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Abstract

One of the methods of mathematical analysis in many cases makes it possible
to reduce the study of differential operators, pseudo-differential operators
and certain types of integral operators and the solution of equations contain-
ing them, to an examination of simpler algebraic problems. The development
and systematic use of operational calculus began with the work of O. Heavi-
side (1892), who proposed formal rules for dealing with the differentiation
operator d/dt and solved a number of applied problems. However, he did not
give operational calculus a mathematical basis; this was done with the aid of
the Laplace transform; J. Mikusinski (1953) put operational calculus into al-
gebraic form, using the concept of a function ring [1]. Thereupon I'm sug-
gesting here the use of the integration operator dt to make an extension for
the systematic use of operational calculus. Throughout designing and analyz-
ing a control system, we need to treat the functionality of the system with re-
spect to time. The reaction of the system instructs us how to stable it by am-
plifiers and feedbacks [2], thereafter the Differential Transform is a good tool
for doing this, and it’s a technique to frustrate difficulties we may bump into,
also it has the methods to find the immediate reaction of the system with re-
spect to infinitesimal (tiny) time which spares us from the hard work in find-
ing the time dependent function, this could be done by producing finite se-

ries.

Keywords

Operational Calculus, Time Domain, Differential Domain, Serieses,
Difference to Differential Equation

1. Introduction

The Differential Transform shifts differential system from time plane to Carte-
sian plane that depends on the operator dt, this new presentation makes it easier

to be solved. The Differential Transform is very useful in solution of problems
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for linear ordinary differential equations [3], analyzing electric systems [4] and
solving physical problems [5].

Here we define the Differential Transform as a theme and present several
examples and calculate the Transform for the basic functions. It may be regarded
as a nice exercise from the mathematical point of view, also it might have some
applications to engineers.

In this article we’ll attempt to interpret the Differential Transform by pre-
senting its definition and properties. The examples accompanying, demonstrate
the convenient usage of this transform and improve understanding its concept.

The uniqueness of this Transform refers to the direct inversion which gives
the series of the functions. The inversion is easy and in case of a complicated
function produces a finite series of the function which will be regarded as its ab-
breviation.

The main advantages of this Transform are in Digital Signal Processing (DSP)
[6] where a difference equation of a filter could be treated the same as a differen-

tial equation.

2. The Main Theorem

Here is the essence of the Differential Transform presented by this definition:

Let the Differential Transform of f(t) be denoted as df(t) and define it as

w -T

1 -
— = [ed
dﬂ”"dtle i, dr (0)
t
where the operator dt represents the integrator Jdt .
0

3. The Properties

In our all next discussion we’ll regard G(dt) = df(l) and F(S) the Laplace Trans-
form [7] of f(t) .

3.1. Integrating
t
For f(t) = £ f(;)dt+ f(o) the Differential Transform is

df,, = dfdt+ T, (1)

3.2. Differentiating

The Differential Transform of f/ = i f., is
O gt ®©

dt
it = Yo~ fo _ dfl, @)
® dt dt

3.3. Linearity

Simply by switching Gy, = df, from #to the cf, c= constant
Ofie) = Ca) = Crem 3
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3.4. Splitting

For complex functions Gy, =df, the d (Real(f))=Real(G) and the

d (Imaginary( f )) = Imaginary (G) (4)

3.5. Limiting
for =Cp) (%)

3.6. Shifting
Having G(dt) = df(t) with t>7 we get df(t_ 0= G( e d‘ (6)

3.7. Convolution

If dhy, =df,didy,, then

hy =1 (t)*y(t)=£ f(t-7)y(r)dr (7)
3.8. Low Shaking
d" d"
dit"—f, |=d'—df 8
[ dt WJ " ddt ®

n

ddt df is the n-th derivation of df dependentto ddt.

3.9. Inverse Low Shaking

t
d jMdt _j dffy ddt_J'dfddt )
t

0
dt
_[df tdt is the integral of df’ dependentto ddt.
0

3.10. High Shaking

d| — d nf _d d,"df (10)
dt " ddt
(;jdt ¢ is the n-th derivation of d'df dependentto ddt.

3.11. Inverse High Shaking
1t 1 dt
d(f | f(t)dtJ:E [ dfddt (11)
0 0

dt
_[dfddt is the integral of df dependentto ddt.
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3.12. Particular Low Shaking

d(t"f,)=d jd (d/af) (12)

dn

is the n-th derivation of d,'df dependentto ddt.

4. Implementation Examples

Now let’s consider DT as an abbreviation for Differential Transform and make
some DT’es using the properties:

1) Knowing that t= Idt leads to
0

d(t)=dt (13)
tZ t2 t
2) Let f,=—, f; =t following Equation (1) ?z.[tdt and its DT
would be: 0
t? 5 t2 )
d| —|=didt=d’ = d|—|=d; (14)
2 2
t3 tZ l
3) Let f(t) =§, f({) 2 and following Equation (1) — .[ and its
DT would be: ' Po2
e[t 24 _ 43 )
d e =d dt dodt=d; = d e =d, (15)

4) Proceeding so on using Equation (1) we’ll come f(t) :t—, f({) =
n:

3 t42
t

with —= j t2| dt its DT would be
0

tn tn—l o o tn o

5) Substituting Equation (12) in Equation (2) f(t) =t, f(;) =1 so 1=—t

dt
its DT would be
d( )— f dt| dt—0
d(1 =— S-— —=-1 = d 17
( ) dt dt dt (1 ) (17)
6) The DT of a constant ¢ using Equation (16) and (3) is
d(c)=cd(l)=c-1=c d(c)=c (18)
t2 3 tn
7) Now we can make d (e‘) , @ =l+t+—+—+-+— N0 s0
2 3! n!
t® t"
t
d(e):d(l)+d()+d[ j+d[ ]+ +d[n|] =
d (e‘)=l+dt +d?+d>+---+d)
Here we have a finite series sum cause dt is infinitesimal
1
d(e')=—— 19
()= a9
DOI: 10.4236/jamp.2021.98129 1981 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.98129

E. M. A. Hilal

8) The DT of e =cos(at)+isin(wt) is de™ =dcos(wt)+idsin(wt) and
by applying

1 .
Linearity, Equation (3), on d (et) =T at via replacing twith i@t gives:

1 1 1+iwd, 1 wd,

de™ = = = = +i
l-iwd, 1+0%°d? 1+0°d} 1+0°d]

1
now splitting (Equation (4)) gives d cos(wt)= Truid? and the imaginary part
t
wdt

T 20
1+ w°d? 20

dsin(ot) =

9) Let’s calculate the DT of te' by shaking (Equation (11)):

d(tet):dtidtde‘:dt[ at J: @«
ddt 1-dt)  (1-dt)

5. The DT of Some Basic Function Is Shown in Table 1

See Table 1.

6. Solving Differential Equations
6.1. First Order Differential Equation
Differential equations of the form mf'+nf =x with the initial f(0)=a.

df — f (0 -
( ):df azﬂ—i and the DT of
dt dt dt dt

df ' as to Equation (2) is df'=

mf'+nf =x is

mi—mi+ ndf = dx
dt dt

df (m+ndt)=dxdt+ma =

df - dxdt + ma 21)
ndt +m
Example: solve f'+f =e" with theinitial fg =0.
We'll substitute m=1n=1x=e",a=0 in Equation (20):
—t
df = gde dt+1-0 and since de =—— we obtain df = —O" =
dt+1 dt+1 (dt+1)

Now looking in Table 1 we’ll found that f(t) =te™.
6.2. Second Order Differential Equation
Differential equations of the form kf”+mf’+nf =X with the initials

df — f (0
f(0)=a,f'(0)=b df’ astoEquation (2)is df'= T() and df" is

jpo_ A= 11(0) _df —1(0)='(0)c
dt d; '
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Table 1. The DT’es of the basic function.

The function The Differential Transform Where
1 < T
1 f df , =—|e*f_dr
(t) (t) dt : ()
2 h(t)=f () *y(t)=[f_y.dr dh,, = df  dtdy,,
0
3 f(H) , t>1 e’Edfm
1 dt
e f(t G , G=df
4 ( ) 1+dat (1+ datJ
5 unit impulse 6(” 1/dt
6 t"/n! d;
7 Constant: C C
8 g ]/(l+ dat)
9 sin(wt) dot/(1+d2)
10 cos(at) 1(1+d2)
11 sinh («t) dot/(1-d2,)
- 2d;,
12 T
tsinh ot w(l—dj‘)z
13 cosh(at) 1(1-d2)
1+d?
dtifv‘
14 tcosh wt (1—d§( )2
15 te ™ dr/(1+adt)™
. 2d;,
16 tsin wt T o
ne o(1+d)
17 sinat/t arctan (dwt/dt)
teos ot aLF
1 oS
8 @ (l+ djl)Z
19 1-cos ot Iny1+d?
t dt
otk wdt . i0
20 e sinwt A7 +2adt+1 a+io=awe
1+ adt
_at _ / 2 2
21 e cosat d?, +2adt +1 @ =Na @
" i S — 0 =arct,
22 S sin(6 - ot) 47+ 2adt 11 =arctan (w/a)
_at d?2
23 - sin (ot +6) T T — a=w,cosf
ino d2 +2adot+1 "
o o5 ( ot — 0 _odt+a o sin(0
24 w,e™ cos(wt-0) @, + 200t +1 w=a,sin(0)
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The DT of kf”"+mf’'+nf =x becomes
D SR B B S J
d2 d? dt  dt o dt
df (k+mdt +nd?) = dxd; + ka +kbdt + madt

o - dxd? +(ma+kb)dt +ka 22)
© nd?+mdt+k

Example: solve f”+f =0 with the initials f (0)=4, f'(0)=-1.
We'll substitute K =1,m=0,n=1,x=0,a=4,b=-1 in Equation (21)
df_O+(O—l)dt+4_ 4 dt
- d2+1  1+d? 1+d?
Now looking in Table 1 we’ll found that

f =4cos(t)=sin(t).
7. Electrical Circuits

Here we transferred the electrical circuit elements to the differential domain as
shown in Figure 1.

Time Domain Differential Domaim

+ea +ea
il VSR dil avs R
-eb -eb
v=Ri dv=Rdi
+ ea
L
dt
+ ®a
|
il v |_li0
Ly,
—eb at
V=Ldi/dt e b
O ; —Ldi Lo
l—r_ol‘vdt""o dv at at
+la
dt/e
+ ®a
l dil dv
dt/c =
il vZ=CV, /e A
T )
-eb
i=Cdv/gt - &b
t 5
v:-;‘:—_[idt +V, dv=(¥t+\/o di

Figure 1. The transformed circuits the differential domain.
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7.1. RC Circuit

The transformed circuit in Figure 2 is shown in Figure 3.

The circuit is fed with v(t)=v DC volts and we need to find i(t) using
Kirchoft’s law:

t

. 1( ¢. 1. q
t)=Ri(t)+=| |i(t)dt dv = Rdi +=didt + =
v(t) |()+C[I|() +q0] so dv = Reli +—didt +-

0

v_do % . v_do
di= gt= c. = = )= C g re
R+— Ro14d b
c RC

7.2. RL Circuit

Applying the above steps to the circuit in shown in Figure 4:

v(t)=Ri(t)+ LLi(t) = theDTis dv=v=Rdi+L I _rai+ 9 b
dt dt dt ot
d "t
di:V+L|°/dt— v, Lij/dt v L ;1

= = ,
R+L/d R+L/dt R+L/dt R1+d%t 1+d%t

R
Vs

10

Figure 2. RC circuit.

di R

dy

0

o 1t
C

T,

Figure 3. The DT of the circuit in Figure 2.

A =,
4/66666\7

Figure 4. RL circuit.
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8. Physical Problems
Harmonic Motion

The differential equation of the physics harmonic motion discribed in Figure 5.

ma+kx=0

where the m is the mass, a=Xx" is the acceleration, k is the spring constant,

A=Y, isthe amplitude with the initials x(0)=A,x'(0)=v, =0.

The DT of mdx”+kdx=0 where dx"= dx;zxo = d—)z(—iz is
d d- d
t t t
A
md—)z(—miz+ kdx=0 = mdx—mA+kdxd’? =0 giving dx= A and
d; d 1+—d?
m
A A k
by Linearity (Equation (3)) dx = X(t) = Acos [t\/%J

K o 1+d2
1+}ﬁdf th

m

9. Conversion between Laplace Transform (LT) [7] and
Differential Transform (DT)

1 1
G:—tF(ij and F ZEG(lJ

1) Let’s convert the DT of fy =sin (t) toLT:

S

DOI: 10.4236/jamp.2021.98129

1
. dt N
G=df =dsint= > therefore F:EGl :1 S == 12
1+d; s (2] s (1J 1+s
1+ =
S
A=x,
¢ F=kx,
W=mg
Figure 5. Harmonic motion.
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2) Let’s convert the LT of f(t) =e' toDT:

1 1 1 1 1
© 7551 Tt ()L Ledt
dt
10. The DT Inversion

The inversion of df(l) is f(l) , it means that we transfer the function from the
differential domain to the time domain.

1) Inversion via Convolution (Equation (6)).

dt
Example: Find f(t) if df =————.
-12d/ —dt+1
dt dt 1 1
df = > = = dt
-12d7 —dt+1 (1+3dt)(1-4dt) (1+d3t) (1-d4t)
= de%dtde® =d (e xe")
see Table 2.
t e77‘r t 1 1
fo_e et je-3re4(t—r)dr _ eAtJ“e-hdz_ — ™ _TeM_ g™
v 0 71,77 7
0 0
1, 1
f(t) = 79 —73 .
Table 2. Series of some basic functions.
The function The series
1 f(x) 'N
2 ae' a
3 te' n
4 ae” aff’
5 te™ na"
6 sin(wyt) @) sin(n—)
7 cos(aypt) @) cos(n%j
8 [ 1,0 A, n-1>0
9 jmj f,de -N-|~d‘ , m times integration A.,, n—-m=0
1¢ 1
= f.d =
10 t~[ o= n+1'AM
h 1
11 !( o /t)d, A
12 t" a f (t) , m times derivation n! A
d" (n—m)!
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2) The direct inversion
We know from algebra that the sum of the series

r(x)= ixk =1+ x+x3+ X+ for |x|<1 is sum(r(x)) :% , and will
k=0 —
regard this formula as “The sum formula”.

Hence d(sint)= 1 dt the sum formula is Lz =1-d?+d’ -d?+--
+

2

t + 0,
and dSint:l d;z :dt(l_dtz+dt4_"'):dt_d13+d15—"' now inverting this
+ t
2 14 46
. . . ot
equation gives sint=1-—+——-—+
2! 41 6l

2) A good exercise is to invert df (t)= 1 ! according to the sum formula

24
ol

df (t) = ﬁ =1+d? +d® +---, and the series of f (t) becomes
Mt
24 48
f)=l+—+—+--
241 48!

Notice that dealing with the series of f(t) is easier than dealing directly with

f(t) specially when we are working with values of t near the zero.

t24 t48
Means that the function behaves like f (t)_ ~1+ 241 + 8 and under these
conditions the finite series of the function could be regarded as its abbreviation

. t24 t48
and we can be satisfied with f (t) =1+—+—.
241 48!
3) A function of variable approaching the zero ie. the infinitesimal function

of f(t) is £ (t)="f(t)_,-

, ottt . :
Recall that: g(t):S|nt:t—a+a—ﬂ+--- = g (t)=sint|_, =t.
. 1+adt)"
Example: To find f’(t) where df (t)zﬂ and t—>0 we can re-
(1+bdt)

place (1+adt)’ with 1+andt and ;m with 1—amdt and get
(1+bdt)

df " (t) = (1+ andt)(1-bmdt) =1+ (an—bm)dt — abnmd/,
f7(t)=1+(an—bm)t—0.5abnmt?.

11. Solving Differential Equations via Series Method
11.1. Taylor Series Form [8]

(0= 1 (a) 1(a)(x-a) D (xay + @ (x_ap

2! 3!
£ )
+ n!(a)(x—a) +oe
And for a=0:
X2 X3 x*
f(x)=f(0)+f'(0)x+ f (0)E+f (0)§+f (0)Z+---
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The DT of Tylor series:
df = f(0)+ f'(0)dx+ f"(0)d? + f"(0)d] + f""(0)dy +-- (23)

df = > K,d"
n=0

where the series

K, ={1(0), £(0), 1°(0), 17(0), £"(0),-, 1" (0)}

11.2. The Differentiation of f Derived from the DT of Taylor Series

ot =T O_ (o) 7(0), + 17(0)a + £77(0)a 4= A"
Ah :{f'(O), f"(o), .I:m(O), fN”(O),"', f(n) (0)}
df " df - f (O)— f (O)dx _ f"(O)-i- fm(o)dx + f””(O)df 4= Bndt(n)

d;
B, ={17(0), 1"(0), ""(0),-, " (0)}
_df - f(0)- f'(0)dx— f"(0)d;

- P

= £"(0)+ f"(0)d, + f*(0)d?--=C,d"

C, ={f"(0), 1(0), £ (0),---, " (0)}

The general form of linear differential equations order m is A, f(g") =x(t)

df "

with the initial conditions

Ko ={(0), 1(0), 17(0), £7(0), 1""(0), -, 1" (0)}

n

And x(t)=)B, t—' . So we can perform the DT for the equation:
n:

n=0
df K d K, K df K, K, K
df + - __0 s N § + - %0 M %2
A A d, dt:| A2|:dt2 dtz dt:| A3|:dt3 dt3 dt2 dt:|
+ '+An ﬂ_ﬁ_L{l ..... Km’l dlde
dlm dlm dtm dt

In series method solution the initials series for n>m-1 K, =0 so it doesn’t

effect finding.
The solution f(t) = ; A, % n=0,12,---,00 thatwe have
A, :{f(o), f’(O), f”(O), f”'(O), f”"(O),~--, f(mfl)(O),--} and will start find-
ing A, for n>m so the relevant DT donated RTD is:
Ad df + Ad"df + Ad"2df + Ad"df +---+ A df =d"dx (24)

11.3. Deriving Series from the DT of Taylor Series

Having
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df =3 K,d",
n=0

K, :{f(O), f'(O), f”(O), f'"(O), f”"(O),---, f(n)(O)}

G=drdf =y C, d" (25)

where C =0 for (n—m)<0.
d" d"
And recalling (Equation (7)) H =d [tm — f(t)j =d" —df .

Gives dt dat
> n!
G= K d" 26
rg:ﬂ(n—m)! n (26)
Example 11.3.1: solve f"+f =0 with the initials f(0)=4,f'(0)=-1

df"+df =0.
The solution would be of the form f(t) = Z A t_l so we should find A =7?.
1) Regular method: o nh!
df — f(0)-f'(0)d
d?

Lidf =0 — df —f(0)- f'(0)d, +dZdf =0

f(0)+ f'(0)d,
1+d?
4-d,
1+d/}

df (1+d?)=f(0)+ f'(0)d, — df =

df = ... (soll)

And the DT inversion of df f (x)=4cos(t)-sin(t).

2) Seriese method: the relevant transform RTD of the differential equation is
— d’df +df =0.

And as to Equation (24). Ad'+A ,d'=0 — A =-A_,.

The initials gives Aj=4, A=-1 —> A =-A=-4, A =-A=1.

Example 11.3.2: Solve t*f"+ f =¢'.

We recall that ' = Z% Sde =Y d =3 C.d for C,=1.

n=0 1= n=0 n=0

The solution would be of the form f :ZP“% and we should find
A =7. e

n! 1
According to Equation (25): ———A +A =C_=1 so =,
sromd 29) (n—2)!A“ A= A n*-n+1
1 1 1 1 1 1
:—:1’ :—:1, :—:—, = :—,
% 0°-0+1 A 12 -1+1 & 22-2+1 3 A P¥-3+1 7
0 1 tn
Therefore we find f (t) = Zz—*_ .

ron“—n+1 n!

11.4. Table 2 Gives the Series of Some Basic Functions

00 tn
Concerning That f(t) => A p
n=0 -

See Table 2.
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12. A New Interpretation for Z Transform

We can shift between the Z transform [9] and differential transform by substi-
tuting d, =Z7".

Hence we resolve a difference equation [10] of digital filter via Z transform
and getting the solution as a series Y, . Means that the difference equation isn’t
other than . a differential equation of a physical filter and it’s solution is

%zéﬁm'

Example: Consider the difference equation Yy,,,—2y, =7 with the initial
Yo =3.

Applying Z transform zY, —3z-2Y,, =% - Yy _10z 7z gives
y, =10%2"-7.

Actually this is the solution of the differential equation f’'—2f =7 which is:

o tn o . tn
f(t) = nzzoynm: ;(10*2 —7)m

and from Table 2: f, =10e* -7e'.

13. Finalization

We can learn from this paper that the Differential Transform is not a replace-
ment for the existing methods, it could be useful in treating differential problems
and for deriving the series of the solution. Here we found that difference equa-
tion which represents a digital filter could be treated the same as a differential
equation of a physical filter. And a high potential is still embodied in this Trans-

form.
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