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Abstract 
The GPS satellite clock corrections (along with gravitational redshift) which 
are necessary for the proper operation of the GPS are fully described without 
invoking relativity theory as is the practice today. 
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1. Introduction 

In the Global Positioning System (GPS), there are atomic clocks on board the 
orbiting satellites which are necessary for the proper operation of the system. 
These clocks however experience clock retardation arising from their high-speed 
movement around the Earth (time dilation) and clock advancement resulting 
from reduced gravitational field intensity at the satellite altitudes (gravitational 
time dilation associated with gravitational redshift) [1]. These changes are today 
attributed to special relativity for the time dilation component and general rela-
tivity for the gravitational time dilation component. In order to compensate for 
the consequent time errors, the clock frequency standard on board each satellite 
must be appropriately offset at launch so that the clocks initially run slower than 
clocks on Earth [1] [2]. The IS-GPS-705F Interface Specification document [3] 
gives this adjusted frequency as 10.22999999543 MHz down from 10.23 MHz. 
During operation, the effect of clock retardation and gravitational time dilation 
is an increase of the clock frequency from the offset value of 10.22999999543 
MHz to 10.23 MHz as seen by a ground observer. These corrections work ex-
tremely well and are extensively discussed in a Wikipedia entry titled “Error 
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Analysis for the Global Positioning System” in the section “Relativity” [4]. This 
paper describes the clock corrections employed in the GPS along with gravita-
tional redshift without invoking relativistic considerations as in [2] and [4] but 
using the data available there. 

2. Clock Retardation Due to Movement 

Based on accurate experimental data, it has been rigorously confirmed that 
clocks that are stationary in the GPS satellites run slow relative to clocks that are 
stationary in the ECI frame. For clocks at the same gravitational potential, this 
time reduction satisfies the equation [2] 

2

2d 1 d
2path path

vt t
c

 
′ = − 

 
∫ ∫                      (1) 

where v is the velocity relative to the ECI frame, t is the time in the ECI frame 
and t′  is the time in the frame moving relative to the ECI frame which here is 
onboard the orbiting satellites. When integrated along the satellite path, assum-
ing an approximately constant value for v, this equation gives 
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This corresponds to the equation 

tt
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given by Kelly [5] where 2 21 1 v cγ = −  since 
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Equation (3) is the time transformation given by Selleri [6] [7] which is dif-
ferent from the Lorentz time transformation given by [8] 

2 2

vx t vxt t
c c

γ
γ

′ ′ = − = − 
 

                     (4) 

where x is the space coordinate in the ECI frame and x′  is the space coordinate 
in the moving frame. Therefore, in order that satellite clocks remain synchro-
nized with clocks that are stationary in the ECI frame (corresponding to the 
Earth’s center), a continuous time adjustment has to be made to the satellite 
clocks. Thus from (3a), the difference between the time t′  on the moving satel-
lite clock and the time t on the clock that is stationary in the ECI frame is given 
by 

2

22
vt t t
c

′ − = −                          (5) 

This represents a slowing of the clock rate as a result of the movement of the 
clock in the ECI frame. The velocity of the GPS satellites relative to the ECI 
frame is 3874 m sv = . Therefore 
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vt t t t t
c

−′ − = = − − ×
×

           (6) 

Over a period of one day, the time change is given by 
11 68.349 10 60 60 24 7.214 10 s 7214 nst t − −′ − = − × × × × − × = −      (7) 

This means that the satellite clocks lose 7210 ns (rounded to 10 ns) each day 
compared with the clocks that are stationary in the ECI frame as a result of 
movement at velocity 3874 m sv =  relative to the ECI frame or the center of 
the Earth. 

3. Gravitational Redshift 

It has been experimentally observed that a light beam can change the momen-
tum of an object upon which the light is incident. The corresponding pressure 
experienced by the object is referred to as radiation or light pressure. If the light 
energy pE  is absorbed by the object, the momentum change experienced by 
the object is pE c . From the principle of conservation of momentum, this 
means that photons of energy pE  behave as if they have a mass pm  given by 
[9] 

2
p

p

E
m

c
=                            (8) 

This derivation follows that given by Narlikar [10]. Consider a photon of mass 

pm  leaving the surface of a massive object of mass M and radius R and escaping 
to infinity. At a distance r from the center of the mass M, the force of attraction 
toward M is 

2p

p
m

GMm
F

r
=                          (9) 

The work done in raising the photon through height dr  is given by 

2d d
p

p
m

GMm
F r r

r
=                       (10) 

Hence the work done in raising the photon from the surface of the massive 
object to an infinite height is given by 

2d d
p

p p
m

R R

GMm GMm
W F r r

Rr

∞ ∞

= = =∫ ∫                (11) 

This work is done at the expense of the photon’s energy. This loss of energy by 
the photon results in a reduction of its frequency from f  to f ′  given by 

pGMm
hf hf

R
′− =                       (12) 

Using (8), this becomes 

2

GMhfhf hf
Rc

′− =                       (13) 

where pE hf= . Hence the fall in frequency f f f ′∆ = −  is given by 
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2

GMf f
Rc

∆ =                          (14) 

This frequency change is referred to as gravitational redshift and has been 
confirmed to an accuracy of 1% or better [11]. 

4. Clock Advancement Due to Reduced Gravity 

The work done in raising the photon from an initial height 1r R=  to an in-
creased height 2r R=  is given by 

2 2

1 1

2
2 1

d d
p

R R
p p p

m
R R

GMm GMm GMm
W F r r

R Rr
= = = − +∫ ∫           (15) 

Therefore, the fall in frequency is given by 

2
1 2

1 1GMff f f
R Rc

 
′∆ = − = − 

 
                 (16) 

Now if a radiation source emits photons at frequency f over time t registered 
on a clock at 1R , then the number of cycles emitted is N tf= . If these photons 
travel to a greater height, then the frequency falls to f ′ . However, since the re-
ceiver must receive the same number of cycles, it follows that [12] 

tf N t f′ ′= =                          (17) 

where t′  is the time registered on a clock at 2R . Therefore, the decrease in 
light frequency is associated with an increase in clock rate at that position. This 
change in clock rate is referred to as gravitational time dilation. From (16) and 
(17), 

2 2
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f R Rc c RGMff

R Rc

  
′ = = + −  ′      − − 

 

      (18) 

Equation (18) has been confirmed by accurate GPS data [2]. Specifically, for 

EarthM M= , 1 EarthR R=  and 2 SatR R= , the clocks on the satellites in the GPS 
run faster as a result of the decreased gravitational field intensity according to 
Equation (18). 

Therefore, in order that satellite clocks remain synchronized with clocks at 
rest on the surface of the Earth, a continuous time adjustment has to be made to 
these clocks. Thus from (18), 

2 2
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Hence the difference between the time t′  on the moving satellite clock and 
the time t on the clock on the surface of the Earth is given by 

2

1 1Earth

Earth Sat

GM
t t t

R Rc
 

′ − = − 
 

                 (20) 

https://doi.org/10.4236/jamp.2021.910158


S. J. G. Gift 
 

 

DOI: 10.4236/jamp.2021.910158 2480 Journal of Applied Mathematics and Physics 
 

Therefore, with mass of the Earth 245.974 10 kgEarthM = × , polar radius of 
Earth 66.357 10 mEarthR = × , radius of satellite orbit 72.6541 10 mSatR = × ,  

11 3 1 26.674 10 m kg sG − − −= × ⋅ ⋅  and 82.998 10 m sc = ×  we get 

( )
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    (21) 

Over a period of one day, the time increase is given by 
10 65.307 10 60 60 24 45.850 10 s 45850 nst t − −′ − = × × × × × =      (22) 

This means that the satellite clocks gain 45,850 ns each day compared with the 
clocks that are stationary on the surface of the Earth as a result of the decreased 
gravitational field intensity above the Earth [2]. 

5. Clock Frequency Adjustment 

The net time gain each day from clock movement and reduced gravitational field 
intensity is then 45850 7210 38640 ns− = . The satellite clocks must be appro-
priately slowed in order to exactly compensate for this net time gain. From Equ-
ations (5) and (20), the total time change resulting from clock movement and 
gravitational time dilation is given by 

2
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Therefore, the fractional change in time is given by 
2
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In order to correct for this, the clock frequency must be reduced by the same 
fraction i.e. 

104.472 10f f t t
f t

−′ ′− −
= = ×                   (25) 

where f ′  is the reduced frequency and 10.23 MHzf =  is the clock frequency 
on Earth. From (25) therefore, 

( )
( )

10

10

1 4.472 10

10.23 MHz 1 4.472 10

10.22999999543 MHz

f f −

−

′ = − ×

= × − ×

=

               (26) 

This is the adjusted frequency that is preset in the clocks at launch and can be 
found in IS-GPS-705F Interface Specification, May 2019 (page 9) [3]. Section 
3.3.1.1 states “The carrier frequencies for the L1, L2 and L5 signals shall be co-
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herently derived from a common frequency source within the SV [space ve-
hicle]. The nominal frequency of this source—as it appears to an observer on the 
ground—is 10.23 MHz. The SV carrier frequency and clock rates—as they would 
appear to an observer located in the SV—are offset to compensate for relativistic 
effects. The clock rates are offset by Δf/f = −4.4647E−10, equivalent to a change 
in the I5 and Q5-code chipping rate of 10.23 MHz offset by a Δf = −4.5674E−3 
Hz. This is equal to 10.2299999954326 MHz”. Thus, the effect of the clock retar-
dation and gravitational time dilation is to cause the clock frequency to increase 
from the offset value of 10.22999999543 MHz to 10.23 MHz as seen by an ob-
server on the ground. 

6. Conclusion 

In this paper, the clock corrections necessary in the GPS have been calculated 
without using relativity theory. As previously indicated, the speed of the satellite 
clocks is measured relative to the ECI frame corresponding to the center of the 
Earth or the poles. It turns out that (because of time change resulting from grav-
ity and clock movement) clocks at the poles beat at the same rate as clocks along 
the Earth’s geoid across the surface of the Earth. This means that clocks that are 
stationary in the ECI frame are equivalent to clocks being stationary anywhere 
on the Earth’s geoid, regardless of latitude [2]. This is a very convenient result! 
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