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Abstract 
The aim of this paper is to study singular dynamics of solutions of Camas-
sa-Holm equation. Based on the semigroup theory of linear operators and 
Banach contraction mapping principle, we prove the asymptotic stability of 
the explicit singular solution of Camassa-Holm equation. 
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1. Introduction and Main Results 
1.1. Introduction 

Consider the well-known Camassa-Holm equation as follows (see [1]): 

0 2 0,t x x xm c u um mu+ + + =                   (1.1) 

where ( ),t x +∈ ×  , ( ),u u t x=  is the velocity of fluid, m is the momentum 
given by 

( ) ( ) ( )2, , , ,α= = − xxm m t x u t x u t x  

0c ∈  is the critical speed and α ∈  relates to the length scale. Thus, 

( )2 2
0 3 2 .t txx x x x xx xxxu u c u uu u u uuα α− + + = +            (1.2) 

Given the initial value as ( ) ( )00,u x u x=  for x∈ . 
The Camassa-Holm equation describes unidirectional propagation of surface 

water waves in shallow water area. For the global well-posedness and stability of 
solutions, we recommend that the reader refers to [2]-[9], etc. For the wave 
breaking analysis, we refer the reader to [6] [10]-[15], etc. When 0 0c =  and 

1α = , the Camassa-Holm equation becomes to the classical Camassa-Holm eq-
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uation, which admits a bi-Hamiltonian structure [1] [5]. Moreover, the explicit 
peakon solution and its stability have been established in [12] [16] [17] [18] [19], 
etc. 

Since it is rare to see the explicit stable blowup solutions of Camassa-Holm 
equation, in this paper, we study the stability of the explicit solution of (1.2) as 
follows (see [20]): 

( ) 0
1 1, ,
3

xu t x c
T t T t

 = − + + − − 
                (1.3) 

where 0T >  is a constant. 

1.2. Main Results 

Now, we state our main result of this paper. 
Theorem 1.1. Let 2s >  be an integer and δ  is a sufficiently small con-

stant. Then the explicit solution (1.3) of the Camassa-Holm Equation (1.2) is 
asymptotic stable, i.e., if the initial data ( )0u x  satisfies 

( )
( )1

0 0
1 1 ,
3

δ
+

 + + + ≤ 
  s

xu x c
T T    

then there is a solution ( ),u t x  of (1.2) satisfying 

( ) ( ) ( )
( )

( )( ) ( ) ( )2, , , , 0, ,
1 lnα

−
− ≤ ∈ ×

+ −



s

C T t
u t x u t x t x T

C T t 


 
where C and C  are positive constants that depend on s. 

1.3. Notations 

Denote ( )2 2=    and ( )s s=    by the Lebesgue spaces and Sobolev 
spaces with norms 2⋅   and s⋅  , respectively. * denotes the convolution. 
[ ],A B  stands for the commutator. 

2. Proof of Theorem 1.1 

Let 

( ) ( ) ( ), , , ,u t x v t x u t x= +                    (2.1) 

be the solution of (1.2), where ( ) 0
1 1,
3

xu t x c
T t T t

 = − + + − − 
 is the explicit 

solution. Substituting (2.1) into (1.2), we get 

( )

( ) ( ) ( )

2 2
2

0

2

1 2
3 3

1 1 3

2 , , 0,

t txx xxx xx

x x

x xx xxx

xv v c v v
T t T t T t

x v v vv
T t T t T t

v v vv t x T

α αα

α

  − + + + +  − − −  
 − + − + − − − 

= + ∀ ∈ ×

        (2.2) 

with the initial condition ( ) ( ) ( )0 0 0
1 10,
3

xv x v x u x c
T T

 = = + + + 
 

 for x∈ . 
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For the singular coefficients in (2.2), let ( ) ( ), ,v t x ψ τ ρ=  by ( )ln T tτ = − −  

and x
T t

ρ =
−

, then (2.2) becomes to 

( ) ( )

( ) ( )

2
2 2 2

0

2
2 2 2

e 2 e e
3

2 e e 3 e 2 .
3

cτ τ τ
τ ρ τρρ ρρ ρρ ρρρ

τ τ τ
ρρ ρ ρ ρ ρρ ρρρ

αψ ρψ α ψ ψ ρψ ρ ψ

α ψ ρ ψ ψ ψψ α ψ ψ ψψ

 
+ − + + + + + 

 

+ − + − + = +

  (2.3) 

Let e τκ ρ−=  and ( ) ( ), e ,v ττ κ ψ τ ρ−= . Then (2.3) becomes to 

( )
( ) ( )

2 2
2

0

2

e e e
3 3

1 3 2 .

v v v c v

v vv v v vv

τ τ τ
τ τκκ κκ κκκ

κ κ κ κκ κκκ

α αα γ κ

κ α

−  
− − + + + + 

 
− + + = +

        (2.4) 

Let the operator ( )
1

2 21 κκα= − ∂ . Since 21 κκα− ∂  admits a fundamental 

solution ( ) 1 e
2

x
κ
α

α

−
℘ = , we have ( )2v vκ− =℘ ∗  for all 2v ∈ . Let  

( ) ( ) ( )2, , ,w v vκκτ κ τ κ α τ κ= − , then ( ),v wτ κ =℘∗ , where κ ∈ . Further-

more, we have ( ) ( )2w w w
κκ

ρ α ρ−∗ = ∗ − , ( )v wκ κ= ℘∗  and  

( )( )2v w wκκκ κκ
α −= ℘∗ − . Then (2.3) can be rewritten as 

( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

0

0

1 1 1e e e
3 3 3

1e e e 1 3
3

2

w w c w w

c w w w

w w w w w w

τ τ τ
τ κ

τ τ τ
κ κ

κκ κ

κ

κ κ

−

−

 + − + + − ℘∗  
  + + + − + ℘∗ + ℘∗ ℘∗    

 = ℘∗ ℘∗ − + ℘∗ ℘∗ − 

    (2.5) 

with the initial data 

( ) ( ) ( )2
0 0 0 0

1 1 ,
3

xw u x u x c
T T

κ α  ′′= − + + + 
 

            (2.6) 

and the boundary condition 

( ) ( )lim , 0, lim , 0.w wκκ κ
τ κ τ κ

→+∞ →+∞
= =               (2.7) 

Before making a priori estimate of the solutions to problems (2.5)-(2.7). We 
recall the following commutator estimate. 

Lemma 2.1 ([21]). Let 0s > . Then it holds 

( )2 22
1, ,s s s

xu v C u v u v ∞∞
−  ≤ ∂ +      

        (2.8) 

where C is a positive constant that depends on s. 
Now, we derive a priori estimate of the solutions for (2.5). 
Lemma 2.2. Let 2s >  and 0α ≠ . Assume that w be a solution of (2.5), then 

1
0

1 ,s

s

w
w Cτ−≤

−


                     (2.9) 

where C is a positive constant depending upon s. 

https://doi.org/10.4236/jamp.2021.97102


Y. T. Gao 
 

 

DOI: 10.4236/jamp.2021.97102 1508 Journal of Applied Mathematics and Physics 
 

Proof. Applying s  to both sides of (2.5) and taking the 2 -inner product 
with s w , we get 

( )

( )

( ) ( ) ( )

( )( )
( ) ( )
( ) ( )( )

2 2

0

0

1 d 1 1 d
2 d 3 3

1e e e d
3

1e e e 1 d
3

3 d

2 d

d .

s s
s s

s s

s s

s s

s s

s s

w w w w

w c w

w c w

w w w

w w w w

w w w w

τ τ τ
κ

τ τ τ
κ

κ

κ

κκ

κ
τ

κ κ

κ κ κ

κ

κ

κ

−

−

+ − ℘∗

  − + +    
   + + + − + ℘∗      
 + ℘∗ ℘∗ 
 = ℘∗ ℘∗ − 
 + ℘∗ ℘∗ − 

∫

∫

∫

∫
∫
∫

  











 

 

 

 

 

 

    (2.10) 

Next, we estimate each of terms in (2.10). 

( ) 1
21 1d ,

3 3
s

s sw w wκ −− ℘∗ = −∫ 
               (2.11) 

( )

( )

( )

0

2
0

2 22

1e e e d
3

1e e e d
3

1 1 1 1d d ,
3 2 3 6

s

s s

s

s s

w c w

c w w

w w w w

τ τ τ
κ

τ τ τ

κ

κ κ

κ κ

κ κ

−

−

  − + +    
  = + +    

= ⋅ − × =

∫

∫

∫ ∫





 

 



  

        (2.12) 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )

( )

0

2
0

2
0

2

21 2

1e e e 1 d
3
1e e e 1 d
3
1e e e 1 d
3

1 1 d
3

1 1 21 d
2 3 3

s s

s

s

s

s s

w c w

w c w

w c w

w w

w w

τ τ τ
κ

τ τ τ

κ

τ τ τ
κ

κ κ κ

κ κ κ

κ κ κ

κ

κ

−

−

−

−

   + + − + ℘∗      
   = − + + − + ℘∗      

  = − + + − + ℘∗    
 − − ℘∗ 
 
 = × − + ℘∗ 
 

∫

∫

∫

∫

∫ ∫









 

 







  ( ) 1
21d ,

3
sw wκ −= 

   (2.13) 

( )( )( )
( )( ) 1 1

2 322

3 d

3 3 3d ,
2 2 2

s s

s s

s

w w w

w w w w w

κ

κ κ

κ

κ ∞ − −

℘∗ ℘∗

= − ℘∗ ≤ ≤

∫

∫



  

 


     (2.14) 

In addition, using (2.8), we have 

( ) ( )( )
( ) ( )

( ) ( )

( ) ( ) ( )( )
( ) ( )( )

2 2

2

1

2

3

2 d

2 , d

2 d

2

,

s

s

s s

s s

s s

s s

w w w w

w w w w

w w w w

C w w w w w w w

w w w w w

C w

κ

κ

κ

κ κ

κ

κ

κ

κ

∞ ∞

∞ ∞

−

℘∗ ℘∗ −

 = ℘∗ − ℘∗ 

+ ℘∗ − ℘∗

≤ ℘∗ − ℘∗ + ℘∗ − ℘∗

+ ℘∗ − + ℘∗ −

≤

∫
∫
∫







 

 

 

   

 



 (2.15) 
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similarly, 

( ) ( )( ) 3d ,s
s sw w w w C wκκ κ ℘∗ ℘∗ − ≤ ∫



  
        (2.16) 

where C is a positive constant depending upon s. 

Substituting (2.11)-(2.16) into (2.10), we get 2 31 d
2 d

s sw C w
τ

≤ 
, and then 

1d
d

sw C
τ

−− ≤
. Integrating this inequality above with respect to τ  from 0 to 

τ , we get 

1
0

1 .s

s

w
w Cτ−≤

−


                    (2.17) 

This completes the proof of Lemma 2.2.  
Proof of Theorem 1.1. Now, we study the well-posedness for (2.5)-(2.7). De-

fine the linear operator L as 

[ ] ( )

( ) ( ) ( )

0

0

1 1 1e e e
3 3 3

1e e e 1 ,
3

L w w w c w

c w

τ τ τ
κ

τ τ τ
κ

κ

κ κ

−

−

 = − + ℘∗ + + +  
  − + + − + ℘∗    

       (2.18) 

then (2.5) becomes to 

[ ] ( ) ,tw L w f w= +                      (2.19) 

where f is the nonlinear terms: 

( ) ( )( ) ( )( )
( ) ( )
3 2

.

f w w w w w w

w w w
κ

κκ

= − ℘∗ ℘∗ + ℘∗ ℘∗ −

 + ℘∗ ℘∗ − 
        (2.20) 

Lemma 2.3. Let 2s > . Then 
• [ ] sL w ∈  for ( )w L∀ ∈ . 
• L is a closed and densely defined linear operator in s . 

Proof. It is a direct verification by the definition of L.  
Lemma 2.4. Let 2s > . Then L is a dissipative operator in s , i.e., 
[ ]( ), 0

s
L w w ≤ . 
Proof. Using (2.11)-(2.14), a direct calculation shows that 

[ ]( ) 1 1
2 2 2 2

2

1 1 1 1d
3 3 6 3
1 0.
2

s s s s

s

s sL w w w w w w

w

κ − −= − + − −

= − ≤

∫


     



   (2.21) 

This completes the proof.  
Lemma 2.5 (Young inequality with ε , see [22]). Let , 0a b >  and 0ε > . If 

( ), 1,p q∈ ∞  satisfy 1 1 1
p q
+ = . Then 

( ) ,p qab a C bε ε≤ +                     (2.22) 

where ( ) ( ) 1
q
pC p qε ε − −= . 
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Lemma 2.6. Let 2s > . Then the operator L is invertible in s . Further-
more, it generates a 0 -semigroup ( )( ) 0

t
τ ≥

S  in s . 
Proof. Firstly, we show that the existence of 1L− . Indeed, we need to prove L 

is injective and surjective. On the one hand, let ( )w L∈  such that [ ] 0L w = , 
then 

[ ] 21d 0.
2

s
s sL w w wκ = − =∫ 

                (2.23) 

This combining with the boundary condition (2.7) gives that 0w = . So the 
operator L is injective. On the other hand, for all 1g ∈ , put 

[ ] .L w g=                         (2.24) 

Applying s  to (2.24) and multiplying the result by s w , and then inte-
grating over  , we get 

2 2 d .s
s sw g w κ= − ∫   

                  (2.25) 

It follows from the Young inequality with ε  in Lemma 2.5 that 

.s sw C g≤                       (2.26) 

Note that 2s > , then by the standard theory of elliptic equations (see [22]), 
there exists a unique weak solution 1w∈ , moreover, we have 1sw +∈  if 

sg ∈ . Thus, the operator L is surjective. Secondly, by the Lumer-Phillips theo-
rem (see [23]), the operator L generates a 0 -semigroup ( )( ) 0

t
τ ≥

S  in s . This 
completes the proof.  

As a consequence, we have 
Proposition 2.7. Let 2s > . Then the Cauchy problem 

( ) 0

d ,
d

0

w Lw

w w
τ

 =

 =

                       (2.27) 

with zero boundary condition exists a unique solution ( ) ( ) 0w wτ τ= S , where 

0w  is the initial data defined in (2.6). 
Using the Duhamel’s principle, the solutions of (2.19) satisfies the integral 

equation: 

( ) ( ) ( ) ( )( )0 0
d .w w s f w s s

τ
τ τ τ= + −∫ SS             (2.28) 

To show this integral equation exists a solution, we define the solution space 
as 

{ }: 1 ,s
sB w wδ δ= ∈ <                  (2.29) 

and the map   as 

( ) ( ) ( ) ( )( )0 0
d .w w s f w s s

τ
τ τ τ= + −∫ S S            (2.30) 

We need to prove that   has a fixed point in the space Bδ . 
Lemma 2.8 ([21]). Let 2s > . Then Bδ  is an algebra, and 
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( ) ,s s suv C u v u v∞ ∞≤ +                  (2.31) 

where C is a positive constant depending upon s. 
Lemma 2.9. Let 2s >  be an integer. Assume that 10 sw δ+ <  for some 

sufficiently small 0δ > . Then   is a self-mapping on Bδ . Moreover,   is 
a contraction mapping. 

Proof. By Lemma 2.8, we have 

( ) ( )( ) ( ) ( )

( ) ( )( )
( )( ( ) ( )

( ) )
1

3 2

,

s s s

s

s s

s

f w w w w w w

w w w

C w w w w w

w w w

κ κ

κκ

κ κ

κκ

∞ ∞

∞

≤ ℘∗ ℘∗ + ℘∗ ℘∗ −

+ ℘∗ ℘∗ −

≤ ℘∗ ℘∗ + ℘∗ ℘∗ −

+ ℘∗ ℘∗ −

  



  

 

  (2.32) 

where 1C  is a positive constant. 
Note that s ∞⊂   and ( )( )2w vκ= ℘ ∗ , then using Lemma 2.2, we have 

( ) 2 1 1
1 1 1ss

s

C Cf w C w
Cw C

δ
δ ττ− −≤ < < <

−−


        (2.33) 

for sufficiently small δ . Thus,   is a self-mapping on Bδ . 
To show   is a contraction mapping, we choose ,w w Bδ∈ , by Lemma 2.8 

and a direct calculation show that 

( ) ( )
( )( ) ( ) ( )
( ) ( ) ( )( )
( )( ) ( ) ( )
( ) ( ) ( )( )

3 2

2

3 2

2

κ κ

κκ κ

κ κ

κκ κ

−

= − ℘∗ ℘∗ + ℘∗ ℘∗

− ℘∗ + ℘∗ ℘∗ −

+ ℘∗ ℘∗ − ℘∗ ℘∗

+ ℘∗ − ℘∗ ℘∗ −

s

s

f w f w

w w w w

w w w w w

w w w w

w w w w w



  
( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }

( ) ( ) ( ) ( ){ }
( ) ( )( ){ }

3

2

3

.
s

s

w w w w w w

w w w w w w

w w w w w w

w w w w w w

w w w w w w

C w w

κκ

κ κ

κκ

κκ

κ κ

δ

≤ ℘∗ ℘∗ − + ℘∗ ℘∗ −      

+ ℘∗ ℘∗ − + ℘∗ ℘∗ −      

+ ℘∗ ℘∗ − + ℘∗ ℘∗ −      

+ ℘∗ ℘∗ − + ℘∗ ℘∗ −      

+ ℘∗ − + ℘∗ −  

≤ −




       (2.34) 

Thus, 

( ) ( ) .ssw w C w wτ τ δ− ≤ −  
              (2.35) 

Since 0δ >  is sufficiently small,   is a contraction mapping.  
Thus, we have the following existence results. 
Proposition 2.10. Let 2s >  be a fixed integer and 0δ >  is a sufficiently 

small constant. Then 
• if 10 sw δ+ < , there exists a unique solution w Bδ∈  to (2.5) with the ini-
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tial data (2.6) and the boundary condition (2.7). 
• there exists a global solution ( ), sψ τ ρ ∈  to (2.3) with the initial data (2.6) 

and the boundary condition (2.7). Moreover, if the initial data 0ψ  satisfies 

10 sψ δ+ < , then 

( )2 .
e 1

s
C

Cτψ
α τ

≤
−




                   (2.36) 

Here C and C  are two positive constants that depend on s. 
Proof. By Lemma 2.9 and the Banach fixed point theorem, the map   has a 

fixed point in Bδ , which is a solution of Equation (2.5). Thus, there exists a 
global solution of (2.3) as 

( ) ( ) ( )( )( ), e ,e e ,e .v wτ τ τ τψ τ ρ τ ρ τ ρ− −= = ℘∗          (2.37) 

Furthermore, we have 

( ) ( )2e e .v w w wτ τ
ρρ ρρ κκ

ψ α− − −= = ℘∗ = ℘∗ −           (2.38) 

Thus, by Lemma 2.2, we get 

( ) ( )

2 22
2 2

212
0

e e

,
e 1e

s ss

s

w w C w

C C
Cw C

τ τ
ρρ

ττ

ψ α α

α τα τ

− −−
− − − −

−

≤ ℘∗ − ≤

≤ ≤
−−



 

 



        (2.39) 

where we have used 1δ <  in the last inequality. This completes the proof.  
As a consequence, we obtain that the global well-posedness of the initial value 

problem (2.2). This implies that the asymptotic stability of the explicit singular 
solution (1.3) for the Camassa-Holm Equation (1.2). Hence, we complete the 
proof of Theorem 1.1. 

3. Conclusion 

In this paper, the Semigroup theory of linear operators has been used to study 
the asymptotic stability of the explicit blowup solution of Camassa-Holm equa-
tion. This result shows that the explicit solution is a meaningful physical solu-
tion. However, this explicit solution does not depend on the wavelength (i.e., it 
does not depend on α ). Thus, further studies are needed to construct the expli-
cit solutions that depend on α , and then prove their stability. 
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