achieve an nsd- K-coloring of G'with the similar discussion as Case 2.1.

(4) Assume to the contrary that u in H is adjacent to three 2-vertices u,,u,
and u,. By Claim 3.1 (2), it holds that d(u;)=d, (u,)=2 for ie{1,2,3}.
Let N (u,)={u,w,} for each ie{1,2,3}. Assume that uin G is adjacent to /
leaves v,,v,,---,v, with />0.

Casel: /=0.

Then d;(u)=d,(u)=5. Let G'=G—{uu,|i=1,2,3} . Then G' has an
nsd-K-coloring by the minimality of G. It is easy to see that there are at least
K—-2-1-125 colors available for wuu, (ie{1,2,3}). By Lemma 2.1,
5%x3-3*+1=7>5. So we can color wuu,, uu, and wuu, properly such that
f(u)# f(u;) foreach 1<i<5,a contradiction.

Case2: /=1.

Let G'=G—{uv,,uu,uu,,uu,}. Then G’ has an nsd-K-coloring by the mi-
nimality of G. It is evident that there are at least K —2-1-1>5 colors availa-
ble for uu, (ie{1,2,3}) and at least K -2>7 colors available for uv,. By
Lemma 2.1, 7+5x3-4+1=7>5. So we can color uv,, uu,, uu, and uu,
properly and obtain an nsd- K-coloring of G, which is a contradiction.

Case3: /[>2.

Let G'=G—({uvl. |i=1,2,---,m}U{uul}). Then G' has an nsd-K-coloring
by the minimality of G. We use colors x,,-:-,x,,x,,, tocolor wuv,---,uv, uu,.
Let S, and S

m+1

devote the available color set for uv, (1<i<m) and uu,,
respectively. Now we consider the following polynomial:

Pl = T1 (=) s 3 el Sem)-s ()]

1<i<j<m+1 n=2 t=s+1 k=2

(B 3 clum)+ Setn) =)}

t=m+1 k=2

Let

O(xx,)= I1 (xf_xf)(ﬁxij4(§xij'

I<i<j<m+1

Suppose that /=2. Let m=2. Notice that |S,|=]S,|>K—(7-3)>5 and
|S3| > K —(7-3)-1-123. By computations, we obtain that
Cp (xf‘x;x3 ) =C, (xfxg)@ ) =3#0. According to Lemma 2.2, we can choose
x, €8, (1<i<m+1) such that P(x,-,x,, )#0. That is, we can get an
nsd- K-coloring of G, a contradiction.

Suppose that />3 .Let m=3. It is evident that for each 1<i<m, we have
|S,|2 K —(dg (u)-4)25 and |S,,|2K—(d,(u)-4)-1-123. By computa-
tions, we obtain that C, (xf‘x;’xfxf ) =C (xf‘x;’x?xi) -1#£0. According to

Lemma 2.2, we can choose x, €S, (1<i<m+1) such that P(x;,---,x,,,)#0.
That is, we can get an nsd- K-coloring of G, a contradiction.

(4.1) Assume to the contrary that zin His adjacent to one deficient vertex u,
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and has one sink vertex x. Let u, € N (x)(1 N, (). Then by the definition of
sink vertex, we have d, (u,)=3, d,(x)=2. By Claim 3.1, it holds that
dg(u)=d, (u)=5, dg(u)=d,(u)=2, dg(u,)=dy, (u,)=3 and

dg(x)=d, (x)=2. Suppose that N (u,)={u,w}. Let G'=G—uu,. Then
G’ has an nsd-K-coloring by the minimality of G. We erase the colors on edges
ww, and wu,x . There are at least K—-4-1>4 available colors for uu,. Thus,
we can color properly the edge wuu, such that f(u)#= f(u;) for ie{3,4,5}.
Then we can get an nsd-K-coloring of Gby Remark 1, a contradiction.

(4.2) Assume to the contrary that u in A is adjacent to two deficient vertices
u, and u,.By Claim 3.1, it holds that d; (u)=d, (u)=5,
dg(u;)=dy,(u;)=2 and dg(w,)=d, (w,)<4 (i=1,2). Suppose that
Ng (u;)={u,w,} for each i=1,2. Let G'=G—{uu,uu,}. Then G’ has an
nsd-K-coloring by the minimality of G. We erase the colors on edges u,w, for
i=1,2. There are at least K —3—1>5 available colors for wuu,.So we can col-
or uu, . Next, we have at least K—-4-1>4 colors available for uu,. Thus, we
can color properly the edge uu, such that f(u) # f(ul) for ie {3,4,5} .
Then we can get an nsd-K-coloring of G'by Remark 1, a contradiction.

(4.3) Assume that uz in A is adjacent to one deficient vertex u,, one good
2-vertex u, and one 3-vertex u,.By Claim 3.1, it holds that d; (u)=d,, (u)=5,
dg(u)=d, (u)=2 (i=1,2)and d;(w)=d, (w)<4.Suppose that
Ng (u;)={u,w,} foreach i=12.Let G'=G—{uu,|i=1,2,3}. Then G' has
an nsd- K-coloring by the minimality of G. Firstly, we erase the colors on edge
u,w, . Then there are at least K —2-1>6 available colors for uu, and at least
K—-2-1-125 available colors for wuu,, and at least K—2-2-2>3 colors
available for wuu,.By Lemma 2.1, 6+5+3-3+1=6>5. So we can color uu,,
uu, and wuu, properly and obtain an nsd-K-coloring of G by Remark 1, which
is a contradiction.

(5) Assume that uz of H is adjacent to two deficient vertices u, and u,. By
Claim 3.1, it holds that d; (u)=d, (u)=6, dg(u;)=d, (1,)=2 and
dg(w)=d, (w)<4 for i=1,2. Suppose that N, (u,)={u,w} for i=12.
Let G'=G—{uu,,uu,}. Then G’ has an nsd-K-coloring by the minimality of
G. We erase the colors on edges u,w, (i=1,2). Then there are at least
K —4-1>4 available colors for wuu,. By Lemma 2.1, 4x2-2>+1=5>4. So
we can color uu, and wuu, properlysuchthat f(u)# f(v) for
ve N (u)—{u,,u,}. Hence, we obtain an nsd-K-coloring of G by Remark 1, a
contradiction.

(5.1) Assume to the contrary that v in H is adjacent to five good 2-vertices
u, Uy, Uy, u,, u; andone 3" -vertex u,.By Claim 3.1 (2), it holds that
dg(u;)=d, (u;) for each 1<i<6. Assume that uin G is adjacent to /leaves
ViV, v, with [20.

Suppose that /=0.Then d;(u)=d, (u)=6.Let G'=G—{uu,,uu,}.Then

A(G
G' has an nsd- K-coloring by the minimality of G. When 6=4d,; (u)< {%—l ,
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ie. A(G)211, we know that there are at least K —4—-1-1=A(G)-526 col-

ors available for uu, (i=1,2). By Lemma 2.1, 6x2-2>+1=9>6. So we can

color uu, and uu, properly such that f(u);tf(ul) for each 1<i<6, a
. A(6)
contradiction. When 6=d, (u)> - +1,then 1+2+--+5>A(G)+1. So

we have f(u) # f(ul) for each 1<i<5. There are at least K —4-1-1>3
available colors for uu, (i=1,2). By Lemma 2.1, 3x2-2>+1=3>1. Thus, we
can color properly the edges uu, and uu, suchthat f(u)# f(u),a contradic-

tion.
Suppose that />1.Let G'=G—-uv,. Then G' has an nsd-K-coloring by the

N A(G)] . L
minimality of G. When 6+/=d, (u)< — | te A(G)22l+11, it is evi-

dent that there are at least K —(6+/—1)—6>/+1 colors available for uv,. So

we get an nsd- K-coloring of G, a contradiction. When

A
6+l=dG(u)2[@l+l, then 1+2+---+(5+/)>A(G)+1. So we have

f(u) # f(ul) for each 1<i<5. There are at least K—(dG (u)—l)—lZl
available colors for uv,. Then we get an nsd- K-coloring of G, a contradiction.
(5.2) Assume that u of H is adjacent to a deficient vertex u, and two good
2-vertices u, and u;.By Claim 3.1, it holds that d; (u)=d, (u)=6,
dg(w)=d,;(w)<4 and d;(u)=d, (u,)=2 foreach 1<i<3.Let
Ng (u;)={u,w,} for 1<i<3. Let G'=G—{uw,|i=1,2,3}. Then G' has an
nsd- K-coloring by the minimality of G. We erase the colors on edges u,w, . For
each 1<i<3, we use x;, to color uu,. Let S, be the available color set for
uu,; . Then |S1| >K-3-125 and |S2| = |S3| >2K-3-1-124. Now we consid-
er the following polynomial:

Plxrx)= ] (xi—x/)ﬁ(ixi+ic(uuk)—xn—f(un)J

1<i<j<3 n=l1

T[S+ Setn)- )}

n=4 \ i=1 k=4

Let

0tnos)= T1 (s (50

1<i<j<3 n=1 \i=l

By matlab, we obtain that C, (xfx;x; ) =2#0. According to Lemma 2.2, we

can choose x; €S, (1<i<3) suchthat P(x,x,,x;)#0. Thus, we get an nsd-

K-coloring of Gby Remark 1, a contradiction. [

AG
Remark 2. Note that if d (u)> {¥—‘ +1, then

1+2+"‘+(dc(”)—1)21+2+‘”J{¥w>A(G)+1-30 f(u)#= f(u;) when
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dg(u;)=2 for any proper edge coloring of G.

Claim 3.4. Let ueV (H) with d, (u)=d.Supposethat 7<d <A(G)-1.
(1) dy(u)<d-1.

(2)If ds{@l,then dy(u)=0.

3) If dZ{A(ZG)—‘+1,then dM(u)S

GB.DIf d,, (u)=1,then d,(u)<d-3.

):
(B If d,, (u)= {%—‘—1, then d,,(u)<I.

Proof: (1) Assume to the contrary that z in A is adjacent to d 2-vertices
u,,--,u, . By Claim 3.1 (2), we have d(u;)=d, (u,)=2 for each 1<i<d.
Assume that zin Gis adjacent to /leaves v,,v,,---,V,.

Suppose that /=0. Then d;(u)=d,(u)=d. Let G'=G-u. Then G'

A(G
has an nsd- K-coloring by the minimality of G. If 7<d < {%—l . Then

A(G)=2d—1. There are at least K—1-1>A(G)—1 colors available for uu,
(1<i<d). By Lemma 2.1, (A(G)-1)d-d*+12(d-2)d+1>d. So we can
color wuu, properly such that f(u)# f(u,) for each 1<i<d.So we get an

A(G
nsd-K-coloring of G, a contradiction. So suppose that d 2{ (2 )—|+1. By Re-

mark 2, f(u)# f(u;) (1<i<d) for any proper edge coloring of G. Note that
there are at least K—1-1= A(G)—l >d available colors for uu, (1<i<d).

Hence, we get an nsd-K-coloring of G, a contradiction.
Suppose that />1.Let G'=G—-uv,. Then G' has an nsd-K-coloring by the

- AG) | .
minimality of G. If d+/< 5| ie. A(G)=2d+2[-1, then there are at
least K—(d+[-1)—d>1+1 colors available for uv,. So we get an nsd-K-
, - A(G)
coloring of G, a contradiction. If d+/2 - +1, then

f(u)# f(u;) for each 1<i<d for any proper coloring of G by Remark 2.
Note that there are at least K —(dG (u)—l) > 2 available colors for uv,.Hence,

we get an nsd- K-coloring of G, a contradiction.
(2) Assume that u of His adjacent to a deficient vertex u, . Let

A
N (u;)={u,w} . By Claim 3.1, it holds that d,(u)=d,, (u)zdslrgi‘,

dg(u)=d,(u,)=2 and d;(w)=d,(w)<4. Let G'=G-u,. Then G’

has an nsd- K-coloring by the minimality of G. There are at least

A(G) :
K-2(d-1)-12A(G)-2 — +2>1 available colors for wuu, . Hence, we
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can get an nsd- K-coloring of Gby Remark 1, a contradiction.

d
(3) Assume to the contrary that uin His adjacent to {E—‘ deficient vertices

2

ul,uz,---,uM.Let Ng (u;)={u,w,} for each ISiS[g—I.ByCIaim&l,itholds
that dg(u)=d, (u)=d, d;(u)=d,(u,)=2 and d;(w)=d,(w)<4 for

1Si£{%—‘. Let G'= G—{uu, |i:1,2,---,(%—‘}. Then G’ has an nsd-K-color-

ing by the minimality of G. We erase the colors on edges “™i for each

ISiS{i—‘. There are at least K—[d—{i—lj—le(G)—d+{i—l2[1—‘+1
2 2 2 2

available colors for wu, (1<i< {%—‘ ). By Lemma 2.1,

2
{1—|+1 X[i-‘_{i—‘ +1={1—|+1>d—(1~‘. So we can color uu; properly
2 2 2 2 2

such that f(u)# f(u;) foreach 1<i<d.Hence, we get an nsd-K-coloring of
Gby Remark 1, a contradiction.

(3.1) Assume that u of H is adjacent to (d —2) 2-vertices u,,---,u, , such
that u, is a deficient vertex. Let N (u;)={u,w,} for 1<i<d-2. By Claim
3.1,itholds that d, (u)=d, (u)=d, d;(w)=d,(w)<4 and
dg(u)=d, (u)=2 foreach 1<i<d-2.Let G'=G—{uy,|i=12,-,d-2}.
Then G’ has an nsd-K-coloring by the minimality of G. Firstly, we erase the
colors on edge u,w,. For each 1<i<d-2, we use x, to color uu,.Let S,
be the available color set for uu,. Then |S1| >K-2-1=A(G)-2>d -1 and
|S,-| >2K-2-1-12d-2 (2<i<d-2). Now we consider the following poly-

nomial:

O(xx)= T1 (xi—xj)[dzx,jz.

1<i<j<d-2 i=1

d-2 d-3_d-5_d-6

By Lemma 2.3, we obtain that C, (x1 X5 Xy X, --xCH) =1#0. Thus, we

get an nsd- K-coloring of Gby Remark 1, a contradiction.

d
(3.2) Assume to the contrary that, z in A is adjacent to ((E—‘+l ) 2-vertices

d
2

2

ul,-‘-,u[q1 such that ul,-‘-,uB}1 are deficient vertices. Then u[

d
wan

uF}1 are good 2-vertices by Claim 3.4 (3). Let N (u,)={u,w,} for each
2

I<i< E]H . By Claim 3.1, it holds that d; (u)=d, (u)=d,
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dg(u)=d, (u)=2 for 1<i< 'V%—‘+1 . Consider that
G'=G —{uui |i= 1,2,---,[%—‘ + 1} . Then G' has an nsd-K-coloring by the mi-

nimality of G. We erase the color on edge u#,W, foreach 1<i< {%—'—1 . There

are at least K —(d —[%—l—lj—l > A(G)—d +{%—‘ +12> {%—‘ +2 available colors

for uuy, (ISiS’V%—‘—l), at least K—[d—{%—‘—lj—l—lz[%—kl available

colors for uu, (i= [%—l,{%—l +1). By Lemma 2.1,

5 H e

color wuu, properly such that f(u)# f(u;) for each 1<i<d. Thus, we get
an nsd- K-coloring of Gby Remark 1, a contradiction. [

Claim 3.5. Let ueV(H) with d,(u)=A(G)>7.1f d,, (u)=1 and
d,(u)=A(G)-1, then d. (u)=A(G)-1.

Proof: Assume that u of His adjacentto A(G) 3 -vertices u, SN such

9
that u, isa deficient vertexand u,,--,u,; , are2-vertices. By Claim 3.1, it
holds that d; (u,)=d,, (u,).Suppose that N (u,)={u,w,} foreach
1<i<d-1.Let G'=G—uu,.Then G’ hasan nsd-K-coloring by the minimality

): A(G)(A(G)_l)
2

of G Since 1+2+~~-+(A(G)—1 >2A(G)+1, then we can

get f(u)# f(u;) for each 1<i<A(G). Firstly, we erase the color on edge
u,w, . There are at least K—(A(G)—l)—l >1 available colors for uu,. Thus,

we obtain an nsd- K-coloring of Gby Remark 1, a contradiction. [J

3.2. Discharging Process

In order to complete the proof of Theorem 1.1, we use the discharging method.
For this aim we first define the original charge function w(u)=d,, (u) —% for
each u eV (H), then

S w(u)= Z)[dH(u)—%]£|V(H)|(mad(G)—l—J<O.

ueV(H) ueV(H
We will design several discharging rules and reassign the charges according to
the rules below. Let w* be the final charge. We will show that for each
ueV(H), w'(u)>0.This leads to the following contradiction:
0< > wi(u)= >, w(u)<o0
ueV(H) ueV(H)
and it shows the nonexistence of G.

We define the discharging rules as follows:
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13 15
(R1) Every 5*-vertex gives o to each adjacent bad 2-vertex; — to each
. 13 .
adjacent weak 2-vertex; o to each adjacent good 2-vertex.
. 11 I
(R2) Every source vertex gives 18 to its sink vertex.
. 11 .
(R3) Every 4-vertex gives ! to each adjacent 2-vertex.

1
(R4) Every 4*-vertex gives o to each adjacent 3-vertex.

Now we are going to show w'(v)>0 for each ueV(H). Let ueV(H)
with d,, (u):d.By Claim 3.1 (1), d=2.

(1) d=2. According to Claim 3.3 (1), u is adjacent to at least one 5*-vertex.

. 1
First, suppose that u is a bad 2-vertex. Then by (R1), w"(u)= 2—%+£: 0
Next, suppose that uis a weak 2-vertex. If uis adjacent to a 3-vertex, then u has
two source vertices. By (R1) and (R2), w"(u)= 2—%+%+2x£ =0.If uis
X 1 11
adjacent to a 4-vertex, then by (R1) and (R3), w (u):2—£+—5 —=
12 24 24
. . . 37 13

Finally, suppose that uis a good 2-vertex, by (R1), w"(u)=2 ot 2 S 0.

(2) d=3. According to Claim 3.3 (2), u is adjacent to at least two 4"-vertex.

37 1
Then by (R4), w'(u)=3-"——=+2x—=0.
YR, () =3 -+ 21y
(3) d=4.1f uis adjacent to 2-vertex, then by Claim 3.2 (2), d. (u) =3. By
. 37 11 11 . .
(R3), w (u) =4—-——-—=—_1If uis not adjacent to 2-vertex, then by (R4),
12 24 24
w’ (u)24—3—7—4><L=E.
12 24 4
(4) d>5.1Itis trivial that s(u)<d, (u).Hence we have:
« 37 13 15
w (u) > d_E_Edbz (u)—a(ddef (u)—a’,,2 (u))
13 11 1
_ﬂdé’z (u)—4—8s(u —zd3 (u) (1)
37 15 11 13 13

_E_deef (”)_zdhz (”)_zdgz (”)_4_8d3 (u)-

(4.1) d=5. According to Claim 3.3 (4), d, (u) <2. By Claim 3.3 (3),
dy, (u)<1.

Suppose that d, (u)=2. By Claim 3.3 (4.2), d,, (u)<1. Furthermore, if
d, (u)=1, then d,(u)=0. Suppose that d, (u)=1. Then d,(u)=0,
dy, (u)<1 and d,, (u)=1. Thus, w"(u)> 5—?—;—;—3—%—§=%
Suppose that d,, (u)=0.Then d,,(u)<d,, =0, d,(u)=2 and

37 ZXE 13 1

d. (u)=3.Thus, w"(u)>5-"-- —3x—=— by (1).
() us, W' (u) 12 24 " a8 48 y (1)

by (1).
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Suppose that d, (u)=1. If d,, (u)=1, then s(u)=0 and d,, (u)<1 by
37 15 11 I 2
laim 3. 4.1). Thus, w' >5-—————-A4x—==_1If =0,
Claim 3.3 (3) (4.1). Thus, w" (u)>5 4 4><24 3 dy (u)=0
then d,, (u)<d,, =0, d, (u)zl and d, (u)=4.Thus,
w)zs-2 B 4 BT e,
12 24 48 24
37 13 _9
h =0.Th >5-—— = 1).
Suppose that d, (u)=0.Then w"(u)>5 = 5x T8 by (1)

(42) d =6. According to Claim 3.3 (5), d,,, (u)<1.

<
Suppose that d,, (u)=1. Then we have i (1) < dyy (1) = I By Claim 3.3

37 15 11 13 13
52), d.,(u)<1.Thus, W' (u)>6-"-—————— _4x (B by (1
(5.2), dys (u) (x) 12 24 24 24 48 24 ().

Suppose that d,,, (u)=0.1f d,, (u)>5, then d. (#)=5.We have

. 37 13 5
dy, (u)<d,, (u)=0.Thus, w (u)26—E—5x£:a by (1). If
37 13 13
<4, th - _:_ 1
d,, (u)<4,then w'(u)=6 5 4x e —2x 8= 24 by (1).

(4.3) d>7.ByClaim3.3 (3), d,, (u)<1
(4.3.1) Suppose that A(G)>13.

AG
Suppose that 7Sd£(¥—‘. Then by Claim 3.4 (1) and (2), we have

d,(u)<d-1 and d,, (u)=0.Then d,,(u)<d,, («)=0 and

37 13 13 11, 45
d <d-1.Thus, >d—"—(d-1)x—-—— _Xs50.
o2 (1) us, W (u)2d 12 (d-1)~ 24 a8 24" 1670

A(6) .
Suppose that - +1§dSA(G)—1. Since A(G)213,we have d>7.

Then by Claim 3.4 (3), we have d,, (u)s[ﬂ—l. If d,, (u)={%—‘—1, then

dg, (u)<1, d,, (u)<1.Thus,

e 2] ]

12 24\| 2 24 24 48 2 by(l).If
3, D) 8,3, 1, 1) 8 8, 5,

48 48| 2 24 48 48\ 2 2 24 96 96

ddef( ) {Z—l 2, then d, ( )<d—3 and d,, (u)Sl.Thus,

w (u)zd—3—7—1—5 [1—1—2 B d—3—[i—‘+2 —Ex?:
12 24\] 2 24 24 2 48

:Hd_ii 123 d—l i+1 123 Sd 125>O
24 12] 2| 48 24 1202 " 2) 48 12 48

Suppose that d = A(G)>13. By Claim 3.5, we know d,, (u)<A(G)-1.If
d, (u)=A(G)-1, then d._ (u)=A(G)-1. Thus,

. 37 15 11 3 35
w (1) 2 A( )—E—Q(A(G)—l)—ﬂng(G)—E>0 by (1). If
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1<d,, (u)<A(G)-2, then by (1), we have

W (U)ZA(G)_%_;_idM (u)—%dhz (u)_gdﬁ (u)_%d3 ()
zA(G)—?—Z—;—idz (u)—%arb2 (u)—%(A(G)—dZ (u)) I
S

duy (1) =0, then w" ()2 A(6)= =22 A(6) =57 A(6) =73 > 0.

A(G)

(4.3.1) Suppose that 8<A(G)<12. We have d>7 Z(T—'—H' Accord-

ing to Claim 3.4 (3) and Claim 3.5, the derivation process is completely analog-
ous to 4.3.1.

4. Conclusion

In this paper, we have studied neighbor sum distinguishing index of sparse
graphs. However, there are still many graphs which are not covered here. So, for
further research, we will consider the neighbor sum distinguishing edge coloring

of planar graphs.
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