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Abstract

In this work, we show that by restricting to the subgroup of time-independent
coordinate transformations, then it is possible to derive the Ricci flow from
the Bianchi identities. To achieve this, we first show that the field equations of
the gravitational field, the Newton’s second law of classical dynamics, and the
Maxwell field equations of the electromagnetic field all share the same ma-
thematical structure. Consequently, the Ricci flow itself may be regarded as
dynamical equations used to describe physical processes associated with the
gravitational field, such as the process of smoothing out irregularities of dis-
tribution of matter in space.
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1. Introduction

Geometrical and topological methods have played an important role in the for-
mulations of physical theories that characterise the quantum nature of physical
entities in terms of mathematical objects [1] [2] [3] [4]. These formulations can be
extended to show that quantum particles may in fact manifest as three-dimensional
differentiable manifolds whose spacetime structures are governed by the field
equations of general relativity which, as shown below, can be formulated purely
in terms of differential geometry [5]-[12]. In general, the geometrical approach
to formulating fundamental structures of quantum particles requires the con-
struction of a space so that physical objects can be identified with the geometric-
al properties of that space. The physical description associated with the geome-
trical structures is expressed in the form of field equations, such as Einstein’s
field equations of general relativity [13]. Geometrical and topological methods
applied to physical theories are a way of establishing a correspondence between

mathematical concepts and physical objects. This can be achieved by searching
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for mathematical structures that can provide a consistent description of the dy-
namics of physical observables. Conversely, physical objects may provide an
empirical realisation of the abstract concepts associated with geometry and to-
pology. However, there are restrictions on the applicability of geometrical and
topological methods in the construction of physical theories. A general feature of
geometrical models applied to physics is that their mathematical realisation can
only be described approximately since physical theories have been based on
concepts, such as mass, which are poorly defined from the point of view of ma-
thematics. Geometrical procedures that require the generalisation of such con-
cepts may also lead to a poor description of physical phenomena. For this reason,
Einstein’s theory of general relativity cannot be a truly geometrical theory, be-
cause the energy-momentum tensor which enters the theory is a non-geometrical
quantity [14]. However, this blemish can be overcome by formulating the field
equations of the gravitational field using the contracted Bianchi identities in
which Einstein field equations of general relativity are considered, as in the case
of the electromagnetic field, as a definition of the energy-momentum tensor for
the gravitational field.

2. Covariant Formulation of Classical Physics

Even though the focus of this work is to derive the Ricci flow from our formula-
tion of the gravitational field from the Bianchi identities, it is noted that classical
physics, which includes Newton dynamics, Maxwell field equations of electro-
magnetism and Einstein general relativity, can be formulated from a general eq-
uation in which the mathematical objects that are used to formulate these physi-
cal theories differ only by their mathematical natures. Consider an equation of

the general form

V,M=1] (1)

where M is a mathematical object, ] a physical entity, and V, a covariant de-
rivative. In fact, we may speculate that the equation given in Equation (1) can be
applied to any physical field by establishing a suitable mathematical object for M
and a physical object for J. For Newton dynamics in Euclidean space, we set
M=E with

2

13 (dr
E=— = | +v 2
ol @

In this case, the mathematical object M given in Equation (1) is a scalar, and
with J=0 the dynamical equation given in Equation (1) reduces to Newton’s
second law

OF
ot

3)

For Maxwell field equations of electromagnetism in Euclidean space, we set
M = F*, where the electromagnetic tensor F* expressed in terms of the
four-vector potential A4* =(V,A) as
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In this case, M is an anti-symmetric tensor and the dynamical equation given

in Equation (1) reduces to Maxwell field equations

OF ,
v i’ (5)

in which the four-current ;* = ( Losde ) . From the fact that the electromagnetic
tensor F* is anti-symmetric, it can be expressed as a dual vector. In electro-

magnetism, the electromagnetic energy-momentum tensor 7% for the free
1
electromagnetic field with the defined Lagrangian of the form L= _ZF o F

can be established as
1
Ta,B 60c2 [U!WF&#FVH naﬂﬂvFlvj (6)

where Ny 18 the Minkowski metric tensor [15].

Now, to use the general equation given in Equation (1) to represent the gravi-
tational field, we would need to reinterpret Einstein field equations of general
relativity so that the overall mathematical structure of the gravitational field
would look like that of the electromagnetic field, with the field equations given
by Equation (5) and the energy-momentum tensor given by Equation (6). It is
shown in differential geometry that the Ricci tensor R satisfies the Bianchi
identities [16]

V,R? =% g7V ,R 7)

where the Ricci tensor R,; defined in terms of the affine connection I7, as

oy, ore

af aoc A 4 A o

= - +07 19 T T 8
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To formulate the field equations for the gravitational field it is necessary to
introduce a metric tensor g,; in terms of which the affine connection I}, is
defined

A 1 Ao ag off ag oa ag aff
== + Lo _ 9
) & [ o awf  x° ©)

Even though Equation (7) is purely geometrical, it has a form like Equation (5)
for the electromagnetic tensor. Therefore, we may identify M in Equation (1)
with the Ricci tensor M = R”. And in this case, the quantity J in Equation (1)

is defined purely in terms of geometrical objects as

.o 1 a,
j :Eg /’VﬂR (10)

1
If the quantity Eg"'g V4R can be determined as a physical entity, such as a

four-current of the gravitational matter, then Equation (7) has the status of a
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dynamical law of a physical theory which can be postulated as the field equations
of the gravitational field. In this case, as in the case of the electromagnetic field,
the energy-momentum tensor 7, for the gravitational field can be established

in terms of the Ricci tensor R,; and the metric tensor g,; as
1
T, :k(Raﬂ —EgaﬂRj (11)

Equation (11) is Einstein field equations of general relativity. For a purely gra-

1
vitational field in which 5 g’V 4R =0, Equation (7) reduces to

V,R? =0 (12)
Solutions, such as the Schwarzschild solution, can be obtained from Equation
(12) by observing that since V, 2 =0 we have

where A is an undetermined constant. For A =0, and if we consider a cen-

trally symmetric gravitational field with the line element [17] [18]
ds* = e’’’ —e*dr” —17 (d6” +sin’0dg’ ) (14)

then the Schwarzschild solution can be found as

-1
d5” = (1_Mjczdtz _(1_ 26M j &= (d6° +sin0dg’)  (15)
r r

3. Derivation of Ricci Flow

In this section, we derive from Equation (12) the intrinsic geometric Ricci flow
introduced by Hamilton [19] [20], and given as follows

ag_aﬂ:_zR

16
ot @ (16)

Mathematically, the Ricci flow given in Equation (16) is a geometric process that
can be employed to smooth out irregularities of a Riemannian manifold. In gen-
eral, the partial time derivative of a tensor is not a tensor therefore the Ricci flow
is not a tensorial equation. However, Equation (16) becomes a tensorial equation
with respect to the group of time-independent coordinate transformations. This
is in fact an important feature because we can derive the Ricci flow within this
subgroup of coordinate transformations. In differential geometry, the covariant

derivative of a contravariant tensor of second rank A is given by
V, A7 =0,47 +T% A7 +T% 4 (17)

The partial time derivative of Equation (17) is
8,(v,47)=0,(0,47)+(o,r%,) A7 +12, (0,47

(18)
+(8,T%,) 4% +17,(8,4°)

Under the coordinate transformation x'* = f* (xﬂ ), the tensor A“ is trans-

formed as
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a ra a 7
4 =Z g (19)
ox” 0ox°
If the coordinate transformation is time-independent then the partial time de-

rivative of the tensor A“ is also a tensor which is transformed according to the

rule
oA"” o' ox'” 4™ (20)
ot ox” ox° ot
In this case, we have
v, (6,4%)=0,(0,47)+T¢, (8,47 )+T%, (6,4°") (1)

It is observed from Equations (18) and (21) that if we impose the following con-
dition on Equation (18)

(o2, )47 +(8,7%,) 4% =0 (22)

then we obtain the identity
V,(6,47)=8,(v,47) (23)

For a metric tensor g we have v, (atgaﬂ):at (Vyg“ﬁ)zo, and in this
case from the field equations given in Equation (12), V ﬂR“ﬁ =0, we arrive at

ag af

~L = kR, (24)

where kis a scaling factor. As an example, consider a simple line element of the

form
ds” = D(edr)’ — A(x, y,2,10)[ (dx)" +(dy)" + (dx)’ | (25)

where D is constant. If the coordinate transformations are time-independent
then the imposed conditions (8 re ) 8op +(8,F;y) g2, =0 lead to the follow-

th ay
ing system of equations for the quantity A

0’4
=0 26
e (26)
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It is seen from the above conditions that the quantity A is also time-independent
and the Ricci flow given in Equation (24) leads to the purely gravitational field
R,; =0 which admits only time-independent solutions. Since R, =0 implies

R =0, we obtain the following equation for the quantity A
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V2A+ﬁ(VA)2 =0 (31)

We would like to make a remark here that since the Ricci flow given in Equa-
tion (24) is derived from Equation (12) which is assumed to be field equations
that describe the gravitational field, therefore it is reasonable to suggest that the
Ricci flow itself may also be regarded as dynamical equations that can be used to
describe physical processes associated with the gravitational field, such as the

process of smoothing out irregularities of distribution of matter in space.

4. Further Discussion

It was mentioned above that the Ricci flow given in Equation (24) is a tensorial
equation only for time-independent coordinate transformations. However, a gen-
eral tensorial Ricci flow can be formulated using the Lie derivatives. In differen-

tial geometry, the Lie derivative of a general tensor field 7" is given as [16]
LXT;_::‘ = X“aﬂT;_:f —T/;fjjaﬂ)(“ —--~+T;jj6ﬁX" +ee (32)
For the case of a covariant metric tensor g,, we have
Lyg., :X”Gﬂgaﬂ +gw16ﬂX" +gﬁ#8aX” (33)

Besides the important properties of being linear, satisfying the product rule
for differentiation and commuting with contraction, the Lie differentiation with
respect to a vector field X also preserves the type of a tensor. Since the Lie deriv-
ative of a covariant metric tensor of second rank is also a covariant tensor of
second rank we may propose the following tensor equation

Lyg,;=kR,, (34)

where kis a dimensional constant. Using Equation (33), Equation (34) becomes
X"a”gaﬁ +ga”6ﬂX*‘ +gﬂ#6aX“ =kR,, (35)

Mathematically, the covariant flow given in Equation (35) can be reduced to
the Ricci flow given in Equation (24) if the vector field X* can be smoothly as-
signed values in the form X* = (X 00, 0,0) , where X° is a constant temporal
component of the vector field. In this case we obtain the form of the Ricci flow
given in Equation (24) as

X°0)8,5 = kR, (36)

Physically, Equation (36) can be explained using commoving synchronous coor-
dinate systems on a homogeneous three-dimensional spatial manifold S formed

by some fluid substance [17].

5. Conclusion

We have shown that Newton dynamics, Maxwell field equations of electromag-
netism, and Einstein general relativity all share the same mathematical structure
given by the general equation V,;M=1J in which the mathematical objects

used to formulate these physical theories differ only by their mathematical na-
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tures. We speculate that this equation may also be applied to any physical field
by defining a suitable mathematical object for M and a physical object for J.
Then, we have shown that by restricting the coordinate transformations to those
that are time-independent, it is possible to derive the Ricci flow from the Bianchi
identities, which in turns are postulated as field equations for the gravitational
field. Consequently, the Ricci flow itself may be regarded as dynamical equations
used to describe physical processes associated with the gravitational field, such as

the process of smoothing out irregularities of distribution of matter in space.
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